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I. Thediscrepancyof a setof n points
�
t1 ��������� tn � in �0� 1� d (thed-dimensionalhypercube)is givenby

D �n � t1 �����	��� tn ��
 sup
B ��


�
λn
�
B��� λ

�
B� � � (1)

where � is thesetof all normalizedsubrectanglesof � 0� 1� d,

� 
 B ��� 0� 1� d �B 
 d

∏
i � 1

� 0� bi � � bi � �0� 1� � (2)

andλ
�
B� is theLebesguemeasureof B,

λ
�
B��


d

∏
i � 1

bi � (3)

andλn
�
B� is theempirical measureof B,

λn
�
B��
 1

n

n

∑
i � 1

I � si � B� � (4)

whereI � s � B� is theindicator function,

I � s � B� 
 1 if s � B
0 otherwise� (5)

1. Considertheonedimensionalcase, d 
 1. Finda formula for thediscrepancy, D �n � t1 �	������� tn � .
2. Finda formulafor theminimaldiscrepancy points

�
t �1 �	������� t �n � , i.e. thepointsthatsolve

�
t �1 ���	����� t �n ��
 argmin�

t1 � � � � � tn � D �n � t1 �	������� tn ��� (6)

II. Considertheproblemof deriving theoptimal(deterministic) algorithmthathasthesmallest worstcase
error for integrating the Lipschitz continuousfunctions on �0� 1� with uniform Lipschitz boundL. The
problemasksyou to fill out the details in the derivation sketched in chapter 1 of J.F. Trauband A.G.
Werschulz (1998)Complexity and Information (CambridgeUniversity Press). They considerintegration
in theworstcasesetting over theclass of functions � satisfying

�
f
�
x��� f

�
x� �! L

�
x � y

� � x� y � � 0� 1� � f � � � (7)

Recallthatanalgorithmfor computingtheintegral of a function f � � canbewrittenasacompositionof
two functions,φn : Rn " RandIn : � 0� 1� n " Rn whereIn 
 �

f
�
s1 �	�������	� f

�
sn ��� is theinformation (or sample)
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ontheunknown function f wewish to integrateandφn is analgorithm thatcombinesthis information into
anestimate of theintegral: #

1

0
f
�
x� dx $ φn

�
f
�
s1 �	��������� f

�
sn ���	� (8)

Thus,we areseekinga rule for choosingthesamplepoints
�
s1 �	������� sn � andthefunction φn thatminimize

theworstcaseintegrationerror:

r
�
n��
 inf

s1 � � � � � sn
inf
φn

sup
g ��% � f � s1 �&� � � � � f � sn �'� φn

�
f
�
s1 ����������� f

�
sn �����

#
1

0
g
�
x� dx � (9)

where
� �

f
�
s1 �	�������	� f

�
sn ����
 � g � � �

g
�
s1 �(
 f

�
s1 ���	������� g� sn ��
 f

�
sn � � � (10)

Thus, � �
f
�
s1 �	�������	� f

�
sn ��� is theequivalenceclassof functionsin � thathave thesameinformation(i.e.

have the samevaluesover the n samplepoints
�
s1 �	������� sn � ) as the true function f that we aretrying to

integrate.Sincewe assumethatwe don’t know thetrue f at all points but only at then points
�
s1 �������	� sn � ,

we considertheworstcaseerrorby computingthefunction g � � �
f
�
s1 �	�������	� f

�
sn ��� whoseactual integral

is asfaraway aspossible from theapproximateintegral φn
�
f
�
s1 �����	����� f

�
sn ��� .

1. Show that � �
f
�
s1 �	�����	��� f

�
sn ��� is a setof functions in � boundedabove by an upperenvelope f

andanda lowerenvelope f , andthat f and f arepiecewise-linearfunctionswith slopeseverywhere
equalto ) L thatsatisfy

f
�
si �(
 f

�
si �(
 f

�
si ��� i 
 1�����	��� n� (11)

2. Show thattheoptimalalgorithm φ �n is givenby

φ �n � f
�
s1 �	�����	��� f

�
sn ����


#
1

0
fmid

�
x� dx� (12)

where fmid 
 �
f * f ��+ 2.

3. Let fpwl bethepiecewiselinearinterpolantof thepoints
�
0� f

�
s1 ����� � s1 � f

�
s1 �	���	������� � sn � f

�
sn ���	� � 1� f

�
sn �	� .

Show that #
1

0
fmid

�
x� dx 


#
1

0
fpwl

�
x� dx� (13)

4. Show that #
1

0
fpwl

�
x� dx 
 f

�
s1 � s1 *

n , 1

∑
i � 1

1
2

�
f
�
si � * f

�
si - 1 � � si - 1 � si � * f

�
sn � � 1 � sn ��� (14)

Thus,theoptimalintegrationalgorithm for theclass� is themodifiedtrapezoidal rule.

5. Show thatthereis nolossof generality in restrictingattentionto thespecial caseof zero information,
i.e. where f

�
s1 ��
 f

�
s2 ��
/.	.�.0
 f

�
sn ��
 0, i.e. show that

sup
g ��% � f � s1 �&� � � � � f � sn �'� φ �n � f

�
s1 ���	������� f

�
sn �	���

#
1

0
g
�
x� dx 
 sup

g ��% � 0 � � � � � 0� φ �n � 0�����	��� 0���
#

1

0
g
�
x� dx


 sup
g ��% � 0 � � � � � 0�

#
1

0
g
�
x� dx � (15)
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6. Show that

sup
g ��% � 0 � � � � � 0�

#
1

0
g
�
x� dx 
 L

1
2

s2
1 * 1

4

n , 1

∑
i � 1

�
si - 1 � si � 2 * 1

2

�
1 � sn � 2 � (16)

7. Using calculus, derive the optimal placementof the samplepoints. Show that the optimal points
satisfy

s�i 
 2i � 1
2n

(17)

show that the worst caseerror boundusing the optimal integration algorithm and the optimally
placedpoints satisfies

r
�
n��
 L

4n � (18)

8. Show that for the optimally chosenpoints, the optimal integration algorithm takes the form of a
quasimontecarlo algorithm:

φ �n � f
�
s�1 ����������� f

�
s�n ���(
 1

n

n

∑
i � 1

f
�
s�i �	� (19)

How doesthis result comparewith thequasimontecarlo algorithm for the minimum discrepancy
points

�
t �1 �����	��� t �n � derivedin problemI-1?
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