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|. Thediscrepancy of asetof n points(ty,...,t,) in [0,1]¢ (thed-dimensionahyperaibe)is givenby

where B is the setof all normalizd subectangesof [0,1]9,
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andAn(B) is theempirical measue of B,
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wherel {s € B} is theindicator function,
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1. Considertheonedimensionatased = 1. Findaformulafor thediscrepang, Dy (ty, ... tn).

2. Findaformulafor theminimaldiscrepany points(t;,...,t;), i.e. thepointsthatsolve

(t1,...,ty) = argminDj(ty, ... tn). (6)
(tl,...,tn)

I'1. Considetthe problemof deriving the optimal (deteministic) algorithm thathasthe smalles worstcase
error for integraing the Lipschitz continuousfunctions on [0, 1] with uniform Lipschiiz boundL. The
problemasksyou to fill out the detals in the derivation sketchedin chapte 1 of J.FE Trauband A.G.

Werschut (1998) Compleity and Information (CambridgeUniversity Press) They considerintegration
in theworstcaseseting over the class of functiors 7 satifying

f(x)—f(x)|<Lx=yl. xye[01], fef. (7

Recallthatanalgorithmfor computingtheintegrd of afunction f € F canbewrittenasacompositon of
two functons, @, : R" — Randl, : [0,1]" — R wherel, = (f(s1),..., f(sn)) istheinformation (or sample)



ontheunknavn function f wewishto integrateandg, is analgoiithm thatcombineghisinformationinto
anestimae of theintegrd.:

[ o0 an((s), ... f(s0) ®)

Thus,we areseekinga rule for choosingthe samplepoints(sy,...,Sy) andthefunction ¢, thatminimize
thewaorstcasentegrationerror.

r(n)= infsﬂinf sup O(f(s1),---, f(sn)) — 1g(x)dx , 9)
S B ge 7 (f (1), F(sn))
where
F(f(s1),---, f(sn) = {g € Flo(s) = f(s1)s---,9(sn) = F(sn)}- (10)

Thus, 7 (f(s1),..., f(sn)) is the equivalenceclassof functionsin # thathave the sameinformation(i.e.
have the samevaluesover the n samplepoints (sy,...,Sy)) asthe true function f thatwe aretrying to
integrate. Sincewe assumehatwe don’t know thetrue f atall points but only atthen points (sg,...,Sn),
we constdertheworstcaseerrorby computingthefunctiong € 7 (f(s1),..., f(sh)) whoseactual integrd
is asfar away aspossble from theapproxmateintegral @,(f(s1),..., f(s)).

1. Shaw that ¥ (f(sy),..., f(sn)) is a setof functionsin # boundedabove by an upperenveope f
andandalowerenvelope f, andthat f andf arepiecevisedinearfunctionswith slopes everywhere
equalto +L thatsatisfy

f(s)="f(s)=1f(s), i=1...,n (11)

2. Show thattheoptimalalgoithm ¢, is givenby

O (f(s1),.... f(sn)) = A frmia(})dXx, (12)
wherefyig = (f +f)/2.

3. Let f,y bethepiecaviselinearinterpolantof thepoints(0, f(s1)), (s1, f(s1)), - ., (Sn, f($)), (1, f(sn)).
Shaw that

1 1
|} tmiadx= [ fpua0ax (13)
4. Show that

/01 Fowi (X)dx = f(51)31+r_1211%(f(3)+ f(s+1)(S+1—5) + f(sn) (1 —sn). (14)

Thus,the optimalintegrationalgorithm for theclass¥ is the modifiedtrapezoial rule.

5. Shaw thatthereis nolossof genertity in resticting attentionto thespecal caseof zeio information,

i.e.wheref(s)) = f(s2) =--- = f(sy) =0, i.e. shav that
1 1
sup Gh(f(s)f(s)— [ g0 = sup (0,00~ [ g
geF (f(s1),....f(sn)) 0 ge7(0,...,0) 0
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= sup / g(x)dx| . (15)
ge#(0,...,0) |/0




6. Shaw that
1
/gwwx
0

7. Using calaulus, derive the optimal placemenbf the samplepoints Shav thatthe optimal points
satsfy

sup
967(0770)

—L(%§+%Eisﬂ—sf+%u—&f>. (16)

. 2i-1

shawv that the worst caseerra bound using the optimal integraion algoithm and the optimally
placedpoints satsfies

L

r(n):%.

8. Shaw thatfor the optimaly chosenpoints, the optimal integration algorithm takesthe form of a
quasimontecarlo algorithm:

(18)

BTS00 F5) = £ 3 1(5), (19)

How doesthis resut comparewith the quasimontecario algorithm for the minimum discre@ncgy
points (t},...,t;) derivedin probleml-1?



