Fall 2015 John Rust
Economics 611 Georgetown University

Problem Set 1, Due in class Tuesday September 15th
0. Equation solvingFind all solutions to
exp(x) +x+sin(x) =0 (1)

1. Monopoly profit maximization with linear demand: Bertran d vs. Cournot approachesConsider

a monopolist that has a constant returns to scale produittiation and can produce any (continuous)
amount of a goodj > 0 at a constant marginal> 0. Suppose the monopolist faces a linear demand
function for its productgy = a— bp, whereqy is the quantity of the monopolist's good that customers
demand when the price jsanda > 0 andb > O are positive constants. However we can also compute
the inverse demand function ps= %(a— g) and interpretp as the per unit price the monopolist could
receive if the monopolist produced an amogiaind put the entire amougtup for auction in the market
under the requirement that all consumers pay the same pqurigg p (i.e. no price discrimination).

a. Compute the monopolist’'s optimal price and quantity urtde assumption that the monopolist
is aprice setter,j.e. the monopolist chooses the price that maximizes itBtpraMe refer to this
as theBertrand modebf the monopolist's behavior.

b. Compute the monopolist’s optimal price and quantity urile assumption that the monopolist
is aquantity setterj.e. the monopolist chooses the quantity that maximizepritfits. We refer
to this as theCournot modebf the monopolist's behavior.

c. Show that the Bertrand and Cournot solutions are the sathésicase.

d. Now suppose that instead ofiaear demand function the monopolist faces a general demand
function g = D(p) whereD(p) is a differentiable function of satisfyingD’(p) < 0. Will the
Cournot and Bertrand solutions be the same in the case ofemaj@emand function? (If you say
yes, then provide a proof that they result in a same profitse pnd quantity produced, otherwise
if you say no, then provide an example of a demand funatienD(p) where the Bertrand and
Cournot solutions are different.)

e. How do your answers to parts a to d above change if the mésbfawesa fixed capacity con-
straint K? That is, the monopolist can produce at constant returnsale svith marginal cost of
c for anyq < K, but at least in the short run (i.e. assuming that we are deriag a period of
time too short for the monopolist to have time to invest aratéase its production capacik)
the monopolist cannot produce any more tkan

2. Duopoly solution with linear demand: Bertrand vs. Courna approachesAssume that instead of

a monopoly, the market is served by 2 firms that both have aohstturns to scale production functions
with identical marginal costs of production ofor each firm. Assue that the market demand function
is linear and the firms are producipgrfect substituteand consumers are perfectly informed and face
no switching or transportation costs choosing one firm’s product versus the other’s. This iegthat
under either the Cournot or Bertrand models, the price ofgthed must be the same for both firms,
since no consumer would buy from the firm with the higher prigéus, if the market price of both



firms’ products isp we assume thtal demands still linear,qq = a— bp, whereqy is the total amount
demanded. Since supply must equal demand, agdiff the amount produced by firm 1 aggdis the
amount produced by firm 2, then we hayet g2 = qg.

a.

Compute the€Cournot equilibrium quantitiesvhere each firm sets quantity of production as its
decision variable. Note that in a Cournot equilibrium eacm’ optimal quantityg;, i € {1,2}
depends on itexpectationof the profit maximizing quantity that its opponent will cls®o In

a Cournot equilibrium both firms must hagerrect expectationghat it, the amounts each firm
expects that the other firm will produce must actually ego@lamount that its opponeattually
will produce and sell.

. Compute theBertrand equilibrium pricedor each firm now under the assumption that instead

of choosing quantities of production, the firms choose thespective prices for selling their
goods. Just at in the Cournot equilibrium case, in equiiforithe two firms must have correct
expectations about the price their opponent will chargetisgomers.

. Repeat parts a and b above in the case where the two dusp@ie different marginal costs of

production,c; andc,. Compute the prices, production/sales, and profits fontleefirms in both
the Bertrand and Cournot cases.

. Now consider parts a and b in the case of a general demaaiibiugy = D(p), whereD'(p) < 0.

Can you say anything about the Cournot and Betrand soluiiothe general case when the firms
have the same marginal costs of produci@nin particular, are the Bertrand and Cournot prices
and outputs the same or different from each other? If theyr@reame, provide a proof of this, if
they are different provide an example or an argument as tothdyyare different.

. Which of the two equilibrium concepts, Bertrand equilibx or Cournot equilibrium, do you

think is more realistic? That is, when you think about whaigens in the real world, which of
these models provides a better approximation to the way twsfactually make decisions and
compete with each other in actual situations?

3. Cournot and Bertrand oligopoly Now suppose that there akefirms competing in the market. Ini-
tially assume that there is linear aggregate demage;, a— bp, the firms produce a homogenous good,
and that suppy equals demand so that if firmasl, ..., N produce amountgs, Oy, .. .,0On, respectively,
we haveqqy =01+ G2+ --- + On_1 + On- Assume initially that all firms have constant returns tdesca
production functions with identical marginal costs of puotion c.

a. Compute the Bertrand and Cournot oligopoly solutionsowsthat the Bertrand equilibrium is

competitivefor any finite value oN > 1, i.e. p5 = ¢ wherepj is the Bertrand equilibrium price.
However show that under the Cournot equilibrium, show that@ournot equilibrium pricey;
satisfiespg > c, but that asN — o, we havepg — C.

Repeat part a except explain what happens if one half dfrthe (say firmd wherei is an even
number) have a constant marginal cost of producti@and the other half (say firmiswherei

is an odd number) have a marginal cost> c;. Characterize what the Bertrand and Cournot
equilibrium prices, and profits and output would be in thisezaboth for finite numbers of firms
N and adN — .



4. Bertrand duopoly with capacity constraints Suppose there are two firms with identical marginal
costs of productiort and both can produce at constant returns to scale up to aityapawcstraintKy

for firm 1 and a capacity constraif for firm 2. What is the Bertrand equilibrium in this case? For
simplicity, you can assume that the market demand functidinear.



