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Question 1

A. Step 1

Under the assumption thatE
�fX 0ey�and E �fX 0fX�

are �nite, �� =

�
E
�fX 0fX�

�1
�
E
�fX 0ey�is

well-de�ned. Now, let " � ey � fX��: Then,

E
�fX 0"

�
= E

nfX 0

�ey � fX��

�o
= E

�fX 0ey��E
nfX 0fXo

��

= E
�fX 0ey�� E

nfX 0fXo �
E
�fX 0fX�

�1
�
E
�fX 0ey� = 0;

as is required.

B. Step 2
After plugging in ey = fX� + " and using the de�nition of covariance, we

get

cov
�fX 0; ey�

= cov
�fX 0; fX�� + "

�
= E

hfX 0

�fX�� + "
�i
� E

�fX 0

�
E
�fX�� + "

�
= E

hfX 0fXi
�� +E

�fX 0"
�
�E

�fX 0

�
E
�fX�

��

�E
�fX 0

�
E (")

=
n
E
hfX 0fXi

� E
�fX 0

�
E
�fX�o

��

� E
�fX 0

�
E (")

= cov
�fX 0; fX 0

�
��

�E
�fX 0

�
E (") ;

where the 3rd equality comes from the result of Step 1. Thus,

h
cov

�fX 0; fX 0

�i
�1 h

cov
�fX 0; ey�+ E (")E

�fX 0

�i
=

h
cov

�fX 0; fX 0

�i
�1

cov
�fX 0; fX 0

�
�� = ��:
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C. Step 3

When E (") = 0; or E
�fX 0

�
= 0; the above result implies

�� =

�
E
�fX 0fX�

�1
�
E
�fX 0ey�

=
h
cov

�fX 0; fX 0

�i
�1 h

cov
�fX 0; ey�+E (")E

�fX 0

�i
=

h
cov

�fX 0; fX 0

�i
�1

cov
�fX 0; ey� :

D. Step 4
The general form of the joint normal density is

f(x1; x2) = (2�)
�n=2

j�j
�1

exp

"
�
(X � �)

0

��1 (X � �)

2

#
:

Let � =

"
�1

�2

#
and � =

"
�11 �12

�21 �22

#
be a partition according to (x1; x2) :

Note that

j�j = j�22j

����11 ��12�
�1
22 �21

��� : Greene 2-72. (1)

Also, we can easily verify that

"
�11 �12

�21 �22

#
�1

=

"
��1

11:2 ���1
11:2B

�B0��1
11:2 ��1

22 +B0��1
11:2B

#
with B = �12�

�1
22 ; (2)

from postmultiplying � by the inverse matrix.(The ver�cation can be found

at the end of this solution.)

Insert 1 and 2into the joint normal density, and it will give

f(x1; x2)

= (2�)
�n=2

j�22j
�1

����11 � �12�
�1
22 �21

����1

� exp

(
�
1

2

h
(x1 � �1)

0

(x2 � �2)
0

i " ��1
11:2 ���1

11:2B

�B0��1
11:2 ��1

22 +B0��1
11:2B

# "
x1 � �1

x2 � �2

#)
:

First, by de�nition; the second determinant
����11 � �12�

�1
22 �21

��� = j�11:2j : Next,

calculate the product of three matrices inside the exp. function. It is equal
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to

(x1 � �1)
0

��1
11:2 (x1 � �1)� (x1 � �1)

0

��1
11:2B (x2 � �2)

� (x2 � �2)
0

B0��1
11:2 (x1 � �1) + (x2 � �2)

0

h
��1

22 +B0��1
11:2B

i
(x2 � �2) :

If we extract the forth term, A = (x2 � �2)
0

��1
22 (x2 � �2) that consists of

the second subgroup of random variables, x2; the remaining term can be

rewritten as

B = (x1 � �1)
0

��1
11:2 (x1 � �1)� (x1 � �1)

0

��1
11:2B (x2 � �2)

� (x2 � �2)
0

B0��1
11:2 (x1 � �1) + (x2 � �2)

0

B0��1
11:2B (x2 � �2)

= [x1 � (�1 +B (x2 � �2))]
0

��1
11:2 [x1 � (�1 +B (x2 � �2))] :

Therefore, the joint density can be decomposed into f(x1; x2) � g(x2)h(x1;x2);

where

g(x2) = (2�)
�n2=2

j�22j
�1

exp

�
�
1

2
(x2 � �2)

0

��1
22 (x2 � �2)

�

h(x1;x2) = (2�)
�n1=2

j�11:2j
�1

� exp

�
�
1

2
[x1 � (�1 +B (x2 � �2))]

0

��1
11:2 [x1 � (�1 +B (x2 � �2))]

�
::

It is obvious that g(x2) is the normal density of x2with mean �2 and variance

�22; and h(x1;x2) is the normal density of x1with mean �1+B (x2 � �2) and

variance �11:2; when x2 is a constant. Let f2(x2) be the marginal density

of x2: Then,

f2(x2) �

Z
f(x1; x2)dx1 =

Z
g(x2)h(x1;x2)dx1

= g(x2)
Z
h(x1;x2)dx1 = g(x2);

since h(x1;x2) is a density. Now, it follows that

x2 � N (�2; �22) : the marginal distribution.

Also, the conditional density f1:2(x1jx2) �
f(x1;x2)

f2(x2)
= g(x2)h(x1 ;x2)

g(x2)
= h(x1;x2);

that is,

x1jx2 � N (x1 � (�1 +B (x2 � �2)) ; �11:2) :the conditional distribution of x1,for given x2:
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If we apply the above result on conditional distribution to the case where

(ey; fX 0) has a joint multivariate normal distribution, then, the conditional

distribution of ey given fX = X is

eyjfX = X � N (�X ; �X) ::

�X = E (ey) + cov
�fX; ey� cov(fX 0; fX 0)�1

h
X 0

� E
�fX 0

�i
;

�X = var(ey)� cov
�fX; ey� cov(fX 0; fX 0)�1cov

�fX 0; ey� :
Hence, when E (") = 0; by Step 3,

E
�eyjfX = X

�
= E (ey) + cov

�fX; ey� cov(fX 0; fX 0)�1
h
X 0

� E
�fX 0

�i
= E (ey) + h

X � E
�fX�i

cov(fX 0; fX 0)�1cov
�fX 0; ey� = E (ey) + h

X �E
�fX�i

��

= X�� +E (ey)�E
�fX�

�� = X��

� E (") = X��:

V ar
�eyjfX = X

�
= var(ey; ey)� cov

�fX; ey� cov(fX 0; fX 0)�1cov
�fX 0; ey�

= var(ey; ey)� cov
�fX; ey� cov(fX 0; fX 0)�1cov(fX 0; fX 0)cov(fX 0; fX 0)�1cov

�fX 0; ey�
= var(ey; ey)� h

cov(fX 0; fX 0)�1cov
�fX 0; ey�i0 cov(fX 0; fX 0)

h
cov(fX 0; fX 0)�1cov

�fX 0; ey�i
= var(ey; ey)� ��0cov(fX 0; fX)��:

Appendix.
The inverse of a partitioned matrix:

Consider the multiplication,

A� =

"
A11 A12

A21 A22

#
=

"
�11 �12

�21 �22

# "
��1

11:2 ���1
11:2B

�B0��1
11:2 ��1

22 +B0��1
11:2B

#
;

with B = �12�
�1
22 : It su�ces to con�rm that A� = I; i.e., A11 =

I1; A22 = I2; A12 = O12; A21 = O21:

A11 = �11�
�1
11:2 � �12�

�1
22 �12�

�1
11:2 =

h
�11 � �12�

�1
22 �12

i
��1

11:2

= �11:2�
�1
11:2 = I11:
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A12 = ��11�
�1
11:2B +�12�

�1
22 + �12B

0��1
11:2B

= ��11�
�1
11:2B +�11:2�

�1
11:2B + �12B

0��1
11:2B

= �

h
�11 ��11:2 � �12�

�1
22 �21

i
��1

11:2B

= �

h
�11 ��11:2 � �12�

�1
22 �21

i
��1

11:2B

= �

h
�12�

�1
22 �21 � �12�

�1
22 �21

i
��1

11:2�12�
�1
22

= O12:

A21 = �21�
�1
11:2 ��22�

�1
22 �12�

�1
11:2 = �21�

�1
11:2 ��21�

�1
11:2 = O21:

A22 = ��21�
�1
11:2B +�22

h
��1

22 +��1
22 �21�

�1
11:2B

i
= ��21�

�1
11:2B + I +�21�

�1
11:2B = I22:
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