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Question 1

A. Step 1

= 55 = o\ L =\ -
Under the assumption that £ (X'g) and F (X’X) are finite, §* = {E ()& ’X) } E (X'y)ls
well-defined. Now, let = =y — fd* Then,

E(Ne2) = E{X' (j—Xp)}=E(X5) - E{X'X} 5
= £(X') - E{X'X} [E (X"E‘)_l E(X'g) =0,
as 1s required.

B. Step 2

After plugging in y = X +e and using the definition of covariance, we
get

cov (X', 7))
= cov (J X3 +:¢ ) [)& (Xd + ¢ )] E(X')E(Xd*—i-s)
= E["E’X} 3*+E(A') E(\)E(?) g — E(Y’)E(g)

where the 3rd equality comes from the result of Step 1. Thus,

cor (X, )] feor (X7, ) + £ ) B (X))
= [coc (Y’ X)}*l o (%, X") 5 = 5",

1



C. Step 3 4
When E(¢) =0,0r B (X') = 0, the above result implies

g = {E (X'X) 1}
o ()
()]

D. Step 4

The general form of the joint normal density is

flar, 2e) = (27()_"/2 |E|_1 exp l_ (X —p) 57 (X = ,Lz,)] ‘

[cou (’ X' §)+E(e) B (X)]

o (¥, 7).

: Yo X
Let = ol and © = 212 he a partition according to (xy,19) .
{2 Yo1 Yo
Note that
—1
[Z] =S| |S11 = 1255, a1 | : Greene 2-72. (1)
Also, we can easily verify that
-1 -1 —1
Yo X | i —2‘111.23 . with B = Y5,55)0, (2)
Yor Yoo —B'Siis T3 + B'YiLB o

from postmultiplying ¥ by the inverse matrix.(The verfication can be found
at the end of this solution.)
Insert 1 and 2into the joint normal density, and it will give

f‘(Tl7‘T'7)
_ _ -1
= (Z”T —n/2 |V‘))| ‘211 - Z::122221221

1 1 ] v_] B X1 — U

=11.2 —112 1
X exp —= [ r — [y T9 — Mo } .

1{ 51 ¢ pa) o [12) _BYT, So 4 BB || s — o

First, by definition, the second determinant |EM — 21222_21324 = |¥11 2| . Next,

calculate the product of three matrices inside the exp. function. It is equal



to

(1 — 1) S0 (01 — puy) — (01 — 1) 7198 (w2 — p12)

— (w2 — p12) B'Siy (01 — 1) + (22 — pio)’ [E_zl + BT zB] (2 — pi2) -

If we extract the forth term, A = (vo — /12) _))l (w9 — 1) that consists of
the second subgroup of random variables, w9, the remaining term can be
rewritten as

B = (r1—m) Sy (1‘1 — ) = (21 = ) Ty 5B (22 — pio)
— (9 — ,Uz) B'S ~11 o (21— 1) + (22 — M2)/ B,Eﬁ]zB (zo — pt2)
= [41'1 — (11 + B (9 — /’2))]’ S1_1].2 [41'1 — (1 + B (r2 — /’2))] .

Therefore, the joint density can be decomposed into f(xy, x2) = g(x2)h(x; 22),
where

—n9 — 1 ]
oles) = (2m) P Sl exp |3 (2 = ) S (w2 = o)
My as) = (27r)7”'1/2|211.2|71

1 B

X exp {—; [v1 = (i + B (2 = 12))] Sy's [11 = (i1 + B (22 — Nz))]} -
It is obvious that g(x5) is the normal density of xowith mean iy and variance
Y99, and h(xy; x2) is the normal density of zywith mean p; + B (22 — f12) and
variance Y19, when a9 is a constant. Let fy(xs) be the marginal density
of 5. Then,

fala2) / flay ap)dey = /9(1’2\)h($1%fl72)d171
= g(:tg)/h(;m;l?z)dl?] = g(22),

since h(xy;xy) is a density. Now, it follows that

Xy ~ N (pto, oo) : the marginal distribution.
Also, the conditional density fio(x|2s) = f};ér;) = g(”;]g;j)“”) = h(wy; x9),

that is,

X1|xy, ~ N (21— (1 + B (x2 — pt2)), Y112) :the conditional distribution of x;,for given .



If we apply the above result on conditional distribution to the case where
(7. X') has a joint multivariate normal distribution, then, the conditional
distribution of ¥ given X = X is

JIX =X ~ N(ux, Sx) ..

ux = E(y)+ cov (X ﬂ) cov(X', X')™! [X' —F (i’)} :
Sx = var(y) — cov (}( 1) (‘OZ’(X X)L eov (/‘( 1)
Hence, when F () = 0, by Step 3,
E (jIX = X)
= E(y)+ cov (‘? J) cov( X', X")! P(' —F (;('ﬂ
= E@)+|X - E(X)|con(X'.X') teov (X'.5) = E(5) + [ X — B (X)] 5
= XF+E@-E(X) =X3"-E() =X5".

Var (31X = X)

= var(y,y) — cov (fN ﬂ) coz,w()& ,X Leow ( )
= var(y,y) — cov (Ji7 )(()17(5(’,)( )" (()1'(;&: )&')(017(5(’ ?) Leow (‘( (/)
= = — 1 ~— o~ ~,

= ovar(y,y) — [mz' X' X" Leov (X'j)] cov( X', X') [(’02'()& X" Leow (X',y)}
= wvar(y,y) — 7 cov {):')J*

Appendix.

The inverse of a partitioned matrix:

Consider the multiplication,

= A A | | S T S ) —EﬁlzB

A Ag 7 Y1 Yo -B'Sly Sy + BT zB
with B = 2122521. It suffices to confirm that A* = I, ie., A =
I, Agy = Ir, Az = O1a, Aoy = Oy,
A = ISuSh, — SSn Seihhy = S — Sl S| 5,

= Y1108 = 1.



— 3. l iy N
= SHSM)B-FEH)_‘M >B+u1zB~11 »B
= —[Su—Si2— DuT5 Sn] 5748

]

I
|
%)

Y —1s
~11 — ~11.2 — E12222 LA‘21} —411 ‘)B

—1y —1 -1 v yv—1
= - {212222 Yot — XiaXyy ~>1] A EEINTIN

y _ —1 —1 -1 _ —1 -1 _
Aot = T Xy — BoXoy BN s = Zon Xy — T Xy o = O,

/ — —1 —1 -1y

- E>l—‘11 2B+ 1+ 331 ,B = I



