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Basicstatisticalinferenceisan“inverseproblem”

•Observe:(x̃1,...,x̃n)arandomsamplefromunknowndistributionF(x).

•Solutiontoinverseproblem:FormempiricalCDFF̂(x)

F̂(x)=
1
n

n

∑i=1
I{x̃i≤x}

•Asn→∞,F̂→Fwithprobability1,soinverseproblemissolved.
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Whatifobjectofinterestisthedensity,nottheCDF?

•Observe:(x̃1,...,x̃n)arandomsamplefromanunknowndensityf(x).

•Solutiontoinverseproblem:Formkerneldensityestimatorf̂(x)with

bandwidthhn→0

f̂(x)=
1

nhn

n

∑i=1
φ
(

x−x̃i

hn

)

whereφisakernelsatisfying
∫

∞
−∞φ(x)dx=1.

•Asn→∞f̂(x)→f(x)withprobability1,soinverseproblemissolved.
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Whyisthe“InverseProblem”trivialinthesetwosimpleexamples?

•Thereisa1:1mappingbetweentheunknownobjectofinterestandthe

objectwecanestimatenon-parametrically.

f←→fF←→F

•InthecaseoftheCDF,thereisa1:1mappingbetweentheunknownCDFF

andtheprobabiliitylimitofthenonparametricestimator,F̂.This1:1

mappingmeansthatwecanusethe“analogyprinciple”anduseF̂asour

estimatorofF.

•Inthecaseofthedensity,thereisa1:1mappingbetweentheunknown

densityfandtheprobabilitylimitofthenon-parametricestimatorf̂.The1:1

mappingmeansthatwecanusef̂(x)asourestimatoroff(x).
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Howeverthereareproblemswheretheinverseproblemisnontrivial

•Example:Structuralestimationofdiscretechoicedynamicprogramming

models.

•Definition:thestructuralobjectsaregivenby{β,u(x,a),p(x′|x,a),q(ε|x)}
where

P(a|x)=
∂

∂v(x,a)
G({v(x,a)|a∈A(x)})

whereGisthesocialsurplusfunction

G({v(x,a)|a∈A(x)})=

∫

max
a∈A(x)

[v(x,a)+ε(a)]q(dε|x)

v(x,a)=u(x,a)+β
∫

G
(

{v(x′,a′)|a′∈A(x′)}
)

p(dx′|x,a)
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•Theorem:{xt,at}isaMarkovprocesswithtransitiondensity

π(xt+1,at+1|xt,at)=P(at+1|xt)p(xt+1|xt,at)

•Specialcase:Ifq(ε|x)isamultivariateTypeIIIextremevaluedistribution
withscaleparameterσ,wehave

G({v(x,a)|a∈A(x)})=σlog





∑
a∈A(x)

exp{v(x,a)/σ}





•Thechoiceprobabilitiesaremultinomiallogits

P(a|x)=
exp{v(x,a)/σ}

∑a′∈A(x)exp{v(x,a′)/σ}
where

v(x,a)=u(x,a)+β
∫

σlog





∑
a′∈A(x′)

exp{v(x′,a′)/σ}





p(dx′|x,a)
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Whatistheinverseprobleminthiscase?

•Notethatwecanestimatethetransitiondensityπ(xt+1,at+1|xt,at)

non-parametrically(usingkerneldensityestimator).Thusthereducedformis

non-parametricallyidentifiedandestimable.

•Furtherwecannon-parametricallyestimatethecomponentsofthetransition

densityπ,i.e.P(a|x)andp(x′|x,a).

•Itfollowsthatthestructure{β,u(x,a),p(x′|x,a),q(ε|x)}ispartially

non-parametricallyidentified

•Canweestimatetheremainingstructuralobjects{β,u(x,a),q(ε|x)}by

“inverting”thechoiceprobabilities{P(a|x)}?
•Unfortunately,notingeneral.Thediscretedynamicprogrammingmodelis

non-parametricallyunidentified
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TheHotz-MillerInversionTheorem

•Theorem:Thereisa1:1mappingbetweentheconditionalchoice

probabilities{P(a|x)|a∈A(x)}andthenormalizedvaluefunctions

{v(x,a)−v(x,0)|a∈A(x),0∈A(x)}where0∈A(x)issomearbitrary

standardiedelementinthechoicesets,A(x),x∈X.

•Example:Intheextremevaluecase,wehave

v(x,a)−v(x,0)=log(P(a|x)/P(0|x))

•Thus,weconcludethatthenormalizedvaluefunctionsarenon-parametrically

identifiedviatheHotz-Millerinversemapping:

v̂(x,a)−v̂(0,x)=log(
(

P̂(a|x)/P̂(0|x)
)

•Canweidentifytheremainingstructuralobjects{β,u(x,a),q(ε|x)}?
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Rust’sNon-IdentificationResult(HandbookofEconometricsvol.4)

•Theorem:Fixanarbitraryβ∈(0,1)andletq(ε|x)beTypeIIIextremevalue.

Thereisanequivalenceclasscontaininginfinitelymany(actuallyacontinuum

of)utilityfunctions,Λ(β,q,p,P),whichareallconsistentwiththeobserved

choiceprobabilities{P(a|x)}.AtypicalelementofΛ(β,q,p,P)isgivenby:

u(x,a)+k(x)−β
∫

k(x′)pdx′|x,a)

wherekisanarbitraryfunction.

•Proof:Sincetheinversionfromchoiceprobabilitiestovaluefunctionsonly

identifiesthenormalizedvaluefunctions{v(x,a)−v(x,0)|a∈A(x)},weonly

identifytheindividualvaluefunctions{v(x,a)|a∈A(x)}uptoanarbitrary

functionofx,k(x).Thatis,theinversemappingonlyidentifiesanequivalence

classofvaluefunctions{v(x,a)+k(x)|a∈A(x)}.
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Rust’sNon-IdentificationResult(continued)

•Allofthevaluefunctionsintheequivalenceclass{v(x,a)+k(x)|a∈A(x)}
areconsistentwiththeobservedchoiceprobabilities{P(a|x)|a∈A(x)}.

•FromtheBellmanequation,itfollowsthattheequivalenceclassofutility

functionsconsistentwiththisequivalenceclassofvaluefunctionsisgivenby

v(x,a)+k(x)=u(x,a)+k(x)−β
∫

k(x′)p(dx′|x,a)+

β
∫

σlog





∑
a′∈A(x′)

exp{[v(x′,a′)+k(x′)]/σ}





p(dx′|x,a)

•Itfollowsthatanyutilityfunctionoftheform

w(x,a)=u(x,a)+k(x)−β
∫

k(x′)p(dx′|x,a)

isconsistentwiththeobservedchoiceprobabilities{P(a|x)|a∈A(x)}.
10



Isthereanyhopeforidentification?

•Supposethereisadecision0∈A(x)thattakesoneintoapermanent
absorbingstatewherewecanidentifythevaluefunctionv(x,0)viaa
separateargument.

•Example:Supposetheagentisafirmandaction0∈A(x)correspondstoa
permanentexitorscrappingdecision,andtheexitorscrapvaluecanbe
observedorconsistentlyestimatedunderweakassumptions.

•Inthiscase,knowledgeofv(x,0)enablesustoidentifyallofthevalue
functionsnon-parametricallyusingtheHotz-Millerinversionresult:

v(x,a)=log[P(a|x)/P(0|x)]+v(x,0)=v(x,a)−v(x,0)+v(x,0)

•Then,usingtheBellmanequationwecanuniquelyidentifytheutility
functions(i.e.uptoanadditiveconstantkthatdoesnotdependonx)

v(x,a)=u(x,a)+βσ
∫

log





∑
a′∈A(x′)

exp{[v(x′,a′)+k(x′)]/σ}





p(dx′|x,a)

11



InverseMappingsandIdentification(continued)

•Thissuggeststhat(nearly)fullnon-parametricidentificationmaybepossible

whentheagentsarefirmsratherthanconsumers,sincewithfirmsitcanbe

possibletoobservepayoffs(i.e.expectedprofitsvs.expectedutilities).

•Caveat:Theaboveresultstillassumedanarbitrarydiscountfactorβ∈(0,1)

andanarbitrarydistributionofunobservables{q(ε|x)}andtherewasa

strongadditiveseparability,conditionalindependence(ASCI)assumptionon

whichpreviousresultsdepend.

•Observation:Morecanbeidentifiedifweassumewehavearbitrarypower

toexperimentandmakearbitrarymodificationstoagents’beliefs.

•Proposition:Iftheeconometriciancanundertakearbitraryexperimentson

subjects,thentheunderlyingstructure{β,u(x,a),p(x′|x,a),q(ε|x)}is

non-parametricallyidentified.
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MOTIVATION

•Newdatabaseonasinglesteelwholesaler(steelbroker)

•DailydataoneverytransactionbetweenJuly1,1997toSeptember3,1999

(550businessdays)

•2200+products.

•Weobservethequantity(bothinunitsandinweight)ofsteelboughtorsold,

thesalesprice,theshippingcosts,andtheidentityofthebuyerorseller

•Weonlyobservepurchasepricesondayspurchasesoccur.
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ASKETCHOFOURMODEL

1.Atthebeginningofeachdaytthefirmknows

•qt–inventoryonhand,

•pt–perunitspotpurchaseprice

•zt–observedstatevariable

•εt–unobservedstatevariable

2.Given(qt,pt,zt,εt)thefirmordersadditionalinventoryqo
t≥0forimmediate

delivery.

3.Given(qt,qo
t,pt,zt)thefirmsetsaretailpricepr

tthatismodeledasa

randomdrawfromadensityγ(pr
t|qt+qo

t,pt,zt).

4.Given(qt,qo
t,pt,pr

t,zt,εt)thefirmobservesarealizedretaildemandforits

steel,qr
t,modeledasadrawfromadistributionH(qr

t|pt,pr
t,zt)withapoint

massatqr
t=0.
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5.Thefirmcannotsellmoresteelthanithasonhand:qs
t=min[qt+qo

t,qr
t].

6.Inventoriesfollow:qt+1=qt+qo
t−qs

t.

7.Newvaluesof(pt+1,zt+1)aredrawnfromg(pt+1,zt+1|pt,zt).

8.Anewvalueoftheunobservablestatevariableεt+1isdrawnfromthedensity

φ(ε).



Definition:An(S,s)policyisadecisionruleoftheform:

qo(p,q,x)=

{

0ifq≥s(p,x)
S(p,x)−qotherwise

(1)

whereSandsarefunctionssatisfyingS(p,x)≥s(p,x)forallpandx.

EndogenousSamplingRule:

ptisobserved⇐⇒qo
t>0⇐⇒qt<s(pt,xt).
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Proposition1:Thefirm’soptimalinventoryinvestmentpolicyqo(p,q,x)takesthe

formofan(S,s)rule.Thatis,thereexistapairoffunctions(S,s)satisfying

S(p,x)≥s(p,x)whereS(p,x)isthedesiredortargetinventorylevelands(p,x)is

theinventoryorderthreshold,i.e.

qo(p,q,x)=

{

0ifq≥s(p,x)
S(p,x)−qotherwise

(2)

whereS(p,x)isgivenby:

S(p,x)=argmax0≤qo≤q−q

[

W(p,qo,z)−co(qo,p,ε)
]

(3)

andthelowerinventoryorderlimit,s(p,x)isthevalueofqthatmakesthefirm

indifferentbetweenorderingandnotorderingmoreinventory:

s(p,x)=inf
q≥0{q|W(p,q,z)−[p+ε]q≥W(p,S(p,x),z)−[p+ε]S(p,x)−K}.

(4)
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where

W(p,q,z)=ES(p,q,z)−ch(p,q,z)+βEV(p,q,z).(5)



EulerEquationforoptimalorderquantityqo

∂W
∂q

(p,S(p,z,ε),z)−p=ε.

ItistemptingtoassumethatεhasmeanzeroandusetheEulerequationasa

basisforGMMestimationoftheparametersofthemodel.

ObstaclestotheGMM/Eulerequationapproach:

1.Thereisnoconvenientanalyticalformulaforthepartialderivativeofthevalue

function,∂W/∂q(p,S(p,z,ε),z).
2.Asweshowbelow,eveniftheunconditionalmeanofεiszero,theconditional

meanofεoverthosevaluesof(p,ε)forwhichitisoptimaltopurchase(i.e.

forwhichq<s(p,z)),isgenerallynonzero.

17



3.TheGMMapproachhasnoeasywaytodealwithproblemscausedby

endogenoussampling,andthefactthatweobservepurchasesonlyana

relativelysmallsubsetofbusinessdaysinouroverallsample.



Lemma1:Let{εt}beanIIDprocesswhosedensityφiscontinuousandstrictly

positiveovertheentirerealline.Thenwehave:

f(qo|p,q,z)=
d

dqo

∫

I{qo(p,q,z,ε)φ(ε)dε

=



















∫

∞
s−1(p,z,q)φ(ε)dεifq0=0

∫

S−1(p,z,q)
−∞φ(ε)dεifq0=q−q
−φ(∂W/∂q(p,q+qo,z)−p)

∂2W(p,z,q+qo)/∂2qotherwise

where

S−1(p,z,q)=inf{ε|S(p,z,ε)=q}
s−1(p,z,q)=inf{ε|s(p,z,ε)=q}.(6)
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f(qo|p,q,z)=−φ(S−1(p,z,q+qo))∂S−1

∂qo(p,z,q+qo).(7)

∂W
∂q

(p,S(p,z,ε),z)=p+ε,(8)

∂S−1

∂qo(p,z,q+qo)=
1

∂S/∂ε(p,z,S−1(p,z,q+qo))=
1

∂2W/∂2q(p,q+qo,z).(9)
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•Conditionaldensityofnextperiodinventoryqt+1

µ(q′|p,pr,q,qo,z)=







(1−η(pr,p,z))δ(pr,p,q+qo,z)ifq′=0
η(pr,p,z)ifq′=q+qo

(1−η(pr,p,z))h(q+qo−qr|pr,p,z)otherwise.
(10)

•Proposition:{pt,pr
t,zt,qt,qo

t}isaMarkovprocesswithtransitiondensity

ρ(pt+1,pr
t+1,qt+1,qo

t+1,zt+1|pt,pr
t,qt,qo

t,zt,θ)=g(pt+1,zt+1|pt,zt)

×µ(qt+1|pt,pr
t,qt,qo

t,zt)

×f(qo
t+1|pt+1,qt+1,zt+1)

×γ(pr
t+1|pt+1,qt+1+qo

t+1,zt+1).

•Fullinformationmaximumlikelihood(FIML)

lf({pt,pr
t,qt,qo

t,zt}Tt=1|p0,pr
0,q0,qo

0,z0θ)=
T

∏t=1
ρ(pt,pr

t,qt,qo
t,zt|pt−1,pr

t−1,qt−1,qo
t−,zt−1,θ),

(11)
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PartialInformationMaximumLikelihoodEstimator(PIML)

•Converttheendogenoussamplingproblemintoacensoredsampling
problembydefininganobservedcensoredpricesequence{pt}by:

pt=

{

p∗tifqo
t>0

0otherwise.

•DefinethePartialInformationMaximumLikelihood(PIML)estimatoras:

θ̂
p
T=argmax

θ∈Θ
lp({pt,pr

t,qt,qo
t,zt}Tt=1|p0,pr

0,q0,qo
0,z0,θ),

wherelpisgivenby:

lp({pt,pr
t,qt,qo

t,zt}Tt=1|p0,pr
0,q0,qo

0,z0,θ)=
∫

···
∫

T

∏t=1
ρ(pt,pr

t,qt,qo
t,zt|pt−1,pr

t−1,qt−1,qo
t−,zt−1,θ)∏t/∈Tn

dpt.

andTn={t1,...,tn}arethedayspurchasesoccur,i.e,qo
t>0fort∈Tn
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AsymptoticPropertiesoftheFIMLandPIMLestimators

•Letξt=(pt,pr
t,qt,qo

t,zt).

•LetthepurchasesetΓbegivenby:

Γ={ξ|qo=0}
thenthesetofpurchasedatesTn={t1,...,tn}canbedefinedrecursivelyas:

ti+1=inf{t>ti|ξt∈Γ}.
•Let{ζi}denotetheembeddedprocessassociatedwith{ξt}andΓ.Thisis

thediscretetimeMarkovprocesswhichisobservedatsuccessivepurchase
datest∈Tn,i.e.,

{ζi}={ξti}={ξt|ξt∈Γ}.
•AsimpleapplicationoftheChapman-Kolmogorovequationallowsusto

derivethetransitiondensityνfortheembeddedprocess{ζi}asa
ti−ti−1-steptransitiondensityforsuccessivevisitstothepurchasesetΓ.
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Lemma4:Theembeddedprocess{ζi}isaMarkovchainwithtransitiondensity

νgivenby:

ν(ζi|ζi−1)=ρ(ξti|ξti−1)=

∫

···
∫

ti+1

∏t=ti+1
ρ(ξt+1|ξt)dξti+1···dξti+1−1.

Definition5:Let{ωi}bethesegmentedprocessassociatedwith{ξt},i.e.the

processforwhichωiisdefinedastherealizedvaluesof{ξ}forthesequenceof

ti−ti−1timeperiodsfollowingthepurchaseatti−1untilthepurchaseatti:

ωi=(ξti−1+1,...,ξti).

Noticethatthenumberofcomponentsinthesegmentωiisarandomvariable,

equaltothedifferenceti−ti−1inthesuccessivetimesthat{ξt}visitsthe

purchasesetΓ.
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Lemma5:Thesegmentedprocess{ωi}isaMarkovchainwithtransitiondensity

νgivenby:

ν(ωi|ωi−1,θ)=ρ(ξti,ξti−1,...,ξti−1+1|ξti−1,θ)=
ti+1

∏t=ti+1
ρ(ξt+1|ξt,θ).

NoticethatduetotheMarkovproperty,onlythelastelementofthesegmentωi−1,

ξti−1,isneededtofullydeterminetheconditionalprobabilityof

ωi=(ξ1+ti−1,...,ξti).



•Letτ=ti+1−ti,betherecurrencetimeforsuccessivevisitstoΓ.

•IfthemeanrecurrencetimetoΓisfinite,E{τ}<∞,theprocess{ξt}will
visitΓinfinitelyoftenandthenumberofvisitsnobservedoveranyhorizonT
tendstoinfinitywithprobability1asT→∞.

•Assumption3:TheMarkovchain{ξt}isergodic(i.e.itpossessesaunique
stationarydistribution),andthepurchasesetΓisrecurrent(i.e.E{τ}<∞),
andtheembeddedandsegmentedprocesses{ζi}and{ωi}arealso
ergodicMarkovchains.

•Rewritelfandlpasfollows:

lf({pt,pr
t,qt,qo

t,zt}Tt=1|p0,pr
0,q0,qo

0,z0,θ)=
n−1

∏i=1

[

ti+1

∏t=ti+1
ρ(ξt|ξt−1,θ)

]

,

lp({pt,pr
t,qt,qo

t,zt}Tt=1|p0,pr
0,q0,qo

0,z0,θ)=
n−1

∏i=1

[

∫

···
∫

ti+1

∏t=ti+1
ρ(ξt|ξt−1,θ)dpti+1···dpti+1−1

]

.
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•ByAssumption3andtheRenewalTheoremforMarkovchains(see,e.g.

Resnick1992),wehavewithprobability1

lim
T→∞

n
T

=
1

E{τ}
.

Thus,aslongasE{τ}<∞,theprocess{ξt}visitsΓinfinitelyoftenand

n→∞withprobability1asT→∞.

•Wecarryouttheasymptoticanalysisindexingthesamplesizebythenumber

ofpurchasesnratherthanthetotalnumberofdaysT.
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ConsistencyoftheFIMLandPIMLestimators

•Itisconvenienttoworkwiththenormalizedlog-likelihoodfunctions.Multiply

anddividethelikelihoodslfandlpbytheproductterm

n−1

∏i=1
Pr

{

ti+1−ti|ξti,θ
}

=
n−1

∏i=1

[

∫

···
∫

ti+1

∏t=ti+1
I{ξt∈Γ({ti+1})}ρ(ξt|ξt−1,θ)dξt

]

,

where

Γ({ti+1})={ξt|qo
t=0,t6=ti+1}∪{ξt|qo

t>0,t=ti+1}.
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•Takelogsanddividebyn−1toobtainforj=f,p

1
n−1

loglj({pt,pr
t,qt,qo

t,zt}Tt=1|p0,pr
0,q0,qo

0,z0,θ)

=
1

n−1

n−1

∑i=1
logρj(ωi+1|ωi,ti+1−ti,θ)+

1
n−1

n−1

∑i=1
logPr{ti+1−ti|ωi,θ}

=
1

n−1

n−1

∑i=1
v1(ωi+1,ωi,θ)+

1
n−1

n−1

∑i=1
v2(ωi+1,ωi,θ),



where

ρf(ωi+1|ωi,ti+1−ti,θ)=
ti+1

∏t=ti+1
ρ(ξt|ξt−1,θ)

∫

···
∫

ti+1

∏t=ti+1
I{ξt∈Γ({ti+1})}ρ(ξt|ξt−1,θ)dξt

and

ρp(ωi+1|ωi,ti+1−ti,θ)=
∫

···
∫

ti+1

∏t=ti+1
ρ(ξt|ξt−1,θ)dpti+1···dpti+1−1

∫

···
∫

ti+1

∏t=ti+1
I{ξt∈Γ({ti+1})}ρ(ξt|ξt−1,θ)dξt.
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•Notethatbothρpandρfareconditionaldensitiesforthesegmentωi+1
givenωiandthelengthofthesegmentti+1−ti.

•Duetocensoring,ρpcanberegardedasthemarginaldensityassociated

withρf,wherewehaveintegratedouttheunobservedpricesoverthe

interval(ti+1,ti+2,...,ti+1−1)whennopurchasesoccurred.

•Undersuitableregularityconditionsonthemomentsofthefunctionsvj,

j=1,2,Assumption3andtheErgodicTheoremforMarkovprocesseswe

havewithprobability1asn→∞

1
n−1

n−1

∑i=1
vj(ωi+1,ωi,θ)=⇒E

{

vj(ω′,ω,θ)
}

,

wheretheexpectationistakenwithrespecttotheinvariantdistributionfor

(ω′,ω)andisgivenby

E
{

vj(ω′,ω,θ)
}

=

∫∫

vj(ω′,ω,θ)dν(ω′|ω,θ∗)dψ(ω,θ∗),
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whereν(ω′|ω,θ∗)isthetransitiondensityforthesegmentedprocess{ωi}
andψ(ω,θ∗)isitsinvariantdistribution.



•Notethatasn→∞wehavewithprobability1

1
n−1

n−1

∑i=1
logρj(ωi+1|ωi,ti+1−ti,θ)=⇒E

{

logρj(ω′|ω,τ,θ)
}

,

and

1
n−1

n−1

∑i=1
logPr

{

ti+1−ti|ξti,θ
}

=⇒E{logPr{τ|ω,θ}},

whereτistherecurrencetimetothepurchasesetΓ.

E
{

logρj(ω′|ω,τ,θ)
}

=E{logρ(ξ1,...,ξτ|ξ0,τ,θ)}

=

∫

ξ0

∞
∑τ=1

[

∫

ξ1
···

∫

ξτ
logρ({ξt}τt=1|ξ0,τ,θ)p({ξt}τt=1|ξ0,τ,θ∗)

τ
∏t=1

dξt

]

Pr{τ|ξ0,θ∗}dψ(ξ0).

•Givenanyξ0andτ,theInformationInequalityguaranteesthatthe
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expressioninbracketsaboveismaximizedatθ=θ∗.Similarlywehave

E{log[Pr{τ|ξ0,θ}]}=

∫

ξ0

∞
∑τ=1

log[Pr{τ|ξ0,θ}]Pr{τ|ξ0,θ∗}dψ(ξ0)

willalsobemaximizedatθ=θ∗givenany(ξ0).

•Thisimpliesthatthelimitingloglikelihoodismaximizedatθ∗,andstandard

uniformconsistencyargumentscanbeusedtoshowthatwithprobability1

wehaveθ̂
j
n→θ∗asn→∞.



AsymptoticNormalityoftheFIMLandPIMLestimators

•Ifthemodeliscorrectlyspecifiedandappropriateregularityconditionshold,

thefirstorderconditionsforθ̂
p
nandθ̂

f
ncanbeexpandedinTaylorseries

aboutthetrueparameterθ∗.
•ApplyingaCentralLimitTheoremformixingprocessestothekeyscoreterm

inthisTaylorseriesexpansiononecanshowthat:
√

n
[

θ̂
j
n−θ∗

]

−→N(0,Ij−1(θ∗)),j=p,f

where

Ij(θ∗)=I1
j(θ∗)+I2(θ∗)

and

I1
j(θ∗)=E

{

∂2

∂θ∂θ′log
[

ρj(ω′|ω,τ,θ)
]

}

θ=θ∗
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and

I2(θ∗)=E

{

∂2

∂θ∂θ′log[Pr{τ|ξ0,θ}]
}

θ=θ∗.

•Itisnotdifficulttoshowthatsinceρpisamarginaldensityofρf,wemust

havethatthedifferencebetweentheinformationsI1
f(θ∗)−I1

P(θ∗)isa

positivesemi-definitivematrix.

•Thus,itisnotsurprisingthatthereisalossofinformation,andthereforean

increaseinvariance,causedbytheendogenoussamplingproblem.



DrawbacksofthePIMLestimator

•Computationalburdenduetothehighdimensionalintegrationsthatare

requiredtoevaluatelp.

•Sincenopurchasesofsteelareobservedonthemajorityofbusinessdaysin

oursample,themeantimebetweensalesisabout10businessdays,sothat

onaverage10dimensionalintegralsmustbecalculatedforeachterm

enteringthelikelihood.

•Althoughtherehavebeenimportantadvancesinsimulationestimationand

lowdiscrepancymethodsforcomputinghighdimensionalintegrals(see,e.g.

Rust,TraubandWoźniakowski,1999),thePIMLwillstillbeafairly

computationallyburdensomeestimator.

•Aseconddrawbackisthatifourinterestisprimarilyonmakinginferences

aboutthelawofmotionfor{pt,zt},theotherstructuralparametersthatmust
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beestimatedtoadjustfortheendogeneityofthesamplingprocessamountto

nuisanceparameters.

•Errorsinthespecificationofthefirm’soptimalinvestmentandspeculation

problemwillresultininconsistentestimatesoftheparametersofinterestin

thetransitiondensityg(pt+1,zt+1|pt,zt).



Identificationissues:

•Itispossibletoconsidertheuseofflexiblereduced-formspecificationsforthe

densitiesenteringtheoveralldecompositionofthetransitiondensityρgiven

inTheorem3.

•Howeverwithoutsomestrongpriorparametricrestrictionsonsomeofthese

densities,itisdoubtfulthatanunrestrictedmodelwherethedensities

(g,µ,f,γ)aretreatedasunknownobjectstobeestimatednon-parametrically

isevenidentified.

•The(S,s)modelcombinedwiththeobservationsofretailtransactionprices

providesstrongidentifyingrestrictions,limitinghowfarthewholesaleprice

process{pt}candriftawayfromobservedretailpriceforagivensequence

ofobservedpurchases.
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•Inparticular,astheimpliedmarkupgetslargerorsmaller,the(S,s)model

predictsthatthenumberofordersshouldbeincreasinganddecreasingina

correspondingfashion.Giventheobservedsequenceofpurchases,this

propertyenablesustoseparatelyidentifytheparametersofg(p′,z′|p,z)and

thestructuralparametersofthe(S,s)model.

•Anon-parametricmodeldoesnotimposeanysortofprofitmaximizingorloss

minimizingbehavioralmotivationonthepartoftheintermediary,soitappears

thatthewholesalemarketprice{pt}coulddriftarbitrarilyfarawayfromthe

retailprices{pr
t}withouttherebeinganystrongeffectonthelikelihoodofthe

observedsequencesofpurchases.Thissuggeststhatitisimpossibleto

non-parametricallyidentifytheformofg(p′,z′|p,z)andthetradingruleused

bythefirmwhenweonlyhaveaccesstoendogenouslysampleddata.



SimulatedMinimumDistance(SMD)Estimation

•Let{ξt}denotethecensoredprocess(i.e.withpt=0whenqo
t=0),andlet

θdenotetheK×1vectorofparameterstobeestimated.

•TheSMDestimatorisbasedonfindingaparametervaluethatbestfitsa
J×1vectorofmomentsoftheobservedprocess:

hT≡
1
T

T

∑t=1
h(ξt,ξt−1),J≥K.

•ByAssumption2,theprocess{ξt}isergodicsothat,withprobability1,hT
convergestoalimitE{h(ξ′,ξ)}wheretheexpectationistakenwithrespect
totheergodicdistributionof(ξ′,ξ).

•Undersuitableadditionalregularityconditions,acentrallimittheoremwill
holdforhT,i.e.wehave

√
T[hT−E{h}]=⇒N(0,Ω(h)),
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where

Ω(h)=E
{

(h(ξ′,ξ)−E{h})(h(ξ′,ξ)−E{h})′
}

.



•Nowassumeitispossibletogeneratesimulatedrealizationsofthe{ξt}
processforanycandidatevalueofθ,andthatthisprocessiscensoredin

exactlythesamewayastheobserved{ξt}processiscensored,i.e.,with

pt=0whenqo
t=0.

•ThesimulationsdependonaT×1vector,u,ofIIDU(0,1)randomvariables

thataredrawnonceatthestartoftheestimationprocessandheldfixed

thereafterinorderfortheestimatortosatisfystochasticequicontinuity

conditionsnecessarytoestablishasymptoticnormalityoftheSMDestimator.

•Wewillconsidersimulatedprocessesoftheform

{ξt({us}s≤t,θ,ξ0)},t=2,...,T

whereforeacht>1,ξt({us}s≤t,θ,ξ0)isacontinuouslydifferentiable

functionofθ.

•Thenotation{us}s≤treflectsthefactthatthesimulatedprocessisadapted

totherealizationofthe{ut}process.
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•Notethatweallowthesimulatedprocesstodependonthefirstvalueξ0of

theobserveddataasaninitializingcondition.



Examplesofsmoothsimulators:Unidimensionalcase(ξt∈R1)

•Letρ(ξt+1|ξt,θ)denoteitstransitiondensityandP(ξt+1|ξt,θ)bethe

correspondingconditionalCDF.

•Thefirstvalueofthesimulatedprocessissimplysettotheobservedvalue

ξ0.

•Usingtheprobabilityintegraltransform,defineξ1(u1,θ,ξ0)by:

ξ1(u1,θ,ξ0)=P−1(u
1|ξ0,θ).

Clearlyξ1(u1,θ,ξ0)willbeacontinuouslydifferentiablefunctionofθif

P−1(u
1|ξ0,θ)isacontinuouslydifferentiablefunctionofθ.

•Nowdefinerecursivelyfort=2,4,...

ξt({us}s≤t,θ,ξ0)=P−1(u
t|ξt−1({us}s≤t−1,θ,ξ0),θ).
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Wecanseerecursivelythatξt({us}s≤t,θ,ξ0)willbeacontinuously

differentiablefunctionofθprovidedthatP−1(u|ξ,θ)isacontinuously

differentiablefunctionofξandθ.



Multidimensionalcaseξt=(pt,pr
t,qt,qo

t,zt).

•Wecandoasimilarsimulationasintheunivariatecasedescribedabove,

usingafactorizationofthetransitiondensityof{xt}intoaproductof

univariateconditionaldensitiessuchasgiveninTheorem3.Forexample,if

ξthastwocomponents,ξt=(ξ1,t,ξ2,t),supposethatitstransitiondensityρ
canbefactoredas

ρ(ξt+1|ξt,θ)=ρ2(ξ2,t+1|ξ1,t+1,ξt,θ)ρ1(ξ1,t+1|ξt,θ),

withcorrespondingconditionalCDFsdenotedbyP1andP2.

•Generatesimulationsof{ξt}thataresmoothfunctionofθjustasinthe

univariatecase,exceptthatinthetwo-dimensionalcaseweneedtogenerate

tworandomU(0,1)variablesut=(u1,t,u2,t)foreachtimeperiodsimulated.
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•Togenerateξ1=(ξ1,1,ξ2,1)wecompute

ξ1,1=P−1
1(u1,1|ξ0,θ)

ξ2,1=P−1
2(u2,1|ξ1,2,ξ0,θ).

Clearlytheresultingrealizationforξ1isoftheformξ1(u1,ξ0,θ)andwillbea

smoothfunctionofθprovidedthatP1andP2aresmoothfunctionsof(ξ,θ).

•Continuingrecursivelywehave:

ξ1,t+1=P−1
1(u1,t+1|ξt,θ)

ξ2,t+1=P−1
2(u2,t+1|ξ1,t+1,ξt,θ).

Theresultingsimulationstaketheform{ξt({us}s≤t,θ,ξ0)}andwillbe

smoothfunctionsofθprovidedthatP1andP2aresmoothfunctionsof(ξ,θ).



Constructionofsimulatedmoments

•Useasinglesimulatedrealizationof{ξt({us}s≤t,θ,ξ0)}toformasimulated

samplemomenthT({us}s≤T,ξ0,θ)givenby

hT({us}s≤T,ξ0,θ)=
1
T

T

∑t=1
h
(

ξt({us}s≤t,θ,ξ0),ξt−1({us}s≤t−1,θ,ξ0)
)

.

Let({u1
s}s≤T,...,{uS

s}s≤T)denoteSIIDT×1sequencesofU(0,1)

randomvectorsusedtogeneratetheSindependentrealizationsofthe

endogenouslysampledprocess{ξt({ui
s}s≤t,θ,ξ0)},i=1,...,S.

•DefinehS,T(θ)astheaverageofSindependenttimeaverages

hT({ui
s}s≤T,ξ0,θ)

hS,T(θ)=
1
S

S

∑i=1
hT({ui

s}s≤T,ξ0,θ).
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Definition:thesimulatedminimumdistanceestimatorθ̂Tisdefinedby:

θ̂T=argmin
θ∈Θ

(hS,T(θ)−hT)′WT(hS,T(θ)−hT),

whereWTisaJ×Jpositivedefiniteweightingmatrix.

•Note:theSMDestimatorisintheclassofSimulatedMomentsEstimators

(SME)studiedbyLeeandIngram(1991)andDuffieandSingleton(1993).

•Assumption4:theparametricmodeliscorrectlyspecified,i.e.,thereisa

θ∗∈Θsuchthat:

{ξt({us}s≤t,θ∗,ξ0)}∼{ξt}

i.e.whenθ=θ∗,thesimulatedsequenceinitializedfromtheobservedvalue

ξ0hasthesameprobabilitydistributionastheobservedsequence{ξt}.
•Onthe“to-do”list:workoutasymptoticsoftheSMDestimatorinthe

misspecifiedcase.
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SketchofthederivationoftheasymptoticdistributionoftheSMDestimator.

•Assumption5:Foranyθ∈Θtheprocess{ξt({us}s≤t,θ,ξ0)}isergodic

withuniqueinvariantdensityψ(ξ|θ)givenby:

ψ(ξ′|θ)=

∫

ρ(ξ′|ξ,θ)dψ(ξ|θ).

•DefinethefunctionsE{h|θ},∇E{h|θ},and∇hS,T(θ)by:

E{h|θ}=

∫

h(ξ′,ξ)dρ(ξ′|ξ,θ)dψ(ξ|θ)

∇E{h|θ}=
∂

∂θ
E{h|θ}

∇hS,T(θ)=
∂

∂θ
hS,T(θ).

•Assumption6:θ∗isidentified,i.e.ifθ6=θ∗then

E{h|θ}6=E{h|θ∗}=E{h}.Furthermore,rank(∇E{h|θ})=Kand
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limT→∞WT=Wwithprobability1whereWisaJ×Jpositivedefinite

matrix.

•ConsistencyoftheSMDestimatorUnderappropriateregularityconditions

thesimulatedprocessisuniformlyergodic,i.e.,withprobability1wehave

lim
T→∞

sup
θ∈Θ

∣

∣

(hS,T(θ)−hT)′WT(hS,T(θ)−hT)−(E{h|θ}−E{h|θ∗})′W(E{h|θ}−E{h|θ∗})
∣

∣

=0.

(12)

•Assumption5guaranteesthattheuniqueminimizerof

(E{h|θ}−E{h|θ∗})′W(E{h|θ}−E{h|θ∗})isθ∗,andthiscombinedwith

theuniformconsistencyresultimpliestheconsistencyofθ̂T.



Asymptoticnormalityofθ̂T

•DoaTaylorseriesexpansionofthefirstorderconditionforθ̂T:

(hS,T(θ̂T)−hT)′WT∇hS,T(θ̂T)=0.

expandinghS,T(θ̂T)aboutθ=θ∗toget

hS,T(θ̂T)=hS,T(θ∗)+∇hS,T(θ̃T)(θ̂T−θ∗),

whereθ̃Tdenotesavectorthatis(elementwise)onthelinesegment
betweenθ̂Tandθ∗.Substitutingthisintothefirstorderconditionforθ̂Tand
solvingweobtain:

(θ̂T−θ∗)=−
[

∇hS,T(θ̃T)′WT∇hS,T(θ̂T)
]

−1
∇hS,T(θ̂T)′WT

[

hS,T(θ∗)−hT
]

,

Multiplyingbothsidesofthisequationby
√

TandinvokingtheCentralLimit
theoremforthedifference

√
T[hS,T(θ∗)−hT]weobtain

√
T

[

hS,T(θ∗)−hT
]

=⇒N(0,(1+1/S)Ω(h,θ∗)).
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•NotethathS,T(θ∗)isanaverageofSindependentrealizationsof

{ξt({us}s≤t,θ,ξ0)},whichbyAssumption4hasthesamedistributionas

{ξt}.
•AsaresulteachofthetermsenteringhS,T(θ∗),hT({ui},θ∗),hasthesame

probabilitydistributionashTandaredistributedindependentlyofhT.The

CentralLimitTheoremappliedtohTyields
√

T[hT−E{h|θ∗}]=⇒N(0,Ω(h,θ∗)).

•Similarly,foreachi=1,...,Swehave
√

T
[

hT({ui
s}s≤T,θ∗)−E{h|θ∗}

]

=⇒N(0,Ω(h,θ∗)).

Notethat

[

hS,T(θ∗)−hT
]

=

[

1
S

S

∑i=1
[hT({ui

s}s≤T,θ∗)−E{h|θ∗}]+E{h|θ∗}−hT

]

,
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sothatwehave

√
T

[

hS,T(θ∗)−hT
]

=⇒
[

1
S

S

∑i=1
X̃i+X̃0

]

,

where(X̃0,X̃1,...,XS)areIIDN(0,Ω(h,θ∗))randomvectors.Itfollowsthat
√

T
[

hS,T(θ∗)−hT
]

=⇒N(0,(1+1/S)Ω(h,θ∗)).



•Thus,wehave
√

T
[

θ̂T−θ∗
]

=⇒N(0,(1+1/S)Λ−1
1Λ2Λ−1

1),

where

Λ1=[∇E{h|θ∗}]′W∇[E{h|θ∗}]
Λ2=[∇E{h|θ∗}]′WΩ(h,θ∗)W[∇E{h|θ∗}].

•TheoptimalweightmatrixW=[Ω(h,θ∗)]−1resultsinanSMDestimatorwith

minimalvariance.Inthiscasetheasymptoticdistributionofθ̂Tsimplifiesto:
√

T[θ̂T−θ∗]=⇒N(0,(1+1/S)Λ−1)

where:

Λ=
[

∇E{h|θ∗}′[Ω(h,θ∗)]−1∇E{h|θ∗}
]

.

•NotethatthepenaltytoforminganSMDestimatorusingonlyasingle

realizationS=1oftheendogenouslysampledprocess{ξt({us}s≤t,θ,ξ0)}
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isfairlysmall,thevarianceoftheresultingestimatorisonlytwiceaslargeas

anestimatorthatcomputestheexpectationofhT({u},θ)exactly,suchas

wouldbedoneviaMonteCarlointegrationwhenS→∞.



•TheSMDestimatorcanbeimplementedinpracticebysolving

θ̂T=argmin
θ∈Θ

(hS,T(θ)−hT)′
[

Ω̂(h,θ)
]

−1
(hS,T(θ)−hT),

where

Ω̂(h,θ)=
1
T

T

∑t=1
εt(θ)εt(θ)′

where

εt(θ)=h
(

ξt({us}s≤t,θ,ξ0),ξt−1({us}s≤t−1,θ,ξ0)
)

−hT({us}s≤T,ξ0,θ).

•Thus,anestimateoftheoptimalweightingmatrixΩ(h,θ)isrecomputed

eachtimetheparameterθisupdated.
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Howtoselectthemomentsh?

•Moreefficientestimatorscanbeobtainedbyselecting“efficientmoment

functions”hsuchasthescoreofthepartialinformationmaximumlikelihood

functionderivedinsection2.SuchanestimatorcanattaintheCramer-Rao

efficiencyboundderivedforthePIMLestimator.Howeverthescoreinvolves

aratioofintegrals,anditisnotclearthattheseintegralscanbereplacedby

simulationestimatesandstillobtainaconsistentSMDestimator.

•Ifaccuratenumericalintegralsarerequired,thecomputationaladvantageof

theSMDestimatorislostanditmaybelesscomputationallyburdensometo

computethePIMLestimatordirectly.Thisisatopicforfuturework.

•ThedefinitionoftheSMDestimatorcanbeextendedtoallowmoments

formedfromthesegmentedMarkovchain{ωi}.Thisformulationwouldbe

requiredinthecasewherehisthescoreofthepartialinformationlikelihood
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function,sincethecomponentsofthescoreinvolvethesegmentedchainas

shownabove.

•Usingmomentsfromthesegmentedchaininvolvessomeminormodifications

oftheargumentsgivenabove.Wenowdotheasymptoticsasafunctionof

thenumberofpurchasesnratherthanthetotalnumberoftimeperiodsT

overwhichtheprocessisobserved.Inthiscasewedefinethesample

momentshnby

1
n−1

n−1

∑i=1
h(ωi+1,ωi),

andthesimulatedmomentshS,n(θ)canbedefinedaccordingly,usingthe

simulatedprocess{ξt({ui
s}s≤t,θ,ξ0)},i=1,...,StoconstructSIID

realizationsofthesegmentedprocess.



Relaxingtheassumptionthattheparametricmodeliscorrectlyspecified.

•Aslongasassumptions5and6hold,therewillstillexistwelldefinedlimiting

momentsforthesimulatedprocess,E{h|θ},foreachθ∈Θ.

•Defineθ∗asthevaluethatminimizesthedistancebetweenthesimulated

modelandthetruedatageneratingprocess:

θ∗=argmin
θ∈Θ

[E{h|θ}−E{h}]′W[E{h|θ}−E{h}],

whereE{h}denotesthelimitofhTasT→∞forthetruedatagenerating

process.

•Ifthevalueofθ∗thatminimizesthisdistanceisinteriortotheparameter

spaceΘ,thenthefollowingfirstorderconditionmustholdatθ∗:

(E{h|θ∗}−E{h})′W∇E{h|θ∗}=0,
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whereE{h}denotesthelongrunorergodicexpectationofhwithrespectto

thetruedatageneratingprocess.

•Thisimpliesthatast→∞therandomvector

Xt≡∇E{h|θ∗}′W(h(ξt({us}s≤t,θ∗,ξ0))−h(ξt)),

satisfies

lim
t→∞

E{Xt}=0

lim
t→∞

cov(Xt)=Λ2

forsomeJ×JcovariancematrixΛ2.



•Notethatinthemisspecifiedcase,Λ2maynotequalthesameformulaasthe

Λ2whenthemodeliscorrectlyspecified.

•UsingasuitableCentralLimittheoremformixingprocesses,weshouldhave
√

T∇E{h|θ∗}′W[hT({u},θ∗)−hT]=⇒N(0,Λ2).

FollowingaTaylorexpansionargumentjustasinthecorrectlyspecifiedcase

above,weshouldbeabletoderivethesamegeneralformfortheasymptotic

distributionofθ̂Tinthemisspecifiedcase,i.e.
√

T
[

θ̂T−θ∗
]

=⇒N(0,(1+1/S)Λ−1
1Λ2Λ−1

1),

where

Λ1=
[

∇E{h|θ∗}′W∇E{h|θ∗}
]

andwhere
√

T∇hT({us},θ∗)′WT[hT({us},θ∗)−hT]=⇒N(0,Λ3).
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•Themainoutstandingissueistoactuallyestablishthelimitingasymptotic

distributionthatweconjecturedabove,andrelatetheasymptoticcovariance

matrixΛ3totheasymptoticcovariancematrixΛ2.Thesimilarityofthetwo

expressionssuggeststhatΛ2=Λ3,butfurtherwork,includingcareful

attentiontoregularityconditions,wouldrequiredtodeterminewhetherthisis

thecase.



Non-parametricidentificationofthecommodityspeculationmodel.

•Wenowconsideraversionofthecommoditypricespeculationwith

endogenouspricesettingandpricediscrimination.

•Weconsiderwhichpartsofthemodelmightbeidentifiednon-parametrically.

•Sincethisisafirm(expectedprofitmaximizer,profitspotentiallyobservable)

thehopeisthatmorewillbeidentifiedthanwouldbeforaconsumer

(expectedutilitymaximizer,utilitygenerallynotobservable).
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Definition:Thestructuralobjectsofthecommodityspeculationmodelinclude:

•Thetransitionprobabilityforthewholesalepriceg(pt+1,xt+1|pt,xt)

•Thefirm’sbeliefsaboutthearrivalrateofbuyers,η(p,x)

•Beliefsaboutthequantitydemandedconditionalonarrival,m(qd|p,x)

•Beliefsaboutotherbuyerchacteristicsgivenarrivalandqd,µ(z|qd,p,x)

48



Structuralobjectsofthecommodityspeculationmodel,(continued)

•Beliefsaboutthereservationpricesofbuyersconditionalonarrival,qdandz,

f(r|qd,p,x,z)

•Thecostofholdinginventory,ch(p,q,x)

•Thefixedcostofplacinganordertorestockinventory,K

•Beliefsofperunitcostsof“lostgoodwill”duetounfilledorders,γ

•Thefirm’sinterestrate,rwithimplieddiscountfactorβ=exp(−r/365)
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Definition:Thereduced-formobjectsofthecommodityspeculationmodelare:

•Theoptimalpurchasingrule,definedbythefunctionsS(p,x)ands(p,x)

givenby

qo(p,q,x)=

{

0ifq≥s(p,x)
S(p,x)−qotherwise

•Theoptimalpricingrule,givenby

pr=pr(p,q,x,z,qd)=c(p,q,x)+
1−F(pr|qd,p,x,z)

f(pr|qd,p,x,z)
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Non-parametricestimation/identificationofthereduced-form

•Arguethatorderthreshold,s(p,x),isnon-parametricallyidentified.Observe

whetherornotfirmorderseachperiod,soestimatenon-parametricbinary

choicemodelforbinarychoicemodelI{q<s(p,x)}.
•Arguethatoptimaltargetinventorylevel,S(p,x),isnon-parametrically

identifiedviaanon-parametricregressionontheordersizesonthesubsetof

thedaysthatthefirmpurchases,

q0=qo(p,q,x)=S(p,x)−q

•Arguethattheoptimalpricingrule,pr(p,q,x,z,qd)isnon-parametrically

identifiedviaanon-parametricregressionusingobservedretailpricesonthe

subsetofthedaysthatthefirmsellsandpurchases,

pr=pr(p,q,x,z,qd)
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Whichstructuralobjectscanbeinverted/estimatedfromthereduced-form?

•Inferringbeliefsaboutcustomerreservationvalues.Notethatwhen

q<s(p,x)wehave

c(p,q,x)=p

and

pr=p+
1−F(pr|qd,p,x,z)

f(pr|qd,p,x,z)

•Thus,usingdataonthesubsetofdaysthatthefirmsellsandbuysandwhere

q<s(p,x)weobservepr−pandcanthus“recover”themarkupterminthe

righthandsideoftheequationabove.

•Thus,vianon-parametricregressionwecanestimatethemarkupfunction

e(pr,qd,p,x,z)
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Invertingstructuralobjectsfromthereduced-form(continued)

•Usingthemarkupfunction,wecansolvetheODEtogettheconditional

densityofreservationprices

f(r|qd,p,x,z)=F′(r|qd,p,x,z)=
1−F(r|qd,p,x,z)

e(r,qd,p,x,z)

•Fixing(qd,p,x,z),thesolutiontothisODEis

F(r|qd,p,x,z)=1−exp{−
∫

r

0
[e(u,qd,p,x,z)]−1du}

•Thus,wearguethattheCDFandthusthedensityofconsumerreservation

valuescanberecoveredfrom(i.e.invertedfrom)thereducedform,andis

thusnon-parametricallyidentified.

•Thisstrategyhasbeenusedinauctiontheory(Vuonget.al.andinrecent

workbyPesendorferandJofre-Bonetondynamicauctions.
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Invertingstructuralobjectsfromthereduced-form(continued)

•Whataboutthedistributionofquantitydemandedbyacustomer,conditional

onarrival,m(qd|p,x)?

•Notethatweobservequantitysold,qs
t,acensoredobservationofqd

t

qs
t=min[qt+qo

t,qd
t]

•Noticethecensoringthreshold,qt+qo
t,isquantityonhand,exhibitsquitea

lotofvariabilityovertime.Wedonothavefixedcensoring.

•Whenqd
t<qt+qo

twehaveqd
t=qs

t

•Weobservewhetherornotqd
tiscensored:qd

tiscensorediffqt+1=0(i.e.a

stockoutoccurs).
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Invertingstructuralobjectsfromthereduced-form(continued)

•Conjecture:Ifthereisnoupperboundonpossibleinventorylevels,

m(qd|p,x)isnon-parametricallyidentified,usingatimeseriesversionof

semi-parametricsampleselectionmodels.(cites?)

•Non-parametricidentificationofthearrivalprobabilityWeonlyobserve

whetherornotfirmmakesasale:wedonotobservecaseswherecustomer

arrivesandisquotedaprice,butdecidesnottotakeit.

•Wecannon-parametricallyestimatetheconditionalprobabilitythatasale

occurs,i.e.conditionalon(p,pr,qd,x,z),Pr{qs
t>0|p,pr,qd,x,z}via

non-parametricbinarychoicemodelonthebinaryeventI{qs
t>0}.

•Howeverfromthemodelweknowthattheprobabilityofasaleisgivenby

Pr{qs
t|p,pr,qd,x,z}=η(p,x)

[

1−F(pr|qd,p,x,z)
]

sincewecanestimatethelefthandsidenon-parametrically,and

F(r|qd,p,x,z)non-parametrically,wecanunocverη(p,x)asaratioofthese

twoconditionalprobabilities.55



Invertingstructuralobjectsfromthereduced-form(continued)

•Non-parametricidentificationoftheconditionaldistributionof

customercharacteristics,µ(z|qd,p,x)conditionalonarrivalandqd

•Thisprobabiilityisconditionalonarrival.Wecannon-parametricallyestimate

arelatedconditionalprobabilityµs(z|qd,p,pr,x)conditionalonarrivalanda

saleoccursatthequotedpricepr

µs(z|qd,p,pr,x,qs>0)=
µ(z|qd,p,x)

[1−F(pr|qd,p,x,z)]

•Thus,sincewecannon-parametricallyestimatethelefthandsideofthe

aboveequation,andwecannon-parametricallyestimatethedenominater

termontherighthandside,wecannon-parametricallyestimateof

µ(z|qd,p,x)asaproductoftheothertwoobjects,

µ(z|qd,p,x)=[1−F(pr|qd,p,x,z)]µs(z|qd,p,pr,x,qs>0)
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Invertingstructuralobjectsfromthereduced-form(continued)

•Whichofthestructuralobjectsisleft?{r,K,γ,ch(p,q,x),g(p′,x′|p,x)}
•Estimatingthe“forcingprocess”g(pt+1,xt+1|pt,xt).Thisisakeypartofthe

speculationmodel,reflectsthefirm’sbeliefsabouttheequilibriumdynamics

inthewholesalemarket.

•Thiswouldnotbeaproblemifwealwaysobserve{pt,xt},butweonly

observeptondaysthefirmbuys,notondaysitdoesnotbuy.

•Thatis,wehave

ptisobservediffqt<s(pt,xt)

•Wecallthistheendogenoussamplingproblem.
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