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We use a general equilibrium model to study the impact of fully funding social security on
the distribution of consumption across cohorts and over time. In an initial stationary
equilibrium with an unfunded social security system, the capital/output ratio, debt/output
ratio, and rate of return to capital are 3.2, 0.6, and 6.8%, respectively. In our first
experiment, we suddenly terminate social security payments but compensate entitled
generations by a massive one-time increase in government debt. Eventually, the aggregate
physical capital stock rises by 40%, the return on capital falls to 4.4%, and the labor
income tax rate falls from 33.9 to 14%. We estimate the size of the entitlement debt to be
2.7 times real GDP, which is paid off by levying a 38% labor income tax rate during the
first 40 years of the transition. In our second experiment, we leave social security benefits
untouched but force the government temporarily to increase the tax on labor income so as
gradually to accumulate private physical capital, from the proceeds of which it eventually
finances social security payments. This particular government-run funding scheme
delivers larger efficiency gains (in both the exogenous and endogenous price cases) than
privatization, an outcome stemming from the scheme’s public provision of insurance both
against life-span risk and labor income volatility.
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1. INTRODUCTION

This paper evaluates two schemes for cushioning a transition from an unfunded
to a more fully funded social security system within an economy in which a
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sudden andincompensateistallation of full funding would, on average, benefit
young and unborn cohorts, but harm older cohbie use a model in which
uninsurable uncertainties about lifetimes and laborincomes create forces for capital
overaccumulation, which have been overcorrected by an initial unfunded social
security system.We study transition policies designed to redistribute enough of
the permanent gains from future to current generations to induce a majority of
each cohort to assent to the transitfon.

We employ the risk-sensitive, linear-quadratic framework of Hansen and Sargent
(1995), which permits us to extend the transition calculations pioneered by
Auerbach and Kotlikoff (1987) to environments in which social security is partly
a device for insuring risky incomes and lifetimes. Our model contains a theory of
the distribution of consumption within and across cohorts, makes contact with the
Deaton—Paxson (1994) observations, and lets us study the effects of a transition
on the distribution of welfare across and within cohdrts.

Our economy consists of overlapping generations of 65-period-lived consumers
who face life-span uncertainty, and whose incomes and preferences are subject to
shocks. Individuals work until a mandatory retirement age of 45 and pay labor and
capital income taxes. After retirement, they receive social security benefits in the
benchmark economy. To finance its exogenous purchases, the government taxes
labor and capital income, confiscates accidental bequests, and issues one-period
risk-free debt, which returns the same payoff as private physical capital. We start
in an initial stationary equilibrium in which the debt/GDP ratio is 0.59, the social
security replacement rate is 60%, the capital/GDP ratio is 3.2, the rate of return on
capital is 6.8%, and the equilibrium labor income tax rate is 33.9%.

We consider two alternative schemes to fund social security. In the first exper-
iment, the government surprises everybody by terminating social security, and a
transition begins to a new stationary equilibrium in which the labor income tax
rate drops to 14.2% in the case of endogenous factor prices. By issuing a huge
amount of government debt, the government buys out all cohorts who were alive
at the time of the policy change and were entitled to retirement benefits under the
old system. This entitlement debt is about 2.7 times the initial GDP. To retire this
entitlement debt, the government raises the labor income tax rate to 38.0% for
40 years. The capital stock rises by 40% and the rate of return on asset holdings
falls to 4.44% across the stationary equilibria. Our buy-out scheme, on average,
protects the consumption of the originally entitled people, which indicates how it
can contribute to making the transition to fully funded social security politically
feasible. In the second experiment, we instruct the government to acquire claims
on physical capital so that social security benefits can be financed by the returns
from publicly held private capital. This scheme for fully funding social security
creates similar effects on existing cohorts, but the benefits to later generations seem
to be larger, an outcome that is linked to the differing motives for precautionary
savings with which the two funding calculations confront households.

The paper is organized as follows. Section 2 describes the model economy. Sec-
tion 3 states the households’ information, preferences, and opportunities. Section 4



SOCIAL SECURITY FUNDING 9

summarizes the government’s role in the economy. Section 5 describes how we
compute equilibrium transition paths. Section 6 contains our numerical findings
from two alternative privatization schemes. Section 7 concludes.

2. MODEL ECONOMY
2.1. Preliminaries

The economy consists of overlapping generations of finitely lived individuals who
may live up toTy + 1 years, and an infinitely lived government. Individuals and

the government can invest at a constant risk-free gross rate of return. During the
first T; + 1 periods of life, a consumer receives an exogenous labor income that he
divides between consumption, taxes, and accumulation of assets. During the final
To — Ty periods of life, a consumer receives social security retirement benefits
and also consumes his accumulated assets. The government taxes income from
capital and labor, issues debt, purchases goods, and pays retirement benefits. For
any variablez, we use a subscriptto denote age, an argumesin parentheses

to denote calendar time, and a superscsipt t to denote date of birth. Thus,
zY(s) = z(s) = 2'(s). The output of our analysis is a mapping from parame-
ters summarizing government tax and benefit policies to cross-section probability
distributions over a time- and age-dependent vex{¢s) of state variables de-
scribing the situation of people across cohorts over time.

2.2. Demographics

At dates, a cohort of measurBly(s) consumers is born who live during periods
s,s+1,...,s+ To. As a given cohort ages, its members face random survival,
according to a life table of age-to-age survival probabili(m[s}fio, whereq; is
the probability of surviving from agetot + 1, conditional on having survived to
t. Let N¢(s) be the number of agepeople alive at tims andn be the (constant)
gross rate of population growth. It follows thdk(s) = A¢{Ng(s — t), where
A = Htj_:]b(lj fort =0,..., Tp,andrg = 1. The law of motion for births is given
by No(s) = n°Ng(0). The population fraction of cohottat each times is given
by
—t
fim e &)
Zro=o )Lfn_r

Note that the age distributidrf,} is assumed to be independent of calendar ifhe

The total population alive at timgis

To
N(s) = No(O)n® > _n~"a. 2
t=0
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2.3. Distributions of People and Aggregate Quantities

Individuals face different sequences of random labor income shocks, in addition
to life-span risk, which they cannot fully insuteAs a result, individuals within
each cohort self-insure by accumulating two risk-free assets—government bonds
and claims on physical capital—that bear the same rates of return, and combine
these with social security retirement benefits to provide for old-age consumption.
We lete, denote the history of a vector of random shoekst = 0, ..., t, that
an individual has received from the time of his birth to &geor technical reasons
described below, we assume that the shocks are Gaussian.

The state vector(s) = X (S; eg, Xo) measures the stock of assets and any
variables that a consumer of agat times uses to forecast his future preferences
or opportunities. We specify the structure of our model so that it delivers the
consumption plan of a consumer as a time- and age-depelitsantfunction of
his state vector

Ce(S: €5, X0) = Mt (9%t (S: €5, Xo). €©)

where the state vector follows the linear law of motion
Xe1(S+ 15 €57 E Xo) = AuS)Xc (S: €h, Xo) + Ci(S)€rs1, (4)

where ¢;,1 is a martingale difference sequence adapted;te (eg, Xo), Wwith
E(ersa | ) =0, E(erraef,y | B =1.

Oureconomianodel imposes restrictions on the vectgggs) and the matrices
A (s). We assume that consumers have rational expectations, making a consumer’s
choices, and therefore botfy,;(s) andA;(s), depend on the sequence of prices
and government fiscal policies over the remainder of the consumer’s potential life
span, namelys,s+1,...,s+ To—t.

Given our assumptions, we can analytically compute the probability distribu-
tions for the state vector and for linear functions of the state vectonl(@) =
Ex(S), 3¢(S) = E[X;(S) — 14 (S)][ Xt (S) — ¢ (S)]'. Given first and second moments
for the state vector of the newborngyfs), 3o(s)], the moments of the state vector
for consumers follow the law of motion

Hiy1(S+ 1) = A(S) 1 (9), 5

18+ 1) = A9 Z((9AL(S) + Ci(9)Ci (). (6)

Aggregate quantities of interest, such as aggregate per-capita consumption, ag-
gregate per-capita physical capital, can be computed easily by obtaining weighted
averages of features of the distributions of quantities across individFalsex-
ample, per-capita aggregate consumption is

To
cS)/N(S) = pa(s) fi. )
t=0
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Also, the distribution of consumption with mean(s) and variancez(s) is
given by
et (S) = Ner(S) e (S), ®

et (S) = Nt ()X (S)Nei (). 9)

Our theory of the distribution of consumption across time and cohorts is sum-
marized by the formulas above, and is designed to accommodate fanning out and
fanning in of consumption distributions observed by Deaton and Paxson (1994),
given an appropriate initial distributich.

2.4. Resource Constraint

The economywide physical resource constraint is given by

To
gONE) + > N +K(s) = Rs— DK(s— 1)
t=0
T
+w(9) Y eNT + No(9)k1(9), (10
t=0
whereR(s — 1) =1+r (s — 1) — § is the rate of return on asset holdir§(s —
1= tTiO ki(s — 1)NS~1-t is physical capital in the economy, ag(s)k_1(S)
is the amount of physical capital, if any, that newborns bring into the economy.
In equation (10)g(s) is per-capita government purchases of goods at tinge
is an exogenous efficiency endowment of ageeople,s is the rate of depreci-
ation of capitalr (s — 1) is the gross-of-depreciation rate of return on physical
capital from times — 1 to times, andw(s) is the base wage rate at tinse
We set the efficiency sequengg} roughly to match an average age—wage-rate
profile.

2.5. Two Assumptions About Factor Prices

We perform our computations under two alternative assumptions about the rate
of returnr (s — 1) on assets and the wage ratés) at dates. First, we make a
small, open-economy assumption by specifying thiat— 1) =r andw(s) = w

are independent of the aggregate capital stock and constant over time. Second, we
allowr (s—1) andw(s) to be determined from the marginal productivity conditions

for a constant returns to scale Cobb—Douglas aggregate production function:

a-1
r(s_l):r[K(f—l)}Z&A[K(?‘l)} , (1)
N(s) N
_ [Ke=D] . . [K=D]°
MQ‘W{N@>]_G MA[NS)}’ 42
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whereN(s) = Z&O etNS~tis aggregate labor input in efficiency units, and:~
(0, 1) is the income share of capital.

These two alternative assumptions imply different lengths for the transition
between stationary equilibria. The endogeneity of factor prices allows us to in-
corporate the general equilibrium effects of fully funding social security at some
computational cost.

2.6. Government Policy and Its Transition

The government’s time-varying deterministic fiscal policy parameter vector se-
qguence is given byg(s), ta(S), 7.(S), S(s), b(s)}, whereg(s) is per-capita gov-
ernment expenditures net of social security payments) andz,(s) are flat tax
rates on asset income and labor income, respectively, levied on consumers at time
s; S(s) is the social security benefit for an ag@dividual at times, andb(s) is
per-capita one-period interest-bearing government debt issued at.time

We use a four-tuple of dates® s, < s, < s3 to describe the government’s
policy transition. Before date = 0, the economy is assumed to be in an initial
stationary equilibrium determined by a stationary demographic structure, fiscal
policy, and unfunded social security system with replacementi@je= 0;. At
dates = 0, the government announces that from date- 0 until dates,, fiscal
parameters and social security system will change. Fromsdate, government
policy parameters will remain constant through date s; on forever. However,
the economy continues to adjust to the change in government policy from date
s=s,t0s=s3as cohorts who started their lives betwsgands, (policy transition
years) work their ways through the system and, in the case of endogenous factor
prices, as the price vector converges to its final stationary equilibrium value. The
system will converge to a final stationary equilibrium at tisge

2.7. Length of Transition Period: s3

Under the small-country assumption, weset Ty + S, because it takes exactly

a full lifetime for the transition generations to work their way through the system.
Under the closed-economy assumption, the transition pegiomh principle, is
infinity because time variation in the wage rate and the return on asset holdings
induces time variation in households’ dynamic programming problems which last
long after government policy parameters cease to vary. The capital/labor ratio
and factor prices continue to move over time forever. We follow Auerbach and
Kotlikoff (1987) and assume that we are making only a small approximation error
by forcing convergence to a final stationary equilibrium after a long but finite
transition period.

2.8. Transition

We start the transition from a distribution of assets and informaji(s), 3 ()]
that would have been appropriate had the initial policy settings continued forever.
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Ficure 1.Floor of some three-dimensional diagrams showing consumption or asset profiles
of generations alive during a transition for the open-economy case. Time is arattig,

date of birth is on thg axis. A vertical line picks off cohorts of increasing age at a particular
date; a horizonal line describes the lifetime profile of a given cohort. Everyone born before
—To + 5 faces time-invariant tax and benefit rates associated with an initial stationary
equilibrium. Everyone born aftsg faces time-invariant tax and benefit rates associated with
aterminal stationary equilibrium. People born betwedg+s; and 0 are “surprised” at date

s = 0 by being informed of the transition frospto s,. They resolve their problems with the
announced tax and benefit rates, starting from the asset levels determined by their old saving
programs. To analyze the transition with fixed factor prices requires that we compute distinct
optimal consumption-saving plans for cohorts born freify + s, t0 ,, because each of
these cohorts faces a different sequence of lifetime tax and benefit rates. The system settles
down to a new stationary equilibrium only after all of the people who have lived through
the transition have died off. With endogenous factor prices, the transition takes longer.

Atthe date of the announcement 0, anyone born after dasg— To—anyone with
achance of being alive at daeor after—will recompute his optimal consumption-
saving plan for the remainder of his life in light of the altered tax rates and social
security benefit rates that he faces. Cohorts born betgieei ands, will face a
time-varying sequence of tax rates and benefit rates. Those mrarat after face
constant benefit and tax rates. However, in the case of endogenous factor prices,
these cohorts still face changing factor prices and, therefore, their dynamic pro-
grams will differ relative to those of cohorts who are born into the final stationary
equilibrium.

Figure 1, a version of a standard textbook image of the demography of an
overlapping-generations model, will occur as the “floor” of some three-dimensional
graphs in which we record consumption distributions during a transition. Figure 1
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records time along the horizontal axis, and birth date along the vertical axis. A
cohort survives from its birthdate ff plus its birthdate, depicted asharizon-
tal line. At a given date, a vertical line traces out those cohorts alive. There is a
distribution across individuals, say of consumption or asset holdings, above each
(birthdate, time) pair in this figure; in a third dimension above this floor, we plot
means and standard deviations of some of these distributions (for example, see
Figures 3A and 4A). Tims budget constraints involve sums of distributions at a
given point in time, i.e., along vertical lines in Figure 1.

Under an assumption thats — 1) = r andw(s) = w, we have to com-
pute fewer dynamic programs than with time-varyingndw, because there are
fewer constellations of rates of return, wage rates, tax rates, and benefit rates
encountered by different cohorts. In particular, it is enough for us to compute
psis), =5s), ¥ (s) fors—t = —To+s1—1,...,5 andt = 0,..., To.
We can use the decision rules for those bors at — T + 5, — 1 to determine
the initial stationary distribution of consumers’ state vector. We use the relevant
“tails” of the decision rules to predict the behavior of anyone who lives through
any part of the transition.

Figure 2 shows four mean consumption profiles for an experiment in which so-
cial security is eliminated at timee= 0 but those entitled are given a compensation,

1 A " A 1 L A 1

0 10 20 30 40 50 60 70
age

Ficure 2. Mean consumption profiles; for four cohorts born before, during, and after a
transition. Profiles for cohorts born at: (solid lirey —66, in the initial stationary equilib-

rium; (dotted line) one period after the transition starts; (dashed line) beea at45—who

are 20 when the transition starts; and (circles) in the new stationary state. The transition is
a compensated removal of social security, which explains why the two profiles for the fully
compensated generations lie on top of one another.
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Ficure 3. Mean consumption profiles for all cohorts during the transition for experiment

financed removal of social security.

tax-

1, a bond-compensated

an experiment described in detail below. We §egt= 65,51 = 0,5, = 40. The

—45,s

S

'y

—66

for four distinct birthdayss
1, s = 39, corresponding to one cohort unaffected because it dies out before the

transition ats = 0, a cohort that is 20 years old when the transition begins, one
that is born the period after the transition begins, and one that is born after the

0
transition has been completed.

To
t=

figure plots{uci(s — t)}
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Ficure 4. Standard deviations of consumption for all cohorts during the transition for

experiment 1.
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Figure 3A shows mean consumption profiles &r cohorts affected by the
transition. Figure 2 just records four slices of Figure 3A. Notice how a version of
Figure 1 is laid out on the floor of Figure 3A. Aggregate per-capita consumption
at a point in times is a weighted-by#f; average ofuc(s), which corresponds to
summing elements corresponding to those associated with a fixed date in Figure
3 (a line parallel to the date-born axis in Figure 3A, and a line on the diagonal
of the floor of Figure 3B). Figure 4A shows how the (cross-sectional) standard
deviations of consumption are affected by the transition.

Figures 3B and 4B represent the same information in Figures 3A and 4A, respec-
tively, in a more compact but harder-to-read way, by plotting a mean or standard
deviation againstlate bornon thex axis andageon they axis. With these axes,

a given calendar date is a diagonal along the floor of the graph, and economywide
averages must be calculated by computing weighted sums along this diagonal.

From the decision rules for the transition cohorts, we build up the first two
moments of the distributions of consumption and asset-holding profiles for each
cohort, and use them to define and compute an equilibrium. In Section 3, we
say more about the economic model that generates the distributions of aggregate
guantities across cohorts and over time.

3. HOUSEHOLDS

To exploit linear optimal control theory and obtain linear decision rules, we adopt
the linear Gaussian quadratic formulation of Hansen and Sargent (1995). This
incorporates a specification of preferences that modifies standard quadratic prefer-
ences with a single parameter designed to induce risk sensitivity to permit a devia-
tion from state-separable preferences over uncertainty. When this parameter is less
than zero, it inspires an additional source of precautionary savings in our model,
stemming from preferences, over and above the precautionary savings emanating
from the incompleteness of markets. See Hansen et al. (1994) for analysis of the
precautionary savings induced by these preferences in an infinite-horizon setting.

3.1. Information

The consumer’s preference shogkand the idiosyncratic portion of his income
d; are driven by a vector information procegsswhich follows

Z1 = A2z + Coerya, (13

wherez is an(n, x 1) vector andk, 1 is a Gaussian vector martingale difference
sequence that satisfi€e; 1€, , = |, whereE; is the conditional expectations
operator. We assume that= U, z andd; = Uy:z, whereU,,, Ug; are nonstochas-

tic selector matrices, angh, d;) are preference and endowment shock processes
to be described further, below. To capture the ending of labor income shocks after
retirement, we allowy; to be an age-varying sequence of selector matrices.
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3.2. Opportunities

Following the tradition of permanent-income models of consumption, we restrict
the set of assets with which individuals can smooth consumption over time and
states of nature. At age< T;, the consumer receives labor incomew)e; + d,
whered; is an endowment shock proce$sjs the exogenous retirement ages)

is areal wage attimg and{et}tT;O is a sequence of exogenous mean labor incomes
that we design to mimic a typical age-earnings profile. In the computations below,
we make the endowment shodka first-order autoregression:

0 = path—1 + €,

where we make; a homoskedastic Gaussian white noise with variargce

We allow for a single market in claims on physical capital and one-period
government bonds that yield a common risk-free rate of reR(s+ 1) — 1. We
let a;_3(s — 1) denote the consumer’s holdings of assets at the beginning of age
t at times. Because physical capital and government bonds yield the same risk-
free return and because they are taxed equally, the consumer’s optimal portfolio
weights are indeterminate. The household’s budget constraint &t ag time
sis

C(S) +a&(s) = Rs—Da_1(s—1) + w(S)er + S(S) — Ti(S) +di, (14)

where S (s) denotes social security payments, whgre= 0 fort > T;, and tax
payments are given By

Yi(S) = 10(S) + e (S)[w(s)er + k] + ra(S)[R(s — 1) — 1]a_1(s—1). (19
We assume that

0, if t < Ty (while working);

S(s) = {S(S), if t > T1 (when retired) (19

In (15), 1o(s) denotes lump-sum taxes, which ordinarily are set to zero, the sole
exception being the one-time lump-sum transfers that we use to buy-out cohorts
who are alive and entitled to social security under the initial tax and benefit
settings.

3.3. Inheritance

Total assets per capita owned by people who die betweerstands + 1 are?

To

D(S) = Y (1 —ar) fima () e (9). 17

t=0
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3.4. Preferences

Following Hansen and Sargent (1995), we adopt a preference specification that de-
livers linear decision rules but, at the same time, allows for a form of risk sensitivity.
Preferences over stochastic processes for consumption are defined recursively via

Ut = [~(ra — 1?/2+ BiR(Uri0)]. (19

where
Rt(Ut11) = (2/0) log E[exp(oUt11/2) | ], (19

and wherel, is the information available to the consumer at agelere,r is a
preference parameter, afidis a survival-corrected discount factor given by

Bi=H o O0=<t<T, (20)
=pre01, t=To (21

whereg > 0.

The parameter is the risk-sensitivity parameter of Hansen and Sargent (1995).
Wheno =0, R;(Ui;1) = E{Ui,1; S0, inthis case, preferences are quadratic. When
o < 0(o > 0), the consumer prefers early (late) resolution of uncertainty, and
decision rules depend partly on noise statistics of transition ¥At¥s.

This preference specification leaves us with linear decision rules, but the stan-
dard version of certainty equivalence fails to hold. In our application, the decision
rules are influenced by an interactionsofind the innovation variance of house-
holds’ random labor income process. These parameters influence both the average
level of savings over the life cycle, and the Deaton—Paxson fanning-out patterns.
Wheno < 0, this preference specification induces a precautionary motive for
saving, in a sense distinct from that stemming from the incomplete insurance
motive

3.4.1. Specialization. We assume that = y, so that preference shocks are
absent. The parametersy, ando govern the household’s taste for consumption
smoothing. Elementary calculations show that, ceteris paribus, the household’s
desired consumption path fitter. (a) thelower is y/x, (b) thelarger is its
noncapital permanent income as determined by the labor income process, and (c)
thelargeris —o.

3.5. Optimal Rules

The solution of the consumer’s problem is a law of motion for the state and a set
of age- and time-dependent decision rules

Ve (S: € X0) = Mye(S)Xt (S €0 Xo) (22
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wherey; (s) is the consumer’s optimum choice for some agimes, variabley.
We apply standard formulas to obtain the decision riftes.

4. THE GOVERNMENT

Each period, the government purchases goods in the ang¢sinper capita and
paysS(s) in per-capita social security retirement benefits. It finances these expen-
ditures in part by taxing capital and labor income at flat rates and putting a 100%
tax on accidental bequests. Any gross-of-interest deficit is covered by issues of
one-period risk-free bonds.

4.1. Government’s Budget Constraint

Private asset holdings (s) of an aget individual at times are divided between
governmentbonds and private capita(s) = b; (s) + k; (s), whereb; (s) isthe time

s holding of government debt by an agéndividual. Consumers are indifferent
between physical capital and government bonds because the two assets have a
common return and tax treatment. The government’s budget constraiist at

To To
gON® + > SEONT'+RE—1DD by(s— DN
t=T1+1 t=1

To
=Y N Hr@®[RGE— 1) — a1(s — 1) + r(S)w(S)er} + 1oN(S)

t=0
To To

+ ) BEONT + RS -1 (L—ak(s— DN (23)
t=0 t=0

The second term on the left-hand side of (23) is the total social security payment
in periods. The last term on the right-hand side of (23) is the bequest tax collected
by the government®

For an individual, asset holdings at the end of time 1 equal those at the
beginning of times (if the agent survives), but deaths make things different for
the aggregate of assets held by a cohort. It is useful to write (23) using population
shares of cohorts and end-of-period asset holdings:

To RS- 1) &
9+ Y, SOfi+— > bhs-Df
t=1

t=Ti+1
To T1
=w@®[RE-D -1 a 16— Dfi+1 > wE)ef
t=0 t=0
0 Ris—1) &
trot+ Y b©fi+——> d-wals-Df. (24)

t=0 t=0
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4.2. Stationary Budget Constraint

In a stationary equilibrium, all variables are independent of calendasstigieing
us the following version of the government budget:

T R 3
g+ Z Sft+|:ﬁ—1:|b

t=T1+1
=Ta(R—1)§a{71ft+Tz§w€t ft+H§(1—at)at fe, (25)

Wherel:_)represents the outstanding stock of per-capita government bonds in steady
state.

5. EQUILIBRIUM
5.1. Definition of Equilibrium

An allocationis a stochastic process fx (s), a(s)}2 ,fort =0, ..., To,and a
sequencéK (s)}2,. A government policys a sequencé(s), g(s), 7¢(s), S(s),

Ta(S)}2 0. A price systenis a sequenc@w(s), r (s — 1)} ,. An equilibriumis an
allocation, a price system, and a government policy such that

(i) giventhe price sequence and the government policy, the allocation solves the optimum
problem for each household;

(ii) the allocation and government policy satisfy the government budget constraint at each
dates.

5.2. Stationary Equilibria

To compute a stationary equilibrium, we guess a set of government expenditures,
social security benefit levels, government debt levels, and tax rates, solve the
household’s optimum problem, and check whether it implies that the stationary

government budget constraint is satisfied. If not, we alter a subset of the govern-
ment’s policy parameters in a direction designed to bring the budget more closely
into balance. We iterate to convergence.

5.3. Transition Dynamics

5.3.1. Case 1: Small, open economylax rates and social security benefit
rates are constant befose= s; and afters = s,, and so, households bobefore
s = 5 — Tporafters= s, respectively, face identical parameters in their dynamic
programming problems. However, people born in the intesval (5, — To, )
face cohort-specific tax and benefit rates over at least parts of their lifetimes.
Thus, to compute equilibria for transitions requires that we formulate the dynamic
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programming problems for households born in periedg +s,+ 1, —To+ S +

2, ..., %.*®Forgiven policy settings, these dynamic programming problems imply
decision rules for variablesg—t(s)fort =0, ..., Top,S—t =% —To+1, ..., S.

We can compile the means of each variable in a matrix, iitlcolumns and —t

in rows. Equilibrium conditions restrict sums across diagonals of this mdtrix.

During a transition, tax and benefit rates are constansfers, ands> s,.
However, aggregate capital and government debt vary over the entire time interval
se[0, s3=Tp + ]; they can vary in the announcement pergs[0, 5] because
people alive as = 0 who might survive at; and beyond alter their savings
behavior before; ; they vary in the post-policy-change period [s,, s3] because
at those dates there are still people alive who spent the early parts of their lives
during the policy transition periosle [s1, s, — 1].

We compute equilibrium transitions by specifying the ratios of government debt
to GDP for the initial and final stationary equilibria. We use a secant algorithm and
iterate orc,; andr,, to obtain the initial and final stationary equilibria, respectively.

To find an equilibrium transition path for the economy, we first specify a transition
path for social security benefit levels and tax rates. For each set of fixed tax rates,
from periodss = 0tos = s3, we determine government debt per capita recursively
from equation (24). We use a secant algorithm and iterate on the (scalar) labor
income tax rate for the policy transition periad,[s, — 1] to make debt/GDP ratio

ats; equal to the prescribed level.

5.3.2. Case 2: Closed economyComputing an equilibrium transition under
endogenous factor prices involves three separate modules.

1. Initial stationary equilibrium:As an inner loop, for fixed andw, we use a secant
algorithm and iterate on,; so that the stationary government budget equation is
satisfied with the prespecified government debt/GNP ratio. This inner loop resides
within an outer loop in which we use a secant algorithm to search for the equilibrium
r that satisfies = r (K /N).18

2. Final stationary equilibrium:The two nested loops to compute an initial stationary
equilibrium are embedded within a bigger outer loop to search for a debt/GDP ratio
equal to a prescribed level.

3. Transition period:As an inner loop, for a fixed sequenges — 1)}2 ,, using a secant
algorithm, we search for a tax rate on labpover the time intervalg;, s;] that sets
government debt equal to the value prescribed in the terminal steady state, starting
from conditions determined by the initial steady state. In the outer loop, we use a
relaxation algorithm on the sequengés — 1)}, during the transition to impose
rs—21 =r{[Ks-D]/[N®].

6. TWO COMPUTATIONS

We report the results of two computations that describe how the economy moves to
afully funded social security system. The first experiment eliminates social security
but buys out affected generations by a one-time increase in government debt. The
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second experiment forces the government to acquire claims on private physical
capital to finance its social security benefit payments. These two computations
share a common set of parameters and an initial stationary equilibrium, which are
described below.

6.1. Parameter Values

We calibrated the parameters of preferences, technology, and information to make
various simulated ratios of aggregate variables resemble corresponding ones for
the U.S. economy. These values are shown in Tables 1 and 2.

Note that we setr = —0.05, so these computations assume risk-sensitive pref-
erences. Our choice of the risk-sensitivity parametethe innovation variance
of the endowment shock procedis and the other preference parameters, 3,
and the initial endowmerit_; (in Table 2), was guided by our desire to have our
economic model match two objects in the U.S. economy: (1) a realistic mean
age-consumption profile such as that depicted in Figure 5, and (2) an empir-
ically plausible capital/output ratio. The variance of the innovation of the en-
dowment process also is set with an eye to generate realistic fanning out of
the within-cohort distribution of consumption as a cohort ages [see Deaton and
Paxson (1994)].

TasLE 1. Preference parameters

{a )2, n o v B T, T n

Faber (1982) 1.0 -0.05 7.0 098 65 45 1.012

TaBLE 2. Technology parameters

Parameter Value
k 1 4.0
(i} 0.85
Pd 0.8
B 0.06
()it Hansen (1991)
Exogenous factor prices
w 5.0147
r—4§ 0.0675
Endogenous factor prices
A 2.2625

a 0.40
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Ficure 5. Simulated and actual consumption profiles.

We calibratedy, = and the initial stock of capital to make the household con-
sumption profile resemble an empirical profile from the Consumer Expenditure
Survey data. Figure 5 displays the mean consumption profile generated by our
calibrated economy and an actual consumption profile obtained using the Con-
sumer Expenditure Survey dafaFor both computations, we specify levels of
per-capita government purchases and debt so that their ratios to output are 21
and 59%, respectively. Our choice of preference parameters, especially the risk-
sensitivity parametes, is guided mainly by our wish to generate an empirically
plausible capital/output ratio and age—consumption préflilEhe capital income
tax rater, is set at 30% for both computations. The equilibrium labor income tax
rate is 33.9% in the initial stationary equilibriutthFor both computations, we set
(s1, &) = (0, 40), so that a transition in tax and benefit ratesnaounceats = 0
to occur betwees =0 ands=40. Under the small, open-economy assumption,
the economy’s transition is completed exactly at dgte- s, + Tp = 105. When
factor prices are allowed to depend on aggregate physical capital, we require the
economy’s transition to takg = s, + 2Tg = 170 years?

6.2. A Buyout

The first experiment suddenly terminat@ social security retirement benefits,

but simultaneously compensates all cohorts who had been expecting to receive
retirement benefits. The compensation is tailored cohort-by-cohort to leave unal-
tered the value of the value function of the mean person in that cohort. At time
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s=5=0, people of age = 1,..., Tp are surprised by losing the discounted
present value of their social security retirement benefits. A person df lages

benefits valued at
To—t

i
ben =S Z H R0,

j=max(T;—t,0) i=0

whereR(s) = R(S)[1 — ta(S)] + 7a(S) is the after-tax rate of return on assets.
To insulate the expected utility of the mean person in each cohort, we make a
lump-sum transfer to each person of this present vplusa sum (necessitated

by risk aversion and the change in after-tax earnings other than social security).
Thus, this experiment has the following features:

1. The government compensates each person df age in the amount compwhere
comp = ben + another term to account for risk aversion, and pays for it by issuing
government bonds. These payments add to the government budget a one-time per-
capita expenditure of  f,comp attimes = s;.

2. The government sets a tax rate on labor,pfroms = s, tos = s, — 1, after which
it stabilizes the tax rate tgs,.

3. We choose,, 1,, to set the debt/GDP ratio in the terminal stationary equilibrium
equal to its value in the initial stationary equilibrium.

6.2.1. Small, open economyWe calibrated the initial stationary equilibrium
under fixed factor prices so that the income share of capital matched that under
endogenous factor prices. This procedure guarantees that the initial stationary equi-
libria under fixed and endogenous factor prices are identical. Table 3 summarizes
our numerical findings under the small, open-economy assumption.

We start in an equilibrium in which the debt/GDP ratio is 0.59, the social se-
curity replacement raté is 60%, and the equilibrium labor income tax rate is
33.9%. Ats = 0, a transition begins to a new stationary equilibrium in which
the government supplies zero social security benefits and the labor income tax
rate eventually drops to 8.3%. The government buys out all who were entitled to
retirement benefits under the old system by issuing a huge amount of government
debt ats = 0. Figure 6 shows the time path of government debt. The debtissued in
the buyout equals about 2.67 times the GDP in the initial stationary equiligaum.
The government raises the labor income tax rate to 36% during the following

TasLe 3. Experiment 1 with fixed factor prices

Time T 0 rs—1 -4 Capital/GDP Debt/GDP

s<0 0.3385 0.60 0.0675 3.1615 0.5899
ses,s) 0.3597 0.00 0.0675 (see Figures 10 and 6)
se s, %) 0.0831 0.00 0.0675 (see Figures 10 and 6)

S>> 0.0831 0.00 0.0675 4.1567 0.5899
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Ficure 6. Government debt path.

40-year policy-transition period to retire most of this entitlement debt. It brings
the debt/GDP ratio back to its initial stationary equilibrium value. Figures 7 and 8
show the time path of aggregate consumption and aggregate asset holdings. Ag-
gregate physical capital rises monotonically to its new stationary value, whereas
aggregate consumption dips before it begins a long rise to its higher eventual sta-
tionary value. The capital stock rises 66% across the stationary equilibria, with
three-quarters of this rise taking place in only 46 years. Figure 3 shows that the
buyout protects the consumption of the originally entitled people, on average. At
the same time, however, fully funding social security leads to a small increase
in the dispersionof consumption as indicated by Figure 4. This increase occurs
because those of the previously entitled who are still working are exposed to labor
income risk during the remaining periods of their working lives, which they must
self-insure by saving.

6.2.2. Closed economy.Table 4 shows our numerical results under the closed-
economy assumption. Starting from the same initial stationary equilibrium, the
economy eventually converges to a final stationary equilibrium where social secu-
rity is privatized. Under the closed-economy assumption, however, the equilibrium
rate of return on capital falls from 6.75 to 4.44% in response to the increase in
aggregate physical capital. As a consequence, the increase in the aggregate cap-
ital stock across stationary equilibria is limited to 40% compared to the 66%
increase with fixed factor prices. This implies that, with an unchanged tax on
capital income and with our requirement that debt/output ratio return to its initial
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TasLE 4. Experiment 1 with endogenous factor prices

Time T 0 r(s—1) —8 Capital/lGDP Debt/GDP
s<0 0.3385 0.60 0.0675 3.1593 0.5903
se[s,s) 0.3797 0.00 (see Figures 9 and 11)
se[s,s) 0.1419 0.00 (see Figures 9 and 11)
S>3 0.1419 0.00 0.0444 3.8651 0.5900
48 T v T T r r
4.7} k
a6} .
45} .

consumption
> B A
N w B
1 1 L

b
-
"

a4t

3.9}

3.8 1 i " 1 L
-20 0 20 40 60 80 100 120

time

Ficure 7. Aggregate consumption over time, experiment 1 (exogenous factor prices).

level, the government must use a higher labor income tax rate in the final steady
state to satisfy its steady-state budget constraint. The labor income tax rate in
the final steady state is 14.2% compared with 8.3% under the small-economy
assumption.

However, the entitlement debt is not affected at all: The government has to
issue an additional debt in the amount 2.67 times the (initial) GDP to buy out
those cohorts that are alive & 0. Figures 9—12 show the time path of aggre-
gate asset holdings, consumption, government debt, and return on asset holdings,
respectively.

6.3. Fully Funding Via Fiscal Policies

The second experiment leaves social security benefits unaltered but changes how
they are financed. Attime= 0, the government switches to a fiscal policy designed
to lower its debt per capita from 4.03 in the initial stationary equilibriur 1d.16
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TasLE 5. Experiment 2 with fixed factor prices

Time T 0 rs—1) —38 Capital/lGDP Debt/GDP
s<0 0.3382 0.60 0.0675 3.1615 0.5899
se[s,s) 0.3723 0.60 0.0675 (see Figures 15 and 14)
se[s,s) 0.1390 0.60 0.0675 (see Figures 15 and 14)
S>S3 0.1390 0.60 0.0675 4.1492 —-1.1785
1.07

1.0651

8

interest rate
[=]
[%;)
v

1.05¢

1.0451

1'040 20 40 60 80 100 120 140 100 180

time
Ficure 12. Rate of return on asset holdings over time, experiment 1 (endogenous factor
prices).

in the terminal stationary equilibrium, which implies a reduction in the debt/GDP
ratio from 0.59 to—1.1785. We chose-10.16 for the debt in the terminal steady
state to induce our agents to produce outcomes in terms of their behavior similar to
that under no social security and a government debt of 4.03. The idea behind this
massive debt retirement is to allow the government to build up a stock of private
physical capital sufficiently large to make the income from publicly held private
capital be enough to pay for social security retirement benefits. To finance this
debt reduction—private asset purchase policy, the tax rate on labor income between
s1 = 0 ands; is raised just enough to hit the target level. The tax rate on labor
income in the terminal stationary equilibrium is set to satisfy the government’s
final steady-state budget equation.

6.3.1. Small, open economyFigures 13—17 and Table 5 display the results of
our second experiment under exogenous factor prices.
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TaBLE 6. Experiment 2 with endogenous factor prices

Time T 0 rs—1) —38 Capital/lGDP Debt/GDP
s<0 0.3385 0.60 0.0675 3.1593 0.5903
se[s,s) 0.3897 0.60 (see Figures 18 and 20)
se[s,s) 0.2497 0.60 (see Figures 18 and 20)
S>3 0.2497 0.60 0.0471 3.7638  —1.9250
36 T T T
physical capital
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Ficure 15. Aggregate asset holdings over time, experiment 2 (exogenous factor prices).

Qualitatively, the time path of the tax on labor income resembles that for experi-
ment 1. The higher labor tax rate during the policy-transition period (37.2%) is used
to acquire claims on private physical capital for the purpose of funding the social
security system. Also, the debt reduction in this experiment induces quantitatively
similar effects on the consumption profile to those found in experiment 1. In both
computations, the transition eventually supports higher mean consumption profiles
by inducing society to accumulate more physical capital.

6.3.2. Closed economy.Table 6 shows the results of our experiment 2 under
the closed-economy assumption.

Starting from the same initial stationary equilibrium, the economy eventually
converges to a final stationary equilibrium where social security is funded by
the income flow from the public acquisition of private physical capital. Under
the closed-economy assumption, the equilibrium rate of return on capital falls
from 6.75 to 4.71% in response to the increase in aggregate physical capital. The
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Ficure 16.Evolution of consumption profiles

increase in the aggregate capital stock across stationary equilibria is limited to

33.8% compared to the 65.5% increase under fixed factor prices. This is, in part,

due to the (general equilibrium) reduction in the rate of return on asset holdings.

A quantitatively more important reason for a smaller rise in the aggregate physical
capital stock appears to be the relatively high labor income tax rate in the final
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Ficure 17.Evolution of consumption spreads, experiment 2 (endogenous factor prices).

steady state. This tax rate falls from 33.85 to only 24.97%. This is related to the

revenue-raising requirements that the government is facing, given an unchanged

tax rate on capital income.

Figures 18-21 display the time paths of key aggregate variables in the second

experiment.
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TasLE 7. Overall efficiency gains

Buy out Government Scheme

Exogenous Endogenous Exogenous Endogenous
prices prices prices prices

1.28% 2.00% 2.12% 2.84%

6.4. Interpretations

Table 7 presents the overall efficiency gains from our two computations. Each entry
in Table 7 represents an annuity computed as follows. First, we compute the present
value of additional wealth required to make the individuals along a transition path
indifferent to remaining under the initial unfunded syst&rBecond, we compute
the annuity implied by this stock measure by multiplying it with the interest rate
in the initial stationary equilibrium. Finally, we express this as a fraction of real
GDP at the initial stationary equilibriuf?.

Table 7 indicates that (1) efficiency gains are larger with endogenous prices for
a given experiment; and (2) efficiency gains are larger under the second experi-
ment for given factor prices. The former is due largely to the implicit insurance
that higher labor income tax rates provide against earnings risk with endoge-
nous factor prices. The labor income tax rate that balances the government bud-
get under endogenous factor prices is higher than that under exogenous prices
because the increase in aggregate capital is lower and the interest rate falls, re-
quiring the government to keep labor income tax rates higher to make up for the
smaller increase in capital income revenues compared to that under exogenous
factor prices. The latter result is mostly due to the government scheme provid-
ing insurance against two risks: higher labor income taxes providing insurance
against earnings risk and unchanged social security providing insurance against
life-span risk. However, the efficacy of the government-run scheme depends very
much on the return that the government makes on its stock of private physical
capital.

7. CONCLUDING REMARKS

We have extended the machinery of Auerbach and Kotlikoff to handle a model
economy with a largestatethan theirs, namely, the momenis, {s), 3(s)] de-
scribing the distribution of wealth and information of ageeople at dats. Our

model is designed rapidly to compute how these moments would respond to various
policy reforms. We used our model to study how alternative transitions between
fiscal policies and social retirement arrangements affect the distribution of income
and wealth within and across cohorts of people. In particular, we demonstrate the
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effects of two alternative schemes to fully fund social security. The first is a com-
pensated buy-out which brings about a 40% rise in the capital stock and lowers
the labor income tax rate to 14% in the final stationary equilibrium. The second
is a funding scheme in which the government acquires claims on private physical
capital to finance social security benefit payments. Although this scheme yields
similar benefits to the immediate generations, later generations get larger benefits
than under the first scheme.

Itis feasible and worthwhile to extend this work in several directions. First, we
are undertaking a systematic analysis of how the risk-sensitive feature of our pref-
erence specification and the resulting precautionary saving affects our numerical
findings. Second, because we use linear state-space methods, it is easy to extend
our calculations to more complicated investment technologies, in particular, to
amend our specification of the production technology to incorporate human capi-
tal while retaining the mathematical structure of the model. Incorporating human
capital promises to be an important innovation, because the basic overlapping-
generations structure leads us to expect important interactions between social re-
tirement arrangements and the accumulaticalldf/pes of capital. Third, the basic
calculations can be extended to incorporate settings in which the mortality tables
{a¢} and the birth rate of population both vary over time. In development contexts,
this extension is very important because the interactions between mortality tables,
birth rates, and the productivity of capital are keys to how a social security arrange-
mentimpinges on capital accumulation. This will enable us to capture the influence
of an aging population on the desirability of privatizing social security. Finally, we
are planning to examine other aspects of fiscal reform, including the elimination
of capital income taxation and the introduction of consumption taxation.

NOTES

1. The Chilean economy switched toward a fully funded social security system in 1981 and raised
its national savings rate from 2.8% of GDP in 1980 to 14.3% in 1991. See Diamond and Valdes-Prieto
(1996) for a detailed description of the Chilean social security reform.

2. Social security provides insurance against being born into a larger-than-expected cohort [Green
(1988)], partial insurance against mortality risk in the absence of private annuity ménkmb@rcg“lu
etal. (1995) and especially Hubbard and Judd (1987)], or operates as a device to leave negative bequests
inthe presence of growing human capital [Abel (1988)]. These forces impinge on the dynamic efficiency
[in the sense of Diamond (1965)] of the economy. Abel et al. (1989) argue that the current U.S. economy
is dynamically efficient.

3. Our alternative transition policies manipulate the generational accounts of different cohorts. See
Kotlikoff (1992).

4. Among others, see Aiyagari (1993), Huggett (1996), iammhoraglu andimrohoraglu (1995)
on the impact of fiscal policies on wealth distribution.

5. We are currently working on a version of our model in which time variation in cohort shares
induces an economic transition to a new stationary equilibrium under a pay-as-you-go social security
system. In such a setup, we can address the impact of the aging of the population and the feasibility
and desirability of fully funding social security under demographic dynamics.

6. We formulate the model to permit preference shocks, though we don't “turn them on” in the
computations reported here.
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7. Aggregate guantities are deterministic functions of time because all randomness averages out
across a large number of individuals.

8. So far, we have restricted ourselves to single-consumer, Gaussian economies. Allowing for
different types of consumers would help us obtain more leptokurtic distributions of income and wealth,
which are empirically more plausible.

9. Because capital income taxes are paid on the net return to capital, we are assuming that depre-
ciation is deducted from taxable income.

10. We assume that people who die hold capital and government bonds in proportions equal to the
economywide average.

11. Wheno # 0, the assumption that, is a Gaussian process is needed for us to invoke the
risk-sensitive recursive control formulation of Hansen and Sargent (1995).

12. In the computations reported in this paper, we have set the preference shock presess
but it would be cheap for us to activate preference shocks within our model.

13. It can be interpreted in terms of a pessimistic type of behavior. See Hansen, Sargent, and
Tallarini (1994).

14. In using dynamic programming to obtain decision rules, we are following Rust (1992),
imrohorcg”lu (1992),imrohorcg"lu etal. (1995), and Rios-Rull (19944, b). See the Appendix for details
about the backward recursions used in the dynamic program.

15. The bequest tax at calendar tism&s collected at the end &f — 1, and carried over into the
beginning ofs. The government collects all of the assets of people who die at the end af The
government debt component of the bequest tax is cancelled, whereas the physical capital stock collected
is carried over int® and earns a gross return Bfs — 1) during the process. The bequest tax termin
(23) is what the government has at its disposal in pesiod

16. Allowing for endogenous factor prices requires us to solve dynamic programming problems
for households born in periodsTo +s1 + 1, .. ., S3.

17. See Figure 1 for a visualization of how aggregate consumption fos dageweighted average
of u$~t(s) along an appropriate diagonal in ttee— t, t) plane.

18. Because the technology is Cobb—Douglas in the case of endogenous factor prices, the equilib-
rium wage ratew is easily computed from the equilibrium rate of return on capital.

19. The actual consumption profile in Figure 5 is obtained from the Consumption Expenditure
Survey data from 1987. Sémrohoraglu et al. (1995) for a description of how this profile was estimated.

20. Kydland and Prescott (1994) argue that the wealth/output ratio for the United States is about
3.2 and that the real interest rate is 6.9%.

21. Arecentpaper by Mendoza et al. (1994) uses national income accounts and government revenue
statistics to construct time series of tax rates for several industrialized countries. Our choice of 30%
for the capital income tax rate is motivated in part by their estimates and in part by the current capital
gains tax rate of 28%. Our equilibrium labor income tax rate is very close to the 31% figure that Lucas
(1990) uses.

22. We experimented with longer transitions to see how the assumed length of the transition affects
the numerical findings. Taking the transition to be 235 yésys= s, + 3Tp) or more had almost no
effect.

23. This is roughly 4.5 times the current government debt.

24. Thisis simply computing the present value of the wealth-equivalent welfare gains for all cohorts,
some of which are negative, as Figures 22—-25 show.

25. Note that this overall efficiency-gain measure subtracts the welfare losses to certain cohorts,
typically those born during the early years of the transition to the final stationary equilibrium.
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APPENDIX

1. DYNAMIC PROGRAMMING

We formulate the household’s lifetime optimum problem as a discounted risk-sensitive
linear control problem. Let
Xt = (at_l).
%

The linear quadratic Gaussian preference specification implies that the utility indexes take
the form

Uy = X{Ptxt + &. (A1)

At aget, the household faces the problem
T?{—(ﬂq —1)?/24 B Rt (Uy1)] (A.2)
s

subject to equations (13)—(16), (20), and (21).
This problem can be represented as a time-varying linear quadratic exponential Gaussian
control problem:

Ur = max{uQuc +XRex: + (26t/0) log Ei[exp(oUr.1/2)]} (A3)

Ut, Xt4+1

subject to

Xep1 = AcXe + Beur + G, (A.4)

This sequence of problems is to be solved by working backward freiT,, beginning
with terminal value function

Utgsr = X 11 ProraXtoes + Eqppa (A.5)

1.1. Terminal Conditions

If we setPq,11 =0, the solution of the consumer's problem is trivial and is tocgeto

that ¢; =y each period, and to borrow whatever is required to support this pattern of
consumption. To rule out this solution, we penalize the act of dyinf at 1 with asset
holdings that are large in absolute value, the intent being to penalize plans thatimply holding
negativeassets at timd, + 1. We accomplish this by setting the (1,1) elemen®Pgf,,,

i.e., the element corresponding to asset holdings, equal to a negative number.
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1.2. Riccati Equations
Associated with the household’s dynamic programming problem are the operators
T.(P) = P+ oPC (I —aCPG) CP,
Di(W) = R + A; [BW — S2WB; (Q: + BB{WB,) 'B{W]A,, (A.6)
Si(k,P) = Bk — (/o) log det(l — o CPG).

Hansen and Sargent (1995) show that the optimal value function is

Ui = xiPix + &, (A7)
where
Pt = (Dt o Ty)Piya, (A.B)
& = St(5ti1, Pryn).
The optimal control is
Uy = —FiX,
(A.9)

-1
Fi=B[Q + BB Ti(Pi)B] BiTu(Piin)A:.



