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† Beńıtez-SilvaandHitscharegratefulfor thefinancialsupportof theCowlesFoundationfor Researchin Economicsthrough
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Abstract

We comparealternative numericalmethodsfor approximatingsolutionsto continuous-statedynamic
programming(DP) problems.We distinguishtwo approaches:discreteapproximationandparametric
approximation. In theformer, thecontinuousstatespaceis discretizedinto a finite numberof pointsN,
andtheresultingfinite-stateDP problemis solvednumerically. In thelatter, a functionassociatedwith
theDPproblemsuchasthevaluefunction, thepolicy function, or someotherrelatedfunctionis approx-
imatedby a smoothfunctionof K unknown parameters.Valuesof theparametersarechosensothatthe
parametricfunctionapproximatesthetruefunctionascloselyaspossible.We focuson approximations
thatarelinearin parameters,i.e. wheretheparametricapproximationis a linearcombinationof K basis
functions. WealsofocusonmethodsthatapproximatethevaluefunctionV asthesolutionto theBellman
equationassociatedwith theDP problem.In finite stateDP problemsthemethodof policy iteration is
aneffective iterative methodfor solvingtheBellmanequationthatconvergesto V in a finite numberof
steps.Eachiterationinvolvesapolicy valuationstepthatcomputesthevaluefunctionVα corresponding
to a trial policy α. We show how policy iterationcanbe extendedto continuous-stateDP problems.
For discreteapproximation,we refer to the resultingalgorithmasdiscretepolicy iteration (DPI). Each
policy valuationsteprequiresthesolutionof asystemof linearequationswith N variables.For paramet-
ric approximation,we refer to theresultingalgorithmasparametricpolicy iteration (PPI).Eachpolicy
valuationsteprequiresthe solutionof a linear regressionwith K unknown parameters.Theadvantage
of PPI is that it is generallymuchfasterthanDPI, particularlywhenV canbewell-approximatedwith
smallK. Thedisadvantageis that thePPIalgorithmmayeitherfail to convergeor mayconvergeto an
incorrectsolution. We compareDPI andPPI to parametericmethodsappliedto theEulerequationfor
severaltestproblemswith closed-formsolutions.We alsocomparetheperformanceof thesemethodsin
several “real” applications,includinga life-cycle consumptionproblem,an inventoryinvestmentprob-
lem,anda problemof optimalpricing,advertising,andexit decisionsfor newly introducedproducts.

Keywords: DynamicProgramming,NumericalMethods,Policy Iteration,Linear-Quadraticproblems,
Consumption/Saving problems,Stochasticgrowth problems,Inventorycontrolproblems,Productadver-
tising andpricingproblems.
JEL classification: C0,D0



1 Intr oduction

Despitetherapidgrowth in computingpowerandnew developmentsin theliteratureonnumericaldynamic

programmingin economics(for recentsurveys seeRust1996,Santos1999, the text by Judd1998,and

thecollectionof essayseditedby MarimonandScott1999),multi-dimensionalinfinite-horizoncontinuous-

statedynamicprogramming(DP) problemsarestill quitechallengingto solve. Most economistsareaware

of the“curseof dimensionality”andthe limits it placeson our ability to solve high-dimensionalDP prob-

lems. Despiterecenttheoreticalresultsthat suggestthat it is possibleto breakthe curseof dimensional-

ity undercertainconditions(seeRust1997aandRust,TraubandWoźniakowski 2000),solutionsto most

high-dimensionalDP problemsarestill beyond our graspeven using the bestalgorithmsand the fastest

workstationsandsupercomputers.

Thereis considerabledisagreementin the literatureaboutthe mostefficient algorithmsto solve high-

dimensionalDP problems. The debateis roughly whetherit is betterto solve DP problemsby discrete

approximationor by parametricapproximation. In theformerapproach,thecontinuousstatespaceis dis-

cretizedinto a finite numberof grid points,N, andthe resultingfinite-stateDP problemis solved numer-

ically. The value function andpolicy function canbe computedat points in the statespacethat arenot

elementsof thepredefinedgrid via interpolation.In parametricapproximation,thevalueor policy function

(or someotherrelatedfunction)is approximatedby a smoothparametricfunctionwith K unknown param-

eters. Theseparametersarechosenin sucha way that the resultingfunction “best fits” the true solution

accordingto somemetric. The argumentfor the superiorityof the parametricapproximationapproachis

roughly that in many cases,onecanobtaina goodglobal approximationto a function in questionusing

a smallnumberof parametersK, whereasin high-dimensionalproblemsdiscretizationrequiresvery large

valuesof N to obtaina comparablyaccurateapproximation.

It is truethatnaivediscretizationof multidimensionalDPproblemsleadsdirectly to thecurseof dimen-

sionality, sincein ad-dimensionalproblemonecanshow thatO
�
1� ε � pointsin eachdimension,or a totalof

N � O
�
1� εd � grid points,arerequiredin orderto obtainanε-approximationto thevalueor policy function.

SinceN increasesexponentiallyfastin thedimensiond, it follows thatnaivediscretizationresultsin acurse

of dimensionality. However thefactthatnaive discretizationleadsto acurseof dimensionalitydoesnot im-

ply thatall waysof discretizingtheproblemnecessarilyproducea curseof dimensionality. Rust’s (1997a)

“randommultigrid algorithm” breaksthecurseof dimensionalityusinga randomdiscretizationof thestate

space.This algorithmresultsin approximatesolutionto theDP problemwith anexpectederror of ε using

only N � O
�
1� ε2 � points.Howevertheregularityconditionsfor Rust’s resultrequireaLipschitz-continuous
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transitionprobability for thestatevariables,andin someeconomicapplicationsthis conditionwill not be

satisfied.In addition,Rust’s resultappliesto DP problemswherethecontrolvariabletakeson only a finite

numberof possiblevalues:we do not know whetherRust’s resultcanbeextendedto problemswherethe

controlvariablesarecontinuous.

Theappealof parametricapproximationmethodsis thatapotentiallyinfinite-dimensionalproblem(e.g.

finding thesolutionV to theBellmanfunctionalequation)is reducedto afinite-dimensionalproblemwith a

relatively smallnumberK of unknown parameters.To illustratethisapproach,supposewe areinterestedin

approximatingthevaluefunctionV
�
s� , which is theuniquesolutionto Bellman’s equation

V
�
s��� Γ

�
V � � s��� max

a � A � s	 
 u � s� a�
� β � V
�
s��� p � s��� s� a� ds����� (1)

Supposewe conjecturethatV canbeapproximatedasa linearcombinationof a relatively smallnumberK

of “basisfunctions” � ρ1
�
s����������� ρK

�
s���

Vθ
�
s��� K

∑
k � 1

θkρk
�
s��� (2)

If the true V is not too irregular, and if we have chosena “good basis” we will be able to find a good

approximationto V for a relatively smallvalueof K. Thegoalis to find aparticularparametervalueθ̂ such

thattheapproximatevaluefunctionVθ̂ “bestfits” thetruevaluefunctionV. SinceV is notknown, thiscan’t

bedonedirectly. HoweversinceV is thezeroto acertainresidualfunction,Ψ
�
V ��� V  Γ

�
V � , thissuggests

thatthereshouldbewaysof solvingfor θ̂ sothattheresultingfunctionVθ̂ shouldbea goodapproximation

toV.

Considerthe casewhere the statespaceS is a compactsubsetof Rd, whereu
�
s� a� is a bounded,

continuousfunction of
�
s� a� , and the conditionalexpectationoperatoris weakly continuous(i.e. where

Eh
�
s� a�!�#" h

�
s� � p � s� � s� a� is abounded,continuousboundedfunctionof

�
s� a� for eachcontinuous,bounded

function h). In this casewe know the valuefunctionV will be an elementof B
�
S� , the Banachspaceof

bounded,continuousfunctionsof S. It will be theuniquesolutionBellman’s equation,or alternatively the

zeroto theresidualoperatorΨ. Thiscanbeexpressedas

V � argmin$
W � B � S	&%(' W  Γ

�
W � ' � (3)

where ' W ' is theusualsup-norm,i.e. ' W ' � sups� S �W �
s�)� . This representationof theproblemsuggests

thatwe shouldchoosêθ asthecorrespondingsolutionto thefinite-dimensionalminimizationproblem:

Vθ̂ � argmin$
Vθ * θ � RK % ' Vθ  Γ

�
Vθ � ' � (4)

2



UsingfactthatΓ is acontractionmapping,asimpleapplicationof thetriangleinequalityyieldsthefollowing

errorbound:

' Vθ̂  V '�+ ' Vθ̂  Γ
�
Vθ̂ � '�

1  β � � (5)

Thus,to theextentthatwe canfind a “goodbasis” � ρ1 �������,� ρK � with a relatively smallnumberof elements

K suchthatthequantity ' Vθ̂  Γ
�
Vθ̂ � ' is small,wecanbeguaranteedthatVθ̂ is agoodglobalapproximation

to thetruesolutionV. Further, to theextentthat it doesnot take too many evaluationsof theerrorfunction

g
�
θ �-� ' Vθ  Γ

�
Vθ � ' to find the minimizing parametervector θ̂, the parametricapproximationapproach

couldbemuchfasterthandiscreteapproximationof V.

However we are not aware of a formal proof that parametricapproximationmethodssimilar to the

oneoutlinedabove succeedin breakingthecurseof dimensionality. Indeedthereareseveral reasonswhy

we would expectparametricapproximationto besubjectto anunavoidablecurseof dimensionality. First,

in the absenceof somesort of “special structure”, the numberof basisfunctionsrequiredto provide a

uniform approximationto a smoothfunction of d variablesincreasesexponentiallyin d (see,e.g. Traub,

Wasilkowski, andWoźniakowski 1988,andTraubandWerschulz1998). Second,the objective function

g
�
θ �.� ' Vθ  Γ

�
Vθ � ' is generallynot concave in θ (andmaynot evenbesmoothin θ), andthereis a well

known curseof dimensionalityassociatedwith solvingnon-concave minimizationproblems,regardlessof

whetherdeterministicor randomalgorithmsareallowed (seeNemirovsky andYudin 1978). Indeed,we

arenot awareof any formal analysisof the complexity or parametricapproximationmethods,or even a

derivation of errorboundsor proofsof convergencethataccountfor the fact that the functiong
�
θ � cannot

generallybe evaluatedexactly. Insteadboth the BellmanoperatorΓ
�
Vθ � andthe sup-norm, ' Vθ  Γ

�
Vθ � '

mustbeapproximated,andit canbecostly to approximatetheseobjectsto a sufficient level of accuracy to

insurethatVθ̂ doesin factprovide agoodapproximationtoV.

Practicalapplicationsof parametricapproximationmethods(seee.g. Taylor andUhlig 1990,Deaton

andLaroque1992,GasparandJudd1997,Santos1999,Miranda1998andChristianoandFisher2000)

have yieldedmixed results. In somecasesthenonlinearoptimizationproblemcanbe solved quickly and

reliably; but othershave beenplaguedby problemsmultiple optima and have experiencedconsiderable

difficulty in gettingtheminimizationproblem(4) toconverge,especiallywhentheunderlyingfunctionbeing

approximatedhaskinksor discontinuities.In thispaperweproposeanalternativeparametricapproximation

strategy basedon iterative solutionof a sequenceof parametricminimizationproblemseachof which can

besolvedby themethodof ordinary leastsquares(OLS). This methodis motivatedby the iterative policy

iterationalgorithmfor solvingfiniteandinfinite-dimensionalDPproblems(seeHoward1960,andPuterman
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andBrumelle1979). Undermild regularity conditionsit canbe proved that policy iteration resultsin a

monotonicallyimproving sequenceof approximatevaluefunctionsthatconvergeto V in a finite numberof

iterations.

Policy iterationwill be describedmore formally in section2, but briefly, it consistsof an alternating

sequenceof policy improvementandpolicy valuationsteps. The policy valuationstepresultsin a linear

functionalequationfor thevaluefunctionVα correspondingto policy α:

Vα
�
s��� u

�
s� α � s���/� β � Vα

�
s� � p � s� � s� α � s��� ds� (6)

Discreteapproximationmethodsinvolve solvinganapproximatefinite stateDPproblemdefinedoveragrid

of N points � s1 ��������� sN � in thestatespace.Discretizationconvertstheinfinite-dimensionallinearfunctional

equationinto a systemof N linearequationsin theN unknowns � Vα
�
s1 ���������,� Vα

�
sN ��� . Theamountof work

requiredto solve this systemis boundedby O
�
N3 � , the time requiredby standardlinear equationsolvers

(e.g.LU factorizationandback-substitution)for densesystems.

Now considersolvingthepolicy valuationstep(6) via a linearparametricapproximationto Vα suchas

in equation(2). Substitutingtheparametricapproximationof Vα into equation(6) we obtain

K

∑
k � 1

θkρk
�
s��� u

�
s� α � s���/� β

K

∑
k� 1

� θkρk
�
s� � p � s� � s� α � s����� (7)

If we evaluatethis equationat M points � s1 �������,� sM � whereM 0 K, we can solve for the value θ̂ that

approximatelysolvesequation(7) by themethodof ordinary leastsquares(OLS). In fact,if M � K andthe

points � s1 �������,� sK � arechosensothattheK 1 K matrixX whose
�
i � j � elementis givenby

xi j � ρi
�
sj �2 β � pi

�
s� � p � s� � sj � α � sj ��� ds� (8)

hasfull rank,thenwecanfind anexactsolutionto thesystem(7). Thesolutionis givenby θ̂ � � X � X ��3 1X � y
wherey j � u

�
sj � α � sj ��� . Thehopeis that if we have chosena “good basis”thatenablesus to find a good

approximationto Vα for small K, thenparametricpolicy iteration (PPI) will be far fasterthana discrete

policy iteration (DPI), sincethevalueof K necessaryto obtainanε-approximationtoVα will befarsmaller

thanthe valueN that would be requiredby discreteapproximationmethods.The otherkey advantageof

PPI is thatunlike problem(4) theimplied globalminimizationproblemhasanexplicit solutionandcanbe

carriedout in O
�
K3 � time in theworstcase.If PPIalsosharestherapid,globalconvergencerateof ordinary

policy iteration,thenit couldbequitepromisingfor solvinghigh-dimensionalDP problems.

Wecomparetheperformanceof DPIandPPIin anumberof “testproblems”thatadmitclosed-formsolu-

tionsfor thevalueandpolicy functions.Thesetestproblemsincludetheinfinite-horizonconsumption/saving
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problemstudiedby Phelps(1962)andHakansson(1970),thefinite-horizonconsumption/savings problem,

the linear-quadraticoptimal control problemstudiedby Holt, Modigliani, Muth and Simon (1960) and

HansenandSargent (1999),an optimal replacementmodel studiedby Rust (1985, 1986,1987), andan

stochasticgrowth modelanalyzedin Santos(1999). We alsocomparetheperformanceof parametricand

discreteapproximationmethodsin several “real” applicationsincluding a modelof optimal consumption

and labor supplyat the endof the life-cycle studiedby Beńıtez-Silva (2000),a modeloptimal inventory

investmentandcommodityprice speculationstudiedin Hall andRust(1999a,b),anda modelof optimal

pricingandadvertisingandproductexit decisionsfor newly introducedproductsstudiedby Hitsch(2000).

For eachof thesetestproblems,we compareDPI andPPI to Euler-basedparametricalgorithms,often

referredto asprojectionor minimumweightedresidualmethods.Thesemethodsarewidely throughoutthe

economicsto studyissuessuchascommoditystorage,assetpricing, andoptimalfiscalpolicy.1 We do not

attemptto survey all thealgorithmsthatfall underthisbroadclassof strategies,but insteadstudyparticular

projectionmethodsthatinvolve parameterizingeitherdirectlyor indirectlyacertainconditionalexpectation

function thatenterstheEuler equation.TheEulerequationis derived from thefirst orderconditionto DP

problemswith continuouscontrol variables.Thusthe methodswe studycanbe consideredparametrized

expectationsalgorithms(PEA).2 We implementour PEAsguidedby therecommendationsof Judd(1992,

1994,1998)andChristianoandFisher(2000).

Section2 reviews the finite- and infinite-dimensionalversionsof the Howard (1960)policy iteration

algorithm. However sinceit is not feasibleto exactly solve infinite-dimensionallinear equations(linear

functionalequations),we describewaysof forming feasibleapproximationsto the systemsthat mustbe

solvedwhenusingpolicy iterationin DP problemswith continuousstatespaces.This leadsusto formally

definethe DPI and PPI variantsof policy iteration. We provide a taxonomyof different variantsof of

thesealgorithmscorrespondingto differentwaysof discretizingthestatespace,differentbasisfunctionsfor

parametricapproximations,different quadraturemethodsfor computingintegrals underlyingconditional

expectations,differentoptimizationalgorithmsfor approximatingthe max operatorin the Bellmanequa-

tion, andso forth. We alsoprovide a generaldescriptionof theparticularEuler-basedprojectionmethods

we useascomparative solutiontechniques.Section3 introducesthe testproblemsusedin our studyand

1From the commoditystorageliterature,examplesof thesetechniquescanbe found in MirandaandHelmberger (1988)and

Miranda(1998).Marshall(1992)usesthesemethodsto studyassetreturns.For examplesin theoptimalfiscalpolicy literature,see

BraunandMcGrattan(1993),Chari,ChristianoandKehoe(1994)andMarcet,SargentandSeppala(2000).
2Theterm,parameterizedexpectationsalgorithm,wascoinedby Marcet(1988)anddenHannandMarcet(1990);however, the

first useof PEA appearsto beWright andWilliams (1982a,1982b,1984).
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presentstheiranalyticalsolutions.Section4 presentsresultsfor astochasticgrowth problemwith andwith-

out leisure. Section5 presentsthe resultsof our numericalcomparisonsfor thefinite andinfinite-horizon

consumption/savings problem.Section6 presentsresultsfor anoptimalreplacementproblem,whichunlike

thepreviousproblemsis onewith a discretecontrolvariableandwherethereis a kink in theoptimalvalue

function. Section7 presentsresultsfor the linear-quadratic-gaussian (LQG) control problem,our last test

problem. Section8 introducesthe morerealisticmodelspresentingresultsfor Hall andRust’s (1999a,b)

modelof optimal inventory investmentand commodityprice speculation.Section9 presentsresultsfor

Hitsch’s (2000)modelof pricingandadvertisingandproductexit decisionsfor newly introducedconsumer

products.Section10showstheresultsfor Beńıtez-Silva’s (2000)analysisof consumption/savings andlabor

supplydecisionsat theendof thelife cycle. Section11 presentsour conclusionsabouttheperformanceof

thevariousalgorithms,andour recommendationsfor futureresearchin thisarea.

Werealizethatthelargenumberof methodsandalgorithmsavailablefor solvingDP problemsactually

presentsadauntingburdento non-expertswhoareinterestedin solvingaspecificproblem.Ourhopeis that

by studyinga larger rangeof problems,practionersinterestedin solving a specificDP problemwill find

their problemto besufficiently similar to oneof theproblemsanalyzedherethat they might beableto use

this analysisto helpthemselectthealgorithmthatis likely to bebestfor their particularproblem.We have

attemptedto provideaclearsummaryof thestrengthsandweaknessesof variousmethodsandto presentour

“bottomline” recommendationsaboutthealgorithmsthatwork bestfor variousproblems.Mostimportantly,

we alsoprovide (via thewebsitehttp://gemini.econ.yale.edu/jrust/sdp) fully documentedsource

codein Gauss,Matlab,andC that implementall themethodsandwill recreateall the resultspresentedin

this paper. Our hopethat providing this software library to the economicscommunitywill acceleratethe

useof thesemethodsandenabletheprofessionto get furtherpracticalexperiencewith thesemethodsand

hopefully, expandtherangeof interestingappliedproblemsthatcanbesolvedin practice.

2 Algorithms

This sectionreviews somebasicfactsaboutinfinite horizonDP problemsandprovidesa brief description

of policy iteration,DPI andPPIalgorithms,andtheparameterizedexpectationsalgorithm.
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2.1 Review of the DP Problem

Consideraninfinite horizondynamicprogrammingproblemwherethestates 4 S 5 Rd. Bellman’sequation

is

V
�
s��� max

a � A � s	76 u � s� a�/� β � V
�
s� � p � s� � s� a� ds�98 � (9)

Theoptimalpolicy α
�
s� is thesolutionto:

α
�
s��� argmax

a � A � s	 6 u � s� a�
� β � V
�
s�&� p � s�:� s� a� ds� 8 � (10)

In abstracttermsV � Γ
�
V � is theuniquefixedpoint to theBellmanoperator Γ : B ; B, whereB is aBanach

spaceof functionsfrom S to RandtheBellmanoperatoris givenby

Γ < V = � s��� max
a � A � s	 6 u � s� a�
� β � V

�
s�&� p � s��� s� a� ds� 8 � (11)

Most previous work hasfocusedon proving approximationtheoremsbasedon sometype of Discretized

Bellmanoperator:

ΓN < V = � s��� max
a � A � s	?> u � s� a�/� β

N

∑
i � 1

V
�
si � pN

�
si � s� a�:@A� (12)

where pN is a discreteprobability distribution over a finite grid � s1 �������,� sN � in S, whereS � 6 0 � 18 d for

simplicity. In that caseΓN hasa dual interpretation,it canbe regardedasa contractionmappingon RN,

(this is wherethecomputationis done,resultingin a fixedpointVN 4 RN), but it is alsoa valid contraction

mappingΓN : B ; B. This latter featuremakesit easyto prove approximationboundssincethe function

Γ
�
VN � canberegardedasanelementof B, andthusis anaturalcandidateasanapproximationtoV � Γ

�
V � .

Now consideranalternative way of approximatingV, namelyasa linearcombinationof a setof basis

functions � ρ1
�
s��� ρ2

�
s����������� ρK

�
s��� . Thesefunctionsmaynot literally bea basisfor B, but shouldhave the

propertythatthesequenceis ultimatelydensein B in thesensethatfor any V 4 B we have:

lim
K B ∞

inf
θ1 C D D D�C θk

sup
s� S

�V � s�! K

∑
i � 1

θiρi
�
s�)�E� 0 � (13)

It is possiblethatfamiliesof functionsthatarenonlinearin theparametersθ couldbeconsideredalso,such

asneuralnetandwaveletbases.Werestrictattentionto baseswhicharelinearin parametersfor simplicity,

sinceas we will seebelow it vastly simplifies the problemof determiningthe optimal valuesof θ: the

optimal θ̂ will bethesolutionto a simpleordinaryleastsquaresproblemwhich is trivial to compute.If the

basisis anonlinearfunctionof θ thenwe will have to solve anonlinearleastsquaresproblem,whichcould
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bemoretime consumingandit maybedifficult or impossibleto prove that thealgorithmbreaksthecurse

of dimensionality.3

2.2 Policy Iteration for Continuous and DiscreteMDPs

To understandthePPIalgorithmwe first review the infinite dimensionalversionof policy iteration. Puter-

manandShin(1978)provedtheconvergenceof this algorithm,showing thatit is basicallyequivalentto an

infinite-dimensionalversionof Newton’smethodfor solvingthenonlinearequation�
I  Γ � � V �?� 0 �

Thealgorithmconsistsof alternatingpolicyvaluationandpolicy improvementsteps.

Policy Iteration (Infinite-Dimensional Version)

1. Policy Valuation Step: givenaninitial guessof policy α computeVα, thevaluefunctionimplied by

policy α:

Vα
�
s��� u

�
s� α � s���
� βEαVα

�
s��� (14)

whereEα is theMarkov operator correspondingto α:

EαV
�
s���F� V

�
s� � p � s� � s� α � s��� ds� � (15)

Thereis a uniquesolutionto the linearoperatorequationdefiningVα (Fredholmintegral equationof

thesecondkind):

Vα � uα � βEαV � � I  βEα � 3 1uα � (16)

where
�
I  βEα � existsandhasthefollowing geometricseriesor Neumannseriesrepresentation:�

I  βEα � 3 1 � ∞

∑
t � 0 6 βEα 8 t � (17)

2. Policy Impr ovementStep: Computeimprovedpolicy α � usingVα:

α � � s��� argmax
a � A � s	 6 u � s� a�
� β � Vα

�
s� � p � s� � s� a� ds� 8 � (18)

3Barron’s 1993resulton the propertiesof neuralnetsasa meansof breakingthe curseof dimensionalityof approximating

certainclassesof functionsnotwithstanding,thereis thecomputationalproblemof finding a globally minimizing θ vectorandthis

is wherea curseof dimensionalitycouldarise.
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If thePolicy iterationalgorithmconverges,it is easyto seethat thepolicy α G that it convergesto, andthe

correspondingvaluefunctionVα H aresolutionsto Bellman’s equation,andthusarethesolutionto theDP

problem.It is well known thatpolicy iterationalwaysconvergesin afinite numberof stepsfrom any starting

point if thestatespaceS andactionsetsA
�
s� , s 4 Sarefinite sets.PutermanandShinprovided sufficient

conditionsfor policy iterationto convergewhenSandA
�
s� containa continuumof points.

Onestrategy for approximatingthe solutionsto continuousstateDP problemsis via discretationthat

resultson an approximateMDP problemon a finite statespaceSN �I� s1 ��������� sN � , and the useof policy

iterationfor thefinite MDP onSN. This resultsin thefinite-dimensionalversiondescribedbelow.

Policy Iteration (Finite-Dimensional Version)

1. Policy Valuation Step: given an initial guessof policy α computeVα CN, thevaluefunction (in RN)

implied by policy α:

Vα CN � s��� u
�
s� α � s���
� βEα CNVα CN � s��� (19)

whereEα CN is thediscreteMarkov operator correspondingto α:

Eα CNV
�
s��� N

∑
i � 1

V
�
si � pN

�
si � s� α � s����� (20)

Thereis auniquesolutionto thelinearsystemof equationsdefiningVα CN 4 RN

Vα CN � uα � βEα CNVα CN � � I  βEα CN � 3 1uα � (21)

where
�
I  βEα C n � existsandhasthefollowing geometricseriesrepresentation:�

I  βEα CN � 3 1 � ∞

∑
t � 0 6 βEα CN 8 t � (22)

whereI is theN 1 N identity matrix andEα CN is theN 1 N Markov transitionmatrix with
�
i � j � entry

givenby:

Eα CN 6 i � j 8 � 6 pN
�
si � sj � α � sj ��� 8 � (23)

2. Policy Impr ovementStep: Computeimprovedpolicy α � usingVα:

α � � s��� argmax
a � A � s	 6 u � s� a�
� β

N

∑
i � 1

Vα CN � si � pN
�
si � s� a� 8 � (24)
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2.3 Parametric Policy Iteration

This algorithmis basicallythesameasthe infinite dimensionalversionof policy iteration,exceptthatwe

approximatelysolve eachpolicy valuationstepby approximatingthesolutionVα asa linearcombinationof

k basisfunctions � ρ1 �������,� ρk � . Thus,supposewe set

Vα
�
s��J k

∑
i � 1

θiρi
�
s��� (25)

Thentheequationfor Vα

Vα
�
s��� u

�
s� α � s���
� β � Vα

�
s� � p � s� � s� α � s� ds� (26)

is transformedinto a linearequationwith k unknown parametersθ �K� θ1 �������,� θk � :
K

∑
i � 1

θiρi
�
s��� u

�
s� α � s���/� β � K

∑
i � 1

θiρi
�
s� � p � s� � s� α � s��� ds� (27)

Supposewe evaluatethe above equationat a setof M points in S, with M 0 K. Thendefinethe
�
M 1 K

matricesP andEP with elementsPj C k andEPj C k givenby

Pj C k � ρk
�
sj � (28)

EPj C k �F� ρk
�
s�&� p � s�:� sj � α � sj ����� (29)

Definethe
�
M 1 1� vectory with j  th elementy j givenby

y j � u
�
sj � α � sj ����� (30)

andlet the
�
M 1 K � matrixX begivenby

X � �
P  βEP� (31)

Thenthesystemof equations(27)canbewritten in matrix form as

y � Xθ � (32)

If M � K andX is invertiblethesolutionfor θ is simply

θ̂ � y� X � X 3 1y� (33)
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If M L K we have an over-determinedsystemandin generalthereis no θ 4 RK that allows us to exactly

solve y � Xθ. However we canform an approximatesolutionusingthe ordinary leastsquaresestimator

(OLS), i.e. thevalueθ̂ thatminimizesthedistance' y  Xθ ' 2, is givenby

θ̂ � y� X � � X � X � 3 1X � y (34)

In generalwe will not be ableto exactly integratethe basisfunctionsandmustusea quadraturerule

to approximatetheelementsof EP given in equation(29). Thus,thePPIalgorithmrequiresthe following

choices:

1. Thequadraturerule for computingtheelementsof EP.

2. Thesamplepoints � s1 �������,� sM � atwhichP andEP areevaluated.

3. Thesetof basisfunctions � ρ1 ��������� ρK � .
Note that the policy improvementstepwould only be doneon the sameM points � s1 �������,� sM � . Thus

only M 1 K numericalintegrationsandM maximizationsarerequiredfor eachpolicy valuationandpolicy

improvementstep,soif M andK canbechosento besmall,it is possibleto find anapproximationsolution

to theDP problemwith amazinglyfew computations,provided thebasisfunctions � ρ1
�
s����������� ρK

�
s��� are

sufficiently easyto evaluateat eachs 4 S. The resultingsolutionis definedby a parametervector θ̂ that

enablesusto evaluateVθ̂
�
s�M� ∑K

k� 1 θ̂kρk
�
s� veryrapidlyatany s 4 S. Evaluatingthecorrespondingdecision

α
�
s� at thatpoint would requireanapproximatesolutionto

α
�
s��� max

a� A � s	 > u � s� a�
� β � K

∑
k � 1

θ̂kρi
�
s� � p � s� � s� a� ds� @ � (35)

In many casesthis canbedonequite rapidly, or alternatively, usingthevalues � α � si ��� , j � 1 ��������� M from

thelaststepof policy iteration,it might bepossibleto interpolatevaluesof α
�
s� for s 4N� s1 ��������� sM � if the

decisionrule is sufficiently smooth.

2.4 Euler-basedProjection Methods

In thesubsectionwe sketchthebasicstrategy behindapplyingprojectionmethodsto solve numericallyfor

decisionrulesthatsatisfya setof first-orderequations.This classof methodsis broadandencompassesa

widevarietyof algorithms.Wewill notattemptto survey theentireclass.Insteadwereferinterestedreaders

to Judd(1998)andMcGrattan(1999). Guidedby the insightsof Judd(1992,1994,1998)andChristiano

andFisher(2000)we focuson a smallnumberof algorithmsthatparameterizeeitherdirectly or indirectly

11



theconditionalexpectationtermin theEulerequation;hencetheseapproachesaretypesof parameterized

expectationsalgorithms(PEA).

Usuallyprojectionor minimumweightedresidualmethodsarenotapplieddirectly to theBellmanequa-

tion, (9), but insteadto a setof first orderconditionsor an Euler equation.4 To get the stochasticEuler

equationfor the generalproblemdescribedin (9) we take first-orderconditionsandapplyingthe envelop

theorem.Thisyields:

∂u
�
s� a�

∂a
� β � ∂u

�
s� � a� �
∂s

∂p
�
s� � s� a�
∂a

ds� � 0 � (36)

The basic strategy of the projection methodswe employ is to find a parametricapproximationto" ∂u � sO C aOP	
∂s

∂p � sO * sC a	
∂a ds� which dependsonly on a finite-dimensional(K 1 1) vectorof parametersθ. This ex-

pectationis approximatedby a finite linear combinationof K known basisfunctions,ρ
�
s� . Thuswe can

write � ∂u
�
s� � a� �
∂s

∂p
�
s� � s� a�
∂a

ds�RQ K

∑
i � 1

θiρi
�
s���

It is oftenconvenientto parameterizethis conditionalexpectedmarginal returnfunction indirectly suchas

by parameterizingthedecisionrule(s)for a. In this case:� ∂u
�
s� � a� �
∂s

∂p
�
s� � s� a�
∂a

ds� Q f S K

∑
i � 1

θiρi
�
s�UT#�

Either way, the basicstrategy remainsthe same. In sections4.1 and4.2, we solve the stochasticgrowth

usingthismethod:first by parameterizingadecisionrule,secondby directlyparameterizingtheconditional

expectationfunction.

Givenanapproximationto theconditionalexpectation,wefind thevectorθ whichwhichsetaweighted

sumof a residualfunction,R
�
s� a� ascloseaspossibleto 0 for all s. Mathematicallythis meanschoosingθ

suchthat � w
�
s� R� s� a � s�)� θ � ds � 0 (37)

wherew
�
s� is a weightingfunction. In thispaper, theEulerequationitself will betheresidualfunction.

Sinceit is rarelythecasethattheintegralsin (37)canbeevaluateddirectly, wewill needto approximate

theintegralsvia aquadraturemethodover adiscretegrid of M pointsin S. Thuswe find θ suchthat

∂u
�
s� a�

∂a
� β

M

∑
i � 1

S w
�
si � ∂p

�
si � s� a�
∂a

K

∑
j � 1

θ jρ j
�
si � T � 0 (38)

4However, it is possibleto formulatetheparametricpolicy iterationalgorithmasaprojectionproblem.
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wherep
�
si � s� a� is adiscretizedapproximationto thetransitionprobabilitydensity.

As with thePPIalgorithm,thismethodrequiresthefollowing choices:

1. Thequadraturerule for computing" w
�
s� R� s� a � θ � ds.

2. Thesamplepoints � s1 �������,� sM � atwhich theresidualfunctionis evaluated.

3. Thesetof basisfunctions � ρ1 ��������� ρK � .
2.5 Choices,choices,choices

Fromtheabovediscussionit mayseemasif thereareonly acoupleof choicesonemustmakewhenpicking

a solutiontechnique:discreteor parametricapproximation?if discrete:valuefunctioniterationor discrete

policy functioniteration?if parametric:parameterizethedecisionrule or parameterizethevaluefunction?

But in factthesechoicesarejust thestart.Therearea seeminglyunlimitednumberof choicesa researcher

mustmakebeforefinalizingany decisionaboutsolutionmethods.Furthermore,eachof thesechoicecanbe

madea la carte.

In Table1 we outlinetheprimarychoicesa researchmustmake if s/hewishesto implementany of the

posedalgorithms.Of coursethefirst decisionis whetherto usea discreteor parametricapproach.If one

decidesto usea discreteapproach,the first choiceis what grid to use. As discussedin the introduction,

naive discretizationof multidimensionalDP problemsleadsdirectly to thecurseof dimensionality, sincein

ad-dimensionalproblemonecanshow thatO
�
1� ε � pointsin eachdimension,or atotalof N � O

�
1� εd � grid

points,arerequiredin orderto obtainanε-approximationto thevalueor policy function.SinceN increases

exponentiallyfastin thedimensiond, it follows thatnaivediscretizationresultsin acurseof dimensionality.

Although naive discretizationleadsto a curseof dimensionality, thereexist waysof discretizingthe

problemthatavoid this curse.For example,Rust’s (1997a)“randommultigrid algorithm” breaksthecurse

of dimensionalityby usingarandomdiscretizationof thestatespace.Thisalgorithmresultsin approximate

solutionto theDP problemwith anexpectederrorof ε usingonly N � O
�
1� ε2 � points.However, theregu-

larity conditionsfor Rust’s resultrequireaLipschitz-continuous transitionprobabilityfor thestatevariables,

andin someeconomicapplicationsthis conditionwill not besatisfied.In addition,Rust’s resultappliesto

DP problemswherethecontrolvariabletakeson only a finite numberof possiblevalues:we do not know

whetherRust’s resultcanbeextendedto problemswherethecontrolvariablesarecontinuous.

As canbeseenfrom theBellmanequation(9) andthedefinitionof theoptimalpolicy (10), thepolicy

improvementsteprequiresthe solution of a constrainedoptimizationprobleminvolving the conditional

expectationof thevaluefunction.Sincein generalnoanalyticsolutionsto thisconditionalexpectationswill

13
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exist, weusuallymustresortto numericalintegration.Themostcommonapproachto numericalintegration

is quadrature.Thequadratureapproachapproximatestheintegral by aprobabilityweightedsum:� V
�
s� � p � s� � s� a� ds� � 1

N

N

∑
i � 1

V̂
�
si � p � si � s� a�

wherethequadraturepointsandweightsareselectedin sucha way thatfinite-orderpolynomialscanbein-

tegratedexactlyusingquadratureformulae.Theweightsusedhavethenaturalinterpretationof probabilities

associatedwith intervalsaroundthequadraturepoints.In thiscase,p
�
si � s� a� is adiscretizedapproximation

to thetransitionprobabilitydensityp
�
s� � s� a� .5

A secondapproximationmethodthis integral is the“Monte Carlo” methodgivenby� V
�
s� p � s� � s� a� ds� � 1

N

N

∑
i � 1

V̂
�
s̃i � (39)

wheres̃i aredraws from thedensityp
�
s� � s� a� computedfrom uniformly distributeddraws ũi from theunit

interval via theprobabilityintegral transform.

Insteadof usingpseudo-randomrandomdraws for � ũi � onecanobtainaccelerationusingGeneralized

Fauresequences(alsoknown asTezukasequences). Usingnumbertheoreticmethods(see,e.g.Neiderreiter

1992,or Tezuka1995),onecanprove thatfor certainclassesof integrands,theconvergenceof MonteCarlo

methodsbasedon deterministiclow discrepancysequencesis O
�
log
�
N � d � N � (whered is thedimensionof

the integrandandN is the numberof points),whereastraditionalMonte Carlo methodsconverge at rate

Op
�
1�RV N � . Thesefavorableratesof convergencehave beenobserved in practice(seee.g. Papageorgiou

andTraub1996and1997).

It is critical to usenumericalintegrationmethodsthatprovideaccurateapproximationsof boththelevels

andthederivativesof thevaluefunction,sincethelatterdeterminethefirst orderconditionsfor aconstrained

optimumfor a. In regionswherethevaluefunction is nearlyflat in a, small inaccuraciesin theestimated

derivativescancreatelarge instabilitiesin theestimatedvalueof a. In our own experimentationwith these

methods,wehave foundthesetwo methodscanalsobesensitive to thediscretizationof thesanda axesand

the numberof pointsusedin the discretization.We find it usefulto experimentwith different integration

methods,anddifferentchoicesfor grids

Interpolationis any methodthat constructa smoothfunction that satisfiesa predeterminedsetof con-

ditions. We useinterpolationin oneandtwo dimensionsextensively in thenumericalsolutionsto the test

and real problems. When running DPI solutionsand finite horizon problemswe uselinear andbilinear

interpolationbut we have experimentedwith othersmoothingmethods.

5 For a detailedcharacterizationof quadraturemethodswe refer the readerto TauchenandHussey (1991),Judd(1998),and
Burnside(1999).
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If a parametricmethodsuchasPPIor PEA is chosen,onemustfirst choosewhich function to param-

eterize. It is often the casethat any onefunction may be parametrizedin multiple way eitherdirectly or

indirectly. For exampleif oneparameterizesthedecisionrule,oftentheconditionalexpectationfunctionis

implicitly parameterized.

Having chosena functionto parameterizeonemustchosewhichclassof basisfunctionshouldbeused.

Thesefunctionaretypically quitesimple.Examplesof commonlyusedbasisfunctionincludepolynomials

or piece-wiselinear functions. Judd(1992,1998)andChristianoandFisher(2000)advocatethe useof

Chebyshev polynomialsas basisfunction. For several of the modelswe study the resultsfrom PPI and

Euler-basedprojectionmethodsaresensitive to basischosen.For examplein thesimpleconsumptionand

saving problemdescribedbelow, thevaluefunction is linear in the logarithmsof s. If we parameterizethe

valuefunctionusinga poly-log basis,PPIsolvesthemodelexactly. However if we parameterizethevalue

functionusingChebyshev polynomials,PPIprovidesaninaccuratesolution.

Finally aswith discretemethods,findingamethodof integrationthatprovidesaccurateapproximationto

boththelevelsandslopesof thefunctionbeingintegratedis critical to thesuccessof any solutionalgorithm.

Within thetwo broadclassesof solutionmethods,discreteor parametric,therearenumerousvariations

of techniques.In thispaperwedonotattemptto survey everypossiblecombinationof thesechoices.Instead

the methodswe employ we have madearebasedon our own experimentationandbiases.The computer

codewe aremakingavailableis designedwith numerous“switches”which allow userto experimentwith

differentchoices.Weinvite usersto try differentcombinationsof thesemethods,andlet usknow if wehave

overlookedaparticularaccurateand/orfastsetof choices.

In thefollowing sectionwedescribefour testproblemsandpresenttheiranalyticalsolutions.In sections

4 to 11, we will apply the algorithmsdescribedabove to thesetest problemsas well as to threemore

complicated,“real world” problems. In eachsectionwe will compareandcontrastthe differentsolution

methodsin termsof speedandaccuracy.

3 Testproblemsusedin the numerical experiments

Thissectiondescribesseveral“testproblems”usedin thenumericalexperimentsin sections4-7. Thesetest

problemshave closed-formsolutionswhich areextremelyuseful in enablingus to judgethe accuracy of

alternative algorithms.We will defera descriptionof thethree“real” applicationsuntil they areintroduced

in sections8, 9 and10, respectively.

16



3.1 The StochasticGrowth Model with Leisure

We studytheone-sectorstochasticgrowth modelasformulatedby Santos(1999). In this modeltherepre-

sentative agentwishesto:

max
lt C ct C kt W 1

E0

∞

∑
t � 0

βtλ lnct � � 1  λ � ln lt

subjectto:

ct � it � ztAkα
t l1 3 α

t

kt X 1 � �
1  δ � kt � it �

Weassumezt evolvesaccordingto anexogenousfirst orderMarkov processwith atransitiondensityg
�
z� � z� .

In particular:

lnzt X 1 � ρ lnzt � εt X 1 ε Y N
�
0 � σ2 ���

Thereis a singleconsumptiongoodwhich is producedeachperiodvia a Cobb-Douglasproductiontech-

nology. At eachdatet, a singleagentstartstheperiodwith a given level of capitalkt andlearnsthevalue

of εt . Theagentthendecideshow muchlabor,1  lt , to provide, how muchof thegoodto consume,ct and

how muchof thegoodto save kt X 1. Weassumeεt is anidenticallydistributedrandomvariablewith normal

distribution with meanzeroandstandarddeviation σ. We assumeleisure,lt is boundedby (0,1); andwe

assumethedepreciationrateon capital,δ, anddiscountfactorβ arebetweenzeroandone.

TheBellmanequationcanbewritten as:

V
�
k � z��� max

l C c C kO[Z λ lnc � � 1  λ � ln l � EβV
�
k� � z� �)\

subjectto:

c � k�]� zAkαl1 3 α � � 1  δ � k �
We derive decisionrulesfor bothc andk� asfunctionsof l . Fromthefirst-orderconditionsof theproblem

we get

c � λzAkαl
�
1  α ��

1  λ � � 1  l � α � (40)

and

k� � zAkα
�
1  l � 1 3 α � � 1  δ � k  λ

1  λ
l
�
1  α � zAkα

�
1  l � 3 α (41)
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Sotheproblemreducesto aunidimensionalchoiceproblemin l .

In thespecialcaseof δ � 1, it is well known thatananalyticalsolutionto theBellmanequationexists

andtakestheform:

V
�
k � z��� F � Glnk � H lnz

where

G � λα
1  αβ

� and

H � λ�
1  ρβ � � 1  αβ � �

Thedecisionrulesinvolve workingaconstantfractionof thetime endowmentregardlessof thestate:

l � �
1  λ � � 1  αβ �

λ
�
1  α �
� � 1  λ � � 1  αβ � �

andconsumingaconstantfractionof currentoutput:

c � � 1  αβ � zAkα
�
1  l � 1 3 α �

k�R� αβzAkα
�
1  l � 1 3 α �

We alsosolve this modelfor thecasewithout leisure,lt � 1 ^ t. In thecase,themodelis similar to the

onestudiedby TaylorandUhlig (1990)andtheaccompanying papers;in thosepapers,delta � 0.

3.2 The Consumption/Saving Problem

Wenow considertheproblemof optimalconsumptionandsaving first analyzedby Phelps(1962).Thestate

variables denotesa consumer’s currentwealth,andthedecisiond is how muchto consumein thecurrent

period.Sinceconsumptionis acontinuousdecision,we will usect ratherthandt to denotethevaluesof the

controlvariable,andlet wt to denotethestatevariablewealth.

Theconsumeris allowedto save,but isnotallowedtoborrow againstfutureincome.Thus,theconstraint

setis D
�
w�!�_� c `` 0 + c + w � . Theconsumercaninvesthissavingsin asinglerisky assetwith randomrateof

returnR̃whichis IID with distribution F. Thus,p
�
dwt X 1 ``wt � ct �!� F a � dwt X 1 � � wt  ct �cb . Let theconsumer’s

utility functionbegivenby u
�
w� c��� ln

�
c� . ThenBellman’s equationfor thisproblemis givenby:

V G � w�?� max
0 d cd w e ln � c�
� β � ∞

0
V G a R� w  c�cb F � dR�gfh� (42)
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As in thepreviousexample,Vt hastheform,V � F � Gln
�
w� for constantsAt andBt . Thus,it is reasonable

to conjecturethat this form holdsin the limit aswell. Insertingtheconjecturedfunctionalform V G � w�i�
A∞ ln

�
w�/� B∞ into (42)andsolvingfor theunknown coefficientsA∞ andB∞ we find:

A∞ � 1� � 1  β �
B∞ � ln

�
1  β ��� � 1  β �
� β ln

�
β ��� � 1  β � 2 � βE � ln � R̃���j� � 1  β � 2 � (43)

andtheoptimaldecisionruleor consumptionfunctionis givenby:

α
�
w�?� � 1  β � w� (44)

asshown in Phelps(1962)andHakansson(1970).Thus,thelogarithmicspecificationimpliesthata strong

form of thepermanentincomehypothesisholdsin which optimalconsumptionis independentof thedistri-

bution F of investmentreturns.

Section5 shows theclosedform solutionsusingotherutility functions. It alsoshows theclosedform

solutionsof the finite horizoncasewith the differentutility functionsandcomparesall theseresultswith

thoseof numericalsolutionsof theproblems.

3.3 The Optimal ReplacementProblem

Sometimesonecanderive a differentialequationfor V andin certaincasesonecanderive analyticalsolu-

tionsto thisdifferentialequationanduseit to characterizetheoptimaldecisionrule. Consider, for example,

theproblemof optimalreplacementof durableassetsanalyzedin Rust(1985,1986,and1987).In this case

the statespaceS � RX , wherest is interpretedasa measureof the accumulatedutilization of the durable

(suchastheodometerreadingonacar).Thusst � 0 denotesabrandnew durablegood.At eachtime t there

aretwo possibledecisions� keep,replace� correspondingto the binary constraintsetD
�
s�i�I� 0 � 1� where

dt � 1 correspondsto selling theexisting durablefor scrapprice P andreplacingit with a new durableat

costP. Supposethelevel of utilitization of theasseteachperiodhasanexogenousexponentialdistribution.

Thiscorrespondsto a transitionprobability p givenby:

p
�
dst X 1 `` st � dt �?� klllm llln

1  exp �� λ
�
dst X 1  st ��� if dt � 0 andst X 1 0 st

1  exp �� λ
�
dst X 1  0��� if dt � 1 andst X 1 0 0

0 otherwise.

(45)

Assumetheper-periodcostof operatingtheassetin states is givenby a functionc
�
s� andthattheobjective

is to find an optimal replacementpolicy to minimize theexpecteddiscountedcostsof owning thedurable
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overaninfinite horizon.Sinceminimizingafunctionis equivalentto maximizingits negative,wecandefine

theutility functionby:

u
�
st � dt �?� km n  c

�
st � if dt � 0 e P  P 8  c

�
0� if dt � 1 � (46)

Bellman’s equationtakestheform:

V G � s��� max o  c
�
s�/� β � ∞

s
V G � s��� λexp �� λ

�
s�E s��� ds�p� 6 P  P 8  c

�
0�/� β � ∞

0
V G � s� � λexp �� λ

�
s� ��� ds�9q � (47)

Observe thatV G is anon-increasing,continuousfunctionof sandthatthesecondtermontheright handside

of (47), thevalueof replacingthedurable,is a constantindependentof s. NotealsothatP L P impliesthat

it is never optimalto replacea brand-new durables � 0. Let γ bethesmallestvalueof ssuchthattheagent

is indifferentbetweenkeepingandreplacing.DifferentiatingBellman’s equation(47), it follows thaton the

continuationregion, 6 0 � γ � , V G satisfiesthedifferentialequation:

V G O � s���r c� � s�
� λc
�
s�/� λ

�
1  β � V G � s��� (48)

This is known asa freeboundaryvalueproblemsincetheboundarycondition:

V G � γ ��� 6 P  P 8 � V G � 0���s c
�
γ �/� βV G � γ ���  c

�
γ �

1  β
� (49)

isdeterminedendogenously. Equation(48)is alinearfirst orderdifferentialequationwhichcanbeintegrated

to yield thefollowing closed-formsolutionfor V G :
V G � s��� max o  c

�
γ �

1  β
�  c

�
γ �

1  β
� � γ

s

c� � y�
1  β 6 1  βe3 λ � 1 3 β 	t� y3 s	 8 dyq � (50)

whereγ is theuniquesolutionto: 6 P  P 8 � � γ

0

c� � y�
1  β 6 1  βe3 λ � 1 3 β 	 y 8 dy� (51)

It follows thattheoptimaldecisionrule is givenby:

α G � s��� km n 0 if s 4 6 0 � γ 8
1 if s L γ � (52)
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3.4 Linear-Quadratic Control Problems

Considerthe following linear-quadratic-gaussian (LQG) control problemwhosesolution is given in the

following theorem.

Theorem: LetS � RandA
�
s�?� S, ^ s 4 S. Considera DP with thefollowingutility functionandtransition

density:

u
�
s� a��� 6 λ2a2 � λ1a � λ0 8 � s6 ρ0 � ρ1a8 � µs2 (53)

p
�
s� � s� a�u� 1V 2πσ

exp Z  � s�  κ0  κ1a  κ2s� 2 � � 2σ2 � \
σ � 6η0 � η1a � η2s8 (54)

where

µ v 0 � λ2 v 0 � and ρ2
1  4µλ2 v 0 � (55)

ThenV
�
s� is givenby:

V
�
s�w� max

a � A � s	 
 u � s� a�/� β � V
�
s�&� p � s�7� s� a� ds� �� γ0 � γ1s � γ2s2 (56)

andtheoptimaldecisionrule α
�
s� is givenby:

α
�
s��� f0 � f1s (57)

where:

f1 �  ρ1 � 2βγ2
�
κ1κ2 � η1η2 �

2 e λ2 � βγ2
�
η2

1 � κ2
1 �gf

f0 �  λ1 � βγ1κ1 � 2βγ2
�
η0η1 � κ0κ1 �

2 e λ2 � βγ2
�
η2

1 � κ2
1 �gf (58)

where:

γ2 �  k1  yx k2
1  4k2k0

2k2

γ1 � ρ0 � 2βγ2 6 κ0κ2 � η0η2 8 � f1 6 λ1 � 2βγ2
�
η0η1 � κ0κ1 � 8

1  β
�
κ1 f1 � κ2 �

γ0 � λ2 f 2
0 � λ1 f0 � λ0 � βγ1

�
κ0 � κ1 f0 �/� βγ2 e � η0 � η1 f0 � 2 � � κ0 � κ1 f0 � 2 f�

1  β � (59)
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where:

k0 � ρ2
1  4µλ2

k1 � 4 e λ2 6 1  β
�
κ2

2 � η2
2 � 8  µβ

�
η2

1 � κ2
1 �
� ρ1β

�
κ1κ2 � η1η2 �gf

k2 � 4 e β � κ2
1 � η2

1 � 6 1  β
�
κ2

2 � η2
2 � 8 � β2 � κ1κ2 � η1η2 � 2 fz� (60)

If η1 andη2 aresetto zero,theDPgivenin equation(53)canbeformulatedasanoptimallinearregular

problem(OLRP)andsolvedrecursively.6 In particular, thisDP canrewritten as:

maxE0

∞

∑
t � 0

βt � x�tRxt � u�tQut � 2u�tWxt � (61)

subjectto:

xt X 1 � Axt � But � εt X 1 (62)

wherethematricesR andQ aresymmetric,negative definitematrices.Settingη1 is setto zero,we assume

εt X 1 is a2 1 1 vectorof randomvariablesthatis independentlyandidenticallydistributedthroughtimewith

ameanvectorzeroanda covariancematrix:

Eεt X 1ε �t X 1 � Σ �
For theproblemat hand,wesetxt � 6 1 st 8 � , ut � at ,

R �|{} λ0
1
2ρ0

1
2ρ0 µ ~� � Q � 6 λ2 8 � W � 1

2 6 λ1 ρ1 8 �
A � {} 1 0

κ0 b ~� � B � {} 0

κ1 ~� � and Σ � {} 0 0

0 η0 ~� �
Bertsekas(1995)andHansenandSargent(1999)show the valuefunctioncanthenwritten asV

�
x�.�

x�tPxt � d whereP solvesthealgebraicmatrix Riccatiequation:

P � R � βA� PA  � βA� PB � W � � � Q � βB� PB� 3 1 � βB� PA � W �
andtheoptimaldecisionrule is:

ut �s � Q � βB� PB� 3 1 � βA� PB � W � xt or ut �� Fxt �
6SeeBertsekas(1995)section4.1,andHansenandSargent(1999).

22



Thescalard is givenby  β� 1 3 β 	 tracePΣ.

For the examplepresentedhere,iteratingon the Riccati equationyields the analyticalsolutionto the

valuefunctionandthedecisionrulespresentedin thetheoremabove. Indeedif onewritesout thematrices

P andF andsolvesthefixedpointproblemvia bruteforce(asdonein equations58-60),onecanshow:

P � {} γ0 � d 1
2γ1

1
2γ1 γ2 ~� � F ��o  f0  f 1 q �

4 The StochasticGrowth Model

In this sectionwe solve the stochasticgrowth model (SGM) presentedin section3.1 using Euler-based

projectionmethods,discretepolicy iteration,andparametricpolicy iteration.

We first solve the stochasticgrowth with leisureas studiedby Santos(1999) by parameterizingthe

decisionrule for leisure(thusparameterizingtheconditionalexpectationindirectly)andfindingcoefficients

that satisfy the Euler equationin an averagesense.We then solve the stochasticgrowth modelwithout

leisure. When solving this model, we follow Christianoand Fisher’s (2000) Galerkin-Chebyshev PEA

discussedin section4.2.3of their paper. The modelwe studydiffers from the onestudiedby Christiano

andFisherin two ways:in ourcase,investmentis fully reversibleandtheshockis continuous.For thecase

without leisure,themodelis almostidenticaltheonestudiedby theTaylor andUhlig (1990)symposium;

theonly exceptionis we allow thedepreciationrateon capitalto be non-zero.In section4.1 and4.2, we

draw heavily on thework of Judd(1992,1994and1998)andChristianoandFisher(2000).

4.1 Solving the SGM with leisure

Considerthemodelpresentedin section3.1:

max
lt C ct C kt W 1

E0

∞

∑
t � 0

βtλ lnct � � 1  λ � ln lt

subjectto:

ct � it � ztAkα
t l1 3 α

t

kt X 1 � �
1  δ � kt � it

lnzt X 1 � ρ lnzt � εt X 1 ε Y N
�
0 � σ ���

TheEulerequationis:

λ
ztAkα

t
�
1  lt � α � � 1  δ � kt  kt X 1

� λβEt S αzt X 1Akα 3 1
t X 1

�
1  lt X 1 � 1 3 α � 1  δ

zt X 1Akα
t X 1

�
1  lt X 1 � 1 3 α � � 1  δ � kt X 1  kt X 2

T#� (63)
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As discussedabove,we canwrite bothct andkt X 1 asfunctionsof lt :

ct � λztAkαlt
�
1  α ��

1  λ � � 1  lt � α � (64)

and

kt X 1 � ztAkα � 1  lt � 1 3 α � � 1  δ � kt  λ
1  λ

lt
�
1  α � ztAkα

t
�
1  lt � 3 α � (65)

Sotheproblemreducesto aunidimensionalchoiceproblem.

Now we have to make a decisionaboutwhich function to parameterizewithin theEuler equation.As

with any weightedresidualmethod,we assumef
�
k � z� is a finite linearcombinationof known basisfunc-

tions.In thiscaseweuseChebyshev polynomialsasthebasisfunctions.Chebyshev polynomialsaredefined

on 6  1 � 18 andthe ith polynomialis givenby T i � cos
�
i
�
arccos

�
x����� . Sincethedomain

�
k � z� is not given

by 6  1 � 18 , let φ
�
x�M� 2

�
x  a��� � b  a�
 1 wherea andb denotesthelowerandupperboundsof thevariable.

If we parameterizetheconditionalexpectationfunctionby parameterizingthemarginal utility of con-

sumption(i.e. the left-handsideof equation63), we mustusea non-linearequationsolver to backout the

decisionrulefor leisure(andthusthedecisionrulesfor consumptionandnext period’scapitalstock).There-

forewe parameterizetheconditionalexpectationfunctionindirectlyby parameterizingtheleisurefunction:

lt Q l
�
k � z��� 1

1 � exp
�
θ ��� � φ � k ��� φ � z����� �

Welet βexp
�
f
�
k � z����� θ � � � φ � k ��� φ � z��� whereθ is avectorof N 1 1 vectorof polynomials,� is aN 1 1

vectorof completedegree j Chebyshev polynomialsin 2 variables.This parameterizationforcesl to take

valuesbetween0 and1.

Thuswecandefinetheresidualfunctionas:

R
�
k � z��� ln � 1

zAkα
�
1  l

�
k � z� θ ��� 1 3 α � � 1  δ � k  k� � l � k � z� θ ���,�  

lnβ � αz� Ak� � l � k � z� θ ��� α 3 1 � 1  l
�
k � z� θ ��� 1 3 α � 1  δ

z� Ak� � l � k � z� θ ��� α � 1  l
�
k� � z� � θ ��� 1 3 α � � 1  δ � k� � l � k � z� θ ���! k��� � l � k� � l � k � z� θ ����� z� � θ ��� g � z� � z� dz� (66)

where,usingequation(65),k� is written asa functionof l
�
k � z� . As in thepreviousproblem,we discretized

thestatespaceusingwith theChebyshev zerosof k andz, andapproximatedthe integral in equation(66)

with Gaussianquadrature.

Thusthestrategy for solvingthemodelinvolvesfinding a vectorof parametersθ which seta weighted

sumof R
�
k � z� ascloseaspossibleto 0 for all k andz. Mathematicallythismeanschoosingθ suchthat�r� w

�
k � z� R� k � z� θ � dk dz � 0 (67)
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Figure1: Stochasticgrowth modelwith leisure:

thek� � k � z� θ � function
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Figure2: Thedifferencebetweentheparameter-

izeddecisionrule,k� � k � z� θ � andtheanalyticalso-

lution.

wherew
�
k � z� is aweightingfunction.

Theproblemof finding a θ thatsolves(67) canbeapproximatedby Gauss-Chebyshev quadrature.Let

X denotetheM 1 N matrixof N Chebyshev polynomialsevaluatedateachof theM
�
k � z� grid points.Hence

(67)canbeapproximatedby

X � R� k � z� θ ��� 0 � (68)

Weevaluated(68)at theChebyshev zerosof k andz. Let Mk andMz denotethenumberof grid pointschoose

for k andz respectively. ThusM � Mk 1 Mz. If M L N this methodis often calleda Galerkinmethod.If

M � N (soX is asquare),thismethodis referredto asacollocationmethod.Wesetthefollowing parameter

values:α � 0 � 34,A � 10,β � 0 � 95,δ � 1, λ � 1� 3, ρ � 0 � 90,andσ � 0 � 008.For thegrid of thelog of the

technologyshocklnzwechoosethe15(Mz) Chebyshev zerosbetween-0.35and0.35.For thecapitalstock

grid k I chosethe25 Chebyshev zeros(Mk) andboundthegrid between.1 and4.0.

This methodseemsto work well only if onestartsoff with goodinitial guessfor θ. We parameterized

thedecisionrule for leisureas

ln � 1
l
�
k � z�  1� � θ � � � φ � k ��� φ � z���

� o θ1 θ2 θ3 q {���} 1

T1 � φ � k ���
T1 � φ � z��� ~9���� �
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Sincethe analyticalsolution for leisure is constant,the algorithm shouldset θ2 � θ3 � 0. Indeedany

polynomialapproximationof theleisuredecisionrule (includinga Chebyshev polynomial)shouldnail the

solutionexactly.

If we initialize θ at [ -1; 0 ; 0 ], this algorithmleadsto thecorrectsolution: [ -.72; 0; 0 ]. TheMatlab

programconvergesin 132secondson a 266Mhz computer. Figures1 and2 displaythenumericaldecision

rule for capitalandthedifferencebetweenthenumericaldecisionrule for capitalandtheexact analytical

solution.Thedifferencebetweenthenumericalandanalyticalsolutionsaretiny. However if we initialize θ

atastartingvalueawayfrom thecorrectvalue,(e.g.θ = [ -1; .5; -.5 ]) thenon-linearequationsolver (which

usesa leastsquaresmethod)fails to find thecorrectsolution.

4.2 Solving the SGM without leisure

Considera specialcaseof thestochasticgrowth modeldescribedabove with λ � 1. For thesespecialcase

to make sense,wewantto assume
�
1  λ � ln0 � 0 whenλ � 1. TheEulerequationbecomes:

1
ztAkα

t � � 1  δ � kt  kt X 1
 βEt S αzt X 1Akα 3 1

t X 1 � 1  δ
zt X 1Akα

t X 1 � � 1  δ � kt X 1  kt X 2
T � 0

In this specialcase,weparameterizethemarginal utility of consumption:

1
zAkα � � 1  δ � k  k� � k � z� Q βexp

�
f
�
k � z�����

Solvingfor k� � k � z� yields:

k� � k � z��� βexp
�
f
�
k � z��� � zAkα � � 1  δ � k �2 1

βexp
�
f
�
k � z��� �

Soimplicitly we have parametrizedthedecisionrule for next period’s capitalstock.

Welet βexp
�
f
�
k � z���?� θ � � � φ � k ��� φ � z��� . As before,� is aN 1 1 vectorChebyshev polynomials.Having

parametrizedthedecisionrule for capital,we definetheresidualfunctionR
�
k � z� θ � :

R
�
k � z� θ ��� f

�
k � z� θ �! ln � � αz� Ak� � k � z� θ � α 3 1 � 1  δ

z� Ak� � k � z� θ � α � � 1  δ � k� � k � z� θ �! k� � k� � k � z� θ ��� z� � θ � g
�
z� � z� dz� � � (69)

Unlike themodelwith leisurethereare(at least)threealternative strategiesfor finding a vectorθ suchthis

residualfunctionis setto zeroin anaveragesense.

1. Dir ect Gauss-Chebyshev quadratur e: Simply find the vectorθ which setsX �R� k � z� θ ��� 0. We

employedthismethodfor stochasticgrowth modelwith leisure.However in thecasewithout leisure,

as Christianoand Fisher (2000) point out, it is convenient to exploit the specialstructureof this

problem.This leadsto two otherapproaches.
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2. As an iterati ve linear regressionproblem: To seethis let

Y
�
k � z��� ln ��� αz� Ak� � k � z� α 3 1 � 1  δ

z� Ak� � k � z� α � � 1  δ � k� � k � z�! k� � k� � k � z��� z� � � g
�
z� � z� dz� �

ThefunctionX � R� k � z�?� 0 canthenberewritten as:

X � � Xθ  Y
�
k � z����� 0 �

Premultiplingbothsidesof this equationby
�
X � X ��3 1 yields

θ  � X � X � 3 1X �Y � k � z��� 0 (70)

θ � � X � X � 3 1X �Y � k � z��� (71)

Note that sinceChebyshev polynomialsareorthogonalto eachother
�
X � X � is a diagonalmatrix; so

takingits inverseis trivial.

Sothefollowing algorithmcouldbefollowed:

(a) Guessaninitial N 1 1 vectorof θ.

(b) ComputeY
�
k � z� θ � .

(c) RegressY
�
k � z� θ � on X to obtainanew valueof θ.

(d) Repeatsteps(b) and(c) until convergence.

3. As a simplenon-linear equation problem: Insteadof finding theθ vectorthatsolvesX � R� k � z��� 0,

onecanfind theθ vectorthatsolvesequation(70).

In practice,we solved this problemvia method3 with a non-linearequationsolver. We parameterized

f
�
k � z� to bea completepolynomialof degreethreein two variables,k andz. ThusN � 10. We obtaineda

startingvaluefor θ by arbitrarily settingthe initial θ vectorandtheniteratingvia the“regression”strategy

(method2) acoupleof times.

This methodworkswell. We setthe following parametervalues:α � 0 � 34, A � 10, β � 0 � 95, δ � 1,

ρ � 0 � 90,andσ � 0 � 008.For thegridsof thelog of thetechnologyshocklnzwechoosethe15(thusMz=15)

Chebyshev zerosbetween-0.35and0.35.For thecapitalstockk I setMk � 25 andboundthegrid between

1.1 timesthesteady-statevalueof thecapitalstockevaluatedat z �s� 35 and.9 timesthesteady-statevalue

of thecapitalevaluatedatz �r A� 35. Again, theChebyshev zeroswereused.To evaluatetheintegral in (69)

weusedGaussianquadratureat100nodes.UsingMatlabon266Mhzmachine,themodeltook457seconds

to solve. As discussedin section3.1,sinceδ � 1, thereis ananalyticalsolutionto thismodel.In figure3 we

plot theparametrizeddecisionrule for capital. In figure4 we plot thedifferencebetweentheparametrized

decisionruleandtheanalyticalsolution.
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Figure5: PPIValueFunction
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Figure6: PPIConsumptionFunction

Figure7: PPIInvestmentFunction
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Figure8: PPI:OptimalLeisureFunction

Figure9: DPI ValueFunction
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Figure10: DPI ConsumptionFunction

Figure11: DPI InvestmentFunction
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Figure12: DPI: OptimalLeisureFunction

5 The Consumption/Saving Model

In this sectionwe show theclosedform solutionsto theclassicalconsumption/saving problempresentedin

Section3.2, usingotherutility functions. We alsosolve theproblemin thefinite horizonandcompareall

thesolutionswith thoseof ournumericalcomputations.

5.1 Infinite Horizon: ClosedForm Solutions

In solvingthis classicalproblemwe do not needto restrictour attentionto thelogarithmicutility case.We

canalsoconsidertheverysameproblembut assumingthattheutility functionis of theCRRAtype.Thatis,

u � c��� c1 � γ

1 � γ
� (72)

whereγ � 0 is theparameterof relative risk aversion.Wecanagainfind aclosedform solutionfor thevalue

function andthe decisionrule for this model,asshown in Phelps(1962),Levhari andSrinivasan(1969),

andHakansson(1970).They areobtainedby thesameprocedureoutlinedin Section3.2.Wereplicatethese

solutionsbelow,

V � w�?��� 1 � β
1
γ � E � R1 � γ �g� 1

γ � � γ

1 � γ
� (73)
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and

c � w����� 1 � β
1
γ � E � R1 � γ � � 1

γ � w � (74)

Theotherinterestingutility functionwe canuseis theconstantabsoluterisk aversion(CARA) utility.

Thatis,

u � c���s� e� γc � (75)

whereγ � 0 is theparameterof absoluterisk aversion.Unfortunately, wehavenotbeenableto find, sofar, a

closedform solutionfor thevaluefunctionandthedecisionrule,usingthesamedistributionalassumptions

for theinterestratesasin theothercases.7 Wepresentherethederivationfor thecertaintycase,andfurther

below thenumericalsolutionof theuncertaintycaseusinglog-normalreturnsto capital.

UsingHakansson’s (1970)presentationof theproblemwecanconjecturethatthevaluefunctionhasthe

following form:

V � w���r� N e� λ w � (76)

whereN andλ arepositive constants.Thenwe canwrite,� N e� λ w � max
0 � c � w � � eγc � βN e� λR� w � c �¡ � (77)

whereR �¢� 1 £ r � , with r asthe fixed interestrateon capital investments,andγ � 0 is the parameterof

absoluterisk aversion.Taking f � o � c � we reacha solutionfor thedecisionrule in termsof theparametersof

theproblem,

c � w�u� λRw
λR £ γ

� ln � βNλR
γ
�

λR £ γ
� (78)

Wecanthencalculatew � c andrewrite thevaluefunctionin suchawaythatwecanstartmatchingunknown

coefficients,

� N e� λw � �¥¤¦¦§ e� γ ¨ λRw
λR© γ ª e «¬ γ ln ­ βNλR

γ ®
λR© γ ¯°²±9³³´ �µ¤¦¦§ βNe

� λR ¨ γw
λR© γ ª e «¬�¶ λRln ­ βNλR

γ ®
λR© γ ¯°·±9³³´ � (79)

7 Hakansson(1970)presents,in fact,closedform solutionsusingtheCARA utility for a modelthatextendsPhelps’(1962)by
allowing borrowing, andappropriatelytreatingnon-laborincome.We have not beenableto usehis resultsto find thesolutionto
ourproblemgiventhattheassumptionsunderwhich his resultsarevalid seemunclearandarenotdiscussedin his paper.
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Thenfrom thisequationwe canfind thevalueof λ,

λ � γ � R � 1�
R

� (80)

Thevaluefunctioncanthenberewritten as,

V � w�?�s� N eγ � 1 � 1
R   w � (81)

Next we canfind thesolutionfor theremainingunknown coefficient,N,

N � e «¬ γ ln ­ βNλR
γ ®

λR© γ ¯° £ βN e
­ ¶ λRln ­ βNλR

γ ®�®
λR© γ � (82)

usingthesolutionwe obtainedfor λ thisexpressionsimplifiesto thefollowing equation,

N � 1 � β ¸ βN � R � 1�:¹ 1 ¶ R
R � � ¸ βN � R � 1�:¹ 1

R � (83)

A trivial anduninterestingsolutionfor the this equationis N � 0. Assumingthat N � 0 we canderive a

closedform solutionfor N andobtaintheclosedform solutionsfor thevaluefunctionandconsumptionrule,

N � � ¸ β � R � 1�:¹ 1
R £ β ¸ β � R � 1�:¹ 1 ¶ R

R ¡ R
R¶ 1 � (84)

Thenwecanwrite,

V � w�u� � ¸ β � R � 1�:¹ 1
R £ β ¸ β � R � 1�:¹ 1 ¶ R

R ¡ R
R¶ 1

e� γ � 1� 1
R   w � (85)

and

c � w�w� R� 1
R w � ln «¬ β � R� 1 »º�¼ β � R� 1 9½ 1R ¾ β ¼ β � R� 1 9½ 1 ¶ R

R ¿ R
R¶ 1 ¯°

γR (86)

5.2 Infinite Horizon: Numerical vs. ClosedForm Solutions

To solve theseproblemsnumericallywe first usethepolicy iterationalgorithm,andin particularDiscrete

Policy Iteration(DPI).

Figure13 shows thedifferencebetweenthe true infinite horizondecisionrule of the Phelps’problem

with logarithmicutility, andthecomputedsolutionusinga discreteuniform grid of 200pointsandintegra-

tion usingprobabilityweightsandlow discrepancy sequences.

It is worth mentioninghow we approximatethe conditionalexpectationoperatorvia the Probability

Integral Transformmethod:
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Figure13: Infinite vs. ComputedDecisionRule.

Log U.

Figure14: Infinite vs. ComputedValueFunction.

Log U.

ÊV � w� c��� 1
S

S

∑
sÀ 1

V � F � 1 � us �Á� w � c��� (87)

whereF � r �.�KÂ r� ∞ f � x� dx and Ã u1 ��������� uSÄ areIID draws from U � 0 � 1� , or alternatively, draws from a low

discrepancy sequencesuchasaGeneralizedFaure sequence.

In thiscasethenumericalmethodsdonotperformtoowell. Thedifferencesarelargein percentageterms

andthey areincreasingin wealth.In partthedifferencesaretheproductof themethodof extrapolationthat

penalizesinvestmentsonceyou have a high level of wealth,what leadsto overconsumptionby theagents.

We will seebelow that in thefinite horizoncaseoncewe extrapolatelinearly theoppositeeffect appears,

thatis,underconsumption,to takeadvantageof thebetterinvestingopportunitiesaswealthincreasesbeyond

thespaceof thegrid. Figure14 shows thevaluefunctionsresultingfrom solvingtheproblemnumerically

comparedwith the truesolution. We canseethat they arefairly similar exceptfor higherlevelsof wealth

whenthenumericalsolutionsconsistentlyunderpredictsthetruesolution.

We will alsopresentthesolutionsof PPIandPEA methodsfor this problem,alongwith thediscussion

of theperformanceof themodelusingotherutility functions.
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5.3 Finite Horizon: ClosedForm Solutions

In this subsectionwe solve a finite horizon versionof the consumption/saving problem. Agentschoose

consumptionaccordingto thefollowing utility maximizingframework:

max
0 � cs � w

Et Å T

∑
sÀ t

βs� tu � cs �:ÆÇ� (88)

whereβ is thediscountfactor, which includesthemortality probabilities,c representsconsumption,andw

is wealthat thebeginning of theperiod. Savingsaccumulateat an uncertaininterestrateof returnR̃ such

thatwt ¾ 1 � R̃� wt � ct � , asin theinfinite horizoncase.Utility still dependsonly onconsumption.

We canagainsolve this problemusingDynamicProgrammingandBellman’s principle of optimality.

Wesolve it by backwardinductionstartingin thelastperiodof life, in which theindividual solves

VT � w��� max
0 � c � w

ln � c�
£ K ln � w � c��� (89)

assuminga logarithmicutility functionwhereK Èy� 0 � 1� is thebequestfactor.8 By deriving thefirst order

conditionwith respectto consumptionwefind that

cT � w
1 £ K

� (90)

andfrom this wecanwrite theanalyticalexpressionfor thelastperiodvaluefunction:

VT � w�?� ln � w
1 £ K

�
£ K ln � wK
1 £ K

�i� (91)

Wecantheniterateby backwardinductionandwrite thenext to lastperiodvaluefunctionas:

VT � 1 � w��� max
0 � c� w

ln � c�
£ β E VT � w � c��� (92)

wherethesecondtermin theright handsidecanbewrittenas

E VT � w � c�M�FÉ Rmax

0
VT � R̃� w � c��� f � R̃� dR̃ � (93)

whereR̃ is thestochasticreturnoncapitalaccumulation,andRmaxis thetruncationpointof thelog-normal

distribution of returns.Thenwecanwrite

VT � 1 � w��� max
0 � c� w

ln � c�/£ β E ln � R̃ � w � c
1 £ K

���/£ β K E ln � R̃ � � w � c� K
1 £ K

����� (94)

8 Agentsin this modelcareonly aboutthe absolutesizeof their bequests,leadingto its beencalledthe “egoistic” modelof
bequests.A bequestfactorof onewouldcorrespondto valuingbequestin theutility functionasmuchascurrentconsumption.The
importanceof bequestmotives is still an openissuein the literature. Herewe take the positionof acknowledging that bequests
do exist andexploretheimplicationsof changingtheimportanceof thebequestmotive in theutility function. Hurd (1987,1989),
Bernheim(1991),Modigliani (1988),Wilhem (1996)andLaitnerandJuster(1996)aresomeof themainreferenceson thedebate
over the significanceof bequestsandaltruismin the life cycle model. Kotlikoff andSummers(1981)stressthe importanceof
intergenerationaltransfersin aggregatecapitalaccumulation.
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Here the logarithmic utility simplifies the problem. Again taking first order conditionswith respectto

consumption,we obtainanexpressionfor theconsumptionrule in thenext to lastperiodof life:

cT � 1 � w
1 £ β £ βK

� (95)

We thenhave anexpressionfor VT � 1 in thefollowing form:

VT � 1 � w�?� ln � w
1 £ β £ βK

�/£ β ln � wβ
1 £ β £ βK

�
£ β K ln � wβK
1 £ β £ βK

�
£ ϒ � (96)

whereϒ gathersall thetermsthatdo not dependon w. Fromherewe canwrite VT � 2 andagainderive first

orderconditions,resultingin

cT � 2 � w
1 £ β £ β2 £ β2K

� (97)

Throughbackwardinduction,we continueiteratingto find cT � k

cT � k � w
1 £ β £ β2 £ β3 £#�����Ê£ βk £ βkK

� (98)

for any k Ë T. Fromthesedecisionrules,we canobserve thatasT grows large, thefinite horizonsolution

with bequestsconvergesto the infinite horizonsolution,alreadyshown, sincethe influenceof thebequest

parameterbecomeslessimportantasthetimehorizonincreases.

Thederivationof thedecisionrulesin thecaseof theCRRAutility functionis similar thoughsomewhat

moreinvolved.Weshow below only theoptimaldecisionrulefor thelastperiodof life andtherecursive for-

mulato obtaintheoptimalconsumptionin all otherperiods,andpresentthefull derivationin theAppendix.

Wenow usetheutility functionspecifiedin (72). In thelastperiodof life agentsconsume

cT � w

1 £ K
1
γ
� (99)

wherew is wealthat thebeginning of that lastperiod,andK is thebequestfactor. Thenwe canwrite the

generalclosedform solutionfor thedecisionruleas

cT � k � w

1 £ β
1
γ E � R̃1 � γ �/£ β

2
γ E � R̃1 � γ �/£#�����c£ β

k
γ K

1
γ E � R̃1 � γ � � (100)

whereβ is thediscountfactor, andthe interestrate,R̃, follows a log-normaldistribution with meanµ and

varianceσ2, thengiventhatE � R̃��� eµ¾ σ2
2 anddenotingE � R̃� asRwe canwrite

E � R̃1 � γ �w� R
1 � γ

e � γ � 1� γ   σ2
2 � (101)

We canalsoseethat if γ is equalto 1 we arebackto the logarithmicutility case. It is alsoimportantto

emphasizethatthisexpressionis thefinite horizoncounterpartto theoneobtainedin LevhariandSrinivasan
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(1969),andalsoreplicatedin theprevioussection,onceabequestmotive is introduced,andthattheir results

regardingtheeffectsof uncertainty(decreasingproportionof wealthconsumedastheuncertaintygrows if

γ � 1) go throughin this case.

We next canassumea constantabsoluterisk aversion(CARA) utility function. Similarly to theinfinite

horizoncase,wehavenot foundaclosedform solutionfor thisproblemunderuncertainreturnsthatfollow a

log-normaldistribution asin thecasesabove. Wethereforesolve thefinite horizonproblemundercertainty.

Theutility functionusedis theonepresentedin (75). Weagainpresentbelow only theoptimaldecisionrule

for thelastperiodof life andthegeneralsolutionfor therestof theperiods,thefull derivation is presented

in theAppendix.

In thelastperiodof life theoptimalconsumptionrule is

cT � min Ì max Ì 0 � w
2
� 1

2
lnK

γ Í � wÍ � (102)

whereK is againthebequestfactor.

Wecanthencharacterizethedecisionrule for any otherperiodup to thefirst periodof life

cT � k � min Ì max Ì 0 � Rkw
2 £ R £#�����U£ Rk � � 2 £ R £#�����U£ Rk � 1

2 £ R £#�����U£ Rk
� lnKT � k

γ Í � wÍ � (103)

whereR � 1 £ r andr is thefixedrateof interest,andKT � k is shown below, andit is a functionof someof

theparametersof theproblemandtheprevious constants,andwherewe canwrite theexpression2 £ R £
R2 £#�����c£ Rk as1 £ � 1 � Rk © 1

1 � R
¡ andsimilarly for theotherseries,

KT � k � β Rk

1 £ � 1 � Rk

1 � R
¡ ¤¦¦§ e 1©
Î 1 ¶ Rk ¶ 1

1 ¶ R Ï
1© Î 1 ¶ Rk

1 ¶ R Ï lnKT ¶ k © 1 £ β e
� Rk ¶ 1 lnKT ¶ k © 1

1© Î 1 ¶ Rk
1 ¶ R Ï ¤¦¦§ KT � k ¾ 1

βRk ¶ 1

1¾ÑÐ 1 ¶ Rk ¶ 1
1 ¶ R Ò ±9³³´ ±9³³´ (104)

Wecanseefrom thesesolutionsthedifferenteffectof risk giventheutility functions,asthetheorytells

us. The γ coefficient of risk aversiononly hasan absoluteeffect for the CARA utility, regardlessof the

wealthlevel. In thecaseof theCRRAutility theeffect is relative to thelevel of resources.

5.4 Finite Horizon: Numerical vs. ClosedForm Solutions

Our ability to derive ananalyticalsolutionfor thesefinite horizonmodelsallows us to evaluatetheeffec-

tivenessof our numericalmethods,which areall thatwe have availablein morecomplicatedmodels.The

exerciseof solving themodelnumericallyis alsointerestingon its own given that the infinite horizonver-

sionof this modelhasbeenshown to bequitedifficult to replicateusingnumericalmethods,evenwith the

logarithmicutility function,asdiscussedin theprevioussectionandin Rust(1999).
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Thenumericalprocedureis by natureverysimilar to theanalyticalapproach,involving backwardrecur-

sionstartingin thelastperiodof life. We discretizewealthandcomputetheoptimalvalueof consumption

for all thosewealthlevelsusingbisection.Bisectionis an iterative algorithmwith all thecomponentsof a

nonlinearequationsolver. It makesa guess,computesthe iterative value,checksif thevalueis anaccept-

ablesolution,andif not, iteratesagain. Thestoppingrule dependson thedesiredprecisiongiven that the

solutionis bracketedby the natureof the algorithmandthat the round-off errorswill probablynot allow

us to increasethe precisionbeyond a certainlimit. In eachiterationof the numericalsolution,exceptfor

the final onewhereall uncertaintyhasbeeneliminated,we have to computethe expectationin equation

(93), which is potentially the mostcomputationallydemandingstep. For this we useGaussian-Legendre

quadrature.We alsocomputethederivative of this expectationusingnumericaldifferentiation,alsorequir-

ing quadratureaspartof its routine. Heretheanalyticalderivativesaresimpleto compute,but this is not

alwaysthecasefor morecomplicatedmodels.We thereforewish to evaluatetheaccuracy of thenumerical

strategy. As explainedin Section2.5, Gaussianquadratureapproximatesthe integral throughsumsusing

rulesto choosepointsandweightsbasedon thepropertiesof orthogonalpolynomialscorrespondingto the

densityfunction of the variableover which we areintegrating, in this casethe draws of the interestrates

following a log-normaldistribution.

At this point we areconsideringa onedimensionalproblem,for which quadraturemethodshave been

shown to be very accuratecomparedwith other techniquesof computingexpectations(integrals)suchas

MonteCarlointegrationandweightedsums.9

This all amountsto manipulating(93) througha changeof variablessuchthat we canwrite it asan

integral in the � 0 � 1� interval and then approximateit by a seriesof sumsdependingon the quadrature

weightsandquadratureabscissaewhich we computerecursively, following readilyavailableroutines(e.g.

Pressetal. 1992).10

An additionalnumericaltechniquethatweuseto solve themodelcompletelyis functionapproximation

by interpolation.Sincesavingsin a givenperiodareaccumulatedat a stochasticinterestrate,next period’s

wealthwill notnecessarilyfall in oneof thegrid pointsfor whichwe have thevalueof thefunctionalready

calculated.Ideallywewouldsolvethenext period’sproblemfor any wealthlevel,but thisis computationally

infeasible.Therefore,we uselinear interpolationto find thecorrespondingvalueof thefunctiongiven the

valuesin thenearestgrid points.11

9 For ananalysisof how thesedifferenttechniquesperformin otherappliedproblemsseeRust(1997b).
10 Wecanwrite Ó r V Ô r Õ f r dr afterachangeof variablesas Ó 1

0 V Ô F Ö 1 Õ du, whichcanthenbeapproximatedby ∑N
i × 1 wiV Ô F Ö 1 Ô ui ÕtÕ ,

wherewi arethequadratureweightsandui arethequadratureabscissae.
11 Moresophisticatedinterpolationprocedurescanbeusedsuchassplinesor Chebyshev interpolationbut they arenotconsidered
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The bisectionalgorithmthat usesthe quadratureandinterpolationprocedureseventuallyconvergesto

a maximumof the lifetime consumptionproblemfor a givenvalueof wealthin a givenperiod(or reaches

thepre-decidedtolerancelevel). This procedureis repeateduntil thesolutionof thefirst-periodproblemis

obtained.

Oncewe have solved the model,we have a decisionrule for every level of wealth in our initial grid.

Herecasewehavechosenagrid spaceof 500points;to gainaccuracy moreof thesepointsareconcentrated

at low wealth levels wherethe function is changingrapidly. Figures15-17show the decisionrule of the

consumption/saving problemfor wealthrangingfrom 0 to 100 units. For expositionalpurposeswe have

solveda10-periodmodel.

Figure15 plotsseveraldecisionrulesgiven logarithmicutility. It first plots thenumericalsolutionsfor

differenttime periods,denotedC1, C2, andsoon. It alsoplots thesolutionof the infinite horizonproblem,

denotedby CINF in thefigure. We have chosena discountfactorof 0.95anda bequestparameterof 0.6.

Figure16 plots the decisionrule whenwe considera CRRA, with risk aversionparameterequalto 1.5,

β � 0 � 95, andbequestparameterequalto 0.6, we alsoplot the analyticalsolutionof the infinite horizon

problem.For bothtypesof utility functionwe observe thattheconsumptionrulesincreasewith wealthand

timeandthatin very few periodswe arefairly closeto thesolutionof theinfinite problems.Figure17plots

the consumptionrulesusinga CARA utility function, with the sameunderlyingparametersas the other

functionalforms.For every level of wealth,consumptionis now lower thanin theothertwo cases.We also

plot the infinite horizonsolutionof the modelwith certaintywe derived above. For comparisonpurposes

noticethatwehave to comparetheearlyperiodsof life with theinfinite horizonsolutionsincetheseperiods

areabetterapproximationto theinfinite horizonbecausetheagentis makingadecisionwith moreandmore

periodsremainingin his or herlifetime.

Figures18-20areconcernedwith comparingthenumericalsolutionswith thetrueanalyticalsolutions

derived above. We plot in all figuresthe percentagedifferencebetweenthe two solutionsin termsof the

valueof thetruesolution,for asampleof timeperiods.Thenumericaltechniqueperformsquitewell for the

logarithmicandCRRA utility. For abouthalf of therangeof values,thenumericalsolutionis very accurate

with deviationsbelow 1%, for both typesof utility functions. After that,errorsarea bit larger, especially

for early time periods. For the first periodand for high levels of wealth the error reaches12% to 13%,

dependingon theutility function. Theunderconsumptionresultingfrom our numericaltechniqueseemto

be an artifact of the linear extrapolationfor valuesof wealthoutsidethe chosengrid. The implied return

from theextrapolationis higherthantheoneagentswerefacingbefore,sothenormalreactionis to under-

for thisproblem.
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Figure15: ConsumptionDecisionRule.Log Utility

Figure16: ConsumptionDecisionRule.CRRAUtility

Figure17: ConsumptionDecisionRule.CARA Utility
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consumewith respectto thetruesolutionfor levelsof wealthapproachingtheupperboundvaluefor wealth.

For theCARA utility we alreadymentionedthatwe do not have a closedform solutionfor themodelwith

uncertainty, but we did derive thecertaintycase.In Figure20 we comparetheclosedform solutionsunder

certaintywith thenumericalsolutionsunderuncertainty, but with a distribution of returnswith a very low

variance.Thenumericalmethodsperformquitewell again,andin this casethedifferencesfor mostof the

rangeof valuesdonot seemto increaseaswe move towardsthefirst periodof life.

In Figure21weplot thedecisionrulesof thelimiting finite horizonof ournumericalmodelwith uncer-

tainty vs. theclosedform solutionof theinfinite horizonwe derivedbefore.For thefinite horizoncasewe

solve a 100anda 200periodmodel. The limiting finite horizonseemsto approximatethe infinite horizon

but even with 200 periodsit stills deliversa significantlyhigherdecisionrule for consumption.Another

issueto noticeis that the true infinite horizondecisionrule is zerofor a significantportion of the wealth

spaceandthenis linearincreasingin wealth,thecomputedlimiting finite horizonis positiveandhigherthan

theinfinite solutionfor all valuesof wealth.

In Figures22and23wesimulatethismodelusingthenumericalsolutionfor theCRRAutility function,

to show thebehavior impliedby thedecisionrulesshown above. Wereporttheresultsof 5,000simulations

of an11-periodmodelwith 500grid pointsfor wealthin the0 to 200,000range.We plot consumptionand

wealthpathswith an initial wealth level of 10,000.12 We alsoconsiderseveral valuesfor the parameters

of interest. In thefirst specification,γ is taken to be1.5 (theparameterof relative risk aversion),andit is

increasedto 2.5 in thesecondspecification(hg lines in theplots). We thenincreasethebequestparameter

to 0.6,leaving γ � 1 � 5 (bq linesin theplots),andfinally, wedecreasetherelative risk aversionparameterto

0.7(lg linesin thefigures).

We observe that peopleconsumelessat the beginning of their lives, with increasedconsumptionin

the final periodsof life, given uncertaininterestratesrepresentedby draws from a truncatedlog-normal

distribution. Consumptiondoes,however, decreaseif the risk aversionparameteris lessthan1. Focusing

on the patternof wealthaccumulation,we observe that individuals deaccumulatetheir wealthgradually.

We alsoseethat increasingthe relative risk aversionparameterhastheeffect of makingconsumptionless

smooth(with higherwealthaccumulation),while decreasingthe parameterfrom the benchmarkvalueof

1.5 leadsto moresmoothing(with lower wealthaccumulation).We canalsoobserve the expectedeffect

of thebequestparameter:thosewith a higherconcernfor their offspring,representedby a highervaluation

of bequestsin the utility function, consumeuniformly lessover the life cycle thando thosewith a lower

12 This is approximatelythenetworth reportedby Poterba(1998),usingtheSurvey of ConsumerFinances,for individualsat
thebeginningof their working lives.
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Figure18: Computedvs. TrueDecisionRule.Log Utility

Figure19: Computedvs. TrueDecisionRule.CRRA Utility

Figure20: Computedvs. TrueDecisionRule.CARA Utility
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Figure21: Limiting Finite vs. TrueInfinite. CARA U.

bequestparameter. This former populationalsoaccumulatesmoreandfor a longerperiod. Theseresults

regardingtheeffect of thebequestmotivesareconsistentwith, andin factextend,thetheoreticalmodelof

Hurd (1987)to thecaseof agentswith variouslevelsof bequest.
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Figure22: SimulatedConsumption.CRRA Util-

ity

Figure 23: Simulated Wealth Accumulation.

CRRAUtility

6 Optimal ReplacementProblem

Thissectionhasyet to beincluded.

7 The Linear-Quadratic Model

Thissectionhasyet to beincluded.

8 An Inventory InvestmentModel

Considera modelof an intermediarystudiedin Hall andRust(1999a,1999b,and2000)andScarf(2000).

Theintermediarydoesnot not undertake any physicalproductionprocessing:its main function is to buy a

durablegoodatspotprices,storeit, andsell it subsequentlyat amarkup.

We modelthe intermediaryasmakingdecisionsaboutbuying andsellinga durablecommodityin dis-

cretetime. Thestatevariablesfor thefirm are � pt � qt � whereqt denotestheinventoryon handat thestartof

dayt, andpt denotestheperunit spotpriceatwhich theintermediarycanpurchasethecommodityatdayt.

We assumeÃ pt Ä evolvesaccordingto anexogenousMarkov processwith transitiondensityg � pt ¾ 1 � pt � . At

thestartof dayt theintermediaryobserves � pt � qt � andplacesanorderqo
t Ø 0 for immediatedelivery of the

commodityat thecurrentspotprice pt . Theintermediarysetsa uniformsalespriceto its customers,ps
t , via
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anexogenouslyspecifiedmarkupruleover thecurrentspotprice pt :

ps
t � f � pt �?� α0 £ α1pt � (105)

whereα0 andα1 arepositive constants.

After receiving qo
t , theintermediaryobservesthequantitydemandedof thecommodityby theinterme-

diary’s customers,qd
t . Let H � qd

t � pt � denotethedistribution of realizedcustomerdemand.We assumethat

H hassupporton ¸ 0 � ∞ � with a masspoint at qd � 0, reflectingtheevent that the intermediaryreceivesno

customerordersonagivendayt. Let h � qd � p� betheconditionaldensityof salesgiventhatqd � 0. This is a

densitywith supporton theinterval � 0 � ∞ � . Let η � p��� H � 0 � p� betheprobabilitythatqd � 0. Thenwe can

write H asfollows:

H � qd � p�?� η � p�
£Ù� 1 � η � p��� É qd

0
h � q� � p� dq� � (106)

Weassumeh � q � p�·� 0 for all q � 0.

Thereareno delivery lagsandunfilled ordersarenot backlogged.We assumethat the intermediary

meetsthe entiredemandfor its productin day t subjectto the constraintthat it cannot sell morethat the

quantity it hason hand,the sumof beginning period inventoryqt andnew ordersqo
t , qt £ qo

t . Thus the

intermediary’s realizedsalesto customersin dayt, qs
t , is givenby

qs
t � min � qt £ qo

t � qd
t
¡ � (107)

We assumethedurablecommodityis not subjectto physicaldepreciation.Thereforethelaw of motionfor

startof periodinventoryholdings Ã qt Ä is givenby:

qt ¾ 1 � qt £ qo
t � qs

t � (108)

Sincethequantitydemandedhassupporton the ¸ 0 � ∞ � interval, equation(107)impliesthatthereis alwaysa

positive probabilityof unfilled demandqs
t Ë qd

t . We let δ � p � q £ qo � denotetheprobabilityof thisevent:

δ � p � q £ qo ��� 1 � H � q £ qo � p��� (109)

Whenever qd
t � qs

t , equations(107)and(108)imply thatastockout occurs,i.e. qt ¾ 1 � 0.

Wedefinetheintermediary’s expectedsalesrevenueES� ps � q � qo � by:

ES� p � q � qo �w� E Ã psqs � q � qo Ä� psE Ã qs � q � qo Ä (110)

46



where:

E Ã qs � p � q � qo Ä ��¸ 1 � η � p�:¹�� É q¾ qo

o
qdh � qd � p� dqd £ δ � p � q £ qo �Á¸ q £ qo ¹ � � (111)

ES� p � q � qo � is astrictly monotonicallyincreasingandconcave functionof q.

Weassumetheintermediaryincursacostof orderinginventorygivenby a functionco � p � qo � givenby:

co � p � qo �?�ÛÚÜ�Ý K £ pqo if qo � 0

0 otherwise.
(112)

Theintermediary’s single-periodprofit π is givenby:

π � pt � qs
t � qt � qo

t ��� psqs
t � co � pt � qo

t ��� (113)

ThevaluefunctionV � p � q� is givenby theuniquesolutionto Bellman’s equation:

V � p � q��� max
0 � qo � q � q �W � p � q £ qo �!� co � p � qo � ¡ � (114)

where:

W � p � q��Þ � ES� p � q�/£ 1
1 £ r

EV � p � q� ¡ � (115)

andEV denotestheconditionalexpectationof V givenby:

EV � p � q�ß� E Ã V � p̃ � max̧0 � q £ qo � q̃d ¹t�)� p � q�� η � p� É
pà V � p� � q� g � p� � p� dp� £_¸ 1 � η � p�:¹ δ � p � q� É

pà V � p� � 0� g � p� � p� dp�£ ¸ 1 � η � p�:¹ É
pà É q

0
V � p� � q � q� � h � q� � g � p� � p� dq� dp� � (116)

Theoptimalpurchasingruleqo � p � q� is givenby:

qo � p � q��� inf argmax
0 � qo � q � q �W � p � q £ qo �!� co � p � qo � ¡ � (117)

Hall andRust(2000)prove that theoptimal procurementrule is in theclassof generalized� S� s� policies.

Wedefinesuchapolicy now.

Definition: A generalized � S� s� policy is a decisionrule of theform:

qo � p � q���ÛÚÜ Ý 0 if q Ø s� p�
S� p�!� q otherwise

(118)

where Sandsare functionssatisfyingS� p� Ø s� p� for all p.
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Hall andRust(2000)go on to prove thevaluefunctionV is linearwith slopep on theinterval ¸ 0 � s� p�:¹ :
V � p � q��� ÚÜ Ý W � p � S� p���!� p ¸S� p�2� q¹R� K if q Èá¸ 0 � s� p�:¹

W � p � q� if q Èá� s� p��� q¹�� (119)

Notethatequation(119)shows thatthe“shadow price” of anextraunit of inventoryis p whenq Ë s� p� .
However for q � s� p� the shadow price is generallynot equal to p except at the target inventory level

S� p� . For q È_¸ s� p��� S� p��� we have ∂W � p � q��â ∂q � p and for q È�� S� p��� q¹ we have ∂W � p � q��â ∂q Ë p.

Thus,thevaluefunction is not concave in q, but is K-concave in q. The intuition for this simpleresult is

straightforward: if thefirm hasanextraunit of q whenq ã s� p� thenit needsto orderonefewerunit in order

to attainits target inventorylevel S� p� . Thesavingsfrom orderingonefewerunit of inventoryis simply the

currentspotpriceof thecommodity, p. Whenq � s� p� it is notoptimalto orderandandtheshadow priceof

anextraunit of inventoryis no longerequalto p. Wedoknow thatsinceq � S� p� maximizesW � p � q�(� pq,

we musthave ∂W � p � q��â ∂q � p whenq � S� p� . If we assumefor the momentW is strictly concave, this

impliesthat∂W � p � q��â ∂q � p whenq Èä� s� p��� S� p�:¹ and∂W � p � q��â ∂q Ë p whenq Èä� S� p��� q¹ . Thus,there

is a kink in V functionat the inventoryorderthreshold,q � s� p� . As we canseefrom formula (115) this

kink is alsopresentin theexpectedvaluefunctionW � p � q� . However in our numericalexamplesbelow we

find thatthereis only asmalldiscontinuityin thepartialderivative ∂W � p � q��â ∂q atq � s� p� , sothatW � p � q�
is approximatelystrictly concave in q.

The first order conditionof of the value function determiningthe target inventory level S� p� canbe

viewedasanEulerequation.Thisconditioncanbewrittenas

p � ∂ES
∂q

� p � S� p���
£ 1
1 £ r

∂EV
∂q

� p � S� p����� (120)

Thefirst terms∂ES� p � S� p����â ∂q constitutethe“convenienceyield” netof holdingcostsof addinganextra

unit of inventory. In our case,the convenienceyield equalsthe increasein expectedsalesof having an

extra unit of inventory. Thesecondterm, 1
1¾ r ∂EV � p � S� p����â ∂q, is theexpecteddiscountedshadow priceof

an extra unit of inventory. As notedabove, ∂V � p � q��â ∂q � p for q Ë s� p� , andat q � S� p� . Even though

∂V � p � q�·� p for p Èå¸ s� p��� S� p��� , we alsohave ∂V � p � q��â ∂q Ë p for q Èá¸S� p��� q¹ .
We now solve a discreteapproximationof (114)numericallyusingparametersthatmatchtheselected

first andsecondmomentsof thedaily datasetpresentedin Hall andRust(1999a,b).Thedaily interestrate,r

is equalto 2 æ 10� 4. Thefirm usesthesalespricemarkuprule ps
t � 0 � 9 £ 1 � 06pt andspotprices Ã pt Ä evolve

accordingto a truncatedlognormalAR� 1� process:

log � pt ¾ 1 �?� µp £ λp log � pt �
£ εt (121)
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whereµp �ç� 06, λp �ç� 98, and Ã εt Ä is an IID N � 0 � σ2
p � sequence,with σ2

p � 3 � 94 æ 10� 4. The upperand

lower truncationboundson this processwerechosento be � 13� 29� which arebeyond the minimum and

maximumspotpurchasepricesobservedin oursampleor in longrunsimulationsof theuntruncatedversion

of this process.Thesevaluesyield a orderprice processwith an invariantdistribution with meanof 20� 0
centsperpoundandastandarddeviationof 2 � 00centsperpound.Giventhemarkup,themeanandstandard

deviation of thesell priceprocessare22� 1 and1 � 11, respectively.

We assumedthat quantitydemanded,qd
t , is a mixed truncatedlognormaldistribution conditionalon

pt . That is, with probability � 5 qd
t � 0, andwith probability � 5 qd

t is a draw from a truncatedlognormal

distribution with locationparameterµq � p�.� 5 � 50 �y� 7log � pt � andstandarddeviation parameterσq � 1 � 4.

Theseparametersyield a stationarydistribution for qd
t (conditionalon qd

t � 0) with conditionalmeanequal

to 25� 0 andconditionalstandarddeviation equalto 25� 0. Theunitsof thequantityvariablesarein 1,000’s

of pounds. We assumedthat goodwill costsof stockouts γ is $100, the physicalholding costsarezero,

ch � qt �?� 0, andthatthefixedordercostis equalto $75,i.e. co � 0��� 0 andco � qo ��� $75if qo � 0.

Wefirst solvedfor theoptimalinventoryinvestmentruleby themethodof parameterizedpolicy iteration

(PPI).This PPIalgorithmamountsto thefollowing iterative procedure:

1. ApproximatethevaluefunctionV � p � q� with afinite linearcombinationof basisfunctions.

2. Discretizethestatespaceinto afinite numberof � p � q� pairs.

3. Usingequation(117),computetheoptimaldecisionruleqo
i � p � q� ateachof thediscretized� p � q� pairs.

Notethatalthoughwe discretizedthestatevariables,we treatthecontrolvariableqo
i asa continuous

variablesubjectto theconstraintthat0 ã qo
i ã q̄ � q.

4. Performapolicy iterationstep.Thatis compute

Vi � p � q��� E è ∞

∑
j À 0

Ì 1
1 £ r Í j

π � p j � ps
j � qs

j � qo
i � p j � q j �
£ qs

j �jééé p � q êë� (122)

5. Regresstheupdatedvaluefunction,Vi � p � q� , on thediscretesetof p andq’s to computeanew param-

eterizedapproximationof thevaluefunction.

6. Iterateover i on steps3–5 until the coefficients on the parameterizedapproximationof the value

functionconverge.

We approximatedthevaluefunctionby a completesetof Chebychev polynomialsof degree3 in p and

q. We discretizedthestatespacewith 225grid points(15 in the p dimensionand15 in theq dimension).
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Thegrid pointsarefixedat theChebychev zeros,so thegrid pointsaremoreheavily weightedtoward the

boundariesof thestatespace.Policy iterationis not guaranteedto converge in continuouschoiceproblems

suchasthisone;but for thisexample,thisalgorithmconvergedin 29 iterations.

As canbeseenfrom Bellman’s equation(114), thepolicy improvementsteprequiresthesolutionof a

constrainedoptimizationprobleminvolving thetwo functionsES� p � q� andEV � p � q� , eachof whichisacon-

ditional expectationof functionsof two continuousvariables(sales,psqs, andthevaluefunction,V � p � q� ).
Sincenoanalyticsolutionsto theseconditionalexpectationsexist, we resortedto numericalintegration.

Figures24-27presenttheoptimaldecisionrule qo asa functionof p andq andtheassociatedexpected

profit function,valuefunctionand � S� s� bands.Note thatneitherthePPInor theDPI solutionalgorithms

exploit our prior knowledgeabouttheform of thedecisionrule. Thecomputedvaluefunctionappearto be

nearlylinearly increasingin currentinventoryq. At low inventory levels (in regionsthefirm is expecting

to purchasenew inventory),V � p � q� is decreasingin p, whereasat high valuesof q, (in regionsthefirm is

expectingto notbuy but just inventory)V is increasingin p. Theoptimaldecisionrule is decreasingin both

p andq, althoughit generallydecreasesfasterin p thanin q. In particularwhenqo � p � q��� 0, ∂qo � p � q��â ∂q �� 1 which is consistentwith thepredictionof thegeneralized� S� s� rule thatqo � p � q��� S� p�!� q.

Figure26shows thegeneralized� S� p��� s� p��� bandsimpliedby ourmodel.Thesetof orderlimit points,

s� p� , is the curve on the � q � p� planewheretheqo � p � q� surfaceintersectstheplaneat qo � 0. The setof

targetinventorypoints,S� p� , is thecurveon the � qo � p� planewheretheqo � q � p� surfaceintersectstheplane

at q � 0. Thesebandsareplottedin figure27. Due to thefixed costsof ordering($75), theS� p� bandis

strictly above thes� p� bandalthoughthedifferencebetweenthetwo bandsdecreasesasthepriceincreases.

In otherwords,theordersizeat s is adecreasingfunctionof theprice.
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9 A Model of Product Intr oduction

Themodeldescribedbelow is motivatedby anempiricalphenomenonweobserve in many industries:Firms

frequentlyintroducenew products,but amajorityof theseproductsstaysin themarket for only abrief time.

A specificexampleis the US ready-to-eatbreakfast cerealindustry, wherethe high rateof new product

introductionshasbeennotedby economistsalreadya long timeago.13 Themodeloutlinedin thissectionis

usedby Hitsch(2000)in a dynamicstructuralestimationframework to uncover theoperationandrationale

for new productintroductionsin the ready-to-eatbreakfastcerealindustry. However, it canbe appliedto

otherindustries,andfurthermore,it canbeusedto investigatedynamicaspectsof firm entry.

Themodelis designedto capturethebehavior of afirm which introducesanew productin amarket,and

is uncertainaboutthedemandtheproductwill generate.Eventually, thefirm learnsaboutthelevel of sales

it canexpectfrom its new brand,anddecideswhetherto keeptheproduct,or dropit from its productline.

The uncertaintywhich the firm facesarisesbecausesomecharacteristicsof the new product,andthe

way thesecharacteristicsinfluenceconsumerchoiceareunobservableto thefirm. Theeffect of thesechar-

acteristicsis summarizedin a parameterλ � which enterstheproductdemandfunction,andwill bereferred

to asproductquality. Thefirm hasaninitial prior onλ, andthroughtime, it learnsabouttheproductquality

from observingsales.14

Thedecisionsthefirm takesareasfollows: At thebeginningof eachperiodthefirm decidesto keepthe

product,or dropit from its productline. If thefirm decidesto keeptheproductandstayin themarket, it sets

a productprice andspendsa certainamounton advertising.15 At theendof theperiod,thefirm observes

sales,andupdatesits prior on theproductquality.

An appropriateframework to describetheproblemof thefirm necessarilyhasto bedynamic.In astatic

framework, theobjective functionof thefirm wouldbespecifiedascurrent-periodexpectedprofits. If these

expectedprofitswerenegative, thefirm would discontinueproducingtheproduct. However, sucha static

framework would give the wrong predictionon the optimal exit/stay decisionof a forward-lookingfirm,

becauseit cannotrecognizethevalueof stayingin themarket in orderto obtaina morepreciseestimateof

theproductquality parameter. Hence,therewill besituationswherethefirm rationallystaysin themarket

13SeeSchmalensee(1978).
14ThemodelresemblesJovanovich (1982),wherefirms learnabouttheir productivity. However, this modelis only concerned

with thedecisionsof a singleagent,while Jovanovich’s paperis abouttheevolutionof a wholeindustry.

For recentempiricalwork includingmodelsof learningseeAckerberg (1998),Ching (2000),Crawford andShum(1999),and

ErdemandKeane(1996).
15Currently, othermarketingmix variableslike pricepromotionsor couponingarenot includedin themodel.

52



to learnmoreabouttheproduct,eventhoughtheexpectationof current-periodprofitsis negative.

The model outlined below is a model of market experimentation, wherefirms experimentusing the

exit/staydecision.Furthermore,if somemarketing variable,for exampleadvertising,influencesthespeed

at which thefirm learnsaboutthe true productquality, the firm will optimally alter this variablefrom the

valuewhichmaximizescurrentprofits,andhenceexperimentusingthatdecision.16

Beyondlearning,thereareotherpotentialreasonswhy thefirm’sproblemhasto betreatedin adynamic

framework. Currentmarketingactivities mayhave long-lastingeffectsin theform of advertisingcarryover

andpurchasereinforcement.Advertisingcarryoveroccursif currentadvertisingexpendituresaffectdemand

in thefuture,andpurchasereinforcementoccursif a currentpurchaseincidencechangesthepreferencesof

a household,suchthat thehouseholdis morelikely thebuy thecurrentlyconsumedproductagain.In both

cases,currentadvertisingexpenditures,or thecurrentprice,will changedemandin thefuture. In thespecific

modeldiscussedbelow, only advertisingcarryover is incorporatedto keeptheproblemassimpleaspossible.

A relatedintertemporaldemandeffect is variety-seeking,whichis apreferenceto consumenew products,or

productswhosecharacteristicsdiffer from theproductsrecentlyconsumed.In themodel,we treatvariety-

seekingin a ratherreducedform by allowing theproductto yield extra utility to consumersduringthefirst

periodsafterproductintroduction,i.e. weassumethatall extraconsumptiondueto variety-seekingmotives

occursshortlyafterproductintroduction.

Out modeldescribestheactionsof a singleagent,anddoesnot take strategic interactioninto account.

A modelallowing for competitionamongfirms would becomputationallyvery intensive, andon currently

available hardware (maybewith the exceptionof advancedsupercomputers)it would not be possibleto

estimatesuchamodelin a reasonablyshortamountof time.

In thefollowing, thedifferentelementsof themodelareexplained.

Statesand decisions. Thestatevectorxt ��� χt � bt � gt � ht � containsthefollowing components:

1. χt is anindicatorvariablewhich equals1 if theproductis in themarket, and0 if it hasbeendropped

from thefirm’sproductline.

2. bt is thefirm’sbeliefabouttheproductqualityλ � bt couldbeany arbitraryprobabilitydistribution,but

to make themodelsolvableon a computer, themodelis restrictedin sucha way thatthefirm’sbelief

is alwaysnormal,andcanthereforebedescribedby theparameterµt � theconditionalexpectationof

theproductquality, andσ2
t � thevarianceof thebelief. Hencebt ��� µt � σ2

t ���
16SeeAghionet al. (1991).
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3. gt is thebeginning-of-period goodwill stock,which representstheaccumulatedeffect of pastadver-

tising.

4. ht recordsthetimeelapsedsincetheproducthasbeenintroduced,whereonly thefirst T periodsafter

productintroductionareof relevance,i.e. h staysatht � T afterT periods.ht accountsfor systematic

demandeffectswhichoccuronly shortlyafterproductintroduction,andcanbedueto variety-seeking

behavior.

Thedecisionstakenby thefirm in eachperiodaredt �ì� χt ¾ 1 � pt � at ��� whereχt ¾ 1 is theexit/staydecision,

pt is theproductprice,andat is thedollar amountspenton advertising.17

Advertising and goodwill. Advertising has intertemporaleffects through an accumulatedadvertising

stock called goodwill, denotedby gt � At the beginning of eachperiod, the firm decidesto spenda cer-

tain dollar amounton advertising,which increasesbeginning-of-periodgoodwill gt andyields a quantity

calledaddedgoodwill, denotedby ga � Φ � g� a��� A largerquantityof addedgoodwill increasesthedemand

for thefirm’sproductthrougha functionΨ � ga ��� Thefunctionalformschosenare

Φ � g� a��� g £ F í)� 1 � e� φa ��� (123)

Ψ � ga �?� G íÁ� 1 � e� ψga ��� (124)

Both the increaseof goodwill throughadvertising,andthe increaseof utility throughaddedgoodwill are

boundedby F andG. The parametersφ andψ determinethe speedat which goodwill andutility canbe

increased.

Thelaw of motionfor thegoodwill stockis specifiedas

gt ¾ 1 � exp � νt ¾ 1 �(í ga
t � (125)

whereν is i.i.d. normalwith meanµν andvarianceσ2
ν � The expectationof the log-normallydistributed

randomvariableexp � νt ¾ 1 � is î-� exp � νt ¾ 1 ���·� exp � µν £ σ2
ν â 2��� andhencewe restrict its parameterssuch

thatµν £ σ2
ν â 2 Ë 0 � in whichcasegoodwill will stochasticallydecayfrom oneperiodto thenext.

Demand. Thedemandfor thefirm’sproductis givenby thelogit formula

Qt � Mst � M
exp � δt �

z £ exp � δt � � (126)

17Usingthesamesymbol’χ’ for botha stateanddecisionvariableis notquiteconcise,but it highlightsthatin periodt ï thefirm

decideswhethertheproductwill bein themarket at thebeginningof periodt ð 1 ï indicatedby χt ñ 1 ò
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whereM is themarket size,andst is the market share.z is an indicatorof thecompetitive strengthof all

rival products.18 Thetermδt � which in thecontext of a logit modelhasthe interpretationof mean(across

households)utility, is specifiedas

δt � λ � αpt £ Ψ � ga
t �
£ τht £ εt � (127)

pt is theproductprice,andΨ � ga
t � is theeffect of addedgoodwill. ht recordsthetimeelapsedsinceproduct

introduction,andindexesoneof the time dummiesτ0 ���ó�ó�ó� τT , whereτT ¾ t � τT for all t Ø 0 � Systematic

differencesin demandwhich ariseonly during the first periodsafter product introduction, for example

variety-seekingeffects,areaccountedfor by theseterms� Finally, εt ô N � 0 � σ2
ε � is ani.i.d. shockto demand,

whichcanbeinterpretedasarandomcomponentof advertising,astheeffectivenessof agivendollaramount

spentonadvertisingwill generallynotbeexactly known in advance.

Learning. At thebeginningof eachperiod,thebeliefof thefirm abouttheproductquality is describedby

bt �I� µt � σ2
t � , which indexesa specificnormaldistribution. Thefirm receivesa normallydistributedsignal

ωt , andhencealsoits posteriorwill benormal.

At the endof the periodthe firm cancalculatethe exact valueof the unknown componentsλ £ εt by

observingdemand,whichcanbeseenfrom therelationship

log � st �!� log � s0t ��� δt � (128)

wheres0t is the’outside’marketshare.Weactuallyassumethatthefirm observesonly anoisysignalof the

sumof thesetwo unknown components:

ωt � λ £ εt £ ηt � (129)

The term ηt canbe interpretedasobservation error, for examplebecauseexact dataon market sharesare

not immediatelyavailable. Alternatively, ηt canbe thoughtof asintroducingsomemild form of bounded

rationality into the problem,in the sensethat the managersof the firm make slight errorswhenupdating

their posteriors.19 The componentηt is i.i.d. normalwith mean0 andvarianceσ2
η � andhencealsoωt is

normallydistributed:ωt ô N � λ � σ2
ε £ σ2

η ���
18Thelogit demandsystemcanbederivedfrom theaggregationof brandchoicesacrosshouseholds.Eachhouseholdh chooses

one of the brands1 ï òõòõò ï J or the outsidealternative 0 ò The utility of alternative i is Uh
i ö δi ð eh

i ï whereδi is the meanutility

of alternative i acrosshouseholds,andeh
i is an household-specificutility componentwhich hasthe extremevalue distribution.

Aggregatingacrosshouseholds,onefindsthatthemarket shareof brandi is si ö exp Ô δi Õp÷ ∑k exp Ô δk Õ ò In thecontext of our model,

if we considerthedemandfor producti ï theindicatorof competitionis z ö ∑k ø× i exp Ô δk Õ ò
19Without theerrorcomponentηt , themodelwill generallyberejectedby thedata.SeeHitsch(2000)for thedetails.
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Thefirm updatesits beliefusingBayesrule,andthen,giventhebeginning-of-periodbeliefbt �r� µt � σ2
t ���

thebelief in thenext periodis

µt ¾ 1 � µt £ qt � ωt � µt ��� (130)

σ2
t ¾ 1 ��� 1 � qt � σ2

t � (131)

wherethecoefficient qt � whichcanbeinterpretedasthespeedof learning,is givenby theformula

qt � σ2
t

σ2
t £ σ2

ε £ σ2
η
� (132)

Note that the evolution of the varianceσ2
t is deterministic,which meansthat even thoughthe firm does

not know its conditionalexpectationof theproductquality next period,it knows how preciseits belief will

be. The conditionalexpectationof the productquality next period,conditionalon the informationat the

beginningof periodt � is normallydistributed:

µt ¾ 1 ô N � µt � q2
t � σ2

ε £ σ2
η ����� (133)

The objective function of the firm. Currentperiodprofitsaredenotedby πt andgivenby

πt � Qt � pt � c�!� at � k � (134)

c is theunit costof production,which is assumedto beaconstantparameter. Realistically, having aproduct

includedin theproductline incursa costwhich will bepositive evenif salesaretiny. This perperiodfixed

costis denotedby k, andincludesthevalueof managerialtime devotedto managingtheproject,aswell as

theopportunitycostof shelfspaceboth in thesupermarket wheretheproductis soldandin thewarehouse

whereit is storedintermittently. All uncertaintyaboutcurrent-periodprofitsis dueto theuncertaintyabout

current-perioddemand.

Thefirm choosesits actionsto maximizetheobjective function

V � xt �?�_î � ∑∞
τ À t

βτ � tχτ ¾ 1 � Qτ � pτ � c�2� aτ � k �[� xt
� � (135)

Thediscountrateβ is constant,andthefirm is risk-neutral.20

20Typically, anew brandaccountsonly for asmallportionof theprofitsof acerealfirm, andhencedoesnotchangethevariability

of thefirm’sperformancein a significantway.
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Solution of the model. In the previous subsectionsall elementsof the decisionprocesswereoutlined.

Under the assumptionsmade,in particulargiven that all variablesfollow Markov processes,the optimal

policieswill betime-invariantfunctionsd � x����� χ � x��� p � x��� a � x����� Thesepoliciescanberecoveredfrom the

valuefunction,whichsatisfiestheBellmanequation

V � xt �?� max� 0 � supχt © 1 À 1 ù pt ù at
î-� πt £ βV � xt ¾ 1 �)� xt � dt ����� (136)

As the firm hasthe option to drop the productfrom its productline, the value of the productis always

non-negative.

To calculatetheexpectationof thecurrent-periodprofit flow, wenotethatall uncertaintyaboutπ comes

in throughtheuncertaintyabouttheproductqualityλ � andthroughthedemandshockε � ε is ani.i.d. random

variablewith anormaldistribution, εt ô N � 0 � σ2
ε � . Fromthepoint of view of thefirm, theproductquality λ

is alsonormalwith meanµt andvarianceσ2
t � λ ô N � µt � σ2

t ��� Givena statext � andmarketingchoicespt and

at � all randomnessin profits is dueto randomnessin themeanutility level δt � andrandomnessin δt is due

to thetermλ £ εt Þ ξt � ξ alsohasa normaldistribution, ξt ô N � µt � σ2
t £ σ2

ε ��� andwe denoteits densityby

fξ �Uí�� x � d ��� Theconditionalexpectationof thecurrentperiodprofit flow canthenbecalculatedasîú� πt � xt � dt ��� É ∞� ∞
Qt � pt � c� dFξ � ξ � xt � dt �2� at � k � (137)

As regardstheexpectedfuturevalueof theproduct,notethatamongthestatevariablesonly thecondi-

tionalexpectationµ andthegoodwill stockg donotevolve deterministically. Wehave seenbeforethatµt ¾ 1

hasa normaldistribution, andgt ¾ 1 is log-normallydistributed. Then,if theproductis not withdrawn from

themarket today, i.e. if χt ¾ 1 � 1 � theexpectedfuturevalueisî-� V � xt ¾ 1 �)� xt � dt �?� É ∞� ∞
É ∞

0
V � 1 � µ� σ2

t ¾ 1 � g� ht ¾ 1 � dFgdFµ � (138)

If theproductis withdrawn, its valueis 0 �
The maximizationinvolved in the calculationof the Bellmanoperatorcanbe madefasterby solving

for theoptimalprice pû beforestartingthepolicy iterationalgorithm. This is possiblebecausetheproduct

price affectsonly the currentperiodprofit flow, but not the future valueof the product. In this case,pû
hasto be definedas a function of µ� σ2 � h � andga insteadof g, and the profit flow canbe redefinedas

implicitly incorporatingtheoptimalchoiceof theproductprice. Theonly continuouscontrol remainingis

theadvertisingexpenditurea �
Furthermore,note that T periodsafter product introduction,the statevariableh remainsconstantat

h � T. Onecanthensolve the dynamicprogrammingproblemby first computingthe valuefunction for
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h � T � Thevaluefunctionsfor h Ë T canthenberecursively computedby

V üý� xt ��� max � 0 � supdt
î-� πt £ βV ü ¾ 1 � xt ¾ 1 �)� xt � dt � � � þs� T � 1 ���ó�ó�ó� 0 � (139)

whereonehasto includetheappropriatetimedummyin theprofit flow πt � This is muchmoreefficient than

iteratingon thefull statespace,asthesolutionon theregionof thestatespacewhereh Ë T is notneededin

updatingthevaluefunctionon theregion whereh � T �
Computational details Thevaluefunctionis representedby adiscreteapproximationwith uniformgrids.

Thesizeof thearraywhichstoresthevaluefunctionis Nµ í Nσ2 í Ng í)� T £ 1��� 21

As notedbefore,thecurrentpricing decisiondoesnot affect theexpectfuturevalueof theproduct,and

hencetheoptimalpriceandcorrespondingprofit flow is calculatedasa functionof thecurrentstate,where

goodwill is replacedby addedgoodwill. Thiscalculationtakesonly asmallfractionof thetotal timeneeded

to find asolutionto theBellmanequation.

The stationarypart of the value function, i.e. the value function at leastT periodsafter productin-

troductionis foundby usingpolicy iteration. Theoptimaladvertisingdecisionis calculatedusingBrent’s

method.22 WeuseGauss-Hermitequadratureto calculatetheexpectedfuturevalueof theproduct.Because

σ2
t ¾ 1 is known at time t � theintegralhasto betakenonly overµ andg. Thevaluefunctionis evaluatedusing

three-dimensionallinearinterpolation,bothfor pointswithin beboundariesof thegrid andfor pointsoutside

the grid, i.e. the valuefunction is extrapolatedfrom its two closestvaluesat the boundary. The exit/stay

decisionis thenmadeby checkingwhetherthe optimal valuefrom stayingin the market is non-negative.

Having computedthestationarypart,wethencomputethevaluefunctionrecursively at timeh � T � 1 ���ó�ó�ó� 0
afterproductintroduction.

We experimentedusingChebyshev polynomialsto approximateV � but failed to obtaina satisfactory

solution. The problemthat arisesis due to the kink of the value function at the boundarybetweenthe

exit/stayregionsof thestatespace(seeFigure29). Knowing wherethevaluefunctionhits 0 is essentialto

determiningtheexit rule. We tried to solve thisproblemby approximating

W � xt �?� supχt © 1 À 1ù pt ù at
î-� πt £ βV � xt ¾ 1 �)� xt � dt ����� (140)

insteadof directly approximatingthevaluefunctionV � W is thevalueof theproductif thefirm hasto keep

it in themarket this period,but canwithdraw it at any point in the future. Note thatV � max� 0 � W ��� and

21Theindicatorχt addsno additionaldimensionto thecomputationalcomplexity, aswe know thatV ö 0 whenever theproduct

is no longerin themarket.
22SeePresset al. (1992),p. 402.
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therefore,wecaninferV immediatelyif weknow W� As opposedtoV � W is asmoothfunction,andhenceit

canbemoreeasilyapproximatedby polynomialsthanthevaluefunction. In fact,it turnsout thatmax� 0 � W �
approximatesV quitewell overall,but oftenhasits kink atthewrongpointandthereforeyieldsaninaccurate

exit rule. This is dueto the fact that theChebyshev approximationroutinedoesnot take into accountthe

importanceof findingaveryconciseapproximationcloseto theexit region. If themodelwereusedonly for

illustrative purposes,this might not bea major issue,however, theexit/staydecisionis of importancewhen

calculatingthelikelihoodfunction,andin thissensetheChebyshev approximationdid not turn out to work

well.

As an example,we approximatethe continuouspart of the statespaceusingNµ � 21� Nσ2 � 11� and

Ng � 26points,andthereare3 initial timeperiods,i.e. T � 3 � Thestationarypartof thestatespacecontains

6006points. Thediscountrateβ is setto 0 � 975� The solutionof themodelis foundon a computerusing

anIntel PentiumIII 500MHz processor. All partsof theprogramarecodedin C/C++23, andtheprogram

is compiledusing the MS Visual C/C++ compilerusingall optimizationflags. The solution is found in

35 seconds.Figure28 shows thevaluefunction,andFigures29-31show thepricing, advertising,andexit

policy.

23To be precise,certainpartsof the programarecodedusingC++ languageelements,however, we do not make useof the

distinguishingobject-orientedprogrammingfeaturesof C++,andhencethewholeprogramcouldaswell bewrittenusingstandard

C.
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Figure28: ValueFunction
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Figure29: PricingPolicy
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Figure30: AdvertisingPolicy
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Figure31: Exit Policy
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10 Consumption/Saving and Labor/Leisur eChoices

In this sectionwe presentan extensionto the classicalconsumption/saving modelunderuncertaintydis-

cussedin previous sectionsby introducingthe labor/leisuredecisionas endogenous.24 Utility is now a

functionof consumptionandleisure,andagentswill optimally chooseboth in every periodof their lives.

They solve

max
cs ù ls Et Å T

∑
sÀ t

βs� tu � cs � ls � Æ � (141)

againin finite horizon. The within-periodutility function is assumedto be IsoelasticandCobb-Douglas

betweenconsumptionandleisurein time t:

u � ct � lt ��� � cη
t l1 � η

t � 1 � γ

1 � γ
� (142)

whereγ is the coefficient of relativerisk aversion andη is thevaluationof consumptionversusleisure.25

Consumptionandleisurearesubstitutesor complementsdependingon thevalueof γ asdiscussedin Heck-

man(1974)andLow (1998),with the cutoff approximatelyequalto 1.26 In our analysisbelow we will

assumevaluesof γ largerthan1, implicitly assumingsubstitutabilitybetweenconsumptionandleisure.We

will alsoassumethattheagenthasonly threechoiceswith respectto thelabordecision:part-time,full-time,

or out of the labor force.27 It is alsoimportantto emphasizethat for computationalconveniencewe have

chosena lower boundon leisureequalto 20%of theavailabletime duringa givenperiod.28 Giventhatwe

allow for consumptionandleisureto influenceeachotherusinga CRRA utility function,andconsidering

thatweareconcernedwith cornersolutionsfor thelabordecision,themodelcanonly besolvednumerically.

To do soweemploy thetechniquespresentedthroughoutthepaper.

The model introduces,on top of the capital uncertaintywe had in the previous models,incomeun-

certainty, andallows for thelabor/leisuredecisionto beendogenous.29 This featurecomplicatesthemodel

becausethevaluefunctionsnow dependontheuncertainwagerealizations.Weintroduceseriallycorrelated

24 This subsectionborrows from Section3 in Beńıtez-Silva (2000)andalsofrom Beńıtez-Silva et al. (2000).
25 SeeBrowning andMeghir (1991)for evidenceonnon-separabilityof consumptionandleisurewithin periods.
26 Heckmanpresentsa model of perfectforesightand shows that by introducingthe labor supply decisionit is possibleto

reconciletheempiricalevidenceonconsumptionpathswith thelife cycleframework, without resortingto creditmarket restrictions
or uncertainty. Low’s (1998, 1999) work is fairly closein natureto the model summarizehere,but he abstractsfrom capital
uncertaintyandallows for borrowing. French’s (2000) model is also closeto this extendedmodel, althoughit focuseson the
retirementdecisionandassumesseparabilitybetweenconsumptionandleisurein theutility function.

27 We solve in this casean80-periodmodel,with agentsmakingdecisionbetweenage20and100.
28 Differentvaluesof thisparameterhave essentiallynoeffect on thesolutionspresentedbelow.
29 We do not allow herefor nonzerocorrelationbetweenincomeshocksandassetreturns.For a discussionof this possibilityat

themicro level seeDavis andWillen (2000).
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wagessuchthat,

ln ωt �|� 1 � ρ � αt £ ρ ln ωt � 1 £ εt � (143)

whereα � t � is aquadratictrendthatmimicsaconcave profileof a representative individual. Theεt arei � i � d �
draws from anormaldistribution with mean0 andvarianceσ2

t .

Wewrite theproblemsolvedby theagentsin thelastperiodof life as

VT � w� ω ��� max� 0� c � w¾ ω � 1 � l  �ù l   U � c � l �
£ K U � w £ ω � 1 � l �!� c�:¹(� (144)

wherelaboris againchosenamongthethreepossiblestates.Oncewe obtainthedecisionrulesnumerically

we canwrite thevaluefunctionin thenext to lastperiod:

VT � 1 � w� ω ��� max� 0� c � w¾ ω � 1 � l  �ù l   U � c � l �
£ β E VT � w £ ω � 1 � l �!� c � ω ��� (145)

Thefunctionsfor theearlierperiodsareagainobtainedrecursively. TheexpectationEVt � ω � 1 � l �j£ w � c � ω �
appearingin thevaluefunctionsfor thedifferentperiodscanbewrittenasfollows:É R

0
É ω

0
V � R̃� w £ ω̃ � 1 � l �2� c��� ω̃ � f � ω̃ � dω̃ f � R̃� dR̃ � (146)

The interpolationof thevaluesof thenext periodvaluefunction hasto be carriedout in two dimensions,

a slightly morecumbersomeandslower procedure,we usebilinear interpolationusingC to speedup the

calculations.30 Thedoubleintegralsareagainsolvedby Gaussian-Legendrequadrature,but we useiterated

integrationsincewe areassumingindependenceof wagesandinterestrates.31

Figures32-34show theaveragesof 5,000simulationsof thepathsof therelevantvariables.Our results

show that consumptionprofilestrack incomepathsvery closelyup to age45, whenwealthaccumulation

startsin meaningfulamounts.Wealthaccumulationthencontinuesup to quitelate in life whendeaccumu-

lation startsto occur. Thesetwo resultsarequiteimportantsinceshow thattheclassicallife cycle modelof

consumptioncanbereconciledwith empiricalevidencequitecloselyoncewetake into accountlaborsupply

endogenously, andin thepresenceof capitalandwageuncertainty. Thelaborsupplyprofileshows full-time

work duringmostof theindividuals’ life, with part-timework at theverybeginningandveryendof thelife

30 We alsointerpolatedour functionsusingbi-simplicial interpolationassuggestedby Judd(1998)but foundthat it wasnot as
accurateasthemorestandardbilinearandit wasnot necessarilyfasteroncewe wrotetheroutinein C.

31 Giventhatthevaluefunctiondependsonwealthandwages,weneededto discretizebothvariablesin orderto approximatethe
integrals,using50 pointsfor wealthand50 pointsfor wages.We foundthatusingfewer pointssignificantlyaffectedtheaccuracy
of thecalculations,leadingto possibleerroneousconclusions.
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cycle.32 We plot thecaseof individualsstartingwith wealthof 10,000units,initial wagesof 30,000units,

andserialcorrelationparameterequalto 0.9.

From thesolutionandsimulationof thesemodelswe canconcludethata life cycle modelwith endo-

genizedlabor supplybehavesquite consistentlywith theempiricaldataon wealthaccumulationandcon-

sumptionprofilesandthatwealthaccumulationseemsto startonly in mid-life. Additionally, sucha model

endogenouslycapturestheexiting from thelaborforceby olderindividualswhofacelowerwages.Wecon-

sidertheseresultsasencouragingexamplesof theinterestingmodelsthatcanbesolvedwith thetechniques

highlightedin thispaper.

32 Beńıtez-Silva (2000)shows thatoncewe introduceSocialSecurityin thismodellaborsupplyreactsdroppingright at theage
in which individualsstartreceiving benefits.Wealthaccumulationandwelfarearealsonegatively affected.Theauthoralsoextends
this modelto accountfor anendogenousannuitydecision,andpresentsa possiblesolutionto the“annuitypuzzle,” thequestionas
to why theannuitymarket is sonarrow.
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Figure32: SimulatedConsumption.SerialStochasticWages.

Figure33: SimulatedLaborSupply. SerialStochasticWages

Figure34: SimulatedWealthPath.SerialStochasticWages
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11 Conclusion

Thissectionhasyet to bewritten.

Appendix

In thisAppendixweshow thedetailsof thederivationsof closedform solutionsof thedecisionrulesfor the
finite horizonversionof thePhelps’(1962)problemfor theCRRA andCARA utility functions.

Thederivation of thedecisionrulesin thecaseof theCRRA utility function is alsoclosein natureto
theoneperformedin Levhari andSrinivasan(1969)for the infinite horizoncase.We canagainsolve this
problemrelyingonDynamicProgrammingandBellman’sprincipleof optimality, usingbackwardinduction.
In thelastperiodof life agentssolve

VT � w�w� max
0 � c� w

c1 � γ

1 � γ
£ K

� w � c� 1 � γ

1 � γ
� (147)

whereγ is thecoefficient of relative risk aversionandK is thebequestfactor, characterizedasanumberbe-
tweenzeroandone.33 By deriving thefirst orderconditionwith respectto consumptionit is straightforward
to show that

cT � w

1 £ K
1
γ
� (148)

we canthenwrite theanalyticalexpressionfor thelastperiodvaluefunction:

VT � w�w� Ì w

1¾ K
1
γ Í 1 � γ

1 � γ
£ K

Ì wK
1
γ

1¾ K
1
γ Í 1 � γ

1 � γ
� (149)

Thentheproblemthatagentssolve in thenext to lastperiodof life is:

VT � 1 � w�ÿ� max
0 � c � w

c1 � γ

1 � γ
£ β E VT � w � c��� (150)

Usingthepreviousresultswe canwrite

VT � 1 � w�w� max
0 � c� w

c1� γ

1 � γ
£ β E ¤¦¦¦§ Ì R̃� w � c 

1¾ K
1
γ Í 1� γ

1 � γ
£ K ¤¦¦¦§ Ì R̃� w � c  K 1

γ

1¾ K
1
γ Í 1� γ

1 � γ

±9³³³´ ±9³³³´ � (151)

Here in order to derive the first order condition with respectto consumptionwe assume,as in Levhari
andSrinivasan(1969),that thevaluefunction is differentiableandthat thedifferentialandexpectedvalue
operatorscanbeinterchanged.The f � o � c � is then,

c� γ � β E � R̃1� γ � ¤§�� � w � c�
1 £ K

1
γ � � γ

1

1 £ K
1
γ
£ K ¤§�� � w � c� K 1

γ

1 £ K
1
γ � � γ

K
1
γ

1 £ K
1
γ

±´ ±´ � 0 � (152)

33 We alsofollow in thiscasethe“egoistic” modelof bequests.
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Thensomealgebraicmanipulationallows usto write the f � o � c � as

c� γ � β E � R̃1� γ � � � w � c�
1 £ K

1
γ � � γ � (153)

Somemoretediousalgebraleadsto thefollowing expressionfor thedecisionrule in thenext to lastperiod

cT � 1 � w

1 £ β
1
γ � E � R̃1 � γ � � 1

γ � 1 £ K
1
γ ¡ � (154)

thatcanberewrittenas

cT � 1 � w

1 £ β
1
γ � E � R̃1� γ �g� 1

γ £ β
1
γ � E � R̃1 � γ �g� 1

γ K
1
γ
� (155)

Assumingnext thattheinterestrate,R̃, follows a log-normaldistribution with meanµ andvarianceσ2, then

giventhatE � R̃��� eµ¾ σ2
2 anddenotingE � R̃� asRwe canwrite

E � R̃1 � γ �w� R
1 � γ

e � γ � 1� γ   σ2
2 � (156)

We thensubstitutebackin theformulafor cT � 1 andobtain

cT � 1 � w

1 £ β
1
γ � R1 � γ

e � γ � 1 � γ   σ2
2 � 1

γ £ β
1
γ K

1
γ � R1 � γ

e � γ � 1� γ   σ2
2 � 1

γ
� (157)

given the similarity with expression(95) it is easyto seehow backward inductionwould lead us to the
decisionrulesfor therestof theperiods,for examplewe canwrite cT � k as

cT � k � w

1 £ β
1
γ E � R̃1 � γ �/£ β

2
γ E � R̃1 � γ �/£#�����c£ β

k
γ K

1
γ E � R̃1 � γ � � (158)

wherewe comebackto thecompactnotationfor E � R̃1 � γ � .
We canalsoseethat if γ is equalto 1 we arebackto thelogarithmicutility caseandtheexpressionfor

cT � 1 above is equivalent to (95), which is a specialcaseof the expressionabove. It is also importantto
emphasizethatthisexpressionis thefinite horizoncounterpartto theoneobtainedin LevhariandSrinivasan
(1969),andalsoreplicatedin Section5.1,onceabequestmotive is introduced,andthattheir resultsregard-
ing theeffectsof uncertainty(decreasingproportionof wealthconsumedastheuncertaintygrows if γ � 1)
go throughin thiscase.

We next assumea constantabsoluterisk aversion(CARA) utility function. As discussedin thetext we
have not found a closedform solution for this problemunderuncertainreturnsthat follow a log-normal
distribution asin the casesabove. We thereforesolve thefinite horizonproblemundercertainty. We can
againsolve this problemusingbackwardinduction.In thelastperiodof life agentssolve

VT � w�ÿ� max
0 � c� w

� e � γc � K � e � γ � w � c  ¡ � (159)

whereγ is thecoefficientof absoluterisk aversionandK is thebequestfactor. Weassumethereis nocapital
accumulationin thelastperiodof life. By deriving thefirst orderconditionwith respectto consumptionit
canbeshown that

cT � min Ì max Ì 0 � w
2
� 1

2
lnK

γ Í � wÍ � (160)
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we canthenwrite theanalyticalexpressionfor thelastperiodvaluefunction:

VT � w�ÿ� � e � γ � γw ¶ lnK
2γ   � K � e � γ ¨ γw© lnK

2γ ª � � (161)

Thentheproblemthatagentssolve in thenext to lastperiodof life is:

VT � 1 � w�w� max
0 � c� w

� e � γc £ βVT � w � c��� (162)

Usingthepreviousresultswe canwrite

VT � 1 � w�w� max
0 � c� w

� e � γc £ β � Ì � e
� γ ¨ γ � R� w ¶ c� � ¶ ln K

2γ ª Í � K Ì e
� γ ¨ γ � R� w ¶ c� � © ln K

2γ ª Í � � (163)

whereR � 1 £ r andr is thefixedrateof interest.In orderto derive thefirst orderconditionwith respectto
consumptionweagainassumethatthevaluefunctionis differentiableandthatthedifferentialandexpected
valueoperatorscanbeinterchanged.The f � o � c � is then,

γe � γc � βRγ
2 � e ¶ γR� w ¶ c�

2 � e lnK
2 £ K e ¶ lnK

2 ¡j¡ � 0 � (164)

Thensomealgebraicmanipulationallows usto write the f � o � c � as

1
β R
2 � e lnK

2 £ K e ¶ lnK
2 ¡ � e � γ ¼ w ¶ � 2© R� c

2 ½ � (165)

Somemoretediousalgebraleadsto the following expressionfor the decisionrule in the next to last
period

cT � 1 � min Ì max Ì 0 � Rw
2 £ R

� 2
2 £ R

lnKT � 1

γ Í � wÍ � (166)

where

KT � 1 � β R
2 � e lnK

2 £ K e ¶ lnK
2 ¡ � (167)

We canthenproceedrecursively, finding w � c, andsubstitutingin VT � 1, andthenwriting theproblem
solvedin periodT � 2. After finding the f � o � c � we canagainfind aclosedform solutionfor cT � 2,

cT � 2 � min Ì max Ì 0 � R2w
2 £ R £ R2 � 2 £ R

2 £ R £ R2

lnKT � 2

γ Í � wÍ � (168)

where

KT � 2 � βR2

2 £ R � e 2
2© R lnKT ¶ 1 £ β e ¶ RlnKT ¶ 1

2© R � e lnK
2 £ K e ¶ lnK

2 ¡j¡ � (169)

Which in fact,canberewritten asfollows:

KT � 2 � β R2

2 £ R Å e 2
2 © R lnKT ¶ 1 £ β e ¶ RlnKT ¶ 1

2© R Å KT � 1
β R
2

ÆzÆ � (170)
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Similarly, in recursive fashionandafterabit morealgebrawe find that

cT � 3 � min Ì max Ì 0 � R3w
2 £ R £ R2 £ R3 � 2 £ R £ R2

2 £ R £ R2 £ R3

lnKT � 3

γ Í � wÍ � (171)

wherein thiscase

KT � 3 � β R3

2 £ R £ R2 Å e 2© R
2© R© R2 lnKT ¶ 2 £ β e � R2 lnKT ¶ 2

2© R© R2 Å KT � 2
β R2

2¾ R

Æ�Æ � (172)

Fromthiswe cancharacterizethedecisionrule for any otherperiodup to thefirst periodof life

cT � k � min Ì max Ì 0 � Rkw
2 £ R £#�����U£ Rk � � 2 £ R £#�����U£ Rk � 1

2 £ R £#�����U£ Rk
� lnKT � k

γ Í � wÍ � (173)

whereKT � k is shown below andwherewe canwrite theexpression2 £ R £ R2 £Ù������£ Rk as1 £ � 1 � Rk © 1

1 � R
¡

andsimilarly for theotherseries,

KT � k � β Rk

1 £ � 1 � Rk

1 � R
¡ ¤¦¦§ e 1©
Î 1 ¶ Rk ¶ 1

1 ¶ R Ï
1 © Î 1 ¶ Rk

1 ¶ R Ï lnKT ¶ k © 1 £ β e
� Rk ¶ 1 lnKT ¶ k © 1

1© Î 1 ¶ Rk
1 ¶ R Ï ¤¦¦§ KT � k¾ 1

βRk ¶ 1

1¾-Ð 1 ¶ Rk ¶ 1
1 ¶ R Ò ±9³³´ ±9³³´ � (174)
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Beńıtez-Silva, H. (2000):“A DynamicModel of LaborSupply, Consumption/Savings,andAnnuity Deci-
sionsUnderUncertainty,” manuscript.YaleUniversity.

Bernheim,B.D. (1991):“How StrongareBequestMotives?EvidenceBasedon Estimatesof theDemand
for Life InsuranceandAnnuities,” Journal of Political Economy, 99-5899–927.

Bertsekas,D.P. (1995):DynamicProgrammingandOptimalControl, Vol 1 and2. Belmont,MA: Athena
Scientific.

Braun,R.A. andE.McGrattan(1993):“The Macroeconomicsof WarandPeace,” MacroeconomicAnnual
NationalBureauof EconomicResearch,Cambridge,MA.

Browning, M., andC. Meghir (1991): “The Effectsof Male andFemaleLabor Supplyon Commodity
Demands,” Econometrica, 59-4925–951.

Burnside,C. (1999):“DiscreteState-SpaceMethodsfor theStudyof DynamicEconomies,” in R.Marimon
andA. Scott(eds.),ComputationalMethodsfor theStudyof DynamicEconomies,Oxford University
Press,95–113.

Ching,A. (2000): “Dynamic Equilibrium in theU.S.PrescriptionDrug Market After PatentExpiration,”
manuscript,Universityof Minnesota.

Crawford,G.S.,andM. Shum(1999):“UncertaintyandLearningin PharmaceuticalDemand,” manuscript,
Duke UniversityandUniversityof Toronto.

Chari, V.V., L. Christiano,and P. Kehoe(1994): “Optimal Fiscal Policy in a BusinessCycle Model,”
Journal of Political Economy, 102617-652.

Christiano,L., and J.D.M. Fisher(2000): “Algorithms for Solving Dynamic Models with Ocasionally
Binding Constraints,” Journalof EconomicDynamicsandControl, 24 1179–1232.

Davis, S.J.,and P. Willen (2000): “Uncertain Labor IncomeandPortfolio Choice: Covarianceand Its
Implications,” manuscript,Universityof ChicagoandPrincetonUniversity.

Deaton,A. (1992): UnderstandingConsumption,ClarendonLecturesin Economics,Oxford University
Press.

72



Deaton,A., andG.Laroque(1992):“On theBehavior of CommodityPrices,” Review of EconomicStudies,
59 1–23.

denHaan,W.J.,andA. Marcet(1990): “Solving thestochasticgrowth modelby parameterizingexpeca-
tions,” Journalof BusinessandEconomicStatistics,8 31–34.

Erdem,T., andM.P. Keane(1996): “Decision-makingUnderUncertainty:CapturingBrandChoicePro-
cessesin TurbulentConsumerGoodsMarkets,” MarketingScience, 15(1) 1–20.

French,E. (2000):“The Effectsof Health,Wealth,andWagesonLaborSupplyandRetirementBehavior,”
manuscript.Universityof WisconsinandFederalReserve Bankof Chicago.

Gaspar, J., andK. Judd(1997): “Solving Large-ScaleRational-ExpectationsModels,” Macroeconomic
Dynamics,XX 45-75.

Hakansson,N.H. (1970): “Optimal Investmentand ConsumptionStrategies Under Risk for a Classof
Utility Functions,” Econometrica,38 587–607.

Hall, G., and J. Rust (1999a): “An Empirical Model of Inventory Investmentby DurableCommodity
Intermediaries,” forthcomingCarnegie-RochesterConferenceSerieson PublicPolicy.

Hall, G., andJ.Rust(1999b):“A (S,s)Modelof CommodityPriceSpeculation,” manuscript,YaleUniver-
sity.

Hansen,L.P., andT.J.Sargent(1999):RecursiveMethodsof DynamicLinear Economies.PrincetonUni-
versityPress,Princeton,N.J.Forthcoming.

Heckman,J.J.(1974): “Life Cycle ConsumptionandLabor Supply: an Explanationof the Relationship
betweenIncomeandConsumptionover theLife Cycle,” AmericanEconomicReview, 64-1188–194.

Hitsch,GünterJ. (2000):“EstimatingaModelof ProductIntroduction,” manuscript,YaleUniversity.

Holt, C., Modigliani, F., Muth, J., and Simon, H. (1960): Planning Production,Inventoriesand Work
Force. EnglewoodCliffs, N.J.: Prentice-Hall.

Howard,R. (1960):DynamicProgrammingandMarkov Processes.J.Wiley, New York.

Hurd,M. (1987): “Savingsof theElderly andDesiredBequests,” AmericanEconomicReview, 77-3298–
312.

Hurd,M. (1989):“Mortality Risk andBequests,” Econometrica, 57-4779–813.

Jovanovich, B. (1982):“SelectionandtheEvolution of Industry,” Econometrica, 50-3649–670.

Judd,K.L. (1992): “ProjectionMethodsfor Solving AggregateGrowth Models,” Journal of Economic
Theory, 58 410-452.

Judd,K.L. (1994): “Commentson Marcet, Rust and Pakes,” Advancesin Econometrics.Sixth World
Congress,Vol. II C. Sims(ed)Cambridge:CambridgeUniversityPress.

Judd,K.L. (1998):NumericalMethodsin Economics, TheMIT Press.

Kotlikoff, L.J. (1979): “Testingthe Theoryof SocialSecurityandLife Cycle Accumulation,” American
EconomicReview, 69-3396–410.

73



Kotlikoff, L.J., andL.H. Summers(1981): “The Roleof IntergenerationalTransfersin AggregateCapital
Accumulation,” Journalof Political Economy, 89-4706–732.

Laitner, J.,andT. Juster(1996):“New EvidenceonAltruism: A Studyof TIAA-CREFRetirees,” American
EconomicReview, 86-4893–908.

Levhari,D., andT.N. Srinivasan(1969):“Optimal SavingsunderUncertainty,” Review of EconomicStud-
ies, 36-2153–163.

Low, H.W. (1998): “SimulationMethodsandEconomicAnalysis,” manuscript,University College Lon-
don,Universityof London.

Low, H.W. (1999): “Self InsuranceandUnemploymentBenefitin a Life-Cycle Model of LabourSupply
andSavings,” manuscript,Universityof Cambridge.

Marimon,R. andA, Scott(1999):ComputationalMethodsfor theStudyof DynamicEconomies, Oxford:
TheOxford UniversityPress.

Marcet, A. (1988): “Solving nonlinear stochasticgrowth models by parameterizingexpectations,”
manuscript.Carnegie-MellonUniversity.

Marcet, A., Sargent, T., and J. Seppala(2000): “Optimal Taxation without State-ContingentDebt,”
manuscript,StanfordUniversity.

Marshall,D. (1992): “Inflation andAssetReturnsin a MonetaryEconomy,” Journal of Finance47 1315-
1342.

McGrattan,E.R. (1996): “Solving theStochasticGrowth Model with a Finite ElementMethod,” Journal
of EconomicDynamicsandControl 20 19–42.

McGrattan,E.R. (1999): “Application of WeightedResidualMethodsto Dyanmic EconomicModels,”
Computationalmethodsfor theStudyof DyanmicEconomiesR. MarimonandA. Scott(ed.),Oxford
UniversityPress.

Miranda,M.J.(1998):“NumericalSolutionStrategiesfor theNonlinearRationalExpectationsCommodity
Market Model,” ComputationalEconomics,11 71–87.

Miranda, M.J. and P.G. Helmberger (1988) “The Effects of CommodityPrice StabilizationPrograms,”
AmericanEconomicReview, 78 46-58.

Modigliani,F. (1988):“The Roleof IntergenerationalTransfersandLife CycleSaving in theAccumulation
of Wealth,” Journal of EconomicPerspectives, 2-215–40.

Niederreiter, H. (1992):“RandomNumberGenerationandQuasi-MonteCarloMethods,Vol. 63. Philadel-
phia: SIAM CBMS-NSFConferenceSeriesin AppliedMathematics.

Papageorgiou, A., andJ.F. Traub(1996):“BeatingMonteCarlo,” RISK9-663–65.

Papageorgiou,A., andJ.F. Traub(1997):“FasterEvaluationof multidimensionalintegrals,” Computational
Physics,11-6574–578.

Phelps,E.S.(1962):“The Accumulationof Risky Capital:A SequentialUtility Analysis,” Eco-nometrica,
30 729–743.

74



Poterba,J.M. (1998): “PopulationAge StructureandAssetReturns:An Empirical Investigation,” NBER
WorkingPaperSeries, 6774.

Press,W. H., S.A. Teukolsky, W.T. Vetterling,andB.P. Flannery(1992):NumericalRecipesin C. Second
edition.Cambridge:CambridgeUniversityPress.

Puterman,M.L., andS.L.Brumelle(1979):“On theconvergenceof policy iterationin stationarydynamic
programming,” Mathematicsof OperationsResearch, 4 60–69.

Puterman,M.L., and M.C. Shin (1978): “Modified policy iteration algorithmsfor discountedMarkov
decisionproblems,” ManagementScience, 241127–1137.

Rust,J.(1985):“Stationaryequilibriumin aMarket for durableassets,” Econometrica,53-4783–806.

Rust,J. (1986): “When is it optimal to kill off themarket for useddurablegoods?”Econometrica,54-1
65–86.

Rust,J. (1987): “Optimal Replacementof GMC bus engines:An empiricalmodelof Harold Zurcher,”
Econometrica,55-5999–1033.

Rust,J. (1996): “NumericalDynamicProgrammingin Economics,” in H.M. Amman,D.A. Kendrickand
J.Rust(eds.)Handbookof ComputationalEconomics.Elsevier, Amsterdam,619–729.

Rust,J. (1997a):“Using Randomizationto BreaktheCurseof Dimensionality,” Econometrica,65-3487–
516.

Rust, J. (1997b): “A Comparisonof Policy Iteration Methodsfor Solving Continuous-State,Infinite-
HorizonMarkovianDecisionProblemsUsingRandom,Quasi-random,andDeterministicDiscretiza-
tions,” manuscript,YaleUniversity.

Rust,J. (1999): “Solving High DimensionalProblemsvia Decentralization,” Invited Lecturein Computa-
tional Economics.Latin AmericanMeetingsof theEconometricSociety, Cancun,Mexico.

Rust,J.andC. Phelan(1997):“How SocialSecurityandMedicareAffectRetirementBehavior in aWorld
of IncompleteMarkets,” Econometrica, 65-4781–831.
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