ECON G671

Answers to Computer/Empirical Problem (of 2nd half of Econ 615)
Due: November 26th

John Rust, Professor of Economics Georgetown University?Ba3

I. The filedat a. dat contains life histories of 1000 individuals starting at &@eand continuing until the
person either dies, or reaches 80. We have not added anymamdioon-random “survey attrition” other
than people dying. The matrgat a. dat has 10 columns containing the following information

1. The person ID number (1 to 1000)
2. The person’employment state; et the beginning of each year (1=employed 0=not employed)

3. The person’svork decision g with di = 1 denoting to stay employedef = 1 or to search for work
if et = 0, andd; = 0 denoting the decision to quit & = 1 or to stay unemployed (i.e. not search
for ajob) ife; = 0.

4. The person'sige t t € {20,...,80}

5. The person'siverage wage ayw(to be described further below, but basically a moving ayeraf
past annual wage earnings)

6. The person’garnings(before tax)y; from employment

7. The person’benefits p (either pension benefits if retired, or unemployment ben#fitnemployed,
or welfare benefits if not working and not searching for wadkbe described further below)

8. An indicator f; = 1 if a person who is not working; = 0 and searching for worlly = 1 finds a
job, otherwisefi; = 0 if the job search was unsuccessful

9. Anindicatoru; = 1 if a person who is employed and chooses not to quit is intatily unemployed.
10. Anindicatorry; = 1 if a person is retired and receiving Social Security/pam&ienefits

There are 54702 rows in ttdat a. dat file, which is less than the 60,000 lines that it would contain
if there were no mortality and everyone lived to age 80. Thési$i available for downloading along with
some pieces dflatlab code to help you get started on the problem. The rest of thésirdent will tell
you more about the model | used to generate the data and wigzattiywu to do for this problem set.

In this problem, individuals are eligible for 3 main typesgafivernment benefits: 1) a pension after
one reaches the age of eligibility for retirement, 62, 2)mpkyment benefits to individuals who lose a
job and are searching to find a new job (benefits limited to T)yaad 3) welfare benefits for individuals
who do not work, with no limit on the duration of these benefits

The welfare benefits are very small, $5,000 per year (allrme@nd benefit amounts wat a. dat
are in thousands). Unemployment insurance and welfardiseage not taxable, but income and pension
benefits are both subject to a tax rata ef 0.25. Unemployment benefitap are calculated as a fraction
of theaverage wage

uby = rryaw (1)

whereuby is the unemployment benefits paid to persaat aget, rry is the unemployment insurance
replacement ratend aw; is the person’s average wage at agdJnemployment insurance is not very



generous and the replacement rate is assumed to bergniy0.2, i.e. a 20% replacement rate. To be
eligible for unemployment benefits, two conditions mustdiesied: 1) you must be employed at the start
of the yearg; = 1, 2) you must have lost your job due to layalf, = 1 andu; = 1. The benefits are paid
for one year to replace the lost wage earnings, but not maredhe year. We assume that if a person loses
their job in a given year, they will not be successful in firglannew job until thenext yearand provided
they search for a job in the next year and get a job offer (thaildeon this will be explained shortly).

Finally pension benefits are given by a similar formula asmpieyment benefits, but also reflect a
higher replacement rate, = 0.4 and adelayed retirement credit

ple = rrpdre(rip )awg (2

whererj is the age when the persdirst applied for Social Security benefitdle assume that the earliest
age that a person can receive retirement benefits is 62 ahd pelison first applies for benefits at age 62,
the delayed retirement credit formula is then given by

dre(ri) = (1+1)(=62) (3)

wherer = 0.05, i.e. we assume a 5% delayed retirement credit. It folltnasif riy = 62 thendrc(ri) =1
and there is no credit because the person did not delay #teegment date, but if they first apply at age 63,
thendrc(63) = (1+r) = 1.05, and so forth. Thus, a forward-looking person has to etalthe benefits
they get from retiring early (say at the early retirement @gevhen they are first eligible to retire) versus
delaying retirement to get a higher retirement benefit dubdalelayed retirement credit.

The average wagaw; is a moving average of the person’s wages over their full vgricareer.
Assuming nobody starts working prior to age 20, the law ofiamotor the average wage can be written in
a recursive form as

aWit 1 = aWit (t — 19)/(t — 18) +yit/(t — 19) (4)

where we assume the initial value,, is initialized to a random value for purposes of the siniatet.
Then at age = 21 the person’s average wage is a 50/50 weighted averamg-gfand whatever earnings
the person made in the previous yegp.

We assume the wages individuals receive if working are goxethe following equation

log(yit) = 0o+ ast + ast? + azlog(yi 1) + O€i (5)

wheregi; ~ N(0,1) and{e; } is lID. If a person did not work in the previous year aad; = 0, then since
log(0) = —c0 we use the average wage; 1 in place of the wage to predict the earnings from employment

log(yit) = ao+ at + 0xt? + azlog(awy 1) 4 o (6)

There are three probabilities governing 1) mortality, 2piontary unemployment, and 3) the probability
an unemployed job searcher will be successful in finding aljebpy(ed,aw;t) be the probability that an
aget individual with average wagaw and employment decisiodh will die in the coming year and thus
not survive to reach aget 1. Let py(aw;t) be the probability that a person agedith average wagawis
involuntarily unemployed. Since a person cannot be invaltily unemployed unless they are employed
e =1 and do not quit their jolol = 1, it follows thatp,(awt) implicitly depends or(e,d) but it is zero

if e=0ord = 0 and is only positive whea= 1 andd = 1, so we assume this when we writg(aw;t).
Finally, let ps(awt) be the probability that a person agedith average wagaw who is currently not
working will find a job. Again this probability implicitly deends or(e,d) but is clearly equal to 0 ifl =0
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(i.e. we assume that a person has zero chance of finding atjedyilon't choose to searcti= 1). Also
if e= 1, then the person is already employed and we assume tha@ngd®s the option to stay in his/her
job if employed, sops(awt) =1 if e=1 andd = 1, though we did already consider the possibility of
involuntary unemployment via the probabilipy(aw;t) above.

We assume that the person consumes all income or other lsdme&fBhe receives each year so there is
no consumption/saving decision. The utility from recegvincomey and benefitd for a person whose
work state and decision &, d) is given by

U(y—l—b,e,d) = Glexp{Gz |Og(y+b)}—|(t,e,d) (7)
where
Bst2 ife=1landd=1
I(t,e,d) =¢ B4t ife=0andd=1 (8)
0 otherwise.

| provide theMatlabfunctionbenef i t s. mthat calculates a person’s benefits at age by = b (aw, e, d,u,r)
which specifies the benefits a person agedth average wageaw can expect if their employment state
and decision ige,d) and depending on whether an employed person is involuptanémployedu, oe
whether the person is retired Let f(y..1|y,t,awt) be the conditional lognormal density of earnings at
aget + 1 assuming employment given earnings at agéy; and average wagaw. Then the expected
utility of a person who is currently employed and decides tokne,d) = (1,1) and is not retired; = 0,

is given by

Eu(awy,er,d,rd) = E{u(y+b(aw e d,q,rs(rd,r)))}
= (1- pu(awt)) [/Om B1exp{62log((bx(aw e d,0,rs;(rd,r)) +Y)(1— 1))} f (Y |y;,t,aw)dy — Bat?
+pu(awt)B1 exp{62log(b; (aw e, d, 1,rs(rd,r)))} 9)

The expected utility for other employment states and dessand for retirees is calculated similarly. The
functionrs(rd,r) defines the personigtirement state transition functiogiven by

0] ift <62
) (t—61) ift>62andr =0andrd =1
rs(rd,r) = 0 ift >62andr =0andrd =0 (10)
r

ifr>0

Thus, the retirement state equation tells us that a persumotaetire until they reach the early retirement
aget = 62, so their retirement stateris= 0 until then, but once they reach 62 they can retire at age 62 an
their retirement state becomes- 1 (and remains their for the rest of their life, this corresi®mto making
the retirement decisiord = 1 att = 62), or if they do not retire at 62 and walit to retire at a latge,gheir
retirement state stays at= 0 (indicating that they are not yet retired) but at the first #wey apply for
benefitsrd = 1, then their retirement state becomes t — 61, meaning that if they first retire at age 63,
their retirement state is locked inat 2, if they first retire at age 64, their retirement state ikémtin at

r = 3 and so on. This retirement state “remembers” the age tratystarted to collect retirement benefits
due to the delayed retirement credit, since the benefit teeéyil be given byaw(1+g)"— for every
remaining year in their life until they die.



| provide the Matlab programuf. m that calculates the expected utility for all possible valwé
(t,awy,er,d,rd), and you can see | usé€siaussian quadraturéo numerically calculate the expectations
in the expected utility equation (9).

If a person is 62 or older and has not retired yet (62 andr = 0), then the person will havievo
choices(d,rd): whererd is a (0,1) decision whether to retire adds a (0,1) decision whether to work.
Let (g(1),€(2),£(3),€(4)) be fourllD Type 1 extreme value random variables corresponding tdotie
possible combinations of the binadyandrd decisions, so the expected utilities for théger decision
alternatives are

max[Eu (awy,er,d,rd) +€(1(d,rd))], (11)

wherel(d, rd) is simply an indexing function given by
1(d,rd) =2x*rd+d+1 (12)

so thate(1(1,1)) = €(4) and so forth (just for notational consistency to max the faird) — {1,2,3,4}).
If the person has previously retired, so- 0, then the person only has two choices: whether to work
or notd (or search for a job if not employed). Then the maximizedtytih that period is just

max[Eu(awy,er,0) +&(1),Eu(awy,er,1) +&(2)] (13)

since the person cannot choose to retire again once theyalra@agly previously retired.
Let B € (0,1) be the person’s discount factor. We assume that individctad®se labor supply and
when to retire to maximize their expected discounted fifietutility.

Conceptual Questions: dall of the “pencil and paper” questions below

1. Assuming that individuals are dynamic expected utiligpamizers who decide when to retire and
when to work (or search for for if unemployed) to maximizeithexpected discounted lifetime
utility with the utility function described above and undke all of the assumptions described above
where future utility is discounted at rafiec (0,1), please describe as precisely as you can the
dynamic programming problem that agents are solving, ngitheBellman equation$or the value
functionsv (yt,aw, &, I, rde, k) wherev; is the expected discounted utility for a person of age
who has income in the previous year\gfand average wage at the start of agef aw, whose
employment state at the start of aigis g and whose retirement staterisand whose retirement
decision isrd; (if eligible to retire, sa > 62 andr; = 0), and whose work decision .

answer The state variablesare the person’s age and the following variablesaw, y;, &, rt), con-
sisting of the average wagam, income earned in the previous year (or O if not employed @ th
last year)y;, the employment state in the last yamr(1 if worked in the last year, O if the person
did not work), and the retirement statgan integer-valued variable equal to O if the person has not
yet applied for retirement benefits — or is not yet 62 and tHiggbée to apply — and equal to 1

if the person first applied for retirement benefits at age 62figst applied at age 63, and so on).
There are a maximum of two decisions a person makes: an emetaydecisiord; equal to 1 (to
continue to work ifg, = 1 or to search for work i = 0) or 0 (to stop working ifg = 1 or to stay not
working, i.e. not to search for a job,éf = 0) and a retirement decisiod;. The retirement decision
is only relevant if a) the person is at least 62,62, and b) has not previously applied for retirement
benefitsr; = 0. LetEu(awy, e r,d,rd) be the expected utility a person wha igears old expects



if they are in statéaw,y, e, r) and takes decisionl,rd) (assuming a retirement decision is feasible,
otherwise it just depends on the employment decisiavhich is always a feasible decision). Let
vi(awy, e r,d,rd) be the expected discounted lifetime utility of a person agedstate(awy,e,r)
taking a decisior(d,rd). Consider an employed person who is younger than 62 (so isligile

to make a retirement decision). So we have 1 andr = O for this person. The the value function
can be written recursively usifgackward inductiorfrom the last period of life, ag& = 80 (since
we assume that everyone dies with probability 1 after age 8)ce there is no future period of
life other than to live out the rest of age 80, Ygb(aw y, ,r,€) denote the utility the person gets in
their last year of lifef = 80 as a function of their state. #f> 0 then the person has already retired
and has no additional retirement decision left to make (Wwhve indicate byrd = 0) so the value
function is

Vgo(aw y, e r,€) = max|Eugo(awy, e r,0) + (1), Eugo(awy,e,r,1) +€(2)] . (14)

So the person either choosgs= 0 ord = 1 depending on which of the two expected utilities is
higher, also accounting for tHiD (£(1),€(2)) shocks (assumed to be observed by the person at the
start of age = 80 but not observed by the econometrician). If these shoaks A Type 1 extreme
value distribution and we normalize the scale paran®terl (since we can multiply all utilities and
shocks by a constant postive scalar and this does not affeahiices of such an agent, thuse we
must make a “scale normalization” somehwere and it is cdemeto normalize the scale parameters
of the distribution of the shock tern{s(1),€(2)) entering the utility function), the probability that

an 80 year retiree will choose to work is then given by

Pr{Euwo(awy,e,r,1) +£(2) > Eugo(awy,er,0) +&(1)}

_ exp{Eugo(awy,e,r,1)}

~ exp{Eugo(awy,e r, 1)} +exp{Eugo(awy,er,0)}
For a non-retireet = 0, the person has to choose one of the four possible optionstfie binary
choices oved andrd and would chooséd, ed) with the following probability

Pr< Eugg(awy,er,d,rd) +<(1(d,rd)) > ma Eugo(awy,er,d’  rd") +e(1(d’',rd’
{Ewlanyerd ) csi@m) > max - Etawyerd.) s}

_ eXp{Eu80(a\Nv Y, €, r7d>rd)}
Y01} Yrde{o1) EXP{Elgo(awy, e r,d’,rd’)}

Now consider the person’s decision problem at tage79. For a retireer > 0 there are only two
choicesd € {0,1} so the Bellman equation is given by

Vrg(awy,er.e) =

max(Eurg(awy,e,r,0) +€(1) + BEVso(aw y, &1, 0), Euzg(aw y, er, 1) + BEVgo(aw y, €1, 1)]
whereEVgo(aw y, e r,d) is the conditional expectation of the person’s maximizdéaydgo(aw y, e r,€)
at aget = 80 conditional on their age= 79 state and decisiotaw,y,e,r,d). We will define this
function in more detail shortly. But first it is important tetgthe “big picture” and see how we can

derive a choice probability for whether the 79 year old warkaot. Define thehoice specific value
function we(aw,y,e,r.d) by

V79(a\N7 Y,E T, d) = EU79(a.VV7 Y,E 1, d) + BEV8O(a\N7 Y,E 1, d) (15)
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Then we have the simple relationship betw®en(the usual “value function” in the Bellman equa-
tion of dynamic programming) and the choice-specific valuefionsvzg given by

Vzo(awy, e r,e) = max[vzg(aw y, e r,0) +£(1),vz9(awy, e r, 1) +&(2)] (16)

and we can write the choice probability for a 79 year old asnatyi logit very similar to the way
we did for an 80 year old in equation (15) above, but the 79 gkhis facing atwo period problem
whereas the 80 year is facing onlyae period problensince the 80 knows he/she will die at the
end of their 8& year. However if we us®&;g instead ofE uyg as the utility function entering the
choice probability, we can still correctly express the pdaibty that a 79 year old will work

Pr{vio(awy,er,1) +&(2) > vro(awy,e,r,0) + (1)}
_ eXp{V7g(aVV, yu eu r7 1)}
— exp{vro(awy,er, 1)} + exp{vzo(aw y,er,0)}

For a 79 year old who has not yet retireds- O this person has a pair of decisioftsrd) to make,
and it is not hard to see that we can define a corresponding shbiwe-specific value functions
vrg(awy, e r,d,rd) in a similar way, and we will get a corresponding choice pbilits for the joint
choice of(d,rd) as we did for the 80 year old above, but using the choice-Bpegilue functions
V7g instead of the single period expected utiliteg,g

P > / / / /
r{Vm(aw,y,e, r,d,rd)+e(i(d,rd)) > d/e{oﬂradxe{o’l}v?g(awy,e, rd’,rd") +e(i(d',rd ))}

eXP{V79(aW>y> €, r>d7 rd)}
Zd’e{o,l} Zrd’e{o,l} eXp{V?Q(a\N? y,&r, d, I’d,)} '

Now we show how to derive the expected value functi&\go(aw,y,e r,d,rd). There are four
different equations depending on the valuegahdr. First consider a person who is retired and
not working,r > 0 ande = 0 at aget = 79. This person could either choose to search for a job
(d = 1) or stay retired and not working = 0. How much expected utility will this person get in
this latter case at age 807 Since the person is alreadydretirere is no employment decision and
since we first consider the decisiah= 0 (do not search), we know that the person will simply
collect their retirement benefits and no labor income, andhawe thate = 0, y = 0 and, since they
are retired, their average wage at age 80 will be the sameeasaverage wage at age 78w,

so the only uncertain quantity to take expectations overhatwhe unobserved shocks to utility
€= (g(1),e(2)) = (g1,&2) will be at aget = 80. Since these are independent Type 1 Extreme value
random variables, we have a convenient closed for expressidhe E Vg in this case

EVgo(awy,e,r,0) = (1—pa(aw79)) / Vgo(aw,0,0,1,€1,€) f (€1) f (€2)derder

€1/8&

= (1- py(aw, 79))/ max[E ugo(aw, 0, 0,r,0) + &1, Eugo(aw, 0,0, 1, 1) 4 €3]

€1/€&

= (1 — Pd (a\Nv 79)) |Og (eXp{EUgo(aV\/, 0,0,r, O)} + eXp{EUgo(aV\/, 0,0,r, 1)})

where we use the “log-sum formula” (also called the “inclasralue” by McFadden) as a convenient
closed form expression for the expected maximum of the ags&Imum utility over the two
extreme value shock&,€;) that will affect the person’s decision whether to work or abthat
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last year of the person’s life. Notice we also multiplied b survival probability p(aw,79) =
1— pg(aw, 79) which is one minus the probability that the 79 year old wouklahd not reach age
80. We assume there is no further utility when someone diegy6aw; 79) times the “expected
utility of dying” is 0.
Now consider the other possible decisidn= 1, which indicates that the person chooses to search
for a job at age 79. Now we need to consider the possibiilty ttie person may not find a job, or
if they do, what their earnings would be. The person’s exqigmnts is that their earnings would be
a drawy’ from the conditional density (y'|0,79,aw), which is the earnings a 79 year hold who is
not currently working (and thus has current incoyre 0) expects if their average wagea®. Thus
the average wage is a measure of the person’s past earnithgstesnis natural to include to predict
their earnings if they are successful in returning to workéeordance with the wage equation (6).
We have

EVso(aw y,er, 1) = ps(aw, 79)(1— ps (aw; 79)) / Vgo(aw, 0,0,r,€1,€2) f(€1) f(€2)derde,

€1/€&

+ps(an79pr @n79) [ [ [ Vaolawy' Lrer.e2)f(61)f (52) (Y1078, aw)ay deadez
y Je

1J €2

= ps(aw, 79)(1— ps (aw, 79)) log (exp{ E ugo(aw; 0,0,r,0) } + exp{E ugo(aw;0,0,r,1) })
+ps(aw, 79) py (aw 79) /y log (exp{Eeo(awy’, 1,1,0)} + exp{Etgo(awy’, 1,1, 1)}) f(y|0, 79, aw)dy

Thus, the expected utility now factors in the uncertaintwbéther the job search decisidr= 1 will
be successful in getting a job, and if so, the additional ttaogy about amount of wages actually
earnedy.

Now consider a retiree who was working at the start of tage79, e= 1. Then the two decisions
ared = 1 (continue working) and = 0 (quit). If the person chooses to quit, then it is not hard to
see that ithe formula for expected utility of the person iis tase is the same as the equation for
EVso(aw y, e r,0) above for a person who is not working at the start of age 79 dmaahooses to
continue not to work. However for a 79 year old who is workimgl avho chooses to continue to
work, we have to factor in the probability that they might edi, and this is given by the probability
pu(aw; 79) below

EVso(aw y,er, 1) = ps(aw, 79) py(aw, 79) / Vgo(aw, 0,0,r,€1,€2) f(€1) f(g2)derdey

€1/€&

+ps(aw, 79)(1— pu(aw, 79)) /y /s i Vso(awy',1,r,€1,€2) f(€1) f(€2) T (Y]y, 79,aw)dy deqde;
= ps(aw, 79) pu(aw, 79) log (exp{ E ugp(aw; 0,0,r,0) } + exp{ E ugo(aw,0,0,r,1) })
+ps(aw, 79)(1— pu(aw,79))/ylog (exp{Euso(aw y’, 1,1,0)} + exp{Eugo(aw y’, 1,1r,1)}) f(y'|y, 79, aw)dy

Thus, the expected utility now factors in the uncertaintyvbkther the worker will be unemployed.
If the worker is not fired, this equation captures the unaastaabout the wages the person will earn
y. Notice that since the person is employed at the start of 8gee’know the previous income
y and use this to get a better expectation of earnings fromirgmgain the job via the density
f(y'ly,79,aw) in accordance with the wage equation (5) above.

For a non-retireer, = 0, we have to modify the expectations above to allow for thditemhal retire-
ment decisiorrd this person has. First, if the person chooses to ratites 1, then we know the
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person will not have a retirement decision to make at agedBhesequations are basically similar as
the four equations given above. The only difference is thatperson, having delayed retiring until
age 79, will get a higher retirement benefit due to the delagtement credit and this expectation
is “built in” via the benefit functior (aw, e,d,u,r) but other than this, the equations for expected
utility in this case are exactly the same as those given iat@oys above.

The final case is where the age 79 non-retire decides noitte attige 79, so= 0 andrd =0. Then
this person will have a retirement decision to make attageB0. So there will be four expected
utilities to consider at age 80 corresponding to the tworyincisions(d,rd) the person will have
in this case. The equations above must be modified to accouttidfour choices available to the
person at age= 80. We do this by simply replacing the log-sum formulas ind¢lg@ations above
which are sums only ovewo alternatives (utility of working versus not working) in tlvase of
someone who has already retired to a log-sum ovefdiealternatives (retire or don't retire, work
or don't work), resulting in formulas such as the one below

log ( exp{Eugo(aw y,e,0,d’, rd’)}> 17)
d’e{0,1} rd’€{0,1}

Having computedr;g(awy,e,r,d,rd) for all feasible values of the state variables and decisains
aget = 79 (sinceaw andy are continuous state variables, it is necessargligoretizethese to a

finite grid and theninterpolateto computevsg(awy, e r,d,rd) if (awy) are not grid points on the
pre-determined grid. | will provide computer code to do this

The backward induction then proceeds to &ge78,77,76,...,20 completing the dynamic opti-
mization. At each agewe will have then computed the choice-specific value fumstig(aw,y, e r,d,rd)
and each will satisfy the Bellman equation

Vt(aV\/»y7 € r>d7 rd) = EUt(aW>Y> € r>d7 rd) + BE\'{-&-l(aVV?y? € r>d7 rd) (18)

where the expected value functioB&4,1(awy,e r,d,rd) will be computed in the same way as
outlined for the casé= 79 in detail above, except that fox: 62 the retirement decisioml is no
longer available and there is just a binary decigioover whether to work or not. The conditional
choice probabilities will then be either given by

eXp{vt (a\Nv yv er, d)}
exp{v(awy,er,0)} +exp{w(awy,er, 1)}’

R(dlawy,er) = (19)

if the retirement decision is not feasible (either becahsepersion is age< 62 or because > 0),
and in the ages and states where the retirement decisioasiblie, we have the probabilities for the
joint choice of employment and retirement given by

eXp{vt (a\Nv y,&1, d7 rd )}
Saefo1} Yrdefo.1) EXP{(awy,er,d’,rd’)}

R(d,rdlawy,er) = (20)
Note that the coinditional choice probabilitBswill be functions not only of the state variables, but
also functions oéll the parameters in the model, both the utility function paetersd = (61, ...,0,)
and thea parameters of the wage equation, and the parameters gntiegiprobability of deatipy,

of unemploymentp,, and of finding a jolps.



2. Using the Bellman equations, write formulas for twnditional choice probabilitiegor the work
decisiond; and retirement decisiam; when the person is eligible to make a retirement choice. That
is, write expressions fd?(d|t,y,aw e r) for individuals who are not eligible to make a retirement de-
cision, and the choice probabilities for the joint choiceaifrement and whether to work (or search
for work if not employed)P(d, rd|t,y,aw, e r) as a function of the “state variable&’y,aw e,r).

answerAlready answered as part of the (long) answer to part 1 above.

3. Using the choice probabilities derived in your answer testion 2 and the other probabilities of
mortality, unemployment and finding a job described in thebfgm description above, as well as
the equation for the dynamics of wages and average wagese @dull information likelihoodfor
all the possible labor supply and retirement and unemployraed job search outcome events that
you observe in the data.

answer Let 3 be the agents’ common discount factérbe the four unknown parameters of peo-
ples’ utility functions,a the parameters of the wage equation andlee all of the other param-
eters of the probability of deatpy, unemploymentp, and finding a jobps. For each person in
the samplej = 1,...,N we observe all states and decisions from tge20 until aget = 80 or
when they die, whichever is sooner. LBtbe the age of death of persaror T; = 80 if they
survive until the maximum age that we observe 80. Then tha dat observe for personis
{(avv.t,yit,at,rit,dit,rdit)}tTi:Zf. Leto= (B,6,0a,y) be the unknown parameters to be estimated. The
full likelihood for all N people in the sample is given by

N
Ln(@) = [ L{(@we.ye. €., o 1) oo, @) (21)

so we only need to describe the likelihood for an individueison L ({ (aw, Vi , €t , it , it , rdit )}Lzo, 0).
Intuitively we start at age— 20 and write the probability that the person decided to workod work
given their “initial condition” at age 20aw,,0,0,0), i.e. we “endow” each 20 year old with a ran-
domly chosen initial average wag®sg and assume the person is not workawg 0 and has never
had a job before sg = 0. Further they cannot be retired until age 62rse 0 also. So the only
choice we observe at age 20ds, whether the person chooses to search for a job or not, asd thi
occurs with probabilityP,o(d|aw; 0,0, 0, @) which can be computed for any given initial guess of
¢ by solving the dynamic programming problem from dge 80 by backward induction as de-
scribed in the answer to part 1 above. The employment stagedtt= 21, e»; will depend on
whether the person chosgy = 1 or not. Ifdyg = 0 theney; = 0 andy,; = 0 (recall thaty; is the
income a person earned in the yegaior to their current age). Further since the average wage
evolves deterministically, we do not have to write a likelll equation for that. Thus, if we take
the initial state of the person at age 28wk, Y20, €20,r20) = (aWep,0,0,0) as given, we need to
write the likelihood for the observatiofdyo, €21, a1, Y1) that represents the employment, earn-
ings outcome that the person will find himself in at the sthrget = 21 resulting from the their
job search choices and outcomes at tige20. We can build the likelihood by writing Blarkov
transition probabilityT(aw;1, Yi+1,€+1, t+1/aW, V&, &, 't, &, rds, @), and the probability of the ini-
tial choiceP,g(d2p|awso, Y20, €20, 20, @) Which depends on the initial conditid@wg, Y20, €20,120)-
Since a product of the Markov transition probabilities Hssin the joint probability of the full



sequence of observed states and decisions given the adtidition for each person, we can write

T-1
L({(aw, Yk, &, t, Gk, rdk o0/ (AWa0,0,0,0), @) = [|‘2| (1- pd(avw,t,v)] Pa(awr, T) x
t=20

T-1

[I_zl Pt+l(dt+lvrdt+1|aw+17yt+lva+lart-&-l»(p)n(avvl-i-lvyt-i-laQ-i-lvrt+1|a\nyt>aartadtyrdb(p)] X
t=20

Poo(do| (aWe0,0,0,0,@). (22)

whereL({(aw, Vi, &, I't, tk, rdi ) 1,0l (aWao, 0,0,0), @) represents the likelihood of observing the se-
quence{(avw,yt,q,rt,dt,rdt)}tT:ZO conditional on the initial condition(aws,0,0,0) (i.e. condi-
tional on the 20 year old starting out not previously emptbged not retired or working but with
an average wage “endowment” equabitpo). The first factor in equation (22) is the probability of
observing an individual who lives from age= 20 through ageé = T and then dies at ageé+ 1,

so it is the product of the conditional probability of suivig at ages = 20,21,..., T and then the
conditional probabilitypg(awr, T,y) that an individual who has reached apelies before reaching
ageT + 1.

Thus, the likelihood for a given individual in the sample israduct of several factors, including the
conditional probabilities Rd;,rd;|aw, y,&,rt,®) for the sequence of employment and retirement
choices the person makes over their lifetime, times angireduct oftransition probabilitiesthat
predict the probability of next period staf@w 1, Yi+1,€+1,r+1) conditional on the current period
state(aw, y, &, rt) and decisior(d,rd;). We can complete the answer by deriving this probability.
This transition probability is quite simple in any periogiéa where the person chooses to quit an
existing job (ife = 1) or remain not working (i = 0). Then with probability 1 we know that
e.1 = 0andy;,1 = 0 and average wage will be updated also according to a detistiniformula,

so the transition probabilityt will simply equal 1 in this case. Thus, the more interestimgl a
informative case comes when the person chodses1l. When the person is currently employed,
g = 1, we need to account for the probability that the personctcballaid off, so we have

TH(@W 1 1, Vi1, €11, e 1[aW, Ve, &, 1, G, rde) = 1{ea = 1} (1— pu(awt,t)) f (Ve alw,t aw) +
(1-Heat1=1})pu(aw,t). (23)

This equation says that if the person is not laid off, whiclkreawith probability 1— p,(aw,t),
the transition probability predicts the realized incomenedy;. 1 via the lognormal conditional
probability f(yi11|yt,t,aw ) implied by the wage equation. Otherwise if the person isdéfidvhich
occurs with probabilityp,(aw, t), we know thaty; . ; = 0 with probability 1 and all of the other state
variables evolve deterministically so there are no othebabilities to predict in this case.

Similarly in the case wherg = 0, then ifd; = 1 we have a person who is not currently employed
searching for a job. The transition probability in this cése

TH(@W 41, Ye 41, 811, Fern|av, Ve, &, 1, G, rde) = 1{e 1 = 1) pe(aw, t) F(yepa |y, t,aw) +
(1-Her1=1})(1— pr(aw,t)). (24)

The explanation for this transition probability is very fan to the one above: if the person is
successful in finding a job, which occrs with probability(aw, t), the transition probability predicts
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the realized income earngg, ; via the lognormal conditional probabilit§(y;1|y:,t,aw) implied

by the wage equation, except that= 0 since the person was not employed in the previous period
(i.e. at the start of agg. Otherwise if the person is unsuccessful in finding a jobictvleccurs with
probability (1 — ps(aw,t)), we know thaty; .1 = 0 ande 1 = 1.

Since the laws of motion for retirement state and averageeveaigl benefits are all deterministic
and do not depend on any unknown parameters, there is no oéedude expressions for these
transitions into the likelihood. Instead we simply pluglie tvalues foaw . 1, ri, 1 that are predicted
with probability 1 from the deterministic updating formsfor average wage and the retirement state
based on previous states and decisions and the conditinotzlglity of observing these values will
just be equal to 1, and thus these variables do not affecikbihbod (or are implicitly included
as factors in the likelihood equal to 1). The only probabdisispect of retirement is the timing of
retirement, and this is captured in the product of the ciotid choice probabilities, which will
provide a probability of choosing to retire starting at &ge62 until the person actually does retire,
after which the person stays retired until they die so thalitmmal probability of being retired after
having previously retired is 1 and thus does not affect #kedihiood as explained above.

4. Describe in general terms how you would expect a persabsrisupply and retirement behavior
would change if they were myopic decision makewith 3 = 0 versus if they were d@dynamic
decision makewith 3 > 0. If you wanted to distinguish whether people were myopidyramic
decision makers, would it be possible to tell just by obsena given set of data on their work and
retirement behavior, or would it be helpful to be able to amidanexperimenthat would be able
to provide more convincing evidence as to whether people tlaé future into account in making
their decisions? Assuming any experiment you dream up woelteasible to conduct, decribe a
controlled experimentvhere atreatment groups expoosed to a changed retirement policy or some
other change in payment (or retirement bonus, or tax etc)yandcan compare the behavior of
individuals in the treatment group with those in tentrol groupwho continue to receive thetatus
quopay and government benefits given above.

Computer/Empirical Questions: do all of questions below except you can choose whether to answer 7
or 8 but you do not have to do botfiheneveryone has to do part 9 which is to try to predict the impact
of an increase in the retirement age from 62 to 65 either viaduced form approach (if you choose to do
problem 8 instead of 7) or a structural approach (if you ch®és do problem 7 instead of problem 8).
Students who get closer to the “true answser” will get moreditrin their answer to problem 9.

5. Using the data idat a. dat estimate the unknown parameters of the wage equation antdba-
bilities pg, pu and ps and plot your estimates of these estimated probabilitifsragions of their
argtuments. Do you need to correct for any endogeneity opkaselection bias in order to consis-
tently estimate these objects?

6. Using the full information likelihood you derived in yoanswer to question 3 above, describe the
partial likelihoodsthat you might use to estimate the parameters of the wageieqaad the proba-
bilities pg py andps. Can you find a general argument that maximizing a partialilibod function
will result in a consistent estimatof of the underlying paeders? How is your answer affected by
the fact that | have given yoprior information about the functional form of the wage equation but
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have not told you explicitly about the functional form of thebabilitiespy py, and ps other than

to tell you the variables that (potentially) enter thesebpiulities? Are there issues ofodel selec-
tion that you have to confront to estimate these probabilitied,ibso, then describe how you went
about this model selection problem to settle on your pretespecification for these probabilities?
If you estimated these probabilities using non-parameirisemi-parametric methods, describe the
method you selected and attempt to provide some justificdédioyou approach.

. Using the estimated parameters of the wage equation angrdtbabilities you estimated in your
answer to question 6 above, uséna step approaclio estimate the paramete(B, 6;,02,03,0,)

of individuals’ utility functions (with everyone assumealtiave the same utility function and differ
only in their states, e.g. realized incomes, average wagesmployment histories, etc). That
is, taking the estimated probabilities and wage equatiooms fyour answer to part 6 andpartial
likelihood functionfor individuals’ choices of labor supply and retirement gestimate the utility
function parameters in the second stage by maximizing #risgblikelihood. Note: you will need to
find a way to solve agent's dynamic programming problems asctumerically solving the Bellman
equations you derived in your answer to question 1 above aimg) the value functions from this
DP solutionv;, to compute the choice probabilities and use thse to fornr pautial likelihood
function. Will your estimates be consistent and asympaditicnormally distributed? Will your
estimated covariance matrix be consistently estimated? yGa conduct a likelihood ratio test of
the hypothesi$i, : B = 0 versus that alternativid; : f > 0 and if so, do you find you can rejddg?

. Instead of following a structural approach, can you saggeme simplereduced form modebr
predicting peoples’ labor supply and retirement decis?oi@utline your preferred model and ap-
proach and using this and the datalat a. dat estimate your model and evaluate its goodness of fit
using the Chi-squared goodness of fit test of Andrewsnometrical 988.

. The ultimate goal of all of this econometric work is to a#vipolicy makers on the impact of an
increase in the retirement age from 62 to 65. As an additimreantive, policy makers propose in-
creasing the delay retirement credit from 5% to 8%, so tha@dch year of delay in retirement after
age 65, retirement benefits will be permanently increase8%ynstead of 5%. Policy makers are
interested in knowing the following things: 1) if the retinent age is increased, how many people
will choose to retire (start collecting benefits) at the netirement age 65, and how many will be
affected by the increased delayed retirement credit amek regen later than age 65? 2) What is
the overall impact of this policy change on tbiscounted present value of government taxes and
benefit® To answer the latter question, calculate for this sampieddfiduals the net present value
of taxes and welfare, unemployment and pension benefitstioedifecycle discounted at 2% to age
20 under thestatus quowith the age 62 retirement age and the 5% delayed retiremedit,cand
then predict how this present value of net benefits would ghamder an age 65 retirement age with
the higher 8% delayed retirement credit. By how much will tie¢ present value of governement
outlays be reduced (or increased) by this policy changendJlfz some individuals have charged
that the policy change will favor higher income individuatsnce these individuals tend to work
longer anyway and thus the higher retirement age will notibdibg for them and they will benefit
additionally from the higher delayed retirement creditsdiss whether you think these concerns
are justified and how you would go about trying to predict hberpolicy change will affect lifetime
inequality and which individuals will be most hurt and whiglill be most helped by this policy
change HINT: you can answer this question either using the structuraleir(@fd/ou answer ques-

12



tion 7) or your preferred reduced-form or “behavioral médiélyou answered question 8). | do not
expect you to provide a numerical answer to question 9-3yabat | do expecte numerical “policy

predictions” (ideally with standard errors, not standardrs are not essential) to questions 9-1) and
9-2) above.
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