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PROBLEM SET 3: SOLUTIONS
Classical Methods (I)

QUESTION 1 Since X is symmetric, positive definite, there exists Cholesky decomposition
P such that

Y = PP
E*l — P*llpfl

Now we know k x 1 vector Z = P7'Y ~ N(0,I), and each element of Z, z; ~ N(0,1) for all
1 =1,..., k. Therefore,

k
Y'STY =Y PPy =22 = 27 ~ (k).
=1

QUESTION 2 Since
e=y—XpB~N(0,9Q),
log likelihood function for § can be written as
, N , 1 1 _
1p) = = log(2m) = Slog|| = 5 ((y = XB)/Q (y = X)) .

MLE of g3, [% satisfies

B 1ot 2y _
95 =X'Q  (y—Xp)=0.
Therefore 7 o ) , , , R
X'Qly=X'0Xp= = (X0 X) I X'Q Ny = fars.
QUESTION 3
| al(B) AL
(B = E|=—EH
(/) l op o
= E[X'0 'y Xp)y— Xp'a ' X]
= X'Q7'E[(y- Xp)(y - XB)1Q7'X
= X000 'x =X'0"'X
Therefore

7B = (X’Q*X)_] .



QUESTION 4 Define

X1 0 X
X = , X =
0 Xip XN
Q 0
Y=
0 Q

We know that GLS estimator and its covariance matrix can be written as follows;

BGLS — (Xlzle)lefzfly
N -1 N

= [Z X;Q_lXi] ZXZ(Q_lyi
i=1 i=1

V(Bars) = (X'S1x)!

Note this is stacked observation by observation. Now OLS estimators equation by equation can
be written with matrices stacked by equation by equation as follows;

(X(’])X(]))*X(])’y(])

ﬂ = :
: -1
(X X)) ™ X1)yip)
where
Xy
Xo=|
Xni
But since
- o o o, -
X 11 Xn X1 1T yu
[ LXNvi ] L XM ] L XN ] Lyn
po=
r_ 1 _9-1 _ 1 _
X]p X]p X]p Yip
L LL X]\’VP 4 L XNp 4] L XA"p 1 L YNp ]
r . 1\
{2221)({1)(51] YL Xy
. .
N N
i [ i=1 Xz{pX'iP:I 25:1 Xz{py’iP




v [ XhXa 0 v | Xhwi 0
=1 0 X1, Xip =oo X1 ip
- -1

N [ Xa 0 171 Xa 0 N [ X
i=1 i=1
=L o X, 0 X, 0
TN -1y

= Do XX, Xly;
Li=1 i=1
/ -1 /
X1 X1 Xq Y1
XN XN XN YN

= (X'X) Xy

V(B) = (X'X) (XS X)X X))

Therefore
V(B) = V(fars) >0
QUESTION 5
A.
- g)de = /wKex {— E, }
L. BN v~
-0 - 100 -
= K exp{ — —I—/ KQX){— C{}
/_oc ! {WT} S GV~
~ 0
= K[\/pox { ~ }] +K[\/U20X {—
AVl Y
= 2KVo2=1
Therefore )
K= .
Wo?
B. Since

fle) =

3

N

1 { ’ e
exp § —
2V o2 o2

log likelihood function for § can be written as

N
1(8) = —Nlog(2Vo?) — \/% >y — Xip| -
i=1

e

Vo2

f

o0

0



Therefore
N

B = arg max[(f) = B = arg minz ly; — X8| = Brabp.
i=1

QUESTION 6 The conditional posterior for g8, p(B|Q~ 1y, X), is proportional to
p(B)f(y|B. 271, X), and the latter is given by:

p(B)f(ylB, 21, X)
— ¥ ol Fep {50 - /AT 6 - ) |

N

N |~—1]|2 1Y Ty
x(2m)~ 7 |Q7! CXP{—§Z(%—X1'/3)/Q 1(%-&5)}
=1

N
X exp {—% <(/3 — Bo)' Ag (B —Bo) + Y _(yi — XiB) Q2 (yi — Xiﬁ)) }
=1

N N
X exp {—% <(/3 — B0) Ay M (B = Bo) + D XX 2/3’X,<52_1y,<> }

=1 i=1

s e {3 (5= )45 (5 = o)+

N -1 N "N N N
(ﬂ— [ZX,’QHXi] Zmlyi) > XX, (ﬁ— [ZXZQZ- 1X7:] ZXQly»}
i=1 =1

i=1 1=1 =1

By completing the square,
—1

N
p— {(AOWZX%Z#&) Ay fio+

=1

i=1 =1 i=1

N -1 N N -1 N
<A01 —|—ZX§Q,[-1X,,-> 3 XI07X, lz X}SZJX,-] ZX;SZ”:UT}
=1

N

i=1
N

= f- [ANl <Agl/30 +> Xinyf)]
i=1

= B-5

(B

N _1 1 A1, ,A
0y X) = o F A Fen {56 - 4765}

i.e. the conditional density of 3 given Q1. y, X)is N (/3’ AR,—l).
2. The conditional posterior for Q~!, p(Q~'|3.y, X), is prortional to p(Q~") f(y|3,Q7", X),
which is given by:

p(Q N flyB, Q7 X)




L0 M

B |Ro| 2 |Q7| oxp{—%tr(Rng_l)}
- ﬂgﬁﬂ_ p(p— 1)HIIU N (E,O—Zl—i)
. N 1 N
x(2m) 2 Q71 T exp == Y (yi — Xi)'Q Ny — Xif)
2i 1
—1 M 1 % 1 —1—1 al N —1
x |Q ‘SZ exp | =3 tr(R; Q2 )+Zt1'(y,g - X;0) Q" (yi — Xip)
1=1

N+f)()‘—(79—1) 1 N

= |0 ’ OXP{ ) (tl(Q "REY) A+t Q7 (i — XiB) (i — X;ﬂ)lD }
i=1

N+/70.*(17*1) 1

= |t exp{ 5 l&l l]?l +Q lZ(yl Iﬂ)(yi—Xlﬂ)/]}
=1

N+f)()‘—(79—1) 1
= Q7! exp{ 5 lSZ ! (RO +;(U’ X,‘/3)(il/i—X,~/3)')]}

N+4pg—(p—=1) 1
— —1 : Iy )—] —Y]

Q exp{ 2‘51 {S, R }}
Therefore
N+ng) N+pg—(p—1) N
|R\|_ = _2*1| e exp{—%tr(RR,}SZ*l)}
Q7B Yy, X) =
4 > Y, (Ntpg)pr  _ plp—=1) P (N+p(])+lfi
C S | A (f)

i.e. the density of Q7! given (8,y, X)

QUESTION 7

oU (vi,...,vp, X)

vy

is W (N + po, Ry ).

0
31)(1

/5

/ I{8(c) = d} f(e| X )de
P{d|X)}.

.....

max [va + ed] fe|X)de

gerey

vy d=1

QUESTION 8 From Mood-Graybill-Boes(1974,p542), the mean of extreme value distribution

with CDF

F(z) =exp {— exp {—

is a + oy. We know

P‘{gd < T}
Pleqg <ax—wy}

(z — «)

o

f

F(z)=exp{—exp{—z}}
F(z) =exp{—exp{—(z—wvg)}}.



First, we derive CDF of maxg—1 . p [va+cql.

P{ s, o +eil <)
= F(x)
Pluy+e <z,...,up+ep <z}
= P{ui+e <az}---Pluop+ep <z}
(by independence)
= Pley<z—wv}---Plep <z —wvp}
= exp{—exp{—(x—wv1)}} --exp{—exp{—(z —vp)}}

D
= exp {— Z exp {—(1?7 - Ud)}}

d=1

= exp {— exp |log (E exp{—(z — L’d)}>] }
L d=1
= exp {— exp |log (oxp (—z) Z exp (vq )] }

= exp {— exp |—x + log ( exp (vg >]
L d=1

= exp {— exp |— <.T. — log <Z exp (vq) ))] } .
L d=1

Since this is CDF of extreme value distribution, the extreme value family is max-stable, and
the mean of maxy—1, . p [vq+ 4] can be written as

E |:dHlldXL [Ud—|-€d]] = U(v,...,vp,X)
= «a+oy
D
= log (Z exp ('ud)> + 7.
d=1

By Williams-Daly-Zachary Theorem,

U (vy,...,up, X)
OU(]
exp (vq)
Y i1 exp (var)

P{d|X} =



