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Abstract

We comparealternative numericalmethodsfor approximatingsolutionsto continuous-statelynamic
programming(DP) problems. We distinguishtwo approachesdiscrete approximationand parametric
approximation In theformer, the continuousstatespaceis discretizednto afinite numberof pointsN,
andtheresultingfinite-stateDP problemis solved numerically In the latter, a functionassociatedvith
the DP problemsuchasthevaluefunction the policy function or someotherrelatedfunctionis approx-
imatedby a smoothfunctionof K unknonvn parametersValuesof the parameterarechosersothatthe
parametridunction approximateshetrue functionascloselyaspossible.We focuson approximations
thatarelinearin parameterd,e. wherethe parametricapproximatioris a linearcombinationof K basis
functions We alsofocuson methodghatapproximatahevaluefunctionV asthesolutionto the Bellman
equationassociatedvith the DP problem. In finite stateDP problemsthe methodof policy iterationis
an effective iterative methodfor solvingthe Bellmanequationthatcornvergesto V in afinite numberof
steps.Eachiterationinvolvesa policy valuationstepthatcomputeghe valuefunctionVy corresponding
to a trial policy a. We shov how policy iteration can be extendedto continuous-stat®P problems.
For discreteapproximationwe referto the resultingalgorithmasdiscrete policy iteration (DPI). Each
policy valuationsteprequiresthe solutionof a systenof linearequationsvith N variables For paramet-
ric approximationwe referto the resultingalgorithmasparametricpolicy iteration (PPI). Eachpolicy
valuationsteprequiresthe solutionof a linear regressiorwith K unknowvn parametersThe advantage
of PPlis thatit is generallymuchfasterthanDPI, particularlywhenV canbe well-approximatedvith
smallK. Thedisadwantages thatthe PPlalgorithmmay eitherfail to converge or may corvergeto an
incorrectsolution. We compareDPI and PPIto parameterienethodsappliedto the Euler equationfor
severaltestproblemswith closed-formsolutions.We alsocomparehe performancef thesemethodsn
several “real” applicationsjncluding a life-cycle consumptiorproblem,aninventoryinvestmentprob-
lem, anda problemof optimal pricing, advertising,andexit decisionsor newly introducedproducts.

Keywords: DynamicProgrammingNumericalMethods,Policy Iteration,LinearQuadraticproblems,
Consumption/Sang problems Stochastigrowth problems)nventorycontrolproblems Productadwver
tising andpricing problems.

JEL classification: C0,DO



1 Intr oduction

Despitetherapidgrowth in computingpowver andnewn developmentsn theliteratureon numericaldynamic
programmingin economics(for recentsuneys seeRust 1996, Santos1999, the text by Judd 1998, and
thecollectionof essay®ditedby MarimonandScott1999), multi-dimensionalnfinite-horizoncontinuous-
statedynamicprogramming[DP) problemsarestill quite challengingto solve. Most economistareaware
of the “curseof dimensionality”andthelimits it placeson our ability to solve high-dimensionaDP prob-
lems. Despiterecenttheoreticalresultsthat suggesthatit is possibleto breakthe curseof dimensional-
ity undercertainconditions(seeRust1997aand Rust, Trauband Wozniakowski 2000), solutionsto most
high-dimensionaDP problemsare still beyond our graspeven using the bestalgorithmsand the fastest
workstationsaandsupercomputers.

Thereis considerablalisagreemenin the literatureaboutthe mostefficient algorithmsto solve high-
dimensionalDP problems. The debateis roughly whetherit is betterto solve DP problemsby discrete
approximationor by parametricapptoximation. In the former approachthe continuousstatespaceis dis-
cretizedinto a finite numberof grid points, N, andthe resultingfinite-stateDP problemis solved numer
ically. The value function andpolicy function canbe computedat pointsin the statespacethat are not
elementf the predefinedyrid via interpolation.In parametricapproximationthe valueor policy function
(or someotherrelatedfunction)is approximatedy a smoothparametridunctionwith K unknavn param-
eters. Theseparameterare chosenin sucha way that the resultingfunction “bestfits” the true solution
accordingto somemetric. The agumentfor the superiorityof the parametricapproximationapproachs
roughly thatin mary casespone canobtaina good global approximationto a function in questionusing
a smallnumberof parameters, whereasn high-dimensionaproblemsdiscretizatiorrequiresvery large
valuesof N to obtaina comparablyaccurateapproximation.

It is truethatnaive discretizatiorof multidimensionaDP problemdeadsdirectly to the curseof dimen-
sionality sincein ad-dimensionaproblemonecanshav thatO(1/€) pointsin eachdimensionpr atotal of
N = O(1/¢Y) grid points,arerequiredin orderto obtainane-approximatiorto the valueor policy function.
SinceN increasegxponentiallyfastin thedimensiond, it follows thatnaive discretizatiorresultsin acurse
of dimensionality However thefactthatnawve discretizatiodeadsto a curseof dimensionalitydoesnotim-
ply thatall waysof discretizingthe problemnecessarilyproducea curseof dimensionality Rusts (1997a)
“randommultigrid algorithm” breaksthe curseof dimensionalityusinga randomdiscretizatiorof the state
space.This algorithmresultsin approximatesolutionto the DP problemwith anexpectederror of € using

only N = O(1/£?) points. However theregularity conditionsfor Rusts resultrequirea Lipschitz-continuos



transitionprobability for the statevariables,andin someeconomicapplicationsthis conditionwill not be
satisfied.In addition,Rusts resultappliesto DP problemswherethe control variabletakeson only a finite
numberof possiblevalues:we do not knowv whetherRusts resultcanbe extendedto problemswherethe
controlvariablesarecontinuous.

Theappeabf parametri@approximatiormethodss thata potentiallyinfinite-dimensionaproblem(e.g.
finding thesolutionV to theBellmanfunctionalequation)s reducedo afinite-dimensionaproblemwith a
relatively smallnumberK of unknavn parametersTo illustratethis approachsupposeve areinterestedn
approximatinghevaluefunctionV (s), whichis theuniquesolutionto Bellmans equation

V(9 =T(V)(9) = max|uisa) +B [ V(<)pElsads . )
Supposeve conjecturethatV canbe approximatedisalinearcombinationof arelatively smallnumberkK

of “basisfunctions”{pi(s),-.. ,pPk ()}

BkPk(9)- 2)

M =

Vo(s) =

k=1

If thetrueV is not too irregular, andif we have chosena “good basis” we will be ableto find a good
approximatiortoV for arelatvely smallvalueof K. Thegoalis to find aparticularparametex/alueé such
thattheapproximatesaluefunctionV, “bestfits” thetruevaluefunctionV. SinceV is notknown, this cant
bedonedirectly. HoweversinceV is thezeroto a certainresidualfunction,W(V) =V — I (V), thissuggests
thatthereshouldbe waysof solvingfor 6 sothattheresultingfunctionVy shouldbe a goodapproximation
toV.

Considerthe casewhere the statespaceS is a compactsubsetof R4, whereu(s,a) is a bounded,
continuousfunction of (s,a), andthe conditionalexpectationoperatoris weakly continuous(i.e. where
Eh(s,a) = [ h(s) p(s|s a) isaboundedcontinuousoundedunctionof (s,a) for eachcontinuouspounded
function h). In this casewe know the valuefunctionV will be an elementof B(S), the Banachspaceof
boundedcontinuoudunctionsof S, It will betheuniquesolutionBellman’s equation,or alternatvely the
zeroto theresidualoperatorV. This canbeexpresseds

V = argmin ||[W — T (W)]|. (3)
{weB(s)}
where||W/|| is the usualsup-norm,.e. |[W|| = sup.s|W(s)|. This representatiolf the problemsuggests
thatwe shouldchoosed asthe correspondingolutionto thefinite-dimensionaminimizationproblem:

V3 = argmin ||V — I (Ve)]|. 4)
{Ve|6eRK}



Usingfactthatl” is acontractiormappingasimpleapplicationof thetriangleinequalityyieldsthefollowing

errorbound:

Ve =T (Vo)
(1-B)

Thus,to the extentthatwe canfind a “good basis”{pa, . .. ,pk } with arelatively smallnumberof elements

Vg —VII < (5)

K suchthatthequantity||Vy — I (V3) || is small,we canbeguaranteethatV is agoodglobalapproximation
to thetrue solutionV. Further to the extentthatit doesnottake too mary evaluationsof the errorfunction
9(8) = |[Ve — M (V)| to find the minimizing parametewector 6, the parametricapproximationapproach
couldbe muchfasterthandiscreteapproximatiorof V.

However we are not aware of a formal proof that parametricapproximationmethodssimilar to the
oneoutlinedabore succeedn breakingthe curseof dimensionality Indeedthereare several reasonsvhy
we would expectparametricapproximatiorto be subjectto an unavoidablecurseof dimensionality First,
in the absenceof somesort of “special structure”, the numberof basisfunctionsrequiredto provide a
uniform approximationto a smoothfunction of d variablesincreasegxponentiallyin d (see,e.g. Traub,
Wasilkowski, and Wozniakowski 1988, and Traub and Werschulz1998). Second the objective function
g(8) = ||Ve — '(Ve)|| is generallynot concae in 8 (andmay not evenbe smoothin 8), andthereis a well
known curseof dimensionalityassociatedavith solving non-concee minimizationproblems regardlessof
whetherdeterministicor randomalgorithmsare allowed (seeNemirossky and Yudin 1978). Indeed,we
are not aware of arny formal analysisof the complity or parametricapproximationmethods,or even a
derivation of errorboundsor proofsof corvergencethat accountfor the factthatthe functiong(8) cannot
generallybe evaluatedexactly. Insteadboth the Bellmanoperator (Vg) andthe sup-norm,||Ve — I (Vo) ||
mustbe approximatedandit canbe costlyto approximateheseobjectsto a sufficient level of accurag to
insurethatVy doesin factprovide agoodapproximatiorto V.

Practicalapplicationsof parametricapproximationmethods(seee.g. Taylor and Uhlig 1990, Deaton
andLaroquel1992, Gasparand Judd 1997, Santos1999, Miranda 1998 and Christianoand Fisher2000)
have yielded mixed results. In somecasegshe nonlinearoptimizationproblemcanbe solved quickly and
reliably; but othershave beenplaguedby problemsmultiple optima and have experiencedconsiderable
difficulty in gettingtheminimizationproblem(4) to converge, especiallywhentheunderlyingfunctionbeing
approximatedhaskinks or discontinuitiesIn this papemwe proposeanalternatve parametri@pproximation
stratgy basedon iterative solutionof a sequenc®f parametriaminimization problemseachof which can
be solved by the methodof ordinary leastsquaes(OLS). This methodis motivatedby the iterative policy

iterationalgorithmfor solvingfinite andinfinite-dimensionaDP problemqseeHoward1960,andPuterman



and Brumelle 1979). Undermild regularity conditionsit canbe proved that policy iterationresultsin a
monotonicallyimproving sequencef approximatevaluefunctionsthatcorvergetoV in afinite numberof
iterations.

Policy iterationwill be describedmoreformally in section2, but briefly, it consistsof an alternating
sequencef policy improvementand policy valuation steps. The policy valuationstepresultsin a linear

functionalequationfor the valuefunctionVy correspondingo policy a:

Va() = u(sa(9)) + B [ Va(d)p(s/s a(s))ds ©)

Discreteapproximatiormethodsnvolve solvinganapproximatdinite stateDP problemdefinedoveragrid
of N points{sy,... ,Sv} in thestatespace Discretizationconvertstheinfinite-dimensionalinearfunctional
equationinto a systemof N linearequationsn theN unknovns {Vy(s1), .. ,Va(Sy) }. Theamountof work
requiredto solve this systemis boundedoy O(N3), the time requiredby standardinear equationsolvers
(e.g.LU factorizationandback-substitutionjor densesystems.
Now considersolvingthe policy valuationstep(6) via alinear parametricapproximatiorto Vi suchas
in equation(2). Substitutingthe parametriapproximatiorof V, into equation(6) we obtain
K K
3 0P9 =Usa(9) +B Y [ Bu()pEIsa(s). ™
If we evaluatethis equationat M points {sy,... ,su} whereM > K, we cansolwe for the value 8 that
approximatelysolvesequation(7) by the methodof ordinary leastsquaes(OLS). In fact,if M = K andthe

points{sy,...,S} arechosersothattheK x K matrix X whose(i, j) elements givenby

x; = pi(si) = B [ p(s)p(s]s;.a(s;))s ®)

hasfull rank,thenwe canfind anexactsolutionto thesystem(7). Thesolutionis givenby 6= (X'X)~X'y
wherey; = u(sj,a(sj)). Thehopeis thatif we have chosena “good basis”thatenablesusto find a good
approximationto Vi for smallK, thenparametricpolicy iteration (PPI)will befar fasterthana discrete
policy iteration (DPI), sincethevalueof K necessaryo obtainane-approximatiorto Vi will befarsmaller
thanthe valueN thatwould be requiredby discreteapproximationmethods. The otherkey advantageof
PPlis thatunlike problem(4) the implied global minimizationproblemhasanexplicit solutionandcanbe
carriedoutin O(K3) time in theworstcase If PPlalsosharegherapid,globalconvergencerateof ordinary
policy iteration,thenit couldbe quite promisingfor solving high-dimensionaDP problems.

We compardgheperformancef DPIandPPlin anumberof “testproblems’thatadmitclosed-fornsolu-

tionsfor thevalueandpolicy functions.Thesdestproblemsncludetheinfinite-horizonconsumption/sang
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problemstudiedby Phelps(1962)andHakanssor{1970),the finite-horizonconsumption/sangs problem,
the linearquadraticoptimal control problem studiedby Holt, Modigliani, Muth and Simon (1960) and
Hansenand Sagent (1999), an optimal replacementnodel studiedby Rust (1985, 1986,1987), and an
stochastiggronvth modelanalyzedn Santog(1999). We alsocomparethe performanceof parametricand
discreteapproximationmethodsin several “real” applicationsincluding a modelof optimal consumption
and labor supply at the end of the life-cycle studiedby Beritez-Siha (2000), a model optimal inventory
investmentand commaodityprice speculatiorstudiedin Hall and Rust(1999a,b),anda model of optimal
pricing andadwertisingandproductexit decisiongor newly introducedproductsstudiedby Hitsch (2000).

For eachof thesetestproblems we compareDPI| andPPIto Eulerbasedparametricalgorithms,often
referredto asprojectionor minimumweightedresidualmethods Thesemethodsarewidely throughouthe
economicgo studyissuessuchascommoditystorage assepricing, andoptimalfiscal policy.> We do not
attemptto surwey all thealgorithmsthatfall underthis broadclassof stratgjies,but insteadstudyparticular
projectionmethodghatinvolve parameterizingitherdirectly or indirectly a certainconditionalexpectation
functionthat entersthe Euler equation. The Euler equationis derived from the first orderconditionto DP
problemswith continuouscontrol variables. Thusthe methodswe study canbe considerecparametrized
expectationsalgorithms(PEA) .2 We implementour PEAsguidedby the recommendationsf Judd(1992,
1994,1998)andChristianocandFisher(2000).

Section2 reviews the finite- andinfinite-dimensionalersionsof the Howard (1960) policy iteration
algorithm. However sinceit is not feasibleto exactly solve infinite-dimensionalinear equations(linear
functional equations)we describeways of forming feasibleapproximationdo the systemsthat mustbe
solvedwhenusingpolicy iterationin DP problemswith continuousstatespacesThis leadsusto formally
definethe DPI and PPI variantsof policy iteration. We provide a taxonomyof different variantsof of
thesealgorithmscorrespondingdo differentwaysof discretizingthe statespacedifferentbasisfunctionsfor
parametricapproximationsdifferent quadraturemethodsfor computingintegrals underlying conditional
expectationsdifferentoptimizationalgorithmsfor approximatingthe max operatorin the Bellmanequa-
tion, andsoforth. We alsoprovide a generaldescriptionof the particularEulerbasedprojectionmethods

we useas comparatre solutiontechniques.Section3 introducesthe testproblemsusedin our studyand

1From the commoditystorageliterature, examplesof thesetechniquescan be found in Mirandaand Helmbeger (1988) and
Miranda(1998).Marshall(1992)useshesemethodgo studyasseteturns.For examplesin theoptimalfiscal policy literature,see

BraunandMcGrattan(1993),Chari, ChristianoandKehoe(1994)andMarcet,SagentandSeppalg2000).
2Theterm,parameterize@xpectationglgorithm,wascoinedby Marcet(1988)anddenHannandMarcet(1990);however, the

first useof PEA appeargo be Wright andWilliams (1982a,1982b,1984).



presentsheir analyticalsolutions.Section4 presentsesultsfor a stochastigrowth problemwith andwith-
outleisure. Section5 presentghe resultsof our numericalcomparisongor the finite andinfinite-horizon
consumption/sangs problem.Section6 presentsesultsfor anoptimalreplacemenproblem which unlike
the previous problemss onewith a discretecontrol variableandwherethereis a kink in the optimalvalue
function. Section7 presentgesultsfor the linearquadratic-gussan (LQG) control problem,our last test
problem. Section8 introducesthe more realistic modelspresentingesultsfor Hall and Rusts (1999a,b)
model of optimal inventory investmentand commodity price speculation. Section9 presentsesultsfor
Hitsch’s (2000)modelof pricing andadwertisingandproductexit decisiongor newly introducedconsumer
products.Section10shavs theresultsfor Beritez-Siha’s (2000)analysisof consumption/sangs andlabor
supplydecisionsat the endof thelife cycle. Sectionl1 presentour conclusionsaboutthe performanceof
thevariousalgorithms,andour recommendation®r futureresearchn this area.

We realizethatthe large numberof methodsandalgorithmsavailablefor solving DP problemsactually
presents dauntingburdento non-pertswho areinterestedn solvinga specificproblem.Our hopeis that
by studyinga larger rangeof problems,practionersnterestedn solving a specificDP problemwill find
their problemto be suficiently similar to oneof the problemsanalyzecdherethatthey might be ableto use
this analysisto helpthemselectthealgorithmthatis likely to be bestfor their particularproblem.We have
attemptedo provide aclearsummaryof the strength@andweaknessesf variousmethodsandto presenbur
“bottomline” recommendationsboutthealgorithmsthatwork bestfor variousproblems Mostimportantly
we alsoprovide (via thewebsiteht t p: // gemi ni . econ. yal e. edu/ j rust/ sdp) fully documentedource
codein GaussMatlab,andC thatimplementall the methodsandwill recreateall the resultspresentedn
this paper Our hopethat providing this software library to the economicscommunitywill acceleratehe
useof thesemethodsandenablethe professionto getfurther practicalexperiencewith thesemethodsand

hopefully expandtherangeof interestingappliedproblemsthatcanbe solvedin practice.

2 Algorithms

This sectionreviews somebasicfactsaboutinfinite horizon DP problemsand providesa brief description

of policy iteration,DPI andPPlalgorithms,andthe parameterizeéxpectationslgorithm.



2.1 Review of the DP Problem

Considemninfinite horizondynamicprogrammingproblemwherethestates € Sc RY. Bellmans equation

is
V(s = maxlu(s.a) +[3/v p(<|s a)ds]. ©)
Theoptimalpolicy a(s) is the solutionto:

a(s) = argma>{u s,a)+B [ V(S)p(S]sa)ds]. (10)

acA(s

In abstractermsV =T (V) is theuniquefixedpointto theBellmanopemtor I' : B— B, whereB isaBanach

spaceof functionsfrom Sto R andthe Bellmanoperatoiis givenby

r(v)(= max(ulsa) +B/v p(g]s, a)ds]. (11)
Most previous work hasfocusedon proving approximationtheoremsbasedon sometype of Discretized
Bellmanoperator:

FN(V>( S) = max [u s,a) +BZV ) PN s|s,a)] (12)

acA(s)

where py is a discreteprobability distribution over a finite grid {sy,...,sy} in S, whereS = [0,1]¢ for
simplicity. In thatcasel'y hasa dualinterpretation,jt canbe regardedas a contractionmappingon RN,
(this is wherethe computatioris done,resultingin afixed pointVy € RN), but it is alsoa valid contraction
mappingly : B — B. This latter featuremalesit easyto prove approximationboundssincethe function
I (Vn) canberegardedasanelemenif B, andthusis a naturalcandidateasanapproximatiortoV =TI (V).
Now consideran alternatve way of approximating/, namelyasa linear combinationof a setof basis
functions{pi(s), p2(s),--- , Pk (S)}. Thesefunctionsmay not literally be a basisfor B, but shouldhave the
propertythatthe sequences ultimatelydensen B in the sensahatfor ary V € B we have:

lim |nf sup|V (s) Zle.p. )| = 0. (13)

K—081,... .0k ¢S
It is possiblethatfamiliesof functionsthatarenonlinearin the parameter® couldbe consideredlso,such
asneuralnetandwaveletbasesWe restrictattentionto basesvhich arelinearin parameteror simplicity,
sinceaswe will seebelow it vastly simplifies the problemof determiningthe optimal valuesof 6: the
optimalé will bethesolutionto a simpleordinaryleastsquaregproblemwhich s trivial to compute.If the

basisis anonlinearfunctionof 8 thenwe will have to solve anonlineareastsquaregroblem,which could



be moretime consumingandit may be difficult or impossibleto prove thatthe algorithmbreaksthe curse
of dimensionality’
2.2 Policy Iteration for Continuous and Discrete MDPs

To understandhe PPl algorithmwe first review the infinite dimensionalersionof policy iteration. Puter
manandShin (1978)provedthe corvergenceof this algorithm,shawving thatit is basicallyequivalentto an

infinite-dimensionaVersionof Newton’s methodfor solvingthe nonlinearequation
(I-T)(V)=0.

Thealgorithmconsistof alternatingpolicy valuationandpolicy improvementsteps.

Policy Iteration (Infinite-Dimensional Version)

1. Policy Valuation Step: givenaninitial guessof policy o computeVy, the valuefunctionimplied by

policy a:
Va(s) = u(s,a(s)) + BEaVa(s), (14)
whereE, is the Markov opemator correspondingo a:
EaV(s /v p(<]s a(s))ds. (15)

Thereis auniquesolutionto the linear operatorequationdefiningVy (Fredholmintegral equationof

thesecondkind):
Va = U +BEaV = (I —BEa) ™ Ua, (16)
where(l — BEy) existsandhasthefollowing geometricseriesor Neumanrseriesrepresentation:
(I —BEa) ™ %[BEa - a7
2. Policy Impr ovement Step: Computemproved policy o’ usingVy:

a'(s) = argma>{u s,a)+B [ Va(s)p(d|s a)ds]. (18)

acA(s

3Barron’s 1993 resulton the propertiesof neuralnetsasa meansof breakingthe curseof dimensionalityof approximating
certainclasse®f functionsnotwithstandingthereis the computationaproblemof finding a globally minimizing 6 vectorandthis

is wherea curseof dimensionalitycouldarise.



If the Policy iterationalgorithmcornverges,it is easyto seethatthe policy a* thatit corvergesto, andthe
correspondingaluefunctionVy+ aresolutionsto Bellman’s equation,andthusarethe solutionto the DP
problem.It is well known thatpolicy iterationalwayscorvergesin afinite numberof stepsrom ary starting
pointif the statespaceS andactionsetsA(s), s € Sarefinite sets. Putermarand Shin provided suficient
conditionsfor policy iterationto converge whenSandA(s) containa continuumof points.

Onestratgy for approximatingthe solutionsto continuousstateDP problemsis via discretationthat
resultson an approximateMDP problemon a finite statespaceSy = {s1,...,S}, andthe useof policy
iterationfor thefinite MDP on Sy. This resultsin thefinite-dimensionalrersiondescribedelow.

Policy Iteration (Finite-Dimensional VVersion)

1. Policy Valuation Step: givenaninitial guessof policy a computeVy n, the valuefunction (in RY)

implied by policy a:
Va,N (s) = u(s,a(s)) + BEq NVa,N (s), (19)
whereE, \ is the discrete Markov opemtor correspondingo a:
N
EanV(s) = _ZLV(s) Pn(Si|s a(s)). (20)
=
Thereis auniquesolutionto thelinearsystemof equationgefiningVy n € RY
Va,N = Ug + BEgnVan = (I — BEa,N)_luaa (21)
where(l — BEq n) existsandhasthefollowing geometricseriesrepresentation:
(I = BEan) "t = Z)[BEG’NP' (22)
t=

wherel is theN x N identity matrixandEq \ is theN x N Markov transitionmatrix with (i, j) entry

givenby:
Eanli, J] = [pn(s]sj, a(s))] - (23)
2. Policy Impr ovement Step: Computemproved policy o’ usingVy:

N
a'(s) = argmaxu(s,a) + B ZLVG,N(S')pN(SdSa a)]. (24)
acA(s) i=



2.3 Parametric Policy Iteration

This algorithmis basicallythe sameasthe infinite dimensionalersionof policy iteration, exceptthatwe
approximatelysolve eachpolicy valuationstepby approximatinghe solutionV, asalinearcombinationof

k basisfunctions{p,...,px}. Thus,supposeave set
k
~ Yy 6Bipi(9). (25)
i; 1M1
Thentheequationfor Vg
Va(8) = u(s.a(9)) + B [ Va()p(s]s a(s)cls (26)
is transformednto alinearequatiorwith k unknavn parameter® = {64,...,6x}:
Zlelpl =u(sa(s ‘H?’/Zlelpl p(ss a(s))ds (27)

Supposene evaluatethe above equationat a setof M pointsin S with M > K. Thendefinethe (M x K

matricesP andEP with element$; x andEP; x givenby

Pk = px(Sj) (28)

EP = [ Pu(€)p(S]s;, (). (29)
Definethe (M x 1) vectory with j —th elementy; givenby
yj = u(sj,als;)). (30)
andlet the (M x K) matrix X begivenby
X = (P—BEP) (31)
Thenthe systemof equationg27) canbe written in matrix form as
y=X6. (32)
If M = K andX is invertible the solutionfor 6 is simply

=y/X=Xx"1y. (33)

10



If M > K we have an over-determinedsystemandin generalthereis no 8 € R¥ thatallows usto exactly
solve y = X08. However we canform an approximatesolution usingthe ordinary leastsquaresstimator

(OLS),i.e. thevalue® thatminimizesthedistance|y — X6||2, is givenby
8=y/X = (X'X)"Xy (34)

In generalwe will not be ableto exactly integratethe basisfunctionsand mustusea quadraturerule
to approximatehe elementsof EP givenin equation(29). Thus,the PPlalgorithmrequiresthe following

choices:

1. Thequadratureule for computingthe elementof EP.
2. Thesamplepoints{sy,...,su} atwhich P andEP areevaluated.

3. Thesetof basisfunctions{ps,... ,pk }.

Note that the policy improvementstepwould only be doneon the sameM points{s;,...,Su}. Thus
only M x K numericalintegrationsandM maximizationsarerequiredfor eachpolicy valuationandpolicy
improvementstep,soif M andK canbechoserto besmall, it is possibleto find anapproximatiorsolution
to the DP problemwith amazinglyfew computationsprovided the basisfunctions{pi(s), ... ,pk(s)} are
sufiiciently easyto evaluateat eachs € S. The resultingsolutionis definedby a parametelvectoré that
enablesisto evaluateVvy(s) = SK_; Bkpk(s) veryrapidlyatary se S. Evaluatingthe correspondinglecision
a(s) atthatpointwould requirean approximatesolutionto

a(s) = max lu (s,a) +B/ z Bkpi(s)p(ds,a)ds | . (35)

acA(s

In mary caseshis canbe donequite rapidly, or alternatvely, usingthevalues{a(s)}, j = 1,...,M from
the laststepof policy iteration,it might be possibleto interpolatevaluesof a(s) for s€ {si,... ,su} if the

decisionruleis sufficiently smooth.

2.4 Euler-basedProjection Methods

In the subsectiorwe sketchthe basicstratgy behindapplyingprojectionmethodgo solve numericallyfor
decisionrulesthat satisfya setof first-orderequations.This classof methodss broadandencompasses
wide varietyof algorithms.Wewill notattemptto surey theentireclass.Insteadwe referinterestedeaders
to Judd(1998)andMcGrattan(1999). Guidedby theinsightsof Judd(1992,1994,1998)and Christiano

andFisher(2000)we focuson a smallnumberof algorithmsthat parameterizeitherdirectly or indirectly

11



the conditionalexpectationtermin the Euler equation;hencetheseapproachearetypesof parameterized
expectationsalgorithms(PEA).

Usuallyprojectionor minimumweightedresiduaimethodsarenotapplieddirectly to the Bellmanequa-
tion, (9), but insteadto a setof first order conditionsor an Euler equatiorf: To get the stochasticEuler
equationfor the generalproblemdescribedn (9) we take first-orderconditionsand applyingthe envelop

theorem.Thisyields:

ou(s,a) ou(s,a)op(sis,a) .,
R e e (36)

The basic stratgy of the projection methodswe emplg is to find a parametricapproximationto
[ a“(g %) ap(s’\s,a ds which dependsonly on a finite-dimensionalK x 1) vectorof parameter®. This ex-
pectationis approximatedy a finite linear combinationof K known basisfunctions,p(s). Thuswe can

write

/au(;’ ,a) op( s’|s,a 4 ~ Zle'p'

It is often corvenientto parameteriz¢his conditionalexpectedmaiginal returnfunction indirectly suchas

by parameterizinghe decisionrule(s)for a. In this case:

ou(<,a) dp(<s,)
/ = i dS'Nf(Zle.p, )

Either way, the basicstratgy remainsthe same. In sections4.1 and4.2, we solve the stochastiggrowth

usingthis method:first by parameterizingdecisionrule, secondy directly parameterizinghe conditional
expectationfunction.

Givenanapproximatiorto the conditionalexpectationwe find the vector@ which which setaweighted
sumof aresidualfunction,R(s, a) ascloseaspossibleto O for all s. Mathematicallythis meanschoosingd

suchthat

/ W(S)R(s,a(s)[6) ds= 0 37)

wherew(s) is aweightingfunction. In this papey the Eulerequationitself will betheresidualfunction.
Sinceit is rarelythecasethattheintegralsin (37) canbe evaluateddirectly, we will needto approximate

theintegralsvia a quadraturenethodover adiscretegrid of M pointsin S. Thuswe find 6 suchthat

+le< sls,a ZerJ ):o (38)

“However, it is possibleto formulatethe parametrigolicy iterationalgorithmasa projectionproblem.

ou( s,a
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wherep(s|s,a) is adiscretizedapproximatiorto thetransitionprobability density

As with the PPlalgorithm,this methodrequiresthe following choices:
1. Thequadratureule for computing/ w(s)R(s,a|6) ds.
2. Thesamplepoints{s;,...,sv} atwhichtheresidualfunctionis evaluated.

3. Thesetof basisfunctions{ps,... ,pk }.

2.5 Choices,choiceschoices

Fromtheabove discussiont mayseemasif thereareonly a coupleof choicesonemustmake whenpicking
asolutiontechnique:discreteor parametricapproximationdf discrete:valuefunctioniterationor discrete
policy functioniteration?if parametric:parameterizéhe decisionrule or parameterizéhe valuefunction?
But in factthesechoicesarejust the start. Therearea seeminglyunlimited numberof choicesaresearcher
mustmake beforefinalizing ary decisionaboutsolutionmethods Furthermoreeachof thesechoicecanbe
madea la carte.

In Tablel we outlinethe primary choicesaresearchmustmale if s/hewishesto implementary of the
posedalgorithms. Of coursethe first decisionis whetherto usea discreteor parametricapproach.If one
decidesto usea discreteapproachthe first choiceis whatgrid to use. As discussedn the introduction,
nawve discretizatiorof multidimensionaDP problemdeadsdirectly to the curseof dimensionalitysincein
ad-dimensionaproblemonecanshaw thatO(1/¢) pointsin eachdimensionpr atotal of N = O(1/¢%) grid
points,arerequiredin orderto obtainane-approximatiorto thevalueor policy function. SinceN increases
exponentiallyfastin thedimensiond, it follows thatnawve discretizatiorresultsin a curseof dimensionality

Although naive discretizationleadsto a curseof dimensionality there exist ways of discretizingthe
problemthatavoid this curse.For example,Rusts (1997a)‘randommultigrid algorithm” breaksthe curse
of dimensionalityby usingarandomdiscretizatiorof the statespace This algorithmresultsin approximate
solutionto the DP problemwith anexpectederrorof € usingonly N = O(1/€?) points. However, the regu-
larity conditionsfor Rusts resultrequireaLipschitz-continuos transitionprobabilityfor the statevariables,
andin someeconomicapplicationghis conditionwill not be satisfied.In addition, Rusts resultappliesto
DP problemswherethe control variabletakes on only afinite numberof possiblevalues:we do not know
whetherRusts resultcanbe extendedo problemswherethe controlvariablesarecontinuous.

As canbe seenfrom the Bellmanequation(9) andthe definition of the optimal policy (10), the policy
improvementsteprequiresthe solution of a constrainedoptimization probleminvolving the conditional

expectationof thevaluefunction. Sincein generaho analyticsolutionsto this conditionalexpectationswill

13
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exist, we usuallymustresortto numericalintegration. Themostcommonapproachio numericalintegration

is quadrature?l'hequadratureapproacrapproximateﬂ;heintegral by a probabilityweightedsum:

[v@meisas - & 5 Vspisisa

wherethe quadraturgointsandweightsareselectedn suchaway thatfinite-orderpolynomialscanbein-
tegratedexactly usingquadraturdormulae. Theweightsusedhave thenaturalinterpretatiorof probabilities
associatedvith intenalsaroundthe quadraturgooints.In this case p(s|s, a) is adiscretizedapproximation
to thetransitionprobabilitydensityp(s'|s, a).>

A secondapproximatiommethodthis integral is the “Monte Carlo” methodgivenby

JV@pisisas ZV

where§ aredraws from the density p(s'|s,a) computedrom uniformly distributed draws G; from the unit

(39)

_U)z

interval via the probability integral transform.

Insteadof usingpseudo-randomandomdraws for {(i } onecanobtainacceleratiorusingGeneelized
Faure sequenceglsoknown asTezukasequencgs Usingnumbertheoreticmethodqsee e.g. Neiderreiter
1992,0r Tezukal995),onecanprove thatfor certainclasse®f integrandsthe corvergenceof Monte Carlo
methodsbasedon deterministidow discrepancysequenceis O(log(N)9/N) (whered is the dimensionof
the integrandandN is the numberof points), whereadraditional Monte Carlo methodscorveme at rate
Op(l/\/N). Thesefavorableratesof convergencehave beenobsered in practice(seee.g. Papageayiou
andTraub1996and1997).

It is critical to usenumericalintegrationmethodghatprovide accuratepproximation®f boththelevels
andthederivativesof thevaluefunction,sincethelatterdeterminghefirst orderconditionsfor aconstrained
optimumfor a. In regionswherethe valuefunctionis nearlyflat in a, smallinaccuraciesn the estimated
dervativescancreatelarge instabilitiesin the estimatedralueof a. In our own experimentatiorwith these
methodsye have foundthesetwo methodsanalsobe sensitve to thediscretizatiorof thesanda axesand
the numberof pointsusedin the discretization.We find it usefulto experimentwith differentintegration
methodsanddifferentchoicesfor grids

Interpolationis any methodthat constructa smoothfunction that satisfiesa predeterminedetof con-
ditions. We useinterpolationin oneandtwo dimensionsxtensvely in the numericalsolutionsto the test
andreal problems. When running DPI solutionsand finite horizon problemswe uselinear and bilinear

interpolationbut we have experimentedvith othersmoothingmethods.

5 For a detailedcharacterizatiomf quadraturanethodswe refer the readerto Taucherand Hussg (1991),Judd(1998),and
Burnside(1999).
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If a parametrionethodsuchasPPIlor PEA is chosenponemustfirst choosewhich functionto param-
eterize. It is oftenthe casethat ary onefunction may be parametrizedn multiple way eitherdirectly or
indirectly. For exampleif oneparameterizethe decisionrule, oftenthe conditionalexpectationfunctionis
implicitly parameterized.

Having chosera functionto parameterizenemustchosewhich classof basisfunctionshouldbe used.
Thesefunctionaretypically quite simple. Examplesof commonlyusedbasisfunctionincludepolynomials
or piece-wiselinear functions. Judd(1992,1998) and Christianoand Fisher (2000) adwcatethe use of
Chebyshe polynomialsas basisfunction. For several of the modelswe study the resultsfrom PPl and
Eulerbasedprojectionmethodsaresensitve to basischosen.For examplein the simpleconsumptiorand
saving problemdescribedelaw, the valuefunctionis linearin thelogarithmsof s. If we parameteriz¢he
valuefunctionusinga poly-log basis,PPI solvesthe modelexactly. However if we parameteriz¢he value
functionusingChebyshe polynomials PPIprovidesaninaccuratesolution.

Finally aswith discretemethodsfindingamethodof integrationthatprovidesaccurateapproximatioro
boththelevelsandslopesof thefunctionbeingintegratedis critical to the succes®sf ary solutionalgorithm.

Within thetwo broadclasse®f solutionmethodsdiscreteor parametrictherearenumerousariations
of techniquesin this papemwe do notattempto surey every possiblecombinatiorof thesechoices.Instead
the methodswe emplogy we have madeare basedon our own experimentatiorand biases. The computer
codewe aremakingavailableis designedwith numerous'switches”which allow userto experimentwith
differentchoices.We invite usergo try differentcombination®f thesemethodsandlet usknow if we have
overlooked a particularaccurateand/orfastsetof choices.

In thefollowing sectionwe describdour testproblemsandpresentheiranalyticalsolutions.In sections
4 to 11, we will apply the algorithmsdescribedabore to thesetest problemsas well asto threemore
complicated,‘real world” problems. In eachsectionwe will compareand contrastthe differentsolution

methodsn termsof speedandaccurag.

3 Testproblemsusedin the numerical experiments

This sectiondescribeseveral “test problems”usedin thenumericalexperimentsn sections4-7. Thesetest
problemshave closed-formsolutionswhich are extremely usefulin enablingus to judgethe accurag of
alternatve algorithms.We will defera descriptionof thethree“real” applicationsuntil they areintroduced

in sections3, 9 and10, respectiely.
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3.1 The StochasticGrowth Model with Leisure

We studythe one-sectostochastigronth modelasformulatedby Santog1999). In this modelthe repre-

sentatve agentwishesto:

max Eg S B'AInG + (1—A)Inl;
It7ct7k(+l t=

subjectto:
it = zAKIC
k(+1 - (1—6)k(+|t

Weassume; evolvesaccordingo anexogenoudirst orderMarkov proceswith atransitiondensityg(Z, z).

In particular:
Inzy1 = plnz+& SNN(O,GZ)-

Thereis a single consumptiorgoodwhich is producedeachperiodvia a Cobb-Douglagproductiontech-
nology At eachdatet, a singleagentstartsthe periodwith a given level of capitalk; andlearnsthe value
of &. Theagentthendecideshow muchlabor1—I;, to provide, how muchof thegoodto consumeg; and
howv muchof thegoodto save k1. We assume; is anidenticallydistributedrandomvariablewith normal
distribution with meanzeroand standarddeviation o. We assumdeisure,l; is boundedby (0,1); andwe
assumehedepreciatiorrateon capital,d, anddiscountfactor3 arebetweerzeroandone.

TheBellmanequationcanbewritten as:
V(k,2) = m?dx{xlnc-l— (1-N)Inl+EBRV(K,Z)}
subjectto:
c+K =zARIT 4 (1-d)k.

We derive decisionrulesfor bothc andk’ asfunctionsof |. Fromthe first-orderconditionsof the problem

we get
_ AzAKI(1-a)
= a-nE-ne 0
and
k’:zAI@‘(l—I)1*°‘+(1—6)k—li—xl(l—a)zAI{‘(l—l)*“ (41)

17



Sotheproblemreducedo a unidimensionathoiceproblemin I.

In the specialcaseof & = 1, it is well known thatan analyticalsolutionto the Bellmanequationexists

andtakestheform:
V(k,z2 =F +GInk+HInz
where
Ad
G = l——O(B’ and

A
(1-pR)(1—aB)’

Thedecisionrulesinvolve working a constanfraction of the time endavmentregardlesof the state:

(1-N(2—-ap)
A1-0)+(1-A)(1-ap)’

andconsuminga constanfractionof currentoutput:

c=(1—ap)zAK(1-1)1,

K = apzAR(1-1)1C.

We alsosolve this modelfor the casewithout leisure,l; = 1 Vt. In the case the modelis similar to the

onestudiedby TaylorandUhlig (1990)andthe accompaying papersjn thosepapersdelta = 0.

3.2 The Consumption/Sasing Problem

We now consideithe problemof optimalconsumptiorandsaving first analyzedy Phelpg1962). Thestate
variables denotesa consumes currentwealth,andthe decisiond is how muchto consumen the current
period. Sinceconsumptions a continuousdecisionwe will usec; ratherthand; to denotethe valuesof the
controlvariable,andlet w; to denotethe statevariablewealth.

Theconsumeis allowedto save, butis notallowedto borrav againsfutureincome.Thus,theconstraint
setis D(w) = {¢|0 < c < w}. Theconsumecaninvesthis savingsin asinglerisky assetvith randonrateof
returnRwhichis /ID with distribution F. Thus,p(dwi1|W, &) = F ((dW1/(W — ). Lettheconsumes
utility functionbegivenby u(w,c) = In(c). ThenBellmans equatiorfor this problemis givenby:

V*(W) = max [ln(c)+B/O°°v*(R(w—c))F(dR)]. (42)

0<c<w
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As in the previousexample,V; hastheform,V = F + GIn(w) for constant$y andB;. Thus,it is reasonable
to conjecturethatthis form holdsin the limit aswell. Insertingthe conjecturedunctionalform V*(w) =

A, In(w) + By, into (42) andsolving for the unknavn coeficientsA, andB., we find:

Ao =1/(1-P) 3
B =In(1—B)/(1—B)+BIn(B)/(1-B)*+PBE{IN(R}/(1-B)?
andthe optimaldecisionrule or consumptioriunctionis givenby:
a(w) = (1-B)w, (44)

asshavn in Phelps(1962)andHakanssor{1970). Thus,the logarithmicspecificationimpliesthata strong
form of the permanentncomehypothesidioldsin which optimalconsumptioris independenof the distri-
bution F of investmenteturns.

Section5 shaws the closedform solutionsusingotherutility functions. It alsoshaows the closedform
solutionsof thefinite horizoncasewith the differentutility functionsandcomparesll theseresultswith

thoseof numericalsolutionsof the problems.

3.3 The Optimal ReplacementProblem

Sometime®necanderive a differentialequationfor V andin certaincasesonecanderive analyticalsolu-
tionsto this differentialequationanduseit to characterizéhe optimaldecisionrule. Considerfor example,
the problemof optimalreplacemenof durableassetsanalyzedn Rust(1985,1986,and1987).In this case
the statespaceS = R,, wheres is interpretedasa measureof the accumulateditilization of the durable
(suchastheodometereadingonacar). Thuss = 0 denotesabrandnew durablegood. At eachtimet there
aretwo possibledecisions{keep,replack correspondingdo the binary constraintsetD(s) = {0, 1} where
d: = 1 correspondso selling the existing durablefor scrapprice P andreplacingit with a nev durableat

costP. Supposghelevel of utilitization of theassetachperiodhasanexogenousxponentialdistribution.

This corresponds$o atransitionprobability p givenby:

1-exp{—A(ds41—5)} ifd=0ands;1>s
P(dsi+1|s,d) = ¢ 1—exp{-A(ds41—0)} if ck=1ands 1> 0 (45)

0 otherwise.

Assumethe perperiodcostof operatingheassein statesis givenby afunctionc(s) andthatthe objective

is to find an optimal replacemenpolicy to minimize the expecteddiscountedcostsof owning the durable
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overaninfinite horizon.Sinceminimizing afunctionis equvalentto maximizingits negative, we candefine

theutility functionby:

us,a) =] O ta=9 (46)
’ —[P-P]-c(0) ifd=1.

Bellmans equationtakestheform:
vig=mad o9+ B/wv*(d)x exp{—A(s —9)}ds,
~[P-P]-c(0)+B [ V'($hew(-A(s))ds]. (47)

ObserethatV* is anon-increasingcontinuoudunctionof sandthatthesecondermontheright handside
of (47),thevalueof replacingthe durable,is a constanindependentf s. NotealsothatP > P impliesthat
it is never optimalto replacea brand-ne durables = 0. Let y bethe smallestvalueof s suchthattheagent

is indifferentbetweerkeepingandreplacing.DifferentiatingBellman’s equation(47), it follows thaton the

continuationregion, [0,y), V* satisfieghedifferentialequation:
V¥ (s) = —¢/(s) + Ac(s) + A(1— B)V*(9). (48)

Thisis known asa freeboundaryvalueproblemsincethe boundarycondition:

V) = [P BJ+V(0) =~y + BV = T3, (@9)

is determinedendogenouslyEquation(48)is alinearfirst orderdifferentialequatiorwhich canbeintegrated

to yield thefollowing closed-formsolutionfor V*;

. —c(y) —c(y) c(y) s
V (s):max[l_B, 1 g / [3[1 Be MR- )]dy] (50)

wherey is the uniquesolutionto:

_ W) 1 geray
_ /0 foplL e Py (51)

It follows thatthe optimaldecisionruleis givenby:

a*(s){ 0 ifse[0y 52
1 ifs>y.
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3.4 Linear-Quadratic Control Problems

Considerthe following linearquadratic-gusgan (LQG) control problemwhosesolutionis given in the
following theorem.

Theorem: LetS= RandA(s) = S Vse S. Considera DP with thefollowing utility functionandtransition

density:
u(s,a) = [A2a° +A1a+ Ao] + S[po+ paa] + ps° (53)
o(€lsa) = \/zl_m exp{— (¢ — Ko — Ksa— K292/(20%)}
o = [no+nia+nzs (54)
where
H<0, A2<0, and p?—4pA,<0. (55)

ThenV (s) is givenby:

V(s = max [u(s,a) + B/V(s’)p(s’\s, a)ds’]

acA(s)
= Yo+ ViS+ VoS (56)

andthe optimaldecisionrule a(s) is givenby:
a(s) = fo+ fis (57)

whee:

P11+ 2Pyz(Kik2 +N1N2)
2[Aa+Br2(n2+K32)]
A1+ ByiKi+ 2By2(Nona + KoKa)
2[A2+By2(nf+K3)]

f =

(58)

wheie:

—kq — /K2 — dkoko
2kz
Po + 2BY2[KoK2 +NoNz] + f1[A1+2By2(NoN1 + KoK1)]
1— B(Klfl + K2)
A2 &+ A1 fo+ Ao+ Bya(ko+Kifo) + Byz [(No+ N1 fo)? + (Ko+ K1 fo)?]

Yo = ) (59)

Yy =
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whee:

ko = pZ—4pA;
ki = 4[A1—B(k5+n3)] - HB(NT +K7) + PaB(K1Kz + N1n2)]
ke = 4[B(KE+nND[1—B(K5+N3)]+ B (KiKz+N1N2)?] - (60)

If N, andn aresetto zero,the DP givenin equation(53) canbeformulatedasanoptimallinearregular

problem(OLRP)andsolvedrecursiely.® In particular this DP canrewritten as:
maxEg istpq RX + U Qu + 2U{Wx; } (61)
{=
subjectto:
X+1=AX+Bu+&1 (62)

wherethe matricesR andQ aresymmetric,negative definitematrices.Settingn; is setto zero,we assume
&+1 IS a2 x 1 vectorof randomvariableshatis independenthandidentically distributedthroughtime with

ameanvectorzeroanda covariancematrix:

E€t+18{+1 == Z

For theproblemathand,wesetx = [1 §]', u = &,

300 W

1 0 0 0 0
A= ,B= , and X = .
Ko b K1 0 no

Bertsekaq1995) and Hansenand Sagent(1999) shav the value function canthenwritten asV (x) =

Ao 1
R[ 0 2pO:|’ Q:[)\z],W:%[M p1],

x Px + d whereP solvesthe algebraiamatrix Riccatiequation:
P =R+ BAPA— (BAPB+W')(Q+BB'PB) 1 (BB'PA+W)
andthe optimaldecisionruleis:

U =—(Q+ BBIPB)_l(BA'PB—FW)xt or = —Fx.

6SeeBertsekag1995)section4.1,andHanserandSagent(1999).
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Thescalard is givenby — rﬁs)tracePZ.
For the examplepresentedhere,iterating on the Riccati equationyields the analyticalsolutionto the
valuefunctionandthe decisionrulespresentedn thetheoremabove. Indeedif onewrites outthe matrices

P andF andsolvesthefixedpointproblemvia bruteforce (asdonein equation$8-60), onecanshaw:

Yo+d v
P=| " PN R —f1].
5Y1 Y2

4 The StochasticGrowth Model

In this sectionwe solve the stochasticgrowth model (SGM) presentedn section3.1 using Eulerbased
projectionmethodsdiscretepolicy iteration,andparametrigoolicy iteration.

We first solve the stochastiogronth with leisure as studiedby Santos(1999) by parameterizinghe
decisionrule for leisure(thusparameterizinghe conditionalexpectationindirectly) andfinding coeficients
that satisfy the Euler equationin an averagesense. We then solve the stochasticgrowth modelwithout
leisure. When solving this model, we follow Christianoand Fishers (2000) Galerkin-Chebyshe PEA
discussedn section4.2.3of their paper The modelwe study differs from the one studiedby Christiano
andFisherin two ways:in our casejnvestmenis fully reversibleandthe shockis continuousFor the case
without leisure,the modelis almostidenticalthe onestudiedby the Taylor and Uhlig (1990)symposium;
the only exceptionis we allow the depreciatiorrate on capitalto be non-zero.In section4.1 and4.2, we

draw heavily onthework of Judd(1992,1994and1998)andChristiancandFisher(2000).

4.1 Solvingthe SGM with leisure
Considerthemodelpresentedn section3.1:

max E ‘Alnc + (1—A)Inl
loGkisa Ot;B G+ (3=A)nk

subjectto:
G+ip = ZtAlélltl_G
ki1 = (1-9)k+it
Inz.; = plnz+¢&41 €~N(0,0).

TheEulerequationis:

A :ABEt< 0z 1 AK (1= 1) 0+ 18 > ©3)

ZAK (1—I) %+ (1— O)k —kya 21 AR (1 I )T+ (1= Okt — Ktz
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As discussedbore, we canwrite both¢; andk:1 asfunctionsof |;:

 AZAK(1— )
= TN o

and

k1 =2AK (1— 1) 4+ (1-d)k — lt(1—a)zAK (1 1)~ (65)

1-A
Sotheproblemreducedo a unidimensionathoiceproblem.
Now we have to malke a decisionaboutwhich functionto parameterizeavithin the Euler equation.As
with ary weightedresidualmethod,we assumef (k, z) is a finite linear combinationof known basisfunc-
tions. In this casewe useChebyshe polynomialsasthebasisfunctions.Chebyshe polynomialsaredefined
on[—1,1] andtheit" polynomialis givenby T' = cogi(arcco$x))). Sincethedomain(k,z) is not given
by [—1,1], let¢(x) = 2(x— a)/(b— a) — 1 wherea andb denoteghelowerandupperboundsof thevariable.
If we parameterizéhe conditionalexpectationfunction by parameterizinghe mawginal utility of con-
sumption(i.e. theleft-handsideof equation63), we mustusea non-linearequationsolver to backout the
decisiorrule for leisure(andthusthedecisionrulesfor consumptiorandnext periods capitalstock). There-

fore we parameteriz¢he conditionalexpectationfunctionindirectly by parameterizingheleisurefunction:

1
14+ exp(0'T (oK), 9(2)))
We let Bexp(f(k,2)) = &' T (@p(k),9(z)) whereb is avectorof N x 1 vectorof polynomials, 7 isaN x 1

I ~ 1 (k,2)

vectorof completedegree j Chebyshe polynomialsin 2 variables. This parameterizatiofiorcesl to take
valuesbetweerD and1.

Thuswe candefinetheresidualfunctionas:

~ 1
Rlkz)=In (zAI@‘(l— 1(k,2]8))% @ + (1— d)k— K(I(K, z|9))> -
aZAK (1 (k,216))9-2(1— 1 (k,28))-% + 1 &

in [ ZAR (1K, Z0))5 (11K, 2[0))" 9 1 (1 8K (I (k,20)) K (K {1k 20)),218) 22 1% (66)

where,usingequation(65), k' is written asa functionof I(k,z). As in the previous problem,we discretized
the statespaceusingwith the Chebyshe zerosof k andz, andapproximatedhe integral in equation(66)
with Gaussiarmguadrature.

Thusthe stratgy for solvingthe modelinvolvesfinding a vectorof parameter® which seta weighted

sumof R(k,z) ascloseaspossibleto 0 for all k andz. Mathematicallythis meanschoosingd suchthat

/ / w(k, 2)R(k, 26) dk dz= 0 67)
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Figurel: Stochastiagrowth modelwith leisure:  Figure2: The differencebetweenthe parameter
thek'(k, z/0) function izeddecisionrule, K (k,z|0) andtheanalyticalso-

lution.

wherew(k, z) is aweightingfunction.

The problemof finding a 6 thatsolves(67) canbe approximatedy Gauss-ChebyskejuadratureLet
X denoteheM x N matrixof N Chebyshe polynomialsevaluatedateachof theM (k, z) grid points.Hence
(67) canbe approximatedy

X'R(k,2|6) = 0. (68)

We evaluated 68) atthe Chebyshe zerosof k andz. Let Mg andM, denoteéhenumberof grid pointschoose
for k andz respectiely. ThusM = My x M. If M > N this methodis often calleda Galerkinmethod. If
M = N (soX is asquare)this methodis referredto asa collocationmethod.We setthefollowing parameter
values:a = 0.34,A=10,=0.95,6=1,A =1/3,p = 0.90,ando = 0.008. For thegrid of thelog of the
technologyshockin zwe choosahe 15 (M,) Chebyshe zerosbetween0.35and0.35. For the capitalstock
grid k I chosethe 25 Chebyshe zeros(My) andboundthe grid between1 and4.0.

This methodseemdo work well only if onestartsoff with goodinitial guessfor 8. We parameterized

thedecisionrule for leisureas

In (ﬁ - 1) = 0T(@K),92))
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Sincethe analytical solution for leisureis constant,the algorithm shouldset8, = 63 = 0. Indeedary
polynomialapproximatiorof the leisuredecisionrule (including a Chebyshe polynomial)shouldnail the
solutionexactly.

If we initialize 0 at[ -1; 0; 0], this algorithmleadsto the correctsolution: [ -.72; 0; 0]. The Matlab
programcorvergesin 132 second®n a 266 Mhz computer Figuresl and?2 displaythe numericaldecision
rule for capitalandthe differencebetweenthe numericaldecisionrule for capitalandthe exactanalytical
solution. The differencebetweerthe numericalandanalyticalsolutionsaretiny. However if we initialize 6
atastartingvalueaway from the correctvalue,(e.g.8 =[ -1; .5; -.5]) thenon-linearequationsolver (which

usesaleastsquaresnethod)failsto find the correctsolution.

4.2 Solvingthe SGM without leisure

Considera specialcaseof the stochastiggronth modeldescribecabore with A = 1. For thesespecialcase

to male sensewe wantto assumgl—A)In0 = 0 whenA = 1. The Eulerequatiorbecomes:

1 ( 0z AR +1-3 ) 0
t pr—

—BE
2R T (10 kx| ZaAR 1 (- ke ke
In this specialcase we parameterizéhe maginal utility of consumption:

1
ZAK + (1—d)k—K'(k,2) ~ Bexp(f(k,2)).

Solvingfor K (k, z) yields:

_ Bexp(f(k,2)(zAR 4+ (1-3)k) -1
Bexp(f(k,2))
Soimplicitly we have parametrizedhe decisionrule for next periods capitalstock.
Welet Bexp(f(k,2)) =67 (p(k),®(z)). As before, T isaN x 1 vectorChebyshe polynomials.Having

parametrizedhe decisionrule for capital,we definetheresiduafunctionR(k, z/6):

K'(k,2)

aZAK (k,Z0)%"1+1-5
/z’Ak’(k,z|9)0‘+(1—6)k’(k,z|6) “K(K(k,20),2]0) g(i‘z)di>' (69)

R(k,20) = f(k,Z0) —In(

Unlike the modelwith leisurethereare(at least)threealternatve stratgiesfor finding a vector@ suchthis

residualfunctionis setto zeroin anaveragesense.

1. Direct Gauss-Chebyshe quadrature: Simply find the vector® which setsX'R(k,z/6) = 0. We
employedthis methodfor stochastigrownth modelwith leisure.However in the casewithout leisure,
as Christianoand Fisher (2000) point out, it is corvenientto exploit the specialstructureof this

problem.This leadsto two otherapproaches.
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2. As aniterative linear regressionproblem: To seethis let
B aZAK(k,2)% 1 +1-8
vika = 'n/ (Z’Ak’(k, D1 (- oKk 2 KK (K2.2) ) IZP
ThefunctionX'R(k, z) = 0 canthenberewritten as:

X' (X8-Y(k,2)) =0.
Premultiplingboth sidesof this equationby (X’X)~! yields

8— (X'X)"IX'Y(k,2 =0 (70)

8= (X'X)"IX'Y (k,2). (71)

Note that sinceChebyshe polynomialsare orthogonalto eachother (X'X) is a diagonalmatrix; so

takingits inverseis trivial.

Sothefollowing algorithmcould befollowed:

(a) Guessaninitial N x 1 vectorof 0.
(b) Computey (k,z0).
(c) Regressy (k,z6) on X to obtainanew valueof 6.

(d) Repeasteps(b) and(c) until corvergence.

3. As a simple non-linear equation problem: Insteadof finding the 8 vectorthatsolvesX'R(k,z) = 0,

onecanfind the 0 vectorthatsolvesequation(70).

In practice,we solved this problemvia method3 with a non-linearequationsolver. We parameterized
f(k,z) to beacompletepolynomialof degreethreein two variablesk andz ThusN = 10. We obtaineda
startingvaluefor 8 by arbitrarily settingtheinitial 8 vectorandtheniteratingvia the “regression”stratgy
(method2) acoupleof times.

This methodworkswell. We setthe following parametervalues:a = 0.34,A= 10,3 =0.95,0=1,
p=0.90,ando = 0.008. For thegridsof thelog of thetechnologyshockin zwe choosdhe 15 (thusM,=15)
Chebyshe zerosbetween0.35and0.35. For the capitalstockk | setMy = 25 andboundthe grid between
1.1timesthe steady-stat®alue of the capitalstockevaluatedat z= .35 and.9 timesthe steady-statealue
of thecapitalevaluatedat z= —.35. Again, the Chebyshe zeroswereused.To evaluatetheintegral in (69)
we usedGaussiamjuadratureit 100nodes.UsingMatlabon 266Mhzmachinethe modeltook 457 seconds
to solve. As discussedh section3.1,sinced = 1, thereis ananalyticalsolutionto thismodel.In figure 3 we
plot the parametrizedlecisionrule for capital. In figure 4 we plot the differencebetweenthe parametrized

decisionrule andthe analyticalsolution.
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5 The Consumption/Sarsing Model

In this sectionwe shaw the closedform solutionsto the classicalconsumption/sang problempresentedn
Section3.2, usingotherutility functions. We alsosolve the problemin the finite horizonandcompareall

the solutionswith thoseof our numericalcomputations.

5.1 Infinite Horizon: ClosedForm Solutions

In solvingthis classicalproblemwe do not needto restrictour attentionto the logarithmicutility case.We

canalsoconsideithevery sameproblembut assuminghatthe utility functionis of the CRRAtype. Thatis,

U(C) =7 (72)

wherey > 0 is the parametenf relative risk aversion.We canagainfind a closedform solutionfor thevalue
function andthe decisionrule for this model,asshavn in Phelps(1962), Levhari and Srinivasan(1969),
andHakanssor{1970). They areobtainedby the sameprocedureoutlinedin Section3.2. We replicatethese

solutionsbelow,

(187 [ERT)

V(W) = = ,

(73)
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and
c(w) = [1— BV [E(R)]¥ | w. (74)

The otherinterestingutility functionwe canuseis the constaniabsoluterisk aversion(CARA) ultility.

Thatis,
u(c) = _e—yc’ (75)

wherey > 0 is theparameteof absoluteaisk aversion.Unfortunatelywe have notbeenableto find, sofar, a
closedform solutionfor the valuefunctionandthe decisionrule, usingthe samedistributional assumptions
for theinterestratesasin the othercases. We presenherethe derivationfor the certaintycase andfurther
below thenumericalsolutionof the uncertaintycaseusinglog-normalreturnsto capital.

UsingHakanssors (1970)presentatiorf the problemwe canconjecturehatthe valuefunctionhasthe

following form:
V(w)=—-Ne*", (76)
whereN andA arepositve constantsThenwe canwrite,

—-Ne™" = max [—eVC —BN e"‘R(W_C)] , (77)
0<c<w

whereR = (1+r), with r asthe fixed interestrate on capitalinvestmentsandy > 0 is the parameteof
absoluterisk aversion. Taking f.o.c. we reacha solutionfor the decisionrule in termsof the parametersf

theproblem,

In(M)
_ ARw v
‘W = FR¥y” ARty (78)

We canthencalculatew — c andrewrite thevaluefunctionin suchaway thatwe canstartmatchingunknavn

coeficients,

(vln( BN\;‘R) ) (ARln(BNV)‘R) >
New = el T | e Rl T (79)

7 Hakanssor{1970)presentsin fact, closedform solutionsusingthe CARA utility for amodelthatextendsPhelps’(1962)by
allowing borraning, andappropriatelytreatingnon-laborincome. We have not beenableto usehis resultsto find the solutionto
our problemgiventhatthe assumptionsinderwhich his resultsarevalid seemunclearandarenot discussedn his paper



Thenfrom this equationwe canfind thevalueof A,

_Y(R-1)
A= = (80)

Thevaluefunctioncanthenberewritten as,
V(w) = —N efl—rW (81)

Next we canfind the solutionfor theremainingunknavn coeficient, N,

yin( BNAR
N = e +BNe 7wy , (82)

usingthe solutionwe obtainedfor A this expressiorsimplifiesto thefollowing equation,

1-R
R

N(1-BBNR-D]7) = [BN(R-1)". (83)

A trivial anduninterestingsolutionfor the this equationis N = 0. AssumingthatN > 0 we canderie a

closedform solutionfor N andobtainthe closedform solutionsfor thevaluefunctionandconsumptiorrule,

N = [BR-1)+BBR-1) ] (84)
Thenwe canwrite,
VW) = [BR-DJ+BBR-11F] T v b, )
and
n (B(R—l) [CGEVESECEG RRl)
c(w) = "w— " (86)

5.2 Infinite Horizon: Numerical vs. ClosedForm Solutions

To solwe theseproblemsnumericallywe first usethe policy iterationalgorithm,andin particularDiscrete
Policy Iteration(DPI).

Figure 13 shaws the differencebetweenthe true infinite horizondecisionrule of the Phelps’problem
with logarithmicutility, andthe computedsolutionusinga discreteuniform grid of 200 pointsandintegra-
tion usingprobabilityweightsandlow discrepang sequences.

It is worth mentioninghow we approximatethe conditionalexpectationoperatorvia the Probability

Integral Transformmethod:
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EV(wc) = éivw—l(us)(w— ) 87)

whereF (r) = [ f(x)dx and{uy,...,us} arellD dravsfromU(0,1), or alternatvely, dravs from a low
discrepang sequencsuchasa GenealizedFaure sequence

In thiscasehenumericaimethodslo notperformtoowell. Thedifferencesrelargein percentagéerms
andthey areincreasingn wealth.In partthe differencesarethe productof the methodof extrapolationthat
penalizesnvestmentonceyou have a high level of wealth,whatleadsto overconsumptiorby the agents.
We will seebelav thatin the finite horizoncaseoncewe extrapolatelinearly the oppositeeffect appears,
thatis, underconsumptionp take advantageof the betterinvestingopportunitiesaswealthincreasedeyond
the spaceof the grid. Figure 14 shavs the valuefunctionsresultingfrom solving the problemnumerically
comparedwith the true solution. We canseethatthey arefairly similar exceptfor higherlevels of wealth
whenthe numericalsolutionsconsistentlyunderpredictshe true solution.

We will alsopresenthe solutionsof PPlandPEA methoddor this problem,alongwith the discussion

of the performancef the modelusingotherutility functions.
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5.3 Finite Horizon: ClosedForm Solutions

In this subsectionwe solwe a finite horizon versionof the consumption/sang problem. Agentschoose

consumptioraccordingto thefollowing utility maximizingframework:

: (88)

0<cs<w

max E [iﬁ“u(cs)

wheref is the discountfactor which includesthe mortality probabilities,c representsonsumptionandw
is wealthat the beginning of the period. Savings accumulateat an uncertaininterestrate of returnR such
thatw 1 = Ifé(wt — ), asin theinfinite horizoncase Utility still depend®nly on consumption.

We canagainsolwe this problemusing Dynamic Programmingand Bellmans principle of optimality.

We solwe it by backwardinductionstartingin thelastperiodof life, in which theindividual solves

Vr(w) = orpcziﬁln(c) +K In(w—c), (89)

assuminga logarithmicutility functionwhereK € (0,1) is the bequesfactor® By deriing thefirst order
conditionwith respecto consumptiorwe find that

w

Cr= 1+K ’ (90)
andfrom this we canwrite the analyticalexpressiorfor thelastperiodvaluefunction:
w wK
We cantheniterateby backwardinductionandwrite the next to lastperiodvaluefunctionas:
Vr_1(w) = maxIn(c)+BEVr(w—c), (92)
0<c<w
wherethe secondermin theright handsidecanbewritten as
Rmax - . -
EVT(W—C):/ Vi (Rw— ) F(R) dR, 93)
0

whereR s the stochastigeturnon capitalaccumulationandRmaxis thetruncationpoint of thelog-normal
distribution of returns.Thenwe canwrite

Vr_a(w) = max|in(c) +BE In(R (H)) +BKE In(R(

(w—c)K

) (94)

8 Agentsin this modelcareonly aboutthe absolutesize of their bequestsleadingto its beencalled the “egoistic” model of
bequestsA bequestactorof onewould correspondo valuingbequestn theutility functionasmuchascurrentconsumptionThe
importanceof bequesimotivesis still anopenissuein the literature. Herewe take the position of acknavledgingthat bequests
do exist andexplore theimplicationsof changingtheimportanceof the bequesmotive in the utility function. Hurd (1987,1989),
Bernheim(1991),Modigliani (1988),Wilhem (1996)andLaitnerandJuster(1996)aresomeof the mainreference®n the debate
over the significanceof bequestsaand altruismin the life cycle model. Kotlikoff and Summerg1981) stressthe importanceof
intergenerationatransferan aggrgatecapitalaccumulation.
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Here the logarithmic utility simplifies the problem. Again taking first order conditionswith respectto

consumptionye obtainanexpressiorfor theconsumptiorrule in the next to lastperiodof life:

w
= 95
Cr—1 1+ B+pK (95)
We thenhave anexpressiorfor Vr_1 in thefollowing form:
w w3 wpK
Vi1 (W) =In(——mM— INn(———— KIn(c—————=)+Y, 96
r-1(W) (1+B+BK)+B (1+B+BK)+B (1+B+BK)+ (96)

whereY gathersall thetermsthatdo not dependon w. Fromherewe canwrite Vr _, andagainderive first

orderconditions resultingin

w
Cr 2= . 97
T2 1+B+BZ+BZK ( )
Throughbackwardinduction,we continueiteratingto find ct_x
w
CT—k (98)

T 1B+ B2 PRt... + B BRK
for any k < T. Fromthesedecisionrules,we canobsere thatasT grows large, the finite horizonsolution
with bequestsornvemgesto theinfinite horizonsolution,alreadyshavn, sincethe influenceof the bequest
parametebecomedessimportantasthetime horizonincreases.

Thederiationof thedecisionrulesin the caseof the CRRA utility functionis similarthoughsomevhat
moreinvolved. We shav belowv only theoptimaldecisionrule for thelastperiodof life andtherecursve for-
mulato obtainthe optimalconsumptionn all otherperiods,andpresenthefull derivationin the Appendix.
We now usetheutility functionspecifiedn (72). In thelastperiodof life agentsconsume

o= — s, (99)
14KV
wherew is wealthat the beginning of thatlastperiod,andK is the bequesfactor Thenwe canwrite the

generaklosedform solutionfor thedecisionrule as

ok = W (100)

1 _ - 2 _ ~ K 1 _ - )
14 BYE (RVY)+BYE (RVY) +...+ BY KV E (RHY)

wherep is the discountfactor andthe interestrate, R, follows a log-normaldistribution with meanp and

varianceo?, thengiventhatE (R) = ety anddenotingE (R) asR we canwrite
~ —1— 0‘2
ERY) = R Ve VINT, (101)

We canalsoseethatif y is equalto 1 we arebackto the logarithmicutility case. It is alsoimportantto

emphasizeéhatthis expressioris thefinite horizoncounterparto the oneobtainedn LevhariandSrinivasan
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(1969),andalsoreplicatedn the previoussectiononceabequesmotive is introduced andthattheir results
regardingthe effectsof uncertainty(decreasingproportionof wealthconsumedsthe uncertaintygrows if
y > 1) gothroughin this case.

We next canassumea constani@absoluterisk aversion(CARA) utility function. Similarly to theinfinite
horizoncasewe have notfoundaclosedform solutionfor this problemunderuncertairreturnsthatfollow a
log-normaldistribution asin the casesabove. We thereforesolve thefinite horizonproblemundercertainty
Theutility functionusedis theonepresentedh (75). We againpresenbelav only theoptimaldecisionrule

for thelastperiodof life andthe generalsolutionfor therestof the periods thefull derivationis presented

in the Appendix.
In thelastperiodof life the optimalconsumptiorruleis
. w 1InK
Cr = min (max(O, 575 T) ,W> , (102)

whereK is againthe bequestactor

We canthencharacterizéhe decisionrule for arny otherperiodup to thefirst periodof life

K K—1
Rw [2+R+...+R ]InKT_k)’W) ’ (103)

"24R+..+R | 24R+...+RK y
whereR= 1+r andr is thefixedrateof interestandKy_x is shavn belav, andit is afunction of someof

Cr_k = min(max(o

the parameter®f the problemandthe previous constantsandwherewe canwrite the expressior2 + R+

R24...+R<asl+ [1‘Rk+l] andsimilarly for the otherseries,

1-R
1+ PFik_l < in
B R J[f;]]lnmkﬂ RHll[lKTRle KT k1
Krxk = —— |e 7LTR +Be = Tj (104
- [ﬂ] Bik—l
LR 1+[%]

We canseefrom thesesolutionsthe differenteffect of risk giventheutility functions,asthetheorytells
us. They coeficient of risk aversiononly hasan absoluteeffect for the CARA utility, regardlessof the

wealthlevel. In thecaseof the CRRA utility the effectis relative to thelevel of resources.

5.4 Finite Horizon: Numerical vs. ClosedForm Solutions

Our ability to derive ananalyticalsolutionfor thesefinite horizonmodelsallows us to evaluatethe effec-
tivenesof our numericalmethodswhich areall thatwe have availablein morecomplicatedmodels.The
exerciseof solvingthe modelnumericallyis alsointerestingon its own given thatthe infinite horizonver
sion of this modelhasbeenshawvn to be quite difficult to replicateusingnumericalmethods gvenwith the

logarithmicutility function,asdiscussedhn the previoussectionandin Rust(1999).
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Thenumericalproceduras by naturevery similar to theanalyticalapproachinvolving backwardrecur
sionstartingin thelastperiodof life. We discretizewealthandcomputethe optimal valueof consumption
for all thosewealthlevels usingbisection.Bisectionis aniterative algorithmwith all the component®f a
nonlinearequationsolver. It makesa guesscomputeghe iterative value,checksif the valueis anaccept-
ablesolution,andif not, iteratesagain. The stoppingrule dependson the desiredprecisiongiven thatthe
solutionis bracletedby the natureof the algorithmandthat the round-of errorswill probablynot allow
usto increasethe precisionbeyond a certainlimit. In eachiterationof the numericalsolution, exceptfor
the final one whereall uncertaintyhasbeeneliminated,we have to computethe expectationin equation
(93), which is potentially the mostcomputationallydemandingstep. For this we use Gaussian-Lgendre
guadrature We alsocomputethe derivative of this expectationusingnumericaldifferentiation,alsorequir
ing quadratureas part of its routine. Herethe analyticalderivatives are simpleto compute but this is not
alwaysthe casefor morecomplicatednodels.We thereforewish to evaluatethe accurag of thenumerical
stratgy. As explainedin Section2.5, Gaussiarquadratureapproximateshe integral throughsumsusing
rulesto choosepointsandweightsbasedon the propertiesof orthogonalpolynomialscorrespondingo the
densityfunction of the variableover which we areintegrating, in this casethe draws of the interestrates
following alog-normaldistribution.

At this point we are consideringa onedimensionalproblem,for which quadraturanethodshave been
shawvn to be very accuratecomparedwith othertechniquef computingexpectationgintegrals) suchas
Monte Carlointegrationandweightedsums?

This all amountsto manipulating(93) througha changeof variablessuchthat we canwrite it asan
integral in the (0,1) intenal and then approximateit by a seriesof sumsdependingon the quadrature
weightsandquadratureabscissagvhich we computerecursvely, following readily availableroutines(e.g.
Pressetal. 1992)10

An additionalnumericaltechniquehatwe useto solve themodelcompletelyis functionapproximation
by interpolation.Sincesavingsin a given periodareaccumulatect a stochastianterestrate,next periods
wealthwill notnecessarilyall in oneof thegrid pointsfor which we have the valueof thefunctionalready
calculatedldeallywewould solve thenext periods problemfor any wealthlevel, but thisis computationally
infeasible. Therefore we uselinearinterpolationto find the corresponding/alue of the function giventhe

valuesin the nearesgrid points!!

9 For ananalysisof how thesedifferenttechniquegperformin otherappliedproblemsseeRust(1997b).
10 We canwrite [, V(r) fr dr afterachangeof variablesas f§ V (F ~1)du, which canthenbeapproximatedy SN WV (FY(w)),
wherew; arethequadratureveightsandu; arethe quadratureabscissae.
11 More sophisticatedhterpolationproceduresanbeusedsuchassplinesor Chebyshe interpolationbut they arenotconsidered
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The bisectionalgorithmthat usesthe quadratureandinterpolationproceduresventually corvergesto
a maximumof the lifetime consumptiorproblemfor a givenvalue of wealthin a given period(or reaches
the pre-decidedolerancdevel). This procedurds repeatedintil the solutionof the first-periodproblemis
obtained.

Oncewe have solved the model, we have a decisionrule for every level of wealthin our initial grid.
Herecasewe have choseragrid spaceof 500points;to gainaccurag moreof thesepointsareconcentrated
at low wealthlevels wherethe functionis changingrapidly. Figures15-17 shaw the decisionrule of the
consumption/sang problemfor wealthrangingfrom 0 to 100 units. For expositionalpurposesve have
solveda 10-periodmodel.

Figure 15 plots several decisionrulesgiven logarithmicutility. It first plotsthe numericalsolutionsfor
differenttime periods,denotedC;, C, andsoon. It alsoplotsthe solutionof the infinite horizonproblem,
denotedby CINF in thefigure. We have chosena discountfactorof 0.95anda bequesparametenof 0.6.
Figure 16 plots the decisionrule whenwe considera CRRA, with risk aversionparameterequalto 1.5,
B = 0.95, andbequesiparameterequalto 0.6, we also plot the analyticalsolution of the infinite horizon
problem.For bothtypesof utility functionwe obsere thatthe consumptiorrulesincreasewith wealthand
time andthatin very few periodswe arefairly closeto the solutionof theinfinite problems.Figurel17 plots
the consumptiorrulesusinga CARA utility function, with the sameunderlyingparametersasthe other
functionalforms. For every level of wealth,consumptioris now lower thanin the othertwo casesWe also
plot the infinite horizon solutionof the modelwith certaintywe derived above. For comparisorpurposes
noticethatwe have to compareheearly periodsof life with theinfinite horizonsolutionsincetheseperiods
areabetterapproximatiorto theinfinite horizonbecauséhe agentis makinga decisionwith moreandmore
periodsremainingin his or herlifetime.

Figures18-20areconcernedvith comparingthe numericalsolutionswith thetrue analyticalsolutions
derived abore. We plot in all figuresthe percentagelifferencebetweenthe two solutionsin termsof the
valueof thetruesolution,for asampleof time periods.Thenumericakechniqueperformsquitewell for the
logarithmicand CRRA utility. For abouthalf of therangeof valuesthe numericalsolutionis very accurate
with deviationsbelov 1%, for bothtypesof utility functions. After that, errorsarea bit larger, especially
for early time periods. For the first period andfor high levels of wealththe error reachesl2% to 13%,
dependingon the utility function. The underconsumptionesultingfrom our numericaltechniqueseemto
be an artifact of the linear extrapolationfor valuesof wealthoutsidethe chosengrid. The implied return

from the extrapolationis higherthanthe oneagentsverefacingbefore,sothe normalreactionis to under

for this problem.
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Figure15: ConsumptiorDecisionRule. Log Utility
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consumaewith respecto thetruesolutionfor levelsof wealthapproachinghe upperboundvaluefor wealth.
For the CARA utility we alreadymentionedhatwe do not have a closedform solutionfor the modelwith

uncertainty but we did derive the certaintycase.In Figure20 we comparethe closedform solutionsunder
certaintywith the numericalsolutionsunderuncertainty but with a distribution of returnswith a very low

variance.The numericalmethodsperformquite well again,andin this casethe differencedor mostof the
rangeof valuesdo not seemto increaseaswe move towardsthefirst periodof life.

In Figure21 we plot thedecisionrulesof thelimiting finite horizonof our numericalmodelwith uncer
tainty vs. the closedform solutionof theinfinite horizonwe derived before. For thefinite horizoncasewe
solve a 100anda 200 periodmodel. Thelimiting finite horizonseemdo approximatehe infinite horizon
but even with 200 periodsit stills deliversa significantly higher decisionrule for consumption. Another
issueto noticeis thatthe true infinite horizondecisionrule is zerofor a significantportion of the wealth
spaceandthenis linearincreasingn wealth,the computedimiting finite horizonis positve andhigherthan
theinfinite solutionfor all valuesof wealth.

In Figures22 and23 we simulatethis modelusingthenumericalsolutionfor the CRRA utility function,
to shaw thebehaior implied by the decisionrulesshavn above. We reporttheresultsof 5,000simulations
of an11-periodmodelwith 500grid pointsfor wealthin the 0 to 200,000range.We plot consumptiorand
wealth pathswith aninitial wealthlevel of 10,000 We also considerseveral valuesfor the parameters
of interest. In thefirst specificationy is takento be 1.5 (the parametenf relative risk aversion),andit is
increasedo 2.5in the secondspecification(hg linesin the plots). We thenincreasehe bequesparameter
to 0.6,leaving y = 1.5 (bqlinesin the plots),andfinally, we decreas¢herelative risk aversionparameteto
0.7(Ig linesin thefigures).

We obsenre that peopleconsumeessat the beginning of their lives, with increasedconsumptionin
the final periodsof life, given uncertaininterestratesrepresentedby dravs from a truncatedlog-normal
distribution. Consumptiordoes,howvever, decreaséf the risk aversionparameteis lessthanl. Focusing
on the patternof wealthaccumulationwe obsere that individuals deaccumulateheir wealth gradually
We alsoseethatincreasinghe relative risk aversionparametehasthe effect of makingconsumptioness
smooth(with higherwealthaccumulation)while decreasinghe parametefrom the benchmarkvalue of
1.5 leadsto more smoothing(with lower wealthaccumulation).We canalso obsere the expectedeffect
of thebequesparameterthosewith a higherconcernfor their offspring, representetdy a highervaluation

of bequestsn the utility function, consumeuniformly lessover the life cycle thando thosewith a lower

12 This is approximatelythe networth reportedby Poterba(1998),usingthe Suney of ConsumelFinancesfor individualsat
thebeginningof their workinglives.
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Figure18: Computedvs. True DecisionRule. Log Utility

Figurel9:

Figure20:

Differences between True and Computed Decision Rule. Log U.
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Figure21: Limiting Finite vs. Truelnfinite. CARA U.

Differences between Limiting Finite and Infinite Horizon. CARA U

Consumption

bequesparameter This former populationalsoaccumulatesnore andfor a longer period. Theseresults
regardingthe effect of the bequesmotivesareconsistenwith, andin factextend,the theoreticaimodelof

Hurd (1987)to the caseof agentswith variouslevels of bequest.
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6 Optimal ReplacementProblem

This sectionhasyetto beincluded.

7 The Linear-Quadratic Model

This sectionhasyetto beincluded.

8 An Inventory InvestmentModel

Consideramodelof anintermediarystudiedin Hall andRust(1999a,1999b,and2000)and Scarf(2000).
Theintermediarydoesnot not undertalke any physicalproductionprocessingits mainfunctionis to buy a
durablegoodat spotprices,storeit, andsell it subsequentlatamarkup.

We modeltheintermediaryasmakingdecisionsaboutbuying andselling a durablecommodityin dis-
cretetime. The statevariablesfor thefirm are(p, g;) whereg: denotegheinventoryon handatthe startof
dayt, andp; denoteghe perunit spotprice atwhich theintermediarycanpurchaseéhe commodityat dayt.
We assumeg p; } evolvesaccordingto anexogenousMarkov processwith transitiondensityg(pr+1|pt). At
the startof dayt theintermediaryobseres(p, ¢ ) andplacesanorderg® > 0 for immediatedelivery of the

commodityat the currentspotprice p;. Theintermediarysetsa uniform salespriceto its customerspy, via
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anexogenouslyspecifiedmarkuprule over the currentspotprice p;:
p; = f(p) = o+, (105)

whereog anda; arepositive constants.

After receving ¢f, theintermediaryobseresthe quantitydemandeaf the commodityby theinterme-
diary’s customersg?. Let H(g|p) denotethe distribution of realizedcustomerdemand.We assumehat
H hassupporton [0,%) with a masspointat ¢ = 0, reflectingthe eventthatthe intermediaryrecevesno
customenrdersonagivendayt. Let h(q?|p) betheconditionaldensityof salesgiventhatg® > 0. Thisis a
densitywith supporton theintenal (0,). Letn(p) = H(0|p) bethe probabilitythatg® = 0. Thenwe can

write H asfollows:

d

H(lp) =n(P) +(1-n(P) [ hdllp)dd. (106)

We assumén(qg|p) > O for all g > 0.

Thereare no delivery lags and unfilled ordersare not backlogged. We assumehat the intermediary
meetsthe entiredemandfor its productin dayt subjectto the constraintthatit cannot sell morethatthe
quantityit hason hand,the sumof beginning periodinventory g andnew ordersa?, g + ¢. Thusthe

intermediarys realizedsalesto customersn dayt, ¢, is givenby
qf = min [qt+qt°,q{’]- (107)

We assuméhe durablecommodityis not subjectto physicaldepreciation.Thereforethe law of motionfor

startof periodinventoryholdings{q} is givenby:

Oh+1 =0k + 0 — O (108)

Sincethequantitydemandedhassupporton the [0, «) interval, equation(107)impliesthatthereis alwaysa

positive probability of unfilled demandsf < gf. We let 8(p,q+ q°) denotethe probability of this event:
(p,a+¢°) =1-H(a+q[p). (109)

Wheneer off > g7, equationg107)and(108)imply thata stodout occurs,i.e. g1 = 0.
We definetheintermediarys expectedsalesrevenueES(p®, g,q°) by:

ES(p,0,9°) = E{p°q’la,q°}
= pE{q%9,q°} (110)
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where:

0o

S 0 a+a d d d 0 0
E{d’p,q,0°} = [1—n(p)] [/0 g°h(g”|p)dg” +3(p,q+9°)[a+q°] | . (111)

ES(p,q,q°) is astrictly monotonicallyincreasingandconcae functionof g.

We assumeheintermediaryincursa costof orderinginventorygivenby a functionc®(p, g°) givenby:

K+ if g°>0
c(p, ) = al q (112)
0 otherwise.

Theintermediarys single-periodorofit rtis givenby:

(P, O, G, OF) = P — (e, oF)- (113)

ThevaluefunctionV (p,q) is givenby the uniquesolutionto Bellman’s equation:

V(p.a) = _max [W(p.a+c)—c(p.c)]. (119)
where:
W(p,0) = [ES(p.0) + 1 EV(p.a)], (115)

andEV denoteghe conditionalexpectationof V givenby:

EV(p,q) = E{V(ﬁama){oaq+qo_qd])|pa a)
n(p) [ V(P,Q)g(p p)dp + [L-n(PI&(P.0) [ V(P.0)a(p|p)dp
Y Y

q
+ [1—n(p)]/ﬁ/0V(p’,q—q’)h(q’)g(p’lp)dq’dp’- (116)

Theoptimalpurchasingule ¢°(p, q) is givenby:

a°(p,q) = inf argmax [W(p,q+q°) —(p, q°)] : (117)
0<g°<g—q

Hall and Rust(2000) prove thatthe optimal procurementule is in the classof generalized S, s) policies.
We definesucha policy now.

Definition: A genealized(S,s) policyis a decisionrule of theform:

0 if gq>
q°(p,q)—{ " a=sp) (118)
S(p) —q otherwise

whele Sands are functionssatisfyingS(p) > s(p) for all p.
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Hall andRust(2000)go onto prove thevaluefunctionV is linearwith slopep ontheintenal [0, s(p)]:

V(p’q){ W(p.S(p) - pIS() ~d ~K if qe[0s(p)] (119)

W(p,q) if qe(s(p),al-

Notethatequation(119)shavs thatthe“shadav price” of anextraunit of inventoryis p whenq < s(p).
However for q > s(p) the shadav price is generallynot equalto p exceptat the tamget inventory level
S(p). For g€ [s(p),S(p)) we have 0W(p,q)/dq > p andfor g € (p),q] we have OW(p,q)/dq < p.
Thus,the valuefunctionis not concae in g, but is K-concae in g. Theintuition for this simpleresultis
straightforvard: if thefirm hasanextraunit of qwhenq < s(p) thenit needgo orderonefewer unitin order
to attainits tamgetinventorylevel S(p). The savingsfrom orderingonefewer unit of inventoryis simply the
currentspotprice of thecommodity p. Whenq > s(p) it is notoptimalto orderandandtheshadw priceof
anextraunit of inventoryis nolongerequalto p. We do know thatsinceq = §(p) maximizesN(p,q) — pg,
we musthave 0W(p,q)/0q = p whenq = §(p). If we assumdor the momentW is strictly concae, this
impliesthatoW(p,q)/dq > p whenq € (s(p), S(p)] anddW(p,q)/dq < p whenq € (S(p),q]. Thus,there
is akink in V function at the inventory orderthreshold,g = s(p). As we canseefrom formula (115) this
kink is alsopresenin the expectedvaluefunctionW(p,q). Howeverin our numericalexamplesbelov we
find thatthereis only a smalldiscontinuityin the partialderivative OW(p, q) /dq atq= s(p), sothatW(p,q)
is approximatelystrictly concaein q.

The first order condition of of the value function determiningthe tamget inventory level Sp) canbe

viewedasanEulerequation.This conditioncanbewritten as

O0ES 1 O0EV

a—q(p’s(p))+m6—q(p’s(p))' (120)

p =
Thefirst termsdES(p, S(p))/0qg constitutethe “convenienceyield” netof holding costsof addingan extra
unit of inventory In our case,the corvenienceyield equalsthe increasein expectedsalesof having an
extra unit of inventory The seconderm, 1—}H6EV(p, S(p))/0q, is the expecteddiscountedshadev price of

an extra unit of inventory As notedabove, dV(p,q)/dgq = p for q < s(p), andatq = S(p). Eventhough
oV(p,q) > pfor p € [s(p),(p)), we alsohave oV (p,q)/0q < pfor g € [(p),T].

We now solwe a discreteapproximationof (114) numericallyusing parametershat matchthe selected
firstandsecondnomentsf thedaily datasepresentedh Hall andRust(1999a,b).Thedaily interestrate,r
is equalto 2 x 10~4. Thefirm usesthesalespricemarkuprule pf = 0.9+ 1.06p; andspotprices{p} evolve

accordingto atruncatedognormalAR(1) process:
log(pr+1) = Mp +Aplog(pr) + & (121)
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wherep, = .06, A, = .98, and{&} is anlID N(0,03) sequencewith 03 = 3.94x 10~*. The upperand
lower truncationboundson this processwere chosento be (13,29) which are beyond the minimum and
maximumspotpurchasericesobseredin our sampleor in long run simulationsof theuntruncateadversion
of this process.Thesevaluesyield a order price processwith aninvariantdistribution with meanof 20.0

centsperpoundandastandardieviation of 2.00 centsperpound.Giventhe markup the meanandstandard
deviation of thesell priceprocessare22.1 and1.11, respeciiely.

We assumedhat quantity demandedg?, is a mixed truncatediognormaldistribution conditionalon
pi. Thatis, with probability .5 g = 0, andwith probability .5 ¢f is a drav from a truncatedognormal
distribution with locationparametepy(p) = 5.50— .7log(p) andstandarddeviation parameteog = 1.4.
Theseparameteryield a stationarydistribution for g (conditionalon g > 0) with conditionalmeanequal
to 25.0 andconditionalstandarddeviation equalto 25.0. The units of the quantityvariablesarein 1,0005
of pounds. We assumedhat goodwill costsof stocloutsy is $100, the physicalholding costsare zero,
c"(q) = 0, andthatthefixedordercostis equalto $75,i.e. c°(0) = 0 andc®(q®) = $75if ¢° > 0.

Wefirst solvedfor theoptimalinventoryinvestmentule by the methodof parameterizeg@olicy iteration

(PPI).This PPlalgorithmamountgo thefollowing iterative procedure:
1. ApproximatethevaluefunctionV (p,q) with afinite linearcombinationof basisfunctions.
2. Discretizethe statespacento afinite numberof (p,q) pairs.

3. Usingequation(117),computetheoptimaldecisionrule g°(p, ) ateachof thediscretized p, g) pairs.
Note thatalthoughwe discretizedhe statevariableswe treatthe control variableq® asa continuous

variablesubjectto the constrainthat0 < g < q—aq.

4. Performapolicy iterationstep.Thatis compute

[ee]

1 \/

p,q} : (122)
5. Regresgheupdatedvaluefunction,Vi(p,q), onthediscretesetof p andg's to computea nen param-
eterizedapproximatiorof thevaluefunction.

6. Iterateover i on steps3-5 until the coeficients on the parameterize@pproximationof the value

functioncorverge.

We approximatedhe valuefunction by a completesetof Chebyche polynomialsof degree3 in p and

g. We discretizedthe statespacewith 225 grid points(15in the p dimensionand15 in the g dimension).
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Thegrid pointsarefixed at the Chebyche zeros,sothe grid pointsaremoreheaily weightedtoward the
boundarie®f the statespace Policy iterationis not guaranteedo corverge in continuouschoiceproblems
suchasthis one;but for this examplethis algorithmcorvergedin 29 iterations.

As canbe seenfrom Bellmans equation(114), the policy improvementsteprequiresthe solutionof a
constraine@ptimizationprobleminvolving thetwo functionsES(p, q) andEV (p,q), eachof whichis acon-
ditional expectationof functionsof two continuousvariables(sales,p®g®, andthe valuefunction,V (p,q)).
Sinceno analyticsolutionsto theseconditionalexpectationsxist, we resortedo numericalintegration.

Figures24-27presenthe optimaldecisionrule q° asa functionof p andq andthe associate@xpected
profit function, valuefunctionand (S, s) bands.Note thatneitherthe PPInor the DPI solutionalgorithms
exploit our prior knovledgeaboutthe form of the decisionrule. The computedvaluefunctionappeairto be
nearlylinearly increasingn currentinventoryg. At low inventorylevels (in regionsthe firm is expecting
to purchasenew inventory),V(p,q) is decreasingn p, whereasat high valuesof g, (in regionsthe firm is
expectingto not buy but justinventory)V is increasingn p. The optimaldecisionrule is decreasingn both
p andq, althoughit generallydecreasefasterin p thanin g. In particularwheng®(p,q) > 0,09°(p,q)/09 =
—1 whichis consistentvith the predictionof thegeneralizedS, s) rule thatg®(p,q) = S(p) —a.

Figure26 shavs thegeneralizedS(p),s(p)) bandsmplied by our model. The setof orderlimit points,
s(p), is the curve on the (q, p) planewherethe g°(p,q) surfaceintersectshe planeatq® = 0. The setof
targetinventorypoints,S(p), is thecurve onthe(qo, p) planewheretheq®(q, p) surfaceintersectsheplane
atq = 0. Thesebandsareplottedin figure 27. Dueto the fixed costsof ordering($75), the S(p) bandis
strictly above the s(p) bandalthoughthe differencebetweerthetwo bandsdecreaseasthe priceincreases.

In otherwords,the ordersizeatsis adecreasingunctionof the price.
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9 A Model of Product Intr oduction

Themodeldescribedelav is motivatedby anempiricalphenomenomve obsere in mary industriesFirms
frequentlyintroducenew products put a majority of theseproductsstaysin themarketfor only a brief time.
A specificexampleis the US ready-to-eabreakéast cerealindustry wherethe high rate of nev product
introductionshasbeennotedby economistslreadya long time ago® Themodeloutlinedin this sectionis
usedby Hitsch (2000)in a dynamicstructuralestimationframenork to uncover the operationandrationale
for new productintroductionsin the ready-to-eabreakast cerealindustry However, it canbe appliedto
otherindustriesandfurthermorejt canbe usedto investigatedynamicaspect®f firm entry

Themodelis designedo capturethebehaior of afirm whichintroducesanew productin amarket, and
is uncertainaboutthe demandhe productwill generate Eventually thefirm learnsaboutthelevel of sales
it canexpectfrom its new brand,anddecideswvhetherto keepthe product,or dropit from its productline.

The uncertaintywhich the firm facesarisesbecausesomecharacteristic®f the newv product,andthe
way thesecharacteristicinfluenceconsumerchoiceareunobserableto the firm. The effect of thesechar
acteristicss summarizedn a parametei, which entersthe productdemandunction,andwill bereferred
to asproductquality. Thefirm hasaninitial prior onA, andthroughtime, it learnsaboutthe productquality
from observingsalest*

Thedecisionghefirm takesareasfollows: At thebeginning of eachperiodthefirm decidedo keepthe
product,or dropit fromits productline. If thefirm decidego keepthe productandstayin themarlet, it sets
a productprice andspendsa certainamounton adwertising®® At the endof the period, the firm obseres
salesandupdatests prior onthe productquality.

An appropriatdramevork to describehe problemof thefirm necessariljhasto bedynamic.In a static
framework, the objective functionof thefirm would be specifiedascurrent-periodexpectedprofits. If these
expectedprofits were negative, the firm would discontinueproducingthe product. However, sucha static
framework would give the wrong predictionon the optimal exit/stay decisionof a forward-lookingfirm,
becausédt cannotrecognizethevalueof stayingin the marketin orderto obtaina morepreciseestimateof

the productquality parameterHence therewill be situationswherethe firm rationally staysin the market

135eeSchmalensefl978).
14The modelresemblesiovanovich (1982),wherefirms learnabouttheir productiity. However, this modelis only concerned

with thedecisionof a singleagentwhile Jovanorich’s paperis aboutthe evolution of awholeindustry
For recentempiricalwork including modelsof learningseeAckerbeg (1998), Ching (2000), Cravford and Shum(1999),and

ErdemandKeane(1996).
15Currently othermarketing mix variableslik e price promotionsor couponingarenotincludedin themodel.
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to learnmoreaboutthe product,eventhoughthe expectationof current-periogrofitsis negative.

The model outlined below is a model of market experimentation wherefirms experimentusing the
exit/stay decision. Furthermorejf somemarketing variable,for exampleadwertising,influenceghe speed
at which the firm learnsaboutthe true productquality, the firm will optimally alter this variablefrom the
valuewhich maximizescurrentprofits,andhenceexperimentusingthatdecision:®

Beyondlearning,thereareotherpotentialreasonsvhy thefirm’s problemhasto betreatedn adynamic
framewnork. Currentmarketing activities may have long-lastingeffectsin the form of adwertisingcarryover
andpurchaseeinforcementAdvertisingcarryover occursif currentadwertisingexpendituresffectdemand
in the future,andpurchaseeinforcemenbccursif a currentpurchasencidencechangeshe preferencesf
ahouseholdsuchthatthe households morelikely the buy the currentlyconsumedgroductagain.In both
casescurrentadwertisingexpendituresor thecurrentprice,will changedemandn thefuture. In thespecific
modeldiscussedbelow, only adwertisingcarryover is incorporatedo keeptheproblemassimpleaspossible.
A relatedintertemporatiemanceffectis variety-seekingwhichis a preferencéo consumenew productsor
productswhosecharacteristicsliffer from the productsrecentlyconsumedIn the model,we treatvariety-
seekingin aratherreducedorm by allowing the productto yield extra utility to consumersluringthefirst
periodsafter productintroduction,i.e. we assumehatall extra consumptiordueto variety-seekingnotives
occursshortly after productintroduction.

Out modeldescribeghe actionsof a singleagent,anddoesnot take stratgic interactioninto account.
A modelallowing for competitionamongfirms would be computationallyery intensve, andon currently
available hardware (maybewith the exceptionof adwancedsupercomputers} would not be possibleto
estimatesucha modelin areasonablyghortamountof time.

In thefollowing, the differentelementf the modelareexplained.

Statesand decisions. Thestatevectorx = (xt, b, 0, ht) containghefollowing components:

1. x; is anindicatorvariablewhich equalsl if the productis in the market, andO if it hasbeendropped

from thefirm’s productline.

2. by isthefirm’sbeliefaboutthe productquality A. b; couldbeary arbitraryprobabilitydistribution, but
to make the modelsolvableon a computerthe modelis restrictedin suchaway thatthefirm’s belief
is alwaysnormal,andcanthereforebe describedy the parameteg, the conditionalexpectationof

the productquality, ando?, the varianceof the belief. Henceby = (i, 0?).

16seeAghionetal. (1991).
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3. g is the begginning-of-peria goodwill stock,which representshe accumulateceffect of pastadwer

tising.

4. h; recordghetime elapsedsincethe producthasbeenintroducedwhereonly thefirst T periodsafter
productintroductionareof relevancej.e. h staysath; = T afterT periods.h; accountdor systematic
demandeffectswhich occuronly shortlyafterproductintroduction,andcanbedueto variety-seeking

behaior.

Thedecisiongakenby thefirm in eachperiodared; = (Xi+1, pt, &), wherex;1 is theexit/staydecision,

pt is the productprice,anda; is thedollar amountspenton advertising®’

Advertising and goodwill.  Advertising has intertemporaleffects through an accumulatedadwertising
stock called goodwill, denotedby g;. At the beginning of eachperiod, the firm decidesto spenda cer

tain dollar amounton adwertising, which increaseseaginning-of-periodgoodwill g; andyields a quantity
calledaddedgoodwill, denotedby g2 = ®(g,a). A larger quantityof addedgoodwill increaseshedemand

for thefirm’s productthrougha functionW(g?). Thefunctionalformschoserare

(D(ga a) =g+ F- (1_ e—(pa)’ (123)

W(g?) =G- (1—e 9. (124)

Both the increaseof goodwill throughadvertising, andthe increaseof utility throughaddedgoodwill are
boundedoy F andG. The parametergp and determinethe speedat which goodwill and utility canbe
increased.

Thelaw of motionfor the goodwill stockis specifiedas

Ot+1 = exp(Vey1) - O, (125)

wherev is i.i.d. normalwith meany, andvariancea?. The expectationof the log-normally distributed
randomvariableexp(viy1) is E( exp(vi;1)) = exp(Wy + 02/2), and hencewe restrictits parametersuch

thatp, +02/2 < 0, in which casegoodwill will stochasticallydecayfrom oneperiodto the next.

Demand. Thedemandor thefirm’s productis givenby thelogit formula

exp(dr)

2 e enis)

(126)

17Usingthe samesymbol’x’ for botha stateanddecisionvariableis not quite concise put it highlightsthatin periodt, thefirm

decidesvhetherthe productwill bein the marletatthe beginningof periodt + 1, indicatedoy X;1-

54



whereM is the marlket size,ands is the market share.z is anindicatorof the competitve strengthof all
rival productst® Theterm &, which in the context of alogit modelhasthe interpretationof mean(across

householdstility, is specifiedas
& =A—ap+W(g) +Tn +&. (127)

p: is the productprice,andW¥(gf) is the effect of addedgoodwill. hy recordsthetime elapsedsinceproduct
introduction,andindexes one of the time dummiesty, ...,Tr, wheretr ¢ = 17 for all t > 0. Systematic
differencesin demandwhich arise only during the first periodsafter productintroduction,for example
variety-seekingeffects,areaccountedor by theseterms Finally, & ~ N(0,c?) is ani.i.d. shockto demand,
which canbeinterpretecasarandomcomponenbf adwertising,astheeffectivenesof agivendollaramount

spenton adwertisingwill generallynot be exactly known in advance.

Learning. At thebeginningof eachperiod,thebelief of thefirm aboutthe productquality is describedy
br = (,0?), which indexesa specificnormaldistribution. The firm recevesa normally distributed signal
w, andhencealsoits posteriomwill benormal.

At the end of the periodthe firm can calculatethe exact value of the unknavn components\ + € by

observingdemandwhich canbe seenfrom therelationship

log(st) —log(sat) = &, (128)

wheresy is the’outside’ market share We actuallyassumehatthefirm obseresonly a noisysignalof the

sumof thesetwo unknavn components:
= A+ &+t (129)

Thetermn; canbeinterpretedasobseration error, for examplebecausexact dataon market sharesare
notimmediatelyavailable. Alternatively, n; canbe thoughtof asintroducingsomemild form of bounded
rationality into the problem,in the sensethatthe managerf the firm male slight errorswhen updating
their posteriors® The componenty; is i.i.d. normalwith meanO andvarianceoﬁ, andhencealsowy is
normally distributed: «x ~ N(, 02 + 03).

18Thelogit demandsystemcanbe derived from the aggreyationof brandchoicesacrosshouseholdsEachhouseholch chooses
one of the brandsl,...,J or the outsidealternatve 0. The utility of alternatve i is Uih =&+ eP, where9; is the meanutility
of alternatve i acrosshouseholdsand e{‘ is an household-specifiatility componentwhich hasthe extremevalue distribution.
Aggregatingacrosshouseholdsonefindsthatthe market shareof brandi is s = exp(&i)/ Yk exp(dx). In the context of our model,

if we considerthedemandor producti, theindicatorof competitionis z= ¥ exp(d).
19without the errorcomponentyt, themodelwill generallyberejectedby the data. SeeHitsch (2000)for the details.
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Thefirm updatests beliefusingBayesrule, andthen,giventhe beginning-of-periodbeliefb, = (i, 0?),

thebeliefin thenext periodis

Mer1 = e + O (0 — ), (130)
o1 = (1—q)of, (131)

wherethe coeficient g;, which canbeinterpretedasthe speedf learning,is givenby the formula

ot

= . 132
of + 02+ 0} (132)

Gt

Note that the evolution of the variancec? is deterministic,which meansthat even thoughthe firm does
notknow its conditionalexpectationof the productquality next period,it knows how preciseits belief will
be. The conditionalexpectationof the productquality next period, conditionalon the information at the

beaginningof periodt, is normallydistributed:
Mt ~ N(, 6 (0% + 7). (133)
The objective function of the firm.  Currentperiodprofitsaredenoteddy 1% andgivenby

e =Qi(p—0)—a—k (134)

cis theunit costof productionwhichis assumedo beaconstanparameterRealistically having a product
includedin the productline incursa costwhich will be positive evenif salesaretiny. This perperiodfixed
costis denotedby k, andincludesthe valueof manageriatime devotedto managinghe project,aswell as
the opportunitycostof shelfspacebothin the supermarkt wherethe productis soldandin the warehouse
whereit is storedintermittently All uncertaintyaboutcurrent-periogorofitsis dueto the uncertaintyabout
current-perioddemand.

Thefirm choosests actionsto maximizethe objectve function

V(%) ZE(ZL B Xe+1 (Qe(pr —c) —ar—k)\xt). (135)

Thediscountratep is constantandthefirm is risk-neutraf®

20Typically, anew brandaccountonly for asmallportionof theprofitsof acerealfirm, andhencedoesnot changethevariability

of thefirm’s performanceén asignificantway.
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Solution of the model. In the previous subsectionsll elementsof the decisionprocesswere outlined.
Underthe assumptionsnade,in particulargiven that all variablesfollow Markov processesthe optimal
policieswill betime-invariantfunctionsd(x) = (x(x), p(x),a(x)). Thesepoliciescanberecoreredfrom the

valuefunction,which satisfieghe Bellmanequation

V(%) = max(0,sup,, 1 p a E(Tk+ BV (X11) %, k) (136)

As the firm hasthe optionto drop the productfrom its productline, the value of the productis always
non-ngatve.

To calculatethe expectationof the current-periogrofit flow, we notethatall uncertaintyaboutrtcomes
in throughtheuncertaintyaboutthe productquality A, andthroughthedemandhocke. € is ani.i.d. random
variablewith anormaldistribution, & ~ N(0,02). Fromthe point of view of thefirm, the productquality A
is alsonormalwith meany, andvarianceo?, A ~ N(,0?). Givena statex,, andmarketing choicesp; and
a;, all randomnes profitsis dueto randomness the meanutility level &, andrandomnes & is due
to thetermA + g = &;. & alsohasa normaldistribution, & ~ N(j,0? + 02), andwe denoteits densityby

fz (-|x,d). Theconditionalexpectationof the currentperiodprofit flow canthenbe calculatedas

E(ix,d) = [ Q- o)dR(Ehe,d)—a -k (137)

As regardsthe expectedfuture valueof the product,notethatamongthe statevariablesonly the condi-
tional expectationu andthe goodwill stockg do not evolve deterministically We have seerbeforethatpy 1
hasa normaldistribution, andg; 1 is log-normallydistributed. Then,if the productis not withdravn from

themarlettoday i.e. if x;+1 =1, theexpectedfuturevalueis

BV (es)be,t) = [ [ V(LWOF 1,0, hes) Ry (138)

If the productis withdrawn, its valueis 0.

The maximizationinvolved in the calculationof the Bellman operatorcan be madefasterby solving
for the optimal price p* beforestartingthe policy iterationalgorithm. This is possiblebecauséhe product
price affects only the currentperiod profit flow, but not the future value of the product. In this case,p*
hasto be definedas a function of p, 62, h, andg? insteadof g, and the profit flow canbe redefinedas
implicitly incorporatingthe optimal choiceof the productprice. The only continuouscontrol remainingis
theadwertisingexpenditurea.

Furthermorenotethat T periodsafter productintroduction, the statevariable h remainsconstantat

h =T. Onecanthensolwe the dynamicprogrammingproblemby first computingthe value function for

57



h=T. Thevaluefunctionsfor h < T canthenberecursvely computedoy
V7 (x) = max(0,supy BT+ BV 0, 0) b, ) ), T=T—1,.,0, (139)

whereonehasto includetheappropriatdime dummyin the profit flow 1%. Thisis muchmoreefficientthan
iteratingonthefull statespaceasthesolutionontheregion of thestatespacewhereh < T is notneededn

updatingthe valuefunctionontheregionwhereh = T.

Computational details Thevaluefunctionis representetly adiscreteapproximatiorwith uniformgrids.
Thesizeof thearraywhich storesthevaluefunctionis Ny - Nz - Ng - (T + 1).2

As notedbefore,the currentpricing decisiondoesnot affect the expectfuture valueof the product,and
hencethe optimal price andcorrespondingprofit flow is calculatedasa function of the currentstate where
goodwillis replacedy addedgoodwill. This calculationtakesonly a smallfractionof thetotaltime needed
to find a solutionto the Bellmanequation.

The stationarypart of the value function, i.e. the value function at leastT periodsafter productin-
troductionis found by usingpolicy iteration. The optimal adwertisingdecisionis calculatedusingBrent’s
method?? We useGauss-Hermitguadratureo calculatethe expectedfuture valueof the product.Because
Gt2+l is known attimet, theintegral hasto betakenonly over pandg. Thevaluefunctionis evaluatedusing
three-dimensiondinearinterpolation pothfor pointswithin beboundarie®f thegrid andfor pointsoutside
the grid, i.e. the valuefunctionis extrapolatedfirom its two closestvaluesat the boundary The exit/stay
decisionis thenmadeby checkingwhetherthe optimal value from stayingin the market is non-n@ative.
Having computedhe stationarypart,we thencomputethevaluefunctionrecursively attimeh=T —1,...,0
afterproductintroduction.

We experimentedusing Chebyshe polynomialsto approximateV, but failed to obtaina satishctory
solution. The problemthat arisesis due to the kink of the value function at the boundarybetweenthe
exit/stay regionsof the statespacegseeFigure29). Knowing wherethe valuefunction hits 0 is essentiato

determiningthe exit rule. We tried to solve this problemby approximating

W(X) = SUR,,,,—1,p,a E(TE + BV (X+1) %, &), (140)

insteadof directly approximatinghe valuefunctionV. W is the value of the productif thefirm hasto keep

it in the market this period, but canwithdraw it at ary pointin the future. Note thatV = max0,W), and

2lTheindicatory; addsno additionaldimensionto the computationatompleity, aswe know thatV = 0 whenever the product

is nolongerin themarlet.
225eePressetal. (1992),p. 402.
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thereforewe caninferV immediatelyif we know W. As opposedoV, W is asmoothfunction,andhenceit
canbemoreeasilyapproximatedy polynomialsthanthevaluefunction. In fact,it turnsoutthatmax(0, W)
approximate¥ quitewell overall, but oftenhasits kink atthewrongpointandthereforeyieldsaninaccurate
exit rule. Thisis dueto the factthatthe Chebyshe approximatiorroutine doesnot take into accountthe
importanceof finding avery conciseapproximatiorcloseto theexit region. If themodelwereusedonly for
illustrative purposesthis might not be a majorissue however, the exit/stay decisionis of importancevhen
calculatingthelikelihoodfunction,andin this sensehe Chebyshe approximatiordid not turn outto work
well.

As an example,we approximatethe continuouspart of the statespaceusingN, = 21, N, = 11, and
Ny = 26 points,andthereare3 initial time periods,.e. T = 3. Thestationarypartof thestatespacecontains
6006 points. The discountrate 3 is setto 0.975 The solutionof the modelis found on a computerusing
an Intel Pentiumlll 500 MHz processorAll partsof the programare codedin C/C++23, andthe program
is compiledusingthe MS Visual C/C++ compilerusing all optimizationflags. The solutionis foundin

35 secondsFigure 28 shaws the valuefunction,andFigures29-31shaw the pricing, adwertising,andexit

policy.

23To be precise,certainpartsof the programare codedusing C++ languageelements however, we do not malke useof the
distinguishingobject-orientegprogrammingeaturesof C++, andhencethewhole programcouldaswell bewritten usingstandard
C.
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Figure28: ValueFunction
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Figure29: PricingPolicy
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Figure31: Exit Policy
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10 Consumption/Saving and Labor/Leisur e Choices

In this sectionwe presentan extensionto the classicalconsumption/sang modelunderuncertaintydis-
cussedn previous sectionsby introducingthe labor/leisuredecisionas endogenou$? Utility is now a
function of consumptiorandleisure,andagentswill optimally choosebothin every periodof their lives.

They solve

maxE; [iﬁs‘tu(cs,ls) , (141)

Csls

againin finite horizon. The within-period utility functionis assumedo be Isoelasticand Cobb-Douglas
betweerconsumptiorandleisurein timet:

Gl
vt (142)

u(c, lt) =
wherey is the coeficient of relativerisk aveision andn is the valuationof consumptionversusleisure?®
Consumptiorandleisurearesubstituter complementslependingn thevalueof y asdiscussedn Heck-
man (1974) and Low (1998), with the cutof approximatelyequalto 1.2° In our analysisbelov we will
assumevaluesof y largerthanl, implicitly assumingsubstitutabilitybetweerconsumptiorandleisure.We
will alsoassuméhattheagenthasonly threechoiceswith respecto thelabordecision:part-time,full-time,
or out of the laborforce?” It is alsoimportantto emphasizehat for computationatorveniencewe have
chosera lower boundon leisureequalto 20% of the availabletime during a given period?® Giventhatwe
allow for consumptiorandleisureto influenceeachotherusinga CRRA utility function,andconsidering
thatwe areconcerneavith cornersolutionsfor thelabordecisionthemodelcanonly besolvednumerically
To do sowe emplg thetechniquepresentedhroughouthe paper

The modelintroduces,on top of the capital uncertaintywe hadin the previous models,incomeun-

certainty andallows for the labor/leisuredecisionto be endogenou$’ This featurecomplicateghe model

becausé¢hevaluefunctionsnow dependntheuncertainvagerealizations We introduceseriallycorrelated

24 This subsectiorborrans from Section3 in Beritez-Silva (2000)andalsofrom Beritez-Siha etal. (2000).

25 seeBrowning andMeghir (1991)for evidenceon non-separabilityf consumptiorandleisurewithin periods.

26 Heckmanpresentsa model of perfectforesightand shavs that by introducingthe labor supply decisionit is possibleto
reconciletheempiricalevidenceon consumptiorpathswith thelife cycle framework, withoutresortingto creditmarlket restrictions
or uncertainty Low’s (1998, 1999)work is fairly closein natureto the model summarizehere, but he abstractsfrom capital
uncertaintyand allows for borraving. Frenchs (2000) modelis also closeto this extendedmodel, althoughit focuseson the
retirementdecisionandassumeseparabilitybetweerconsumptiorandleisurein theutility function.

27 We solve in this casean 80-periodmodel,with agentsnakingdecisionbetweerage20 and100.

28 Differentvaluesof this parametehave essentiallyno effect on the solutionspresentedbelaw.

29 We do not allow herefor nonzerocorrelationbetweerincomeshocksandasseteturns.For a discussiorof this possibility at
themicro level seeDavis andWillen (2000).
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wagessuchthat,
Inwx = (1-p)ar+plnax1 + &, (143)

wherea(t) is aquadratidrendthatmimicsa concae profile of arepresentate individual. Theg; arei.i.d.
draws from a normaldistribution with mean0 andvarianceo?.
We write the problemsolved by theagentdn thelastperiodof life as

Vr (W, ) = max U(c,l)+KUW+w(1-1)—c)], (144)
(0<c<w+w(1-1),l)

wherelaboris againchoseramongthethreepossiblestates Oncewe obtainthe decisionrulesnumerically
we canwrite the valuefunctionin thenext to lastperiod:

Vr_ W) = ma U(c,l E V- Ww(l-1)—-cw). 145
T 1(Wa ) (0§c§w+co)((1—l),l) (a)+[3 T(W+ ( ) ) ) ( )

Thefunctionsfor theearlierperiodsareagainobtainedecursvely. TheexpectatiorE V; (w(1—1)+w—c, w)

appearingn thevaluefunctionsfor thedifferentperiodscanbe written asfollows:

/OR/OQ)V(IQ(W-H})(l—I)—C),G)) (@)dé F(RAR. (146)
The interpolationof the valuesof the next periodvaluefunction hasto be carriedout in two dimensions,
a slightly more cumbersomendslower procedurewe usebilinear interpolationusing C to speedup the
calculations’® Thedoubleintegralsareagainsolved by Gaussian-Lgendrequadraturebut we useiterated
integrationsincewe areassumingndependencef wagesandinterestrates3!

Figures32-34shav the averagesf 5,000simulationsof the pathsof therelevantvariables.Our results
shawv that consumptiorprofilestrack incomepathsvery closelyup to age45, whenwealthaccumulation
startsin meaningfulamounts Wealthaccumulatiorthencontinuesup to quitelatein life whendeaccumu-
lation startsto occur Thesetwo resultsarequiteimportantsinceshav thatthe classicalife cycle modelof
consumptiorcanbereconciledwvith empiricalevidencequitecloselyoncewe take into accountaborsupply
endogenous)yandin the presencef capitalandwageuncertainty Thelaborsupplyprofile shavs full-time

work duringmostof theindividuals’ life, with part-timework atthe very beginningandvery endof thelife

30 We alsointerpolatedour functionsusingbi-simplicial interpolationas suggesteddy Judd(1998)but foundthatit wasnot as
accurateasthemorestandardilinearandit wasnot necessariljasteroncewe wrotetheroutinein C.

31 Giventhatthevaluefunctiondependsnwealthandwageswe neededo discretizebothvariablesin orderto approximatghe
integrals,using50 pointsfor wealthand50 pointsfor wages.We foundthatusingfewer pointssignificantlyaffectedthe accurag
of thecalculations|eadingto possibleerroneousonclusions.
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cycle 32 We plot the caseof individuals startingwith wealthof 10,000units, initial wagesof 30,000units,
andserialcorrelationparameteequalto 0.9.

From the solutionandsimulationof thesemodelswe canconcludethat a life cycle modelwith endo-
genizedlabor supply behaes quite consistentlywith the empiricaldataon wealthaccumulatiorand con-
sumptionprofilesandthatwealthaccumulatiorseemgo startonly in mid-life. Additionally, sucha model
endogenouslgapturegheexiting from thelaborforceby olderindividualswho facelower wages.We con-
sidertheseresultsasencouragingxamplesof theinterestingmodelsthatcanbe solved with thetechniques

highlightedin this paper

32 Beritez-Silva (2000)shavs thatoncewe introduceSocialSecurityin this modellabor supplyreactsdroppingright atthe age
in whichindividualsstartreceving benefits Wealthaccumulatiorandwelfarearealsonegatively affected. Theauthoralsoextends
this modelto accountfor anendogenouannuitydecision,andpresents possiblesolutionto the “annuity puzzle, the questionas
to why theannuitymarletis sonarrow.
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Figure32: SimulatedConsumptionSerialStochastidVages.

C for Serial Stochastic Wages, CRRA=1.5, rho=0.9. 5000 s.
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Figure33: SimulatedLaborSupply SerialStochastiéNVages

Labor for Serial Stochastic Wages, CRRA=1.5, rho=0.9. 5000 s.
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Figure34: SimulatedWealthPath. Serial StochastidVages

Wealth Path for Serial Stochastic Wages, CRRA=1.5, rho=0.9. 5000s.
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11 Conclusion

This sectionhasyetto bewritten.

Appendix

In this Appendixwe shav the detailsof thedervationsof closedform solutionsof thedecisionrulesfor the
finite horizonversionof the Phelps’(1962problemfor the CRRA andCARA utility functions.

The derivation of the decisionrulesin the caseof the CRRA utility functionis alsoclosein natureto
the oneperformedin Levhari and Srinivasan(1969)for the infinite horizoncase.We canagainsolwe this
problemrelyingon DynamicProgrammingandBellmans principleof optimality, usingbackwardinduction.
In thelastperiodof life agentssolve

ctv (w—c)lv

Vr(w) = o?c?\fv 1_y-l—K 1y

, (147)

wherey is the coeficient of relative risk aversionandK is the bequestactor characterize@ésa numberbe-
tweenzeroandone®3 By deriing thefirst orderconditionwith respecto consumptiorit is straightforvard
to shav that

w

cr = —, (148)
14+ Kv
we canthenwrite the analyticalexpressiorfor thelastperiodvaluefunction:
1-y 1\ 1=y
(), ()
1KY 14KV
Vr(w) = K . 149
(W) 1y 1oy (149)

Thenthe problemthatagentssolve in the next to lastperiodof life is:

1-y

c
Vr_ = — EVr(w—c). 1
r_1(w) onax 1_y+[3 T(Ww—C) (150)
Usingthe previousresultswe canwrite
R(w—c) Y ﬁ(w—c)KTll Y
Vr_i(w) = max ﬂ+BE LJFK Nk ) (151)
Tt © 0<c<w 1—vy 1-y 1-y .

Herein orderto derive the first order condition with respectto consumptionwe assumeasin Levhari
andSrinivasan(1969),thatthe value functionis differentiableandthatthe differentialandexpectedvalue
operatorganbeinterchangedThe f.o.c. is then,

y " ((W—C))y 1 ((w—c)KVlf)y K
cV-BE(R™Y) 1 - +K - [l = 0. (@52
14Ky /) 14KV y y

33 We alsofollow in this casethe “egoistic” modelof bequests.
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Thensomealgebraiomanipulationallows usto write the f.o.c. as

-y
¢V = BE@ Y (W=9) (153)
1+Kv
Somemoretediousalgebraeadsto thefollowing expressiorfor the decisionrule in the next to lastperiod
w
Cr—1 = 1 - 1 17 (154)
1+B7 [E(R)] 7 [14Ki]
thatcanberewritten as
cr1 = W . (155)

~ 1 ~ 1
14 B [E(R-]Y +BY [E(R)] ¥ KY
Assumingnext thattheinterestrate, R, follows alog-normaldistribution with meanu andvariancea?, then
~ a2 i ~ — .
giventhatE(R) = e*t 2z anddenotingE (R) asR we canwrite
~ —1— 0'2
ERY) = R YeVIVT. (156)

We thensubstitutebackin theformulafor c_; andobtain

cry = W : (157)

1
14 B (ﬁl’ye—v(l—v%) FRYKY (ﬁlfye—\/(l_y)c*;)v

<l

given the similarity with expression(95) it is easyto seehow backward inductionwould lead us to the
decisionrulesfor therestof the periods for examplewe canwrite ct_k as

Cro = w (158)

1 ~ 2 ~ k 1 ~ ’
14 BYE (RI-Y) + BY E (RI-Y) + ...+ By KV E (R1)

wherewe comebackto the compacinotationfor E (R1Y).

We canalsoseethatif yis equalto 1 we arebackto thelogarithmicutility caseandthe expressiorfor
cr_1 above is equivalentto (95), which is a specialcaseof the expressionabore. It is alsoimportantto
emphasizeéhatthis expressioris thefinite horizoncounterparto the oneobtainedn LevhariandSrinivasan
(1969),andalsoreplicatedn Section5.1,onceabequesmotive is introduced andthattheir resultsregard-
ing the effectsof uncertainty(decreasingroportionof wealthconsumedsthe uncertaintygrows if y > 1)
go throughin this case.

We next assumea constani@bsoluterisk aversion(CARA) utility function. As discussedn thetext we
have not found a closedform solutionfor this problemunderuncertainreturnsthat follow a log-normal
distribution asin the casesabove. We thereforesolve the finite horizonproblemundercertainty We can
againsolwe this problemusingbackwardinduction. In thelastperiodof life agentssolve

Vr(w) = max —e K [e—WW—C)] , (159)

0<c<w

wherey is the coeficient of absoluteisk aversionandK is thebequestactor We assumehereis no capital
accumulatiorin thelastperiodof life. By deriving thefirst orderconditionwith respecto consumptiorit

canbeshawvn that
. w 1InK
Ccr = min (max(o, 575 T) ,w) , (160)
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we canthenwrite the analyticalexpressiorfor thelastperiodvaluefunction:

yw—InK

viw) = —ew ) K [e‘y(wﬁvﬂ)]. (161)

Thenthe problemthatagentssolve in the next to lastperiodof life is:

VT_]_(W) = max—e "+ BVt (W— C) . (162)

o<c<w

Usingthe previousresultswe canwrite

VTfj_(W) —  max _e—yC+B |:<_eV(V(R(w203)InK)> K (ey(V(R(ch\;)+an)>:| . (163)

0<c<w

whereR= 1+r andr is thefixedrateof interest.In orderto derie thefirst orderconditionwith respecto
consumptiorwe againassumehatthevaluefunctionis differentiableandthatthedifferentialandexpected
valueoperatorsanbeinterchangedThe f.o.c. is then,

ye—VC—Bgy[e’yR(zW’” [emTK—HKeLGKH - 0. (164)

Thensomealgebraicnanipulationallows usto write the f.o.c. as

1 W—(24R)C
e = e (165)
B—zR [eT +Ke™ ]

Somemoretediousalgebraleadsto the following expressionfor the decisionrule in the next to last
period

. . Rw 2 InKy_;
Cr1 = mm(max(o,2+R TRy ),W), (166)
where
Kroi = BTR[emTK+Ke_|5K]. (167)

We canthenproceedecursvely, findingw — ¢, andsubstitutingin Vi1, andthenwriting the problem
solvedin periodT — 2. After finding the f.o.c. we canagainfind a closedform solutionfor cy_»,

. R2w 2+R  InKt_»
Cr_2 = min| max| 0 - 168
T2 | ( X(’2+R+R2 2-|—R-|—R2 y YW, ( )
where
Ky = —ZB+R2R [efR IKr1 | B g 2eh [e'”TK 4K e%“ _ (169)
Whichin fact,canberewritten asfollows:
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Similarly, in recursve fashionandaftera bit morealgebrawe find that

R3w 2+ R+R2 INnKt_3
e = mi - 171
Cr_3 min (max(0,2+R+R2+R3 IRIRLR ),W> , (171)
wherein this case
B R3 2R ke _ RInKy_p Kr_o
Kr_g = TTRIR T A N 57 || - (172)
2+R
Fromthis we cancharacteriz¢he decisionrule for ary otherperiodup to thefirst periodof life
. R<w 2+R+...+ R InKy_
—k = min| max| O — w 173
er-k ( ( "24R+... + R [ 24 R+...+ R ] y )’ ’ (173)

whereKr_y is shavn belov andwherewe canwrite the expression2+R+ R2 +... + R¢ as1+ [1_1%”‘;1]

andsimilarly for the otherseries,

k-1
1-R
1+[ 1-R ] RTinKy iy

InKy_ —_
Rk 1_RK T—k+1 1_RK K Tk
ke = — ] +pe  “IER Kres (174)
1+ [PR] s
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