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Problem set 5
Due in class on Tuesday October 13th

1. Finite Horizon Dynamic Programming Consider an individual who is retired and has initial retire-
ment savingsW and expects to live forT more years (with no uncertainty over their remaining lifespan).
The individual has logarithmic utility functionu(c) = log(c) and has no bequest motive. There is only
one savings option for this person: a savings account at the bank that pays interest rater so that saving
one dollar today results inR= (1+ r) dollars in the savings account next year. The person maximizes
discounted utility over their remaining lifetime and has discount factorβ ∈ (0,1). Using dynamic pro-
gramming, solve for the optimal consumption rule for this retiree, i.e. the functionct(W) that specifies
how much is optimal for a retiree witht more years of life left to live will consume of their wealthW.
Also derive a formula for thevalue function Vt(W) that provides the discounted utility for this person
over their remaining life assuming they follow an optimal consumption plan.

A. How does your answer change if the person has a CRRA utilityfunctionu(c) = [cρ −1]/ρ? Show
that log(c) = limρ→0[cρ − 1]/ρ and derive the consumption function and value function for the
full CRRA class of utility functions, not just the special case of log utility whenρ = 0.

B. Now consider a general, concave and differentiable utility function u(c). Show that theEuler
equationmust hold, i.e. for eacht ∈ {1, . . . ,T}, the optimal consumptionct(W) solves the fol-
lowing recursive equation

u′(c) = βRu′(ct−1(R(W−c)) (1)

and thatc0(W) =W.

C. Now consider aworkerwho hasT periods to live. The worker earns a deterministic incomey> 0
each period he/she works, but earns no further wages and has no pension once he/she retires.
Instead, the retiree must live off any savingsW they have accumulated in the working phase of
their life. Assume that retirement is anabsorbing state— i.e. once a person retires, they cannot
“unretire”. Write down the Bellman equation for the decision of a worker about whether or not
to retire. (Hint: you should use your solution for the “retiree’s problem” as asub-component of
the “worker’s problem”, that is, the value of a worker who decided whether or not to retire will
depend on the value already solved above for a retiree.)

D. Try to derive the optimal consumption function for a worker and compare it to that of a retiree.
Is a retiree more “cautious” and consumes less than a worker of the same age and wealth? Using
numerical methods if necessary, plot the optimal consumption function for a worker who earns
y= 20 when they haveT = 20 years left to live, withβ = .98 andR= 1 for t = 2,5,10,19 years
prior to their last year of life.

2. Buffet’s problem Now consider a slight generalization of the problem given above. Consider Warren
Buffet who is very rich and retired, so Buffet does not earn any labor income any longer, but Buffet faces
a choice of how much to consume and how much of the wealth he invests to invest in risk-free bonds
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that earn a deterministic returnR= (1+ r) and a stock portfolio, which providesIID random (normally
distributed) returns̃Zt whereZ̃t is the (percentage) return from the stock market in yeart which is a
lognormal random variable with parameters(µ,σ2). Suppose Buffet has a constant risk of dying each
year,ρ ∈ (0,1) and he discounts future utility at rateβ ∈ (0,1) and has logarithmic utilityu(c) = log(c)
and no bequest motive. Write down the Bellman equation equation for Buffet’s problem and see if you
can solve forV(W), the present discounted value of Buffet’s utility over his remaining life if he follows
and optimal consumption/savings and investment strategy.

A. Using either numerical or analytical methods, find the optimal consumption rule for Buffet,c(W)
and explain why it does not depend on Buffet’s aget, whereas the solution in problem 1 above
does depend on how many years a person had left to live.

B. Using either numerical or analytical methods, describe Buffet’s optimal investment strategy. Let
µ(W) be the fraction of Buffett’s saving that he invests in the risk-free bonds. Is Buffett a more
cautious investor when he has less wealth, i.e. isµ a decreasing function ofW?

C. Suppose an insurance company were to offer Buffett anactuarially fair annuity.That is, Buffett
can give some or all of his wealthW to the insurance company to purchase in return a constant
paymenta per year that Buffett reamins alive, and the expected present discounted value of this
stream (discounted at the risk free interest rater and taking into account Buffett’s true probability
of dying in any given year,ρ) equals the amount he turns over,W. That is, the insurance company
makes no net profit from this deal, in the sense that the expected present value of annuity payments
exactly equals the amount the company receives from Buffettup front. Calculate a formula for
this annuity paymenta.

D. If Buffett faced the option to take some or all of his wealthand buy an annuity, or keep his wealth
and invest it himself, what would he do? That is, re-solve Buffet’s problem but now allowing for
his option to buy an annuity and either fully or partiallyannuitizehis wealthW.

3. You have a car and the number of miles it has been driven is recorded on the car’sodometer.Call
the odometer readingx. The number of additional miles you drive your car each period is random, but
is drawn from anexponential distributionwith parameterλ > 0. This means if you have a car withx
miles on its odometer today, the number of miles you expect itwill have on its odometer after one year
is x+1/λ. You have a quasi linear utility functionu(x)+y wherey is your income that you use for other
consumption, andu(x) is the happiness you get from using your car. You prefer newercars to older ones
sou′(x)< 0. In addition, you must pay maintenance costs to keep your car running each year,m(x), and
naturally we havem′(x) > 0. Suppose you live forever and will always need one car but have no need
for more than one car in any period you live. You discount the future at rateβ ∈ (0,1). You can buy a
new car for priceP> 0 but there is no secondary market for used cars, so if your cargets too old (i.e.x
becomes too large) your only option is to scrap it for amountP> 0. Naturally we assume thatP> P.

A. What is the optimal strategy for how long to keep an existing car and when to buy a new car that
maximizes your discounted lifetime utility? Try to characterize the optimal strategy as explicitly
as you can and write down Bellman’s equation for this problem.

B. If P= 20000,P= 500 andu(x) = 10− x/10 andm(x) = x/10 wherex is the odometer value in
thousands of miles, andβ = .95, can you solve either numerically or analytically for theoptimal
strategy for trading your car?
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C. Suppose there is a used car market and you can buy a used car with x miles on it forP(x). A
new car hasx= 0 miles on it and sells for priceP= P(0) just as above, butP(x) is a continuous
downward sloping function that satisfiesP(x) =P for x≥ γ for some positive valueγ> 0. Assume
there are notransactions costsso that if you decide to sell you existing car withx miles on
its odometer and buy another used car withy miles on its odometer the cost for doing this is
P(y)−P(x). Can you write down the Bellman equation for the optimal car holding and trading
strategy in this case and explain how the existence of a secondary market affects your decision
about when to trade your car?

D. Suppose now that there are also positivetransactions costssuch as taxes and transfer costs that
you incur when you trade in your old car to buy a new one. Then the cost of selling your existing
car withx miles on its odometer and buying another car withy miles on its odometer isP(y)−
P(x)+T(x) whereT(x) are the transactions costs which are positive and could be a function ofx
(either an increasing or decreasing function ofx, or just a constant, e.g.T(x) = T for all x). How
does the presence of transactions costs affect your car holding and trading strategy? Write down
Bellman’s equation for this version of the problem and explain your answer for full credit.

E. Suppose there are a continuum of individuals in the marketand they all have the same preferences
u(x) and discount factorsβ and face the same maintenance costs for cars,m(x) and there are
no transactions costs. Can you write down an equation that characterizes the equilibrium price
function P(x) in this case, assuming that there is an infintely elastic supply of new cars at an
exogenously determined priceP and an infinitely elastic demand for scrap at an exogenously
fixed priceP> 0 and naturally we assume thatP> P. If there are no transactions costs, can you
write a formula for whatP(x) must be to clear the market?

F. If the market isstationary and under the conditions given in part E above, can you write an
equation for thestationary distribution of cars in the economy? That is, letF(x) be the CDF for
the fraction of cars in the economy whose odometer is less than or equal tox. If the economy
is stationary, can you write an expression forF(x)? What doesF(0) represent? Can you show
whether such an economy must be inflow equilibrium— i.e. that the fraction of consumers in
this economy who purchase new cars each period equals the fraction of consumers who scrap old
ones?

4. Consider a firm that can invest in a capital stock, wherek is a measure of the stock of capital it has.
Capital isputty-clay— that is, the company can buy new capital for $1 per unit of capital (so installing
k units of capital costs the firm $k dollars to install) but once installed, the capital has no other value and
sells for $0 per unit. Capital alsodepreciates— that is, if the company haskt units of capital today and
invests init additional units of new capital, the total capital it will have tomorrow is

kt+1 = (1−δ)kt + it (2)

whereδ ∈ (0,1) is thedepreciation rateof the capital stock. Withkt units of capital in place at the
start of periodt, the firm earns

√
kt in net profits orcash flow. The firm can either use this cash to pay

dividendsdt or invest in more capitalit . Naturally we place the restrictions thatdt ≥ 0 andit ≥ 0: the
firm cannot pay “negative dividends” (e.g. borrow from investors) and it cannot “disinvest” except via
letting its capital stock slowly depreciate without makingnew investment. The firm’s objective it to
maximize its market value, which equals the present discounted value of its dividend stream, discounted
at an interest rater > 0.
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A. Characterize the optimal investment and dividend policyof this firm, writing the Bellman equation
that determinesit anddt .

B. Characterize what we mean by asteady state capital stock k∞ and write an equation for theoptimal
steady state capital stock.

C. Suppose the firm starts with a capital stockk= 10 att = 0 andr = .05 andδ = .02. Using numer-
ical or analytical methods, can you determine the optimal time path for dividends and investment
from this “initial condition” and determine whether the resulting capital stock will converge to
the optimal steady state value?

D. Can you determine whether the optimal steady state capital stock isglobally stable.That is, will
the capital stock eventually converge to the optimal steadystate capital stock from any initial
valuek, i.e. will we have

lim
t→∞

kt = k∞ (3)

given any initial capital stockk0 = k > 0? What about ifk0 = 0? Will the firm be able to grow
and achieve the optimal steady state capital stock if it starts out with no capital to begin with?

E. Finally consider the case where the firm could make aone time borrowing decisionat period
t = 0. That is, the firm can borrown any amountb> 0 at an interest rater and pay back this initial
loan as aconsol i.e. an infinite stream of future interest paymentsc. What value mustc equal
so the present value of these interest payments equals the amount the firm borrows up front,b?
Assuming the parameters in part C above, would a firm with initial capital stockk = 10 want to
borrow at time 0? If so, how much would the firm borrow and by howmuch does the option to
borrow increase the value of this firm?
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