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A book by Ray Kurzweil (Viking Press, 2005)

1. The singularity is not armageddon nor a dire prediction of
Nostradamus!
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A book by Ray Kurzweil (Viking Press, 2005)

1. The singularity is not armageddon nor a dire prediction of
Nostradamus!

2. But it does fortell an inevitable cataclysmic change in the
world.
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A book by Ray Kurzweil (Viking Press, 2005)

1. The singularity is not armageddon nor a dire prediction of
Nostradamus!

2. But it does fortell an inevitable cataclysmic change in the
world.

3. “I set the date for the Singularity — representing a profound
and disruptive transformation in human capability — as
2045. The nonbiological intelligence created in that year will
be one billion times more powerful than human intelligence
today.” Kurzweil, p. 136
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1. The singularity is not armageddon nor a dire prediction of
Nostradamus!

2. But it does fortell an inevitable cataclysmic change in the
world.

3. “I set the date for the Singularity — representing a profound
and disruptive transformation in human capability — as
2045. The nonbiological intelligence created in that year will
be one billion times more powerful than human intelligence
today.” Kurzweil, p. 136

4. Changes in technology and human evolution will so
profound and so rapid that it is impossible to predict what life
will like after the singularity — it is beyond our “event
horizon”.
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A book by Ray Kurzweil (Viking Press, 2005)

1. The singularity is not armageddon nor a dire prediction of
Nostradamus!

2. But it does fortell an inevitable cataclysmic change in the
world.

3. “I set the date for the Singularity — representing a profound
and disruptive transformation in human capability — as
2045. The nonbiological intelligence created in that year will
be one billion times more powerful than human intelligence
today.” Kurzweil, p. 136

4. Changes in technology and human evolution will so
profound and so rapid that it is impossible to predict what life
will like after the singularity — it is beyond our “event
horizon”.

5. In particular humanity, as we now know it will be obsolete —
superseded by a new generation of super intelligent quasi
biological androids — andro super sapiens.
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The Six Epochs

Information in atomic structures

Information in DNA

Information in neural patterns

Information in hardware and software designs

The methods of biology (including human intelligence) are 

integrated into the (exponentially expanding) human technology base

Patterns of matter and energy in the universe become 

saturated with intelligent processes and knowledge

Epoch 1 Physics and Chemistry

Epoch 2 Biology

Epoch 3 Brains

Epoch 4 Technology

Epoch 5 Merger of  Technology 

and Human Intelligence

Epoch 6 The Universe Wakes Up

DNA evolves

Brains evolve

Technology evolves

Technology masters the 

methods of  biology 

(including human intelligence)

Vastly expanded human 

intelligence (predominantly 

nonbiological) spreads 

through the universe

The Six Epochs of Evolution
Evolution works through indirection: it creates

a capability and then uses that capability to 

evolve the next stage.
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The New Growth Theory – Loglog scaling

Countdown to Singularity: Biological evolution and human technology
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The Accelerating Rate of Change

■ “Two billion years ago our ancestors were microbes; a
half-billion years ago, fish; a hundred million years ago,
something like mice, ten million years ago, arboreal apes;
and a million years ago, proto-humans puzzling out the
taming of fire.
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The Accelerating Rate of Change

■ “Two billion years ago our ancestors were microbes; a
half-billion years ago, fish; a hundred million years ago,
something like mice, ten million years ago, arboreal apes;
and a million years ago, proto-humans puzzling out the
taming of fire.

■ Our evolutionary lineage is marked by the mastery of
change. In our time, thepace is quickening.
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The Accelerating Rate of Change

■ “Two billion years ago our ancestors were microbes; a
half-billion years ago, fish; a hundred million years ago,
something like mice, ten million years ago, arboreal apes;
and a million years ago, proto-humans puzzling out the
taming of fire.

■ Our evolutionary lineage is marked by the mastery of
change. In our time, thepace is quickening.

■ Carl Sagan
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The New Growth Theory – Semilog scaling

Linear Plot
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What to make of these predictions?

1. To some extent, they seem too optimistic
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What to make of these predictions?

1. To some extent, they seem too optimistic
2. Recall Ray Clark/Stanley Kubrick’s predictions of the power

of the computer Hal, in 2001: A Space Odessy
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What to make of these predictions?

1. To some extent, they seem too optimistic
2. Recall Ray Clark/Stanley Kubrick’s predictions of the power

of the computer Hal, in 2001: A Space Odessy

3. The movie came out in 1969, and in it, Hal came online in
Urbana, Illinois in 1998.
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What to make of these predictions?

1. To some extent, they seem too optimistic
2. Recall Ray Clark/Stanley Kubrick’s predictions of the power

of the computer Hal, in 2001: A Space Odessy

3. The movie came out in 1969, and in it, Hal came online in
Urbana, Illinois in 1998.

4. Although the Cray 2 supercomputer was operating in
Urbana in 1998, its powers and abilities were far short of
Hal’s.
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1. To some extent, they seem too optimistic
2. Recall Ray Clark/Stanley Kubrick’s predictions of the power

of the computer Hal, in 2001: A Space Odessy

3. The movie came out in 1969, and in it, Hal came online in
Urbana, Illinois in 1998.

4. Although the Cray 2 supercomputer was operating in
Urbana in 1998, its powers and abilities were far short of
Hal’s.

5. However we cannot deny Moore’s Law. It corresponds to an
exponential growth rate of 46% per year!
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What to make of these predictions?

1. To some extent, they seem too optimistic
2. Recall Ray Clark/Stanley Kubrick’s predictions of the power

of the computer Hal, in 2001: A Space Odessy

3. The movie came out in 1969, and in it, Hal came online in
Urbana, Illinois in 1998.

4. Although the Cray 2 supercomputer was operating in
Urbana in 1998, its powers and abilities were far short of
Hal’s.

5. However we cannot deny Moore’s Law. It corresponds to an
exponential growth rate of 46% per year!

6. In 1997 the peak speed of the Cray 2 was 1.9 gigaflops. In
2007 IBM’s new Blue Gene/P supercomputer will perform in
the petaflops — one million times faster than the Cray 2!
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What to make of these predictions?

1. To some extent, they seem too optimistic
2. Recall Ray Clark/Stanley Kubrick’s predictions of the power

of the computer Hal, in 2001: A Space Odessy

3. The movie came out in 1969, and in it, Hal came online in
Urbana, Illinois in 1998.

4. Although the Cray 2 supercomputer was operating in
Urbana in 1998, its powers and abilities were far short of
Hal’s.

5. However we cannot deny Moore’s Law. It corresponds to an
exponential growth rate of 46% per year!

6. In 1997 the peak speed of the Cray 2 was 1.9 gigaflops. In
2007 IBM’s new Blue Gene/P supercomputer will perform in
the petaflops — one million times faster than the Cray 2!

7. 1997 is also significant: it marks the year when IBM’s Deep
Blue defeated Garry Kasparov. Ever since then the world’s
best chess players have been computers!
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Humans now control evolution

1. Eckard Wimmer created the first artificial virus in 2002. We
can clone sheep, build artificial organs, and in less than a
decade humans will be creating artificial life.
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Humans now control evolution

1. Eckard Wimmer created the first artificial virus in 2002. We
can clone sheep, build artificial organs, and in less than a
decade humans will be creating artificial life.

2. A June 2006 Scientific American article by the “bio fab
group” describes “Engineering LIfe: Building a Fab for
Biology” “We are progressing toward first designing and
modeling biological devices in computer, then ‘cutting’ them
into biological form as the final step — much as silicon chips
are planned, then etched.” (p. 51)
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Humans now control evolution

1. Eckard Wimmer created the first artificial virus in 2002. We
can clone sheep, build artificial organs, and in less than a
decade humans will be creating artificial life.

2. A June 2006 Scientific American article by the “bio fab
group” describes “Engineering LIfe: Building a Fab for
Biology” “We are progressing toward first designing and
modeling biological devices in computer, then ‘cutting’ them
into biological form as the final step — much as silicon chips
are planned, then etched.” (p. 51)

3. The result is a huge speedup in the rate of evolution: “These
technologies — releasable parallel synthesis and error
correction — permit us to assemble long, relatively
error-free DNA constructs far more rapidly and
inexpensively than has been possible to date. They can
therefore constitute basis of a bio fab, and much like
semiconductor chip lithography, these processes can be
expected to keep steadily improving over time. That frees us
to think about what we will build in the fab. (p. 48).
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The Value of Models

■ “Our ability to create models — virtual realities — in our
brains, combined with our modest looking thumbs, has been
sufficient to usher in another form of evolution: technology.
That development enabled the persistence of the
accelerating pace that started with biological evolution. It will
continue until the entire universe is at our fingertips.”
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The Value of Models

■ “Our ability to create models — virtual realities — in our
brains, combined with our modest looking thumbs, has been
sufficient to usher in another form of evolution: technology.
That development enabled the persistence of the
accelerating pace that started with biological evolution. It will
continue until the entire universe is at our fingertips.”

■ Ray Kurzweil, p. 487, concluding sentences of The
Singularity is Near
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If we are so smart, why are we so dumb?
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● Bad Decisions

If we are so smart why are we

so dumb?

● The state of the world in

2006? Terrible!
● Many of our leaders make

bad decisions
● Floyd Landis

● Bill Clinton

● Kim Jong-Il

● Kenny Lay

● Saddam Hussein

● Saddam in Happier Times

● Tony Blair

● “Observing” Ex Ante Beliefs
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The state of the world in 2006? Terrible!
1. If technology is transporting us to the “promised land”, we

seem at the very least to be taking a very big detour lately.
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The state of the world in 2006? Terrible!
1. If technology is transporting us to the “promised land”, we

seem at the very least to be taking a very big detour lately.
2. Corruption, bigotry, hatred, terrorism, religious fanaticism,

civil war, genocide, threat of nuclear war, and increasing
ignorance, indifference, and inequality: the world does
nothing as preventable genocide occurs in places such as
Rwanda and Darfur. Many parts of the world (e.g.
India/Pakistan, Middle East) are dangerously unstable.
Some pundits now say we are on the verge of World War III.
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The state of the world in 2006? Terrible!
1. If technology is transporting us to the “promised land”, we

seem at the very least to be taking a very big detour lately.
2. Corruption, bigotry, hatred, terrorism, religious fanaticism,

civil war, genocide, threat of nuclear war, and increasing
ignorance, indifference, and inequality: the world does
nothing as preventable genocide occurs in places such as
Rwanda and Darfur. Many parts of the world (e.g.
India/Pakistan, Middle East) are dangerously unstable.
Some pundits now say we are on the verge of World War III.

3. Technology has both good and bad uses. Human progress
is slowed because for every positive technological
development, we find a way to use it as a weapon to injure,
destroy, and kill each other.
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The state of the world in 2006? Terrible!
1. If technology is transporting us to the “promised land”, we

seem at the very least to be taking a very big detour lately.
2. Corruption, bigotry, hatred, terrorism, religious fanaticism,

civil war, genocide, threat of nuclear war, and increasing
ignorance, indifference, and inequality: the world does
nothing as preventable genocide occurs in places such as
Rwanda and Darfur. Many parts of the world (e.g.
India/Pakistan, Middle East) are dangerously unstable.
Some pundits now say we are on the verge of World War III.

3. Technology has both good and bad uses. Human progress
is slowed because for every positive technological
development, we find a way to use it as a weapon to injure,
destroy, and kill each other.

4. Our increasingly sophisticated technologies are still affected
by neanderthal instincts in our primitive mamallian brains,
including primitive urges to rape, plunder, pillage, and kill.
Our ability to make rational decisions is compromised by
hormones such as testosterone, cortisone, adrenaline, and
other sex and “flight or fight” hormones.
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Many of our leaders make bad decisions
1. I blame many of the world’s problems on bad decisions by

our leaders, some of whom are consistently bad decision
makers.
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Many of our leaders make bad decisions
1. I blame many of the world’s problems on bad decisions by

our leaders, some of whom are consistently bad decision
makers.

2. The processes we use to choose the leaders of our nations
and corporations are highly imperfect, and even deeply
corrupt (and in the US and many other countries
increasingly corrupt).
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Many of our leaders make bad decisions
1. I blame many of the world’s problems on bad decisions by

our leaders, some of whom are consistently bad decision
makers.

2. The processes we use to choose the leaders of our nations
and corporations are highly imperfect, and even deeply
corrupt (and in the US and many other countries
increasingly corrupt).

3. As a result, bad leaders frequently come to power, and even
good leaders can occasionally make very bad decisions
with far reaching consequences. The “checks and balances”
available for curtailing the power of bad decision makers are
often limited or ineffective.
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Many of our leaders make bad decisions
1. I blame many of the world’s problems on bad decisions by

our leaders, some of whom are consistently bad decision
makers.

2. The processes we use to choose the leaders of our nations
and corporations are highly imperfect, and even deeply
corrupt (and in the US and many other countries
increasingly corrupt).

3. As a result, bad leaders frequently come to power, and even
good leaders can occasionally make very bad decisions
with far reaching consequences. The “checks and balances”
available for curtailing the power of bad decision makers are
often limited or ineffective.

4. Bad decision making can be history-dependent: it can
create social level collective “illnesses” and hatreds that can
progate for generations. Examples: Nazism, and many
kinds of reglious extremism (e.g. the Crusades).
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Many of our leaders make bad decisions
1. I blame many of the world’s problems on bad decisions by

our leaders, some of whom are consistently bad decision
makers.

2. The processes we use to choose the leaders of our nations
and corporations are highly imperfect, and even deeply
corrupt (and in the US and many other countries
increasingly corrupt).

3. As a result, bad leaders frequently come to power, and even
good leaders can occasionally make very bad decisions
with far reaching consequences. The “checks and balances”
available for curtailing the power of bad decision makers are
often limited or ineffective.

4. Bad decision making can be history-dependent: it can
create social level collective “illnesses” and hatreds that can
progate for generations. Examples: Nazism, and many
kinds of reglious extremism (e.g. the Crusades).

5. I now present several examples of bad decisions and bad
decision makers. Then I will define what I mean by “bad
decision.”
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Floyd Landis
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Bill Clinton

Click here to see Bill perform
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http://www.washingtonpost.com/wp-srv/politics/special/clinton/stories/deny012798.htm
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Kim Jong-Il
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Kenny Lay
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Saddam Hussein
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Saddam in Happier Times

(shown after receiving billions in U.S. arms from Donald Rumsfeld)
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Tony Blair
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“Observing” Ex Ante Beliefs
1. The “Downing Street memos” give insights into the

subjective beliefs held by Blair prior to the Iraq war. Jack
Straw memo to Tony Blair, March 25, 2002, preparing Blair
for meeting at Bush’s ranch in Crawford, Texas.
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“Observing” Ex Ante Beliefs
1. The “Downing Street memos” give insights into the

subjective beliefs held by Blair prior to the Iraq war. Jack
Straw memo to Tony Blair, March 25, 2002, preparing Blair
for meeting at Bush’s ranch in Crawford, Texas.

2. “The rewards to your visit to Crawford will be few. The risks
will be high both for you and the Government. . . . But we
have a long way to go as to: a) the scale of the threat from
Iraq and why this has got worse recently, b) what
distinguishes the threat from that eg of Iran and North Korea
so as to justify military action;”
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“Observing” Ex Ante Beliefs
1. The “Downing Street memos” give insights into the

subjective beliefs held by Blair prior to the Iraq war. Jack
Straw memo to Tony Blair, March 25, 2002, preparing Blair
for meeting at Bush’s ranch in Crawford, Texas.

2. “The rewards to your visit to Crawford will be few. The risks
will be high both for you and the Government. . . . But we
have a long way to go as to: a) the scale of the threat from
Iraq and why this has got worse recently, b) what
distinguishes the threat from that eg of Iran and North Korea
so as to justify military action;”

3. “We have to answer the big question — what will this action
achieve? There seems to be a larger hole in this than on
anything.”
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“Observing” Ex Ante Beliefs
1. The “Downing Street memos” give insights into the

subjective beliefs held by Blair prior to the Iraq war. Jack
Straw memo to Tony Blair, March 25, 2002, preparing Blair
for meeting at Bush’s ranch in Crawford, Texas.

2. “The rewards to your visit to Crawford will be few. The risks
will be high both for you and the Government. . . . But we
have a long way to go as to: a) the scale of the threat from
Iraq and why this has got worse recently, b) what
distinguishes the threat from that eg of Iran and North Korea
so as to justify military action;”

3. “We have to answer the big question — what will this action
achieve? There seems to be a larger hole in this than on
anything.”

4. “Most of the assessments from the US have assumed
regime change as a means of eliminating Iraq’s WMD
threat. But none has satisfactorily answered how that
regime change is to be secured, and how there can be any
certainty that the replacement regime will be any better.”
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Last but not least, the “king” of bad decision
makers
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King George II
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Who makes the decisions: Bush or Cheney?
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George Bush, the Decider
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The 2006 “Bush Prize” for Bad Decision Making
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2006 Bush Prize for Bad Decision Making

A Joint Award to Hassan Nasrullan and Ehud Olmert
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How to define a “bad decision”?

1. I wish to avoid a typical blunder, which is to judge ex ante
decisions in terms of the “20-20 hindsight” of having seen ex
post outcomes.
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How to define a “bad decision”?

1. I wish to avoid a typical blunder, which is to judge ex ante
decisions in terms of the “20-20 hindsight” of having seen ex
post outcomes.

2. I wish to separate the question of morality of a bad decision
and focus on the rationality of the decision maker.
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How to define a “bad decision”?

1. I wish to avoid a typical blunder, which is to judge ex ante
decisions in terms of the “20-20 hindsight” of having seen ex
post outcomes.

2. I wish to separate the question of morality of a bad decision
and focus on the rationality of the decision maker.

3. Thus, I wish to abstract from issues of “right” and “wrong”
even though in common parlance, bad decision are
frequently viewed as ones that are immoral or illegal.
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How to define a “bad decision”?

1. I wish to avoid a typical blunder, which is to judge ex ante
decisions in terms of the “20-20 hindsight” of having seen ex
post outcomes.

2. I wish to separate the question of morality of a bad decision
and focus on the rationality of the decision maker.

3. Thus, I wish to abstract from issues of “right” and “wrong”
even though in common parlance, bad decision are
frequently viewed as ones that are immoral or illegal.

4. Questions of morality are more in the domain of religion,
philosophy, and politics. I am an economist.
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How to define a “bad decision”?

1. I wish to avoid a typical blunder, which is to judge ex ante
decisions in terms of the “20-20 hindsight” of having seen ex
post outcomes.

2. I wish to separate the question of morality of a bad decision
and focus on the rationality of the decision maker.

3. Thus, I wish to abstract from issues of “right” and “wrong”
even though in common parlance, bad decision are
frequently viewed as ones that are immoral or illegal.

4. Questions of morality are more in the domain of religion,
philosophy, and politics. I am an economist.

5. Instead, I adopt a common approach in economics,
consumer sovereignty, and do not question the decision
maker’s utility function.
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How to define a “bad decision”?

1. I wish to avoid a typical blunder, which is to judge ex ante
decisions in terms of the “20-20 hindsight” of having seen ex
post outcomes.

2. I wish to separate the question of morality of a bad decision
and focus on the rationality of the decision maker.

3. Thus, I wish to abstract from issues of “right” and “wrong”
even though in common parlance, bad decision are
frequently viewed as ones that are immoral or illegal.

4. Questions of morality are more in the domain of religion,
philosophy, and politics. I am an economist.

5. Instead, I adopt a common approach in economics,
consumer sovereignty, and do not question the decision
maker’s utility function.

6. The common feature of all the examples I presented are
decision makers with seriously distorted perceptions of
reality.
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Definition of a bad decision

1. Definition: A bad decision is a decision under uncertainty
that is made by a decision maker (DM) (according to either
an expected utility or non-expected utility criterion) whose
subjective probability distribution that is greatly at odds
relative to the objective probability distribution governing the
ex post payoff relevant states of nature in the sense that the
loss (under the objective probability measure) from taking
the decision is large.
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Definition of a bad decision

1. Definition: A bad decision is a decision under uncertainty
that is made by a decision maker (DM) (according to either
an expected utility or non-expected utility criterion) whose
subjective probability distribution that is greatly at odds
relative to the objective probability distribution governing the
ex post payoff relevant states of nature in the sense that the
loss (under the objective probability measure) from taking
the decision is large.

2. Consider the expected utility case. Let µs be the DM’s
subjective probability measure. Then the decision (and
decision rule) are defined by

δs(I) = argmax

d∈D(I)

Eµs
{U(X̃, d)|I} ≡

∫
x

U(x, d)µs(x|I)
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Definition of a bad decision

1. Definition: A bad decision is a decision under uncertainty
that is made by a decision maker (DM) (according to either
an expected utility or non-expected utility criterion) whose
subjective probability distribution that is greatly at odds
relative to the objective probability distribution governing the
ex post payoff relevant states of nature in the sense that the
loss (under the objective probability measure) from taking
the decision is large.

2. Consider the expected utility case. Let µs be the DM’s
subjective probability measure. Then the decision (and
decision rule) are defined by

δs(I) = argmax

d∈D(I)

Eµs
{U(X̃, d)|I} ≡

∫
x

U(x, d)µs(x|I)

3. and the value function (indirect utility function) is

Vµs
(I, ds) = Eµs

{U(X̃, ds(I)|I}.
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Definition of a bad decision, continued

1. Let µo denote the objective probability measure and do the
corresponding optimal decision rule. Then we have

Vµs
(I, ds) ≥ Vµs

(I, do).
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Definition of a bad decision, continued

1. Let µo denote the objective probability measure and do the
corresponding optimal decision rule. Then we have

Vµs
(I, ds) ≥ Vµs

(I, do).

2. I say d = ds(I) is a bad decision if

Vµo
(I, do) − Vµo

(I, ds) > K > 0,
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Definition of a bad decision, continued

1. Let µo denote the objective probability measure and do the
corresponding optimal decision rule. Then we have

Vµs
(I, ds) ≥ Vµs

(I, do).

2. I say d = ds(I) is a bad decision if

Vµo
(I, do) − Vµo

(I, ds) > K > 0,

3. where K is a sufficiently LARGE positive number
representing the expected large loss that the DM would
incur if he/she had rational beliefs.
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Definition of a bad decision, continued

1. Let µo denote the objective probability measure and do the
corresponding optimal decision rule. Then we have

Vµs
(I, ds) ≥ Vµs

(I, do).

2. I say d = ds(I) is a bad decision if

Vµo
(I, do) − Vµo

(I, ds) > K > 0,

3. where K is a sufficiently LARGE positive number
representing the expected large loss that the DM would
incur if he/she had rational beliefs.

4. In other words, if the DM had rational (or approximately
rational) beliefs, he/she would never voluntarily choose to
make the bad decision.
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Definition of a crazy decision
1. Definition: A crazy decision is one that is taken even after a

credible authority has informed the DM that his/her beliefs
are greatly at odds with the objective probability distribution
and will result in very large ex ante losses. Further, the DM
knows the decision will result in a high probability of very
bad ex post losses, even relative to the DM’s distorted
subjective beliefs, but the DM does it anyway.
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Definition of a crazy decision
1. Definition: A crazy decision is one that is taken even after a

credible authority has informed the DM that his/her beliefs
are greatly at odds with the objective probability distribution
and will result in very large ex ante losses. Further, the DM
knows the decision will result in a high probability of very
bad ex post losses, even relative to the DM’s distorted
subjective beliefs, but the DM does it anyway.

2. That is, a crazy decision is one that the DM refuses to
change, even after learning that their view of the world is
grossly incorrect and that their decision will result in large ex
ante losses and a high probability of catastrophic ex post
losses.
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Definition of a crazy decision
1. Definition: A crazy decision is one that is taken even after a

credible authority has informed the DM that his/her beliefs
are greatly at odds with the objective probability distribution
and will result in very large ex ante losses. Further, the DM
knows the decision will result in a high probability of very
bad ex post losses, even relative to the DM’s distorted
subjective beliefs, but the DM does it anyway.

2. That is, a crazy decision is one that the DM refuses to
change, even after learning that their view of the world is
grossly incorrect and that their decision will result in large ex
ante losses and a high probability of catastrophic ex post
losses.

3. Example: A daughter of “Christian scientists” has a
treatable cancer but will surely die if chemotheory is not
given immediately. The church tells the parents that it is
consistent with God’s will to give their daughter
chemotherapy. The parents still refuse, flee with their
daughter to avoid arrest, and she soon dies of cancer.
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Comments on the concept

1. Note that bad decisions and crazy decisions could be ones
that are overly cautious due to excessive pessimism or
exaggerated subjective riskiness,
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Comments on the concept

1. Note that bad decisions and crazy decisions could be ones
that are overly cautious due to excessive pessimism or
exaggerated subjective riskiness,

2. or they could be ones that involve excessive risk taking due
to excessive optimism or underestimated subjective
riskiness.
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Comments on the concept

1. Note that bad decisions and crazy decisions could be ones
that are overly cautious due to excessive pessimism or
exaggerated subjective riskiness,

2. or they could be ones that involve excessive risk taking due
to excessive optimism or underestimated subjective
riskiness.

3. Bad decisions can have good ex post outcomes, just as
good decisions can have bad ex post outcomes.
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Comments on the concept

1. Note that bad decisions and crazy decisions could be ones
that are overly cautious due to excessive pessimism or
exaggerated subjective riskiness,

2. or they could be ones that involve excessive risk taking due
to excessive optimism or underestimated subjective
riskiness.

3. Bad decisions can have good ex post outcomes, just as
good decisions can have bad ex post outcomes.

4. However the focus should be on the quality of the ex ante
decision making, and the care, and level of effort the
decision maker devotes to learn the objective probability
distribution governing ex post outcomes.
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Comments on the concept

1. Note that bad decisions and crazy decisions could be ones
that are overly cautious due to excessive pessimism or
exaggerated subjective riskiness,

2. or they could be ones that involve excessive risk taking due
to excessive optimism or underestimated subjective
riskiness.

3. Bad decisions can have good ex post outcomes, just as
good decisions can have bad ex post outcomes.

4. However the focus should be on the quality of the ex ante
decision making, and the care, and level of effort the
decision maker devotes to learn the objective probability
distribution governing ex post outcomes.

5. “Unfortunately, Washington — the political process and the
media — judges decisions based solely on outcomes, not
on the quality of the decision making.” Robert Rubin, from
2003 memoire, In an Uncertain World
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Problems with the concept

1. How can we identify a bad decision if nobody knows what
the objective probability measure µo is?
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Problems with the concept

1. How can we identify a bad decision if nobody knows what
the objective probability measure µo is?

2. This seems to be the case for any real world decision. If so,
how can there be a strong, objective scientific basis for
classifying decisions as bad ones?
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Problems with the concept

1. How can we identify a bad decision if nobody knows what
the objective probability measure µo is?

2. This seems to be the case for any real world decision. If so,
how can there be a strong, objective scientific basis for
classifying decisions as bad ones?

3. There is a real risk that any theory of subjective decisions
would devolve into a petty, political, and subjective sort of
disagreement, of the form “my beliefs are more realistic than
your beliefs.”
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Problems with the concept

1. How can we identify a bad decision if nobody knows what
the objective probability measure µo is?

2. This seems to be the case for any real world decision. If so,
how can there be a strong, objective scientific basis for
classifying decisions as bad ones?

3. There is a real risk that any theory of subjective decisions
would devolve into a petty, political, and subjective sort of
disagreement, of the form “my beliefs are more realistic than
your beliefs.”

4. If I am unwilling to question preferences, and if I concede
that beliefs about most uncertain events in the real world
are unavoidably subjective, then on what grounds can I
justify questioning another person’s beliefs?
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The Identification Problem

1. Rust (1994) and Magnac and Thesmar (1998) proved that
the discrete dynamic choice model is nonparametrically
unidentified. Roughly speaking, given any beliefs µ and any
subjective discount factor β there is an equivalence class
containing infinitely many different utility functions that
rationalize any choice probability (decision rule).
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The Identification Problem

1. Rust (1994) and Magnac and Thesmar (1998) proved that
the discrete dynamic choice model is nonparametrically
unidentified. Roughly speaking, given any beliefs µ and any
subjective discount factor β there is an equivalence class
containing infinitely many different utility functions that
rationalize any choice probability (decision rule).

2. If we can’t identify preferences assuming beliefs are known,
then the possibility of simultaneously identifying
preferences, beliefs, and the discount factor is even more
hopeless, unless we are willing to make parametric
assumptions about functional forms.
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The Identification Problem

1. Rust (1994) and Magnac and Thesmar (1998) proved that
the discrete dynamic choice model is nonparametrically
unidentified. Roughly speaking, given any beliefs µ and any
subjective discount factor β there is an equivalence class
containing infinitely many different utility functions that
rationalize any choice probability (decision rule).

2. If we can’t identify preferences assuming beliefs are known,
then the possibility of simultaneously identifying
preferences, beliefs, and the discount factor is even more
hopeless, unless we are willing to make parametric
assumptions about functional forms.

3. This means that we lack a strong scientific basis for looking
back at individual decisions by individual decision makers
and trying to determine what beliefs and preferences lead to
their decisions.
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Subjective beliefs are endogenous

1. My definition treats beliefs as if they are exogenously
specified.
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Subjective beliefs are endogenous

1. My definition treats beliefs as if they are exogenously
specified.

2. In reality, beliefs are endogenously determined, affected by
endogenous information acquisition and learning decisions.
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Subjective beliefs are endogenous

1. My definition treats beliefs as if they are exogenously
specified.

2. In reality, beliefs are endogenously determined, affected by
endogenous information acquisition and learning decisions.

3. Much learning occurs in a social context, and we are
strongly influenced by the beliefs of others around us,
particularly those we look up to and admire.
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Subjective beliefs are endogenous

1. My definition treats beliefs as if they are exogenously
specified.

2. In reality, beliefs are endogenously determined, affected by
endogenous information acquisition and learning decisions.

3. Much learning occurs in a social context, and we are
strongly influenced by the beliefs of others around us,
particularly those we look up to and admire.

4. Beliefs of powerful leaders of nations and corporations are
affected by another important avenue: the advice of their
advisors.
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Subjective beliefs are endogenous

1. My definition treats beliefs as if they are exogenously
specified.

2. In reality, beliefs are endogenously determined, affected by
endogenous information acquisition and learning decisions.

3. Much learning occurs in a social context, and we are
strongly influenced by the beliefs of others around us,
particularly those we look up to and admire.

4. Beliefs of powerful leaders of nations and corporations are
affected by another important avenue: the advice of their
advisors.

5. Advisors do not typically bear the risks associated with
taking their advice.
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Subjective beliefs are endogenous

1. My definition treats beliefs as if they are exogenously
specified.

2. In reality, beliefs are endogenously determined, affected by
endogenous information acquisition and learning decisions.

3. Much learning occurs in a social context, and we are
strongly influenced by the beliefs of others around us,
particularly those we look up to and admire.

4. Beliefs of powerful leaders of nations and corporations are
affected by another important avenue: the advice of their
advisors.

5. Advisors do not typically bear the risks associated with
taking their advice.

6. In addition, there is a real danger that advice to a powerful
leader will be biased: advisors will seek the favor of the
leader by providing the advice that they perceive the leader
wants to hear.
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The Role of Expert advisors
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A Bush war advisor, now a Bush war critic

Richard Perle
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Biased advice and the Iraq war decision

1. The head of the CIA, George Tenet (a Clinton appointee),
advises Bush in early 2003 that there was a “slam dunk
case” for the existence of weapons of mass destruction in
Iraq. But contrary views of experts within the CIA were
suppressed.
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Biased advice and the Iraq war decision

1. The head of the CIA, George Tenet (a Clinton appointee),
advises Bush in early 2003 that there was a “slam dunk
case” for the existence of weapons of mass destruction in
Iraq. But contrary views of experts within the CIA were
suppressed.

2. Dick Cheney, the Vice President, made an unprecedented
number of visits to the CIA to “press the case” for the
existence of weapons of mass destruction.
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Biased advice and the Iraq war decision

1. The head of the CIA, George Tenet (a Clinton appointee),
advises Bush in early 2003 that there was a “slam dunk
case” for the existence of weapons of mass destruction in
Iraq. But contrary views of experts within the CIA were
suppressed.

2. Dick Cheney, the Vice President, made an unprecedented
number of visits to the CIA to “press the case” for the
existence of weapons of mass destruction.

3. Cheney received a $20 million departing bonus from
Halliburton, the company he was President of before
becoming President of the United States. Since the war
started, Halliburton has received over $20 billion in Iraq
reconstruction contracts, most of which were no bid,
cost-plus contracts.
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Scientific advice and good decisions
1. As scientists, we would like to believe that science is a

purely “objective” and unbiased source of advice to leaders,
and as such, scientific advice should result in better
decisions.
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Scientific advice and good decisions
1. As scientists, we would like to believe that science is a

purely “objective” and unbiased source of advice to leaders,
and as such, scientific advice should result in better
decisions.

2. Unfortunately, I am not aware of any proof that a “science
based” approach to decision and policy making results in
“better” policies or decisions than other approaches to
decision making, e.g “faith based policy making” (a la
George Bush).
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Scientific advice and good decisions
1. As scientists, we would like to believe that science is a

purely “objective” and unbiased source of advice to leaders,
and as such, scientific advice should result in better
decisions.

2. Unfortunately, I am not aware of any proof that a “science
based” approach to decision and policy making results in
“better” policies or decisions than other approaches to
decision making, e.g “faith based policy making” (a la
George Bush).

3. I believe that economic theory, particular the tools of rational
decision theory and dynamic programming combined with
econometric methods for estimating and testing these
models can enable governments and firms to make better
decisions.
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Scientific advice and good decisions
1. As scientists, we would like to believe that science is a

purely “objective” and unbiased source of advice to leaders,
and as such, scientific advice should result in better
decisions.

2. Unfortunately, I am not aware of any proof that a “science
based” approach to decision and policy making results in
“better” policies or decisions than other approaches to
decision making, e.g “faith based policy making” (a la
George Bush).

3. I believe that economic theory, particular the tools of rational
decision theory and dynamic programming combined with
econometric methods for estimating and testing these
models can enable governments and firms to make better
decisions.

4. However there are many skeptics, both inside and outside
the profession, and so we need to provide convincing proof.
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Scientific advice and good decisions
1. As scientists, we would like to believe that science is a

purely “objective” and unbiased source of advice to leaders,
and as such, scientific advice should result in better
decisions.

2. Unfortunately, I am not aware of any proof that a “science
based” approach to decision and policy making results in
“better” policies or decisions than other approaches to
decision making, e.g “faith based policy making” (a la
George Bush).

3. I believe that economic theory, particular the tools of rational
decision theory and dynamic programming combined with
econometric methods for estimating and testing these
models can enable governments and firms to make better
decisions.

4. However there are many skeptics, both inside and outside
the profession, and so we need to provide convincing proof.

5. How to do this?
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Scientific Advice and George Bush
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The Problem of “20-20 Hindsight”

1. Besides the difficulties and limitations associated with
developing a theory of bad decisions, there is a problem that
any such theory would be a fundamentally backward looking
theory.
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The Problem of “20-20 Hindsight”

1. Besides the difficulties and limitations associated with
developing a theory of bad decisions, there is a problem that
any such theory would be a fundamentally backward looking
theory.

2. There would always be a charge that conclusions about
whether decisions were bad are a product of 20-20
hindsight.
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1. Besides the difficulties and limitations associated with
developing a theory of bad decisions, there is a problem that
any such theory would be a fundamentally backward looking
theory.

2. There would always be a charge that conclusions about
whether decisions were bad are a product of 20-20
hindsight.

3. It is much harder to make difficult decisions ex ante and on
a real time basis.
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The Problem of “20-20 Hindsight”

1. Besides the difficulties and limitations associated with
developing a theory of bad decisions, there is a problem that
any such theory would be a fundamentally backward looking
theory.

2. There would always be a charge that conclusions about
whether decisions were bad are a product of 20-20
hindsight.

3. It is much harder to make difficult decisions ex ante and on
a real time basis.

4. Thus, a much more positive approach is to ask and try to
answer a more difficult question:
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The Problem of “20-20 Hindsight”

1. Besides the difficulties and limitations associated with
developing a theory of bad decisions, there is a problem that
any such theory would be a fundamentally backward looking
theory.

2. There would always be a charge that conclusions about
whether decisions were bad are a product of 20-20
hindsight.

3. It is much harder to make difficult decisions ex ante and on
a real time basis.

4. Thus, a much more positive approach is to ask and try to
answer a more difficult question:

5. What can economics contribute to help leaders make good
decisions?
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Why Study How to Make Good Decisions?

1. Besides the “limits to science” problems with developing a
theory of bad decisions, there is a practical problem that any
such theory would be a fundamentally backward looking
theory.
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Why Study How to Make Good Decisions?

1. Besides the “limits to science” problems with developing a
theory of bad decisions, there is a practical problem that any
such theory would be a fundamentally backward looking
theory.

2. There would always be a charge that conclusions about
whether decisions were bad are a product of 20-20
hindsight.

3. It is much harder to make difficult decisions ex ante and on
a real time basis.

4. Thus, a much more positive approach is to ask and try to
answer a more difficult question:

5. I believe there is a lot economics can offer to help leaders
make good decisions.
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My Research to Promote Good Decisions
1. “Designing Efficient Social Insurance Institutions: Theory

and Computation” (with V.V. Chari and Hugo Hopenhayn,
funded by NSF)
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My Research to Promote Good Decisions
1. “Designing Efficient Social Insurance Institutions: Theory

and Computation” (with V.V. Chari and Hugo Hopenhayn,
funded by NSF)

2. “Dynamic Structural Models of Retirement and Disability”
(with Hugo Benitez-Silva and Moshe Buchinsky, funded by
NIH)
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1. “Designing Efficient Social Insurance Institutions: Theory

and Computation” (with V.V. Chari and Hugo Hopenhayn,
funded by NSF)

2. “Dynamic Structural Models of Retirement and Disability”
(with Hugo Benitez-Silva and Moshe Buchinsky, funded by
NIH)

3. “Optimal Management of Timber Resources in British
Columbia” (with Harry Paarsch, funded by NSF)
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funded by NSF)
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(with Hugo Benitez-Silva and Moshe Buchinsky, funded by
NIH)

3. “Optimal Management of Timber Resources in British
Columbia” (with Harry Paarsch, funded by NSF)

4. “Optimal Management of a Rental Car Fleet” (with Sungjin
Cho, Hanyang University)
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3. “Optimal Management of Timber Resources in British
Columbia” (with Harry Paarsch, funded by NSF)

4. “Optimal Management of a Rental Car Fleet” (with Sungjin
Cho, Hanyang University)

5. “Optimal Speculation and Price Discrimination in the Steel
Market” (with George Hall, funded by NSF).
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My Research to Promote Good Decisions
1. “Designing Efficient Social Insurance Institutions: Theory

and Computation” (with V.V. Chari and Hugo Hopenhayn,
funded by NSF)

2. “Dynamic Structural Models of Retirement and Disability”
(with Hugo Benitez-Silva and Moshe Buchinsky, funded by
NIH)

3. “Optimal Management of Timber Resources in British
Columbia” (with Harry Paarsch, funded by NSF)

4. “Optimal Management of a Rental Car Fleet” (with Sungjin
Cho, Hanyang University)

5. “Optimal Speculation and Price Discrimination in the Steel
Market” (with George Hall, funded by NSF).

6. “Models of Bargaining and Price Determination of
Residential Real Estate, with and without Real Estate
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funded by NSF).
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My Research to Promote Good Decisions
1. “Designing Efficient Social Insurance Institutions: Theory

and Computation” (with V.V. Chari and Hugo Hopenhayn,
funded by NSF)

2. “Dynamic Structural Models of Retirement and Disability”
(with Hugo Benitez-Silva and Moshe Buchinsky, funded by
NIH)

3. “Optimal Management of Timber Resources in British
Columbia” (with Harry Paarsch, funded by NSF)

4. “Optimal Management of a Rental Car Fleet” (with Sungjin
Cho, Hanyang University)

5. “Optimal Speculation and Price Discrimination in the Steel
Market” (with George Hall, funded by NSF).

6. “Models of Bargaining and Price Determination of
Residential Real Estate, with and without Real Estate
Agents” (with Antonio Merlo and Francois Ortalo-Magne,
funded by NSF).

7. “Optimal Management of a Credit Card Company” (with
Sungjin Cho)
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Improving Disability Decisions

1. joint work with Moshe Buchinsky and Hugo Benitez-Silva
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Improving Disability Decisions

1. joint work with Moshe Buchinsky and Hugo Benitez-Silva
2. We estimate the magnitude of the classification errors in the

Social Security disability award process.
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Improving Disability Decisions

1. joint work with Moshe Buchinsky and Hugo Benitez-Silva
2. We estimate the magnitude of the classification errors in the

Social Security disability award process.
3. Our point estimate that the fraction of award errors , i.e. the

fraction of SSDI/SSI applicants who are ultimately awarded
benefits and who are not “disabled” is 29%
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Improving Disability Decisions

1. joint work with Moshe Buchinsky and Hugo Benitez-Silva
2. We estimate the magnitude of the classification errors in the

Social Security disability award process.
3. Our point estimate that the fraction of award errors , i.e. the

fraction of SSDI/SSI applicants who are ultimately awarded
benefits and who are not “disabled” is 29%

4. Our point estimate that the fraction of rejection errors , i.e.
the fraction of SSDI/SSI applicants who are rejected and
who are “disabled” is 67%
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Improving Disability Decisions

1. joint work with Moshe Buchinsky and Hugo Benitez-Silva
2. We estimate the magnitude of the classification errors in the

Social Security disability award process.
3. Our point estimate that the fraction of award errors , i.e. the

fraction of SSDI/SSI applicants who are ultimately awarded
benefits and who are not “disabled” is 29%

4. Our point estimate that the fraction of rejection errors , i.e.
the fraction of SSDI/SSI applicants who are rejected and
who are “disabled” is 67%

5. We use our empirical results and the Neyman-Pearson
Lemma to design a more accurate disability screening
process.
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Improving Disability Decisions

1. joint work with Moshe Buchinsky and Hugo Benitez-Silva
2. We estimate the magnitude of the classification errors in the

Social Security disability award process.
3. Our point estimate that the fraction of award errors , i.e. the

fraction of SSDI/SSI applicants who are ultimately awarded
benefits and who are not “disabled” is 29%

4. Our point estimate that the fraction of rejection errors , i.e.
the fraction of SSDI/SSI applicants who are rejected and
who are “disabled” is 67%

5. We use our empirical results and the Neyman-Pearson
Lemma to design a more accurate disability screening
process.

6. Our “computerized” DI screening process reduces award
errors to 16% and rejection error rates to 50%
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The DI Award Process

48
 %

DDS Initial Determination

Accept: 16%

Accept: 38%

Accept: 2%

Accept: 6%

DDS Reconsideration

Mean delay: 92 days

Mean delay: 69 days

Mean delay: 308 days

Mean delay: 447 days

Mean delay: 18 months

Appeal to Administrative
      Law Judge (ALJ)

SSA Appeals Board 

Federal Court Appeal

Accept: 59%

50% appeal

86% appeal

40% appeal

18% appeal

22
 %

http://gemini.econ.umd.edu/jrust


John Rust Bad Decisions - slide #8

The 5 Stages
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How did we get these results?

1. We used the Health and Retirement Survey (HRS) and
follow a sample of 12,000+ older Americans between 1992
and 1998 (first 4 waves of the HRS).
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How did we get these results?

1. We used the Health and Retirement Survey (HRS) and
follow a sample of 12,000+ older Americans between 1992
and 1998 (first 4 waves of the HRS).

2. We compared their self-reported disability status d̃ to the
SSA’s ultimate award decision ã
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How did we get these results?

1. We used the Health and Retirement Survey (HRS) and
follow a sample of 12,000+ older Americans between 1992
and 1998 (first 4 waves of the HRS).

2. We compared their self-reported disability status d̃ to the
SSA’s ultimate award decision ã

3. We argued that individuals are truthful, accurate reporters of
their “true” disability status τ̃ , so by comparing ã and d̃ we
can infer error rates in the SSA’s bureaucratic award and
appeal process.
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Two Measures of “Disability”
1. SSA The inability to engage in any substantial gainful

activity (SGA) by reason of any medically determinable
physical or mental impairment, which can be expected to
result in death, or which has lasted, or can be expected to
last, for a continuous period of at least 12 months.
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Two Measures of “Disability”
1. SSA The inability to engage in any substantial gainful

activity (SGA) by reason of any medically determinable
physical or mental impairment, which can be expected to
result in death, or which has lasted, or can be expected to
last, for a continuous period of at least 12 months.

2. HRS Do you have a health condition that prevents you from
working entirely?
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Two Measures of “Disability”
1. SSA The inability to engage in any substantial gainful

activity (SGA) by reason of any medically determinable
physical or mental impairment, which can be expected to
result in death, or which has lasted, or can be expected to
last, for a continuous period of at least 12 months.

2. HRS Do you have a health condition that prevents you from
working entirely?

3. Define three binary random variables ã, d̃ and τ̃ as follows:

ã =

{
1 if person is ultimately awarded SSDI/SSI benefits
0 otherwise

d̃ =

{
1 if person reports they are unableto work
0 otherwise

τ̃ =

{
1 if someone is “truly disabled”
0 otherwise
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Definitions of Classification Errors

1. Award Error Rate This is the probability a person is not
truly disabled given that they are awarded benefits,
Pr{τ̃ = 0|ã = 1}.
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Definitions of Classification Errors

1. Award Error Rate This is the probability a person is not
truly disabled given that they are awarded benefits,
Pr{τ̃ = 0|ã = 1}.

2. Rejection Error Rate This is the probability a person is truly
disabled given that they were rejected, Pr{τ̃ = 1|ã = 0}.
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Definitions of Classification Errors

1. Award Error Rate This is the probability a person is not
truly disabled given that they are awarded benefits,
Pr{τ̃ = 0|ã = 1}.

2. Rejection Error Rate This is the probability a person is truly
disabled given that they were rejected, Pr{τ̃ = 1|ã = 0}.

3. Note that the award and error rates differ from, but are
related to, the Type I and II error rates in hypothesis testing.
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Definitions of Classification Errors

1. Award Error Rate This is the probability a person is not
truly disabled given that they are awarded benefits,
Pr{τ̃ = 0|ã = 1}.

2. Rejection Error Rate This is the probability a person is truly
disabled given that they were rejected, Pr{τ̃ = 1|ã = 0}.

3. Note that the award and error rates differ from, but are
related to, the Type I and II error rates in hypothesis testing.

4. Type I error rate the probability a person is rejected given
that they are truly disabled, Pr{ã = 0|τ̃ = 1}
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Definitions of Classification Errors

1. Award Error Rate This is the probability a person is not
truly disabled given that they are awarded benefits,
Pr{τ̃ = 0|ã = 1}.

2. Rejection Error Rate This is the probability a person is truly
disabled given that they were rejected, Pr{τ̃ = 1|ã = 0}.

3. Note that the award and error rates differ from, but are
related to, the Type I and II error rates in hypothesis testing.

4. Type I error rate the probability a person is rejected given
that they are truly disabled, Pr{ã = 0|τ̃ = 1}

5. Type II error rate the probability a person is accepted given
that they are not truly disabled, Pr{ã = 1|τ̃ = 0}.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Disability

Determinations

● Improving Disability Decisions

● The DI Award Process

● The 5 Stages

● How did we get these results?

● Two Measures of “Disability”

● Definitions of Classification

Errors
● Consider the “Easy” Case

First
● Now Consider the “Harder”

Case
● Bayes Estimates of

Classification Errors
● Previous “Audits” of SSDI

Award Process
● Our results vs. Nagi’s

● Summary of Classification

Errors
● A Computerized Screening

Rule
● Distributions of

Pr{d̃ = 1|x}
● Conclusions

Improving Return to Work

Incentives

Improving Car Rental Profits

John Rust Bad Decisions - slide #12

Consider the “Easy” Case First

1. Suppose that τ̃ = d̃ with probability 1, i.e. that individuals
know and truthfully report their truly disability status, using
the current “social standard” of disability for the current
socio/political environment.
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Consider the “Easy” Case First

1. Suppose that τ̃ = d̃ with probability 1, i.e. that individuals
know and truthfully report their truly disability status, using
the current “social standard” of disability for the current
socio/political environment.

2. Then our point estimates for SSA’s error rates are as follow
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Consider the “Easy” Case First

1. Suppose that τ̃ = d̃ with probability 1, i.e. that individuals
know and truthfully report their truly disability status, using
the current “social standard” of disability for the current
socio/political environment.

2. Then our point estimates for SSA’s error rates are as follow

3. Award Error Rate Pr{d̃ = 0|ã = 1} = .28
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Consider the “Easy” Case First

1. Suppose that τ̃ = d̃ with probability 1, i.e. that individuals
know and truthfully report their truly disability status, using
the current “social standard” of disability for the current
socio/political environment.

2. Then our point estimates for SSA’s error rates are as follow

3. Award Error Rate Pr{d̃ = 0|ã = 1} = .28

4. Rejection Error Rate Pr{d̃ = 1|ã = 0} = .61
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Consider the “Easy” Case First

1. Suppose that τ̃ = d̃ with probability 1, i.e. that individuals
know and truthfully report their truly disability status, using
the current “social standard” of disability for the current
socio/political environment.

2. Then our point estimates for SSA’s error rates are as follow

3. Award Error Rate Pr{d̃ = 0|ã = 1} = .28

4. Rejection Error Rate Pr{d̃ = 1|ã = 0} = .61

5. Type I Error Rate Pr{ã = 0|d̃ = 1} = .26
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Consider the “Easy” Case First

1. Suppose that τ̃ = d̃ with probability 1, i.e. that individuals
know and truthfully report their truly disability status, using
the current “social standard” of disability for the current
socio/political environment.

2. Then our point estimates for SSA’s error rates are as follow

3. Award Error Rate Pr{d̃ = 0|ã = 1} = .28

4. Rejection Error Rate Pr{d̃ = 1|ã = 0} = .61

5. Type I Error Rate Pr{ã = 0|d̃ = 1} = .26

6. Type II Error Rate Pr{ã = 1|d̃ = 0} = .63
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Now Consider the “Harder” Case

1. Assume that both ã and d̃ are noisy but unbiased indicators
of true disability status τ̃
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Now Consider the “Harder” Case

1. Assume that both ã and d̃ are noisy but unbiased indicators
of true disability status τ̃

2. Assume that we can model (ã, d̃, τ̃) as a trivariate probit with
a correlation structure designed to match the correlation
between the observed random variables ã and d̃.
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Now Consider the “Harder” Case

1. Assume that both ã and d̃ are noisy but unbiased indicators
of true disability status τ̃

2. Assume that we can model (ã, d̃, τ̃) as a trivariate probit with
a correlation structure designed to match the correlation
between the observed random variables ã and d̃.

3. Under these assumptions we can estimate the parameters
of the trivariate probit model by maximum likelihood and use
the resulting model to infer the classification and Type I and
II error rates using Bayes Rule.
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Now Consider the “Harder” Case

1. Assume that both ã and d̃ are noisy but unbiased indicators
of true disability status τ̃

2. Assume that we can model (ã, d̃, τ̃) as a trivariate probit with
a correlation structure designed to match the correlation
between the observed random variables ã and d̃.

3. Under these assumptions we can estimate the parameters
of the trivariate probit model by maximum likelihood and use
the resulting model to infer the classification and Type I and
II error rates using Bayes Rule.

4. Surprisingly, when we do these computations in this more
realistic case, the rate of classification errors and the Type I
and II error rates differ by only a small amount from the error
rates we obtained in the “easy” case when we assumed that
d̃ = τ̃ .
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Bayes Estimates of Classification Errors

1. Award Error Rate: Pr{d̃ = 0|ã = 1} = .23
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Bayes Estimates of Classification Errors

1. Award Error Rate: Pr{d̃ = 0|ã = 1} = .23

2. Rejection Error Rate Pr{d̃ = 1|ã = 0} = .61

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Disability

Determinations

● Improving Disability Decisions

● The DI Award Process

● The 5 Stages

● How did we get these results?

● Two Measures of “Disability”

● Definitions of Classification

Errors
● Consider the “Easy” Case

First
● Now Consider the “Harder”

Case
● Bayes Estimates of

Classification Errors
● Previous “Audits” of SSDI

Award Process
● Our results vs. Nagi’s

● Summary of Classification

Errors
● A Computerized Screening

Rule
● Distributions of

Pr{d̃ = 1|x}
● Conclusions

Improving Return to Work

Incentives

Improving Car Rental Profits

John Rust Bad Decisions - slide #14

Bayes Estimates of Classification Errors

1. Award Error Rate: Pr{d̃ = 0|ã = 1} = .23

2. Rejection Error Rate Pr{d̃ = 1|ã = 0} = .61

3. Type I Error Rate Pr{ã = 0|d̃ = 1} = .23

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Disability

Determinations

● Improving Disability Decisions

● The DI Award Process

● The 5 Stages

● How did we get these results?

● Two Measures of “Disability”

● Definitions of Classification

Errors
● Consider the “Easy” Case

First
● Now Consider the “Harder”

Case
● Bayes Estimates of

Classification Errors
● Previous “Audits” of SSDI

Award Process
● Our results vs. Nagi’s

● Summary of Classification

Errors
● A Computerized Screening

Rule
● Distributions of

Pr{d̃ = 1|x}
● Conclusions

Improving Return to Work

Incentives

Improving Car Rental Profits

John Rust Bad Decisions - slide #14

Bayes Estimates of Classification Errors

1. Award Error Rate: Pr{d̃ = 0|ã = 1} = .23

2. Rejection Error Rate Pr{d̃ = 1|ã = 0} = .61

3. Type I Error Rate Pr{ã = 0|d̃ = 1} = .23

4. Type II Error Rate Pr{ã = 1|d̃ = 0} = .68
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Previous “Audits” of SSDI Award Process

1. These studies provide similar estimates of classification
error rates using very different methologies
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Previous “Audits” of SSDI Award Process

1. These studies provide similar estimates of classification
error rates using very different methologies

2. Nagi (1969) compared an “expert decision” (a moderated
group decision of an examining team consisting of a
physician, psychologist, social worker, occupational
therapist, and a vocational rehabilitation expert) to SSA’s
award decision

Expert SSA Award Decision Total
Team Decision Awarded Denied

Can Work 291 492 783
(19.3%) (52.1%) (31.9%)

Cannot Work 1,219 452 1,671
(80.7%) (47.9%) (68.1%)

Total 1,510 944 2,454
(61.5%) (38.5%) (100.0%)
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Our results vs. Nagi’s

1. We analyzed a subsample of 360 HRS respondents for
which complete information on ADLs and health
characteristics are available
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Our results vs. Nagi’s

1. We analyzed a subsample of 360 HRS respondents for
which complete information on ADLs and health
characteristics are available

2. We don’t have access to an independent expert, so we
compare self-reported disability to SSA’s award decision

Self-Reported SSA Award Decision Total
Disability Status Awarded Denied

Not Disabled 60 42 102
(22.6%) (44.7%) (28.3%)

Disabled 206 52 258
(77.4%) (55.3%) (71.7%)

Total 266 94 360
(73.9%) (26.1%) (100.0%)
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Summary of Classification Errors

 Awardees Rejectees



DI Applicants

disabled disableddisabled disabled
non- non-
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31*
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*
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A Computerized Screening Rule
1. Even if we believe that self-reported disability status d̃ is

truthfully reported in an anonymous survey such as HRS,
SSDI/SSI applicants have a clear incentive to lie about their
disability status to the SSA
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A Computerized Screening Rule
1. Even if we believe that self-reported disability status d̃ is

truthfully reported in an anonymous survey such as HRS,
SSDI/SSI applicants have a clear incentive to lie about their
disability status to the SSA

2. However we can use the HRS data to regress d̃ against a
vector x of “objective” health conditions and ADLs, such as
“do you have heart problems?” “do you have diabetes?”
“have you had a stroke?” etc.
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A Computerized Screening Rule
1. Even if we believe that self-reported disability status d̃ is

truthfully reported in an anonymous survey such as HRS,
SSDI/SSI applicants have a clear incentive to lie about their
disability status to the SSA

2. However we can use the HRS data to regress d̃ against a
vector x of “objective” health conditions and ADLs, such as
“do you have heart problems?” “do you have diabetes?”
“have you had a stroke?” etc.

3. Using the HRS data we then can compute predicted
probabilities that a person is truly disabled. These predicted
probabilities depend only on the observable
health/demographic characteristics
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A Computerized Screening Rule
1. Even if we believe that self-reported disability status d̃ is

truthfully reported in an anonymous survey such as HRS,
SSDI/SSI applicants have a clear incentive to lie about their
disability status to the SSA

2. However we can use the HRS data to regress d̃ against a
vector x of “objective” health conditions and ADLs, such as
“do you have heart problems?” “do you have diabetes?”
“have you had a stroke?” etc.

3. Using the HRS data we then can compute predicted
probabilities that a person is truly disabled. These predicted
probabilities depend only on the observable
health/demographic characteristics

4. Define an acceptance rule of the form

ã = I{Pr(d̃ = 1‖x) ≥ λc}

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Disability

Determinations

● Improving Disability Decisions

● The DI Award Process

● The 5 Stages

● How did we get these results?

● Two Measures of “Disability”

● Definitions of Classification

Errors
● Consider the “Easy” Case

First
● Now Consider the “Harder”

Case
● Bayes Estimates of

Classification Errors
● Previous “Audits” of SSDI

Award Process
● Our results vs. Nagi’s

● Summary of Classification

Errors
● A Computerized Screening

Rule
● Distributions of

Pr{d̃ = 1|x}
● Conclusions

Improving Return to Work

Incentives

Improving Car Rental Profits

John Rust Bad Decisions - slide #18

A Computerized Screening Rule
1. Even if we believe that self-reported disability status d̃ is

truthfully reported in an anonymous survey such as HRS,
SSDI/SSI applicants have a clear incentive to lie about their
disability status to the SSA

2. However we can use the HRS data to regress d̃ against a
vector x of “objective” health conditions and ADLs, such as
“do you have heart problems?” “do you have diabetes?”
“have you had a stroke?” etc.

3. Using the HRS data we then can compute predicted
probabilities that a person is truly disabled. These predicted
probabilities depend only on the observable
health/demographic characteristics

4. Define an acceptance rule of the form

ã = I{Pr(d̃ = 1‖x) ≥ λc}

5. By varying the cutoff λc we can achieve any desired award
rate.
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Distributions of Pr{d̃ = 1|x}
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Conclusions

1. We have shown that the SSDI/SSI award process used by
the SSA is very noisy, resulting in award error rates of over
20% and rejection error rates of over 50%
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Conclusions

1. We have shown that the SSDI/SSI award process used by
the SSA is very noisy, resulting in award error rates of over
20% and rejection error rates of over 50%

2. Most of the screening in the DI award process is done by
the applicants themselves, via self-screening the application
and appeal decisions, not by the SSA bureaucracy.
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Conclusions

1. We have shown that the SSDI/SSI award process used by
the SSA is very noisy, resulting in award error rates of over
20% and rejection error rates of over 50%

2. Most of the screening in the DI award process is done by
the applicants themselves, via self-screening the application
and appeal decisions, not by the SSA bureaucracy.

3. The first stage decisions by the DDSs have low award rates
and extremely high rates of rejection error. They appear to
be adopting a strategy of “when in doubt, reject”
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Conclusions

1. We have shown that the SSDI/SSI award process used by
the SSA is very noisy, resulting in award error rates of over
20% and rejection error rates of over 50%

2. Most of the screening in the DI award process is done by
the applicants themselves, via self-screening the application
and appeal decisions, not by the SSA bureaucracy.

3. The first stage decisions by the DDSs have low award rates
and extremely high rates of rejection error. They appear to
be adopting a strategy of “when in doubt, reject”

4. Contrary to the GAO analysis, we find that the appeal stage
to the ALJs, and the high rate of reversals, substantially
reduces the rate of rejection errors without increasing the
rate of award errors.
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Improving Return to Work Incentives
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Measuring “Induced Entry Effects”
1. Joint work with Hugo Benitez and Moshe Buchinsky that

originated in 1999, when I was appointed as an advisor to
the Social Security Administration
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Measuring “Induced Entry Effects”
1. Joint work with Hugo Benitez and Moshe Buchinsky that

originated in 1999, when I was appointed as an advisor to
the Social Security Administration

2. part of a committee charged with designing an experiment
to measure induced entry effects of the “$1 for $2 offset”, a
provision in the 1999 Ticket to Work and Work Incentives
Improvement Act signed by President Clinton.
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Measuring “Induced Entry Effects”
1. Joint work with Hugo Benitez and Moshe Buchinsky that

originated in 1999, when I was appointed as an advisor to
the Social Security Administration

2. part of a committee charged with designing an experiment
to measure induced entry effects of the “$1 for $2 offset”, a
provision in the 1999 Ticket to Work and Work Incentives
Improvement Act signed by President Clinton.

3. Under the status quo a DI recipient who recovers can go
back to work for one year without losing any DI benefits.
But, after the one year trial work period if they continue to
earn above a threshold amount known as the substantial
gainful activity ceiling (SGA), they will be terminated from
the DI rolls.
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Measuring “Induced Entry Effects”
1. Joint work with Hugo Benitez and Moshe Buchinsky that

originated in 1999, when I was appointed as an advisor to
the Social Security Administration

2. part of a committee charged with designing an experiment
to measure induced entry effects of the “$1 for $2 offset”, a
provision in the 1999 Ticket to Work and Work Incentives
Improvement Act signed by President Clinton.

3. Under the status quo a DI recipient who recovers can go
back to work for one year without losing any DI benefits.
But, after the one year trial work period if they continue to
earn above a threshold amount known as the substantial
gainful activity ceiling (SGA), they will be terminated from
the DI rolls.

4. Under the $1 for $2 offset, DI recipients can work and
remain on DI, but they lose $1 of DI benefits for every $2
earned above the SGA threshold (about$9000 per year).
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Measuring “Induced Entry Effects”
1. Joint work with Hugo Benitez and Moshe Buchinsky that

originated in 1999, when I was appointed as an advisor to
the Social Security Administration

2. part of a committee charged with designing an experiment
to measure induced entry effects of the “$1 for $2 offset”, a
provision in the 1999 Ticket to Work and Work Incentives
Improvement Act signed by President Clinton.

3. Under the status quo a DI recipient who recovers can go
back to work for one year without losing any DI benefits.
But, after the one year trial work period if they continue to
earn above a threshold amount known as the substantial
gainful activity ceiling (SGA), they will be terminated from
the DI rolls.

4. Under the $1 for $2 offset, DI recipients can work and
remain on DI, but they lose $1 of DI benefits for every $2
earned above the SGA threshold (about$9000 per year).

5. The 1999 law enabled SSA to conduct randomized
experiments designed to measure the induced entry effect.
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The Concern about Induced Entry

1. The $1 for $2 offset reduces the 100% effective tax rate on
DI benefits from going back to work after the trial work
period
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The Concern about Induced Entry

1. The $1 for $2 offset reduces the 100% effective tax rate on
DI benefits from going back to work after the trial work
period

2. Advocates for DI beneficiaries argued that under the lower
50% effective tax rate under the $1 for $2 offset, we should
expected to see more labor supply and even induced exit
from DI.
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The Concern about Induced Entry

1. The $1 for $2 offset reduces the 100% effective tax rate on
DI benefits from going back to work after the trial work
period

2. Advocates for DI beneficiaries argued that under the lower
50% effective tax rate under the $1 for $2 offset, we should
expected to see more labor supply and even induced exit
from DI.

3. However Congress, in its wisdom, foresaw that since the $1
for $2 offset is an increase in the generosity of the DI
program, there could be some amount of induced entry into
DI.
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The Concern about Induced Entry

1. The $1 for $2 offset reduces the 100% effective tax rate on
DI benefits from going back to work after the trial work
period

2. Advocates for DI beneficiaries argued that under the lower
50% effective tax rate under the $1 for $2 offset, we should
expected to see more labor supply and even induced exit
from DI.

3. However Congress, in its wisdom, foresaw that since the $1
for $2 offset is an increase in the generosity of the DI
program, there could be some amount of induced entry into
DI.

4. Would the decreased costs due to “induced exit” from DI
outweigh the increase in costs due to “induced entry”?

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Returen to Work

Incentives

● Measuring “Induced Entry

Effects”
● The Concern about Induced

Entry
● Problems with Randomized

Experiments

● A Life Cycle Model

● Simulated vs. Population

Survival Rates
● Simulated vs. Actual Health

Status
● A Life Cycle Model, continued

● Weights on Leisure by Age

and Average Wage

● Simulated vs. Actual Labor

Supply

● Simulated vs. Actual Social

Security Receipt

● Simulated vs. Actual Social

Security Status

● Simulated vs. Actual Net

Worth
● Consumption, Wages and DI

Receipt

● Bequests, IRR on Social

Security
● Impact on DI Applications and

Rolls
● Impact on Labor Supply

● Impact on Wages and Taxes

● Impact on Social Security

● Impact on Wealth and

John Rust Bad Decisions - slide #23

The Concern about Induced Entry

1. The $1 for $2 offset reduces the 100% effective tax rate on
DI benefits from going back to work after the trial work
period

2. Advocates for DI beneficiaries argued that under the lower
50% effective tax rate under the $1 for $2 offset, we should
expected to see more labor supply and even induced exit
from DI.

3. However Congress, in its wisdom, foresaw that since the $1
for $2 offset is an increase in the generosity of the DI
program, there could be some amount of induced entry into
DI.

4. Would the decreased costs due to “induced exit” from DI
outweigh the increase in costs due to “induced entry”?

5. Congress mandated that a randomized experiment be
conducted to answer this question and assess the cost
effectiveness of the $1 for $2 offset.
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Problems with Randomized Experiments
1. Applications for disability take place in a community/social

context. Doctors’, friends’, and bureaucrats’ knowledge of
the disability program can affect an individual’s decision to
apply for DI.
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Problems with Randomized Experiments
1. Applications for disability take place in a community/social

context. Doctors’, friends’, and bureaucrats’ knowledge of
the disability program can affect an individual’s decision to
apply for DI.

2. Thus, the committee of experts felt that potential DI
applicants were randomly selected into the “treatment
group” of those eligible for the $1 for $2 offset.
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Problems with Randomized Experiments
1. Applications for disability take place in a community/social

context. Doctors’, friends’, and bureaucrats’ knowledge of
the disability program can affect an individual’s decision to
apply for DI.

2. Thus, the committee of experts felt that potential DI
applicants were randomly selected into the “treatment
group” of those eligible for the $1 for $2 offset.

3. Instead, in order to get an accurate assessment, entire
communities (counties) would have to selected for inclusion
in the treatment group.
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Problems with Randomized Experiments
1. Applications for disability take place in a community/social

context. Doctors’, friends’, and bureaucrats’ knowledge of
the disability program can affect an individual’s decision to
apply for DI.

2. Thus, the committee of experts felt that potential DI
applicants were randomly selected into the “treatment
group” of those eligible for the $1 for $2 offset.

3. Instead, in order to get an accurate assessment, entire
communities (counties) would have to selected for inclusion
in the treatment group.

4. But since there are very large geographic variations in DI
application and award rates, and in overall economic
conditions in the county, large numbers of counties would
have to be included in the treatment and control groups.
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Problems with Randomized Experiments
1. Applications for disability take place in a community/social

context. Doctors’, friends’, and bureaucrats’ knowledge of
the disability program can affect an individual’s decision to
apply for DI.

2. Thus, the committee of experts felt that potential DI
applicants were randomly selected into the “treatment
group” of those eligible for the $1 for $2 offset.

3. Instead, in order to get an accurate assessment, entire
communities (counties) would have to selected for inclusion
in the treatment group.

4. But since there are very large geographic variations in DI
application and award rates, and in overall economic
conditions in the county, large numbers of counties would
have to be included in the treatment and control groups.

5. This means that potentionally millions of people would be
living in counties that were randomly selected into the
treatment group of counties whose citizens are eligible for
the $1 for $2 offset.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Returen to Work

Incentives

● Measuring “Induced Entry

Effects”
● The Concern about Induced

Entry
● Problems with Randomized

Experiments

● A Life Cycle Model

● Simulated vs. Population

Survival Rates
● Simulated vs. Actual Health

Status
● A Life Cycle Model, continued

● Weights on Leisure by Age

and Average Wage

● Simulated vs. Actual Labor

Supply

● Simulated vs. Actual Social

Security Receipt

● Simulated vs. Actual Social

Security Status

● Simulated vs. Actual Net

Worth
● Consumption, Wages and DI

Receipt

● Bequests, IRR on Social

Security
● Impact on DI Applications and

Rolls
● Impact on Labor Supply

● Impact on Wages and Taxes

● Impact on Social Security

● Impact on Wealth and

John Rust Bad Decisions - slide #25

A Life Cycle Model

1. The model assumes maximum possible age is 100. We
solve for optimal labor supply, consumption and Social
Security (pension and disability) application decision rules
by backward induction from age 100 to age 21.
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A Life Cycle Model

1. The model assumes maximum possible age is 100. We
solve for optimal labor supply, consumption and Social
Security (pension and disability) application decision rules
by backward induction from age 100 to age 21.

2. Individuals can be in one of three possible states: good
health, poor health, or disabled (bad health). Health
transitions obey a age invariant Markov transition probability
matrix P given by

P =




.952 .038 .01

.20 .68 .12

.032 .093 .875


 .
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A Life Cycle Model

1. The model assumes maximum possible age is 100. We
solve for optimal labor supply, consumption and Social
Security (pension and disability) application decision rules
by backward induction from age 100 to age 21.

2. Individuals can be in one of three possible states: good
health, poor health, or disabled (bad health). Health
transitions obey a age invariant Markov transition probability
matrix P given by

P =




.952 .038 .01

.20 .68 .12

.032 .093 .875


 .

3. Other state variables include the individual’s social security
status, and their average wage which updated recursively as

awt+1 =
t

t + 1
awt +

1

t
yt.
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Simulated vs. Population Survival Rates
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Simulated vs. Actual Health Status

40 50 60 70
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Age

a. Actual Health Status in the HRS

F
ra

ct
io

n 
in

 h
ea

lth
 s

ta
te

Good health
Poor health
Disabled

20 30 40 50 60 70 80 90 100
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
Simulated Health Status

Age

F
ra

ct
io

n 
of

 In
iti

al
 C

oh
or

t i
n 

H
ea

lth
 S

ta
te

 

 

Good Health
Poor Health
Disabled

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Returen to Work

Incentives

● Measuring “Induced Entry

Effects”
● The Concern about Induced

Entry
● Problems with Randomized

Experiments

● A Life Cycle Model

● Simulated vs. Population

Survival Rates
● Simulated vs. Actual Health

Status
● A Life Cycle Model, continued

● Weights on Leisure by Age

and Average Wage

● Simulated vs. Actual Labor

Supply

● Simulated vs. Actual Social

Security Receipt

● Simulated vs. Actual Social

Security Status

● Simulated vs. Actual Net

Worth
● Consumption, Wages and DI

Receipt

● Bequests, IRR on Social

Security
● Impact on DI Applications and

Rolls
● Impact on Labor Supply

● Impact on Wages and Taxes

● Impact on Social Security

● Impact on Wealth and

John Rust Bad Decisions - slide #28

A Life Cycle Model, continued

1. Individuals’ utility functions are given by

ut(c, l, ssd, h, age) =
cγ − 1

γ
+ φ(age, h, aw) log(l) − 2h − K.
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A Life Cycle Model, continued

1. Individuals’ utility functions are given by

ut(c, l, ssd, h, age) =
cγ − 1

γ
+ φ(age, h, aw) log(l) − 2h − K.

2. Otherwise, the individual’s utility is given by

ut(c, l, ssd, h, age) =
cγ − 1

γ
+ φ(age, h, aw) log(l) − 2h,

where φ(age, h, aw) is a weight that can be interpreted as
the relative disutility of work .
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A Life Cycle Model, continued

1. Individuals’ utility functions are given by

ut(c, l, ssd, h, age) =
cγ − 1

γ
+ φ(age, h, aw) log(l) − 2h − K.

2. Otherwise, the individual’s utility is given by

ut(c, l, ssd, h, age) =
cγ − 1

γ
+ φ(age, h, aw) log(l) − 2h,

where φ(age, h, aw) is a weight that can be interpreted as
the relative disutility of work .

3. We assume that φ is an increasing function of age and
health status (i.e., individuals in worse health have higher
disutility of work).
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A Life Cycle Model, continued

1. Individuals’ utility functions are given by

ut(c, l, ssd, h, age) =
cγ − 1

γ
+ φ(age, h, aw) log(l) − 2h − K.

2. Otherwise, the individual’s utility is given by

ut(c, l, ssd, h, age) =
cγ − 1

γ
+ φ(age, h, aw) log(l) − 2h,

where φ(age, h, aw) is a weight that can be interpreted as
the relative disutility of work .

3. We assume that φ is an increasing function of age and
health status (i.e., individuals in worse health have higher
disutility of work).

4. Wages at full time are given by the regression

log(yt+1) = α1 + α2 log(awt) + α3t + α4t
2 + ηt.
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Weights on Leisure by Age and Average Wage
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Simulated vs. Actual Labor Supply

45 50 55 60 65 70
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Age

a. Actual Employment Status in the HRS

F
ra

ct
io

n 
of

 s
ur

vi
vo

rs
 in

 e
m

pl
oy

m
en

t s
ta

te

Full−time
Part−time
Not working

45 50 55 60 65 70
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

F
ra

ct
io

n 
of

 S
ur

vi
vo

rs

Age

Simulated Employment Status

 

 

Full−time
Part−time
Not working

http://gemini.econ.umd.edu/jrust


John Rust Bad Decisions - slide #31

Simulated vs. Actual Social Security Receipt

60 61 62 63 64 65 66 67 68 69 70
0

10

20

30

40

50

60

Age

a. Actual Distribution of First Entitlement in the HRS and the SSA

P
er

ce
nt

HRS
SSA Stat. Supp.

60 62 64 66 68 70 72
0

10

20

30

40

50

60

70
Distribution of Ages of First Entitlement to OA Benefits

N= 1123
Mean  63.09
Max  68.00
Min  62.00
Std   1.48

Age
F

re
qu

en
cy

 (
P

er
ce

nt
)

http://gemini.econ.umd.edu/jrust


John Rust Bad Decisions - slide #32

Simulated vs. Actual Social Security Status
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Simulated vs. Actual Net Worth
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Consumption, Wages and DI Receipt
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Bequests, IRR on Social Security
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Impact on DI Applications and Rolls

40 45 50 55 60 65
0

2

4

6

8

10

12

14
Impact of $1 for $2 Offset on SSDI Applications

Age

P
er

ce
nt

 o
f P

op
ul

at
io

n 
A

pp
ly

in
g 

fo
r 

S
S

D
I

 

 
$1 for $2 Offset
Status Quo

40 45 50 55 60 65
0

2

4

6

8

10

12

14
Impact of $1 for $2 Offset on SSDI Roles

Age
P

er
ce

nt
 o

f P
op

ul
at

io
n 

on
 S

S
D

I

 

 
$1 for $2 Offset
Status Quo

http://gemini.econ.umd.edu/jrust


John Rust Bad Decisions - slide #37

Impact on Labor Supply
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Impact on Wages and Taxes
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Impact on Social Security
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Impact on Wealth and Consumption
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Impact on Welfare
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Improving Car Rental Profits
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What we did

1. We analyzed the vehicle replacement decisions by a rental
car company.
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What we did

1. We analyzed the vehicle replacement decisions by a rental
car company.

2. Our goal: to “test” whether this firm is profit-maximizing
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What we did

1. We analyzed the vehicle replacement decisions by a rental
car company.

2. Our goal: to “test” whether this firm is profit-maximizing
3. The firm is highly successful: its pre-tax IRR on car

investments ∼ 50%
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What we did

1. We analyzed the vehicle replacement decisions by a rental
car company.

2. Our goal: to “test” whether this firm is profit-maximizing
3. The firm is highly successful: its pre-tax IRR on car

investments ∼ 50%

4. Nevertheless, we present evidence that the firm is not
maximizing profits
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What we did

1. We analyzed the vehicle replacement decisions by a rental
car company.

2. Our goal: to “test” whether this firm is profit-maximizing
3. The firm is highly successful: its pre-tax IRR on car

investments ∼ 50%

4. Nevertheless, we present evidence that the firm is not
maximizing profits

5. We show that an alternative operating strategy can increase
profits from 6 to 140%, depending on vehicle type
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What we did

1. We analyzed the vehicle replacement decisions by a rental
car company.

2. Our goal: to “test” whether this firm is profit-maximizing
3. The firm is highly successful: its pre-tax IRR on car

investments ∼ 50%

4. Nevertheless, we present evidence that the firm is not
maximizing profits

5. We show that an alternative operating strategy can increase
profits from 6 to 140%, depending on vehicle type

6. The alternative strategy: keep cars longer, and allow
customers to choose new or old vehicles from a “menu” with
discounts for older vehicles
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.

2. A rental car can be in one of three possible states:
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.

2. A rental car can be in one of three possible states:
■ In a lot spell, waiting to be rented
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.

2. A rental car can be in one of three possible states:
■ In a lot spell, waiting to be rented
■ In a short term rental spell
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.

2. A rental car can be in one of three possible states:
■ In a lot spell, waiting to be rented
■ In a short term rental spell
■ In a long term rental spell
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.

2. A rental car can be in one of three possible states:
■ In a lot spell, waiting to be rented
■ In a short term rental spell
■ In a long term rental spell

3. We analyze three different types of vehicles in the company
fleet
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.

2. A rental car can be in one of three possible states:
■ In a lot spell, waiting to be rented
■ In a short term rental spell
■ In a long term rental spell

3. We analyze three different types of vehicles in the company
fleet
■ A compact vehicle
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.

2. A rental car can be in one of three possible states:
■ In a lot spell, waiting to be rented
■ In a short term rental spell
■ In a long term rental spell

3. We analyze three different types of vehicles in the company
fleet
■ A compact vehicle
■ A luxury sedan
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.

2. A rental car can be in one of three possible states:
■ In a lot spell, waiting to be rented
■ In a short term rental spell
■ In a long term rental spell

3. We analyze three different types of vehicles in the company
fleet
■ A compact vehicle
■ A luxury sedan
■ A recreational vehicle (RV)
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Conceptual Framework

1. We model the history of a rental car as a realization of a
semi-Markov process.

2. A rental car can be in one of three possible states:
■ In a lot spell, waiting to be rented
■ In a short term rental spell
■ In a long term rental spell

3. We analyze three different types of vehicles in the company
fleet
■ A compact vehicle
■ A luxury sedan
■ A recreational vehicle (RV)

4. Unfortunately, due to confidentiality restrictions on the data,
we are not at liberty to disclose the name of the company
and cannot provide much more detail on the exact
makes/models of these cars or their locations.
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Econometric Methodology

1. We use econometric methods for duration and transition
models

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

Improving Car Rental Profits

● What we did

● Conceptual Framework

● Econometric Methodology

● Main Findings

● Vehicle Aging Effects are ...

● hard to detect in young cars

● Implications for Replacement

● The Extrapolation Problem

● The “Pessimistic Scenario”

● Policy Recommendations

John Rust Bad Decisions - slide #46

Econometric Methodology

1. We use econometric methods for duration and transition
models

2. We estimate hazard functions for spell durations
non-parametrically
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Econometric Methodology

1. We use econometric methods for duration and transition
models

2. We estimate hazard functions for spell durations
non-parametrically

3. We estimate transitions between spells using a trinomial
logit model
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Econometric Methodology

1. We use econometric methods for duration and transition
models

2. We estimate hazard functions for spell durations
non-parametrically

3. We estimate transitions between spells using a trinomial
logit model

4. We use regression analysis to predict resale prices of
vehicles
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Econometric Methodology

1. We use econometric methods for duration and transition
models

2. We estimate hazard functions for spell durations
non-parametrically

3. We estimate transitions between spells using a trinomial
logit model

4. We use regression analysis to predict resale prices of
vehicles

5. We use a parametric (Erlang) distribution to model vehicle
usage (i.e. kilometers driven) during rental contracts.
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Econometric Methodology

1. We use econometric methods for duration and transition
models

2. We estimate hazard functions for spell durations
non-parametrically

3. We estimate transitions between spells using a trinomial
logit model

4. We use regression analysis to predict resale prices of
vehicles

5. We use a parametric (Erlang) distribution to model vehicle
usage (i.e. kilometers driven) during rental contracts.

6. We also model maintenance costs,
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Econometric Methodology

1. We use econometric methods for duration and transition
models

2. We estimate hazard functions for spell durations
non-parametrically

3. We estimate transitions between spells using a trinomial
logit model

4. We use regression analysis to predict resale prices of
vehicles

5. We use a parametric (Erlang) distribution to model vehicle
usage (i.e. kilometers driven) during rental contracts.

6. We also model maintenance costs,

7. and estimate a binomial logit model of the firm’s selling
decision
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Econometric Methodology

1. We use econometric methods for duration and transition
models

2. We estimate hazard functions for spell durations
non-parametrically

3. We estimate transitions between spells using a trinomial
logit model

4. We use regression analysis to predict resale prices of
vehicles

5. We use a parametric (Erlang) distribution to model vehicle
usage (i.e. kilometers driven) during rental contracts.

6. We also model maintenance costs,

7. and estimate a binomial logit model of the firm’s selling
decision

8. We then have all objects necessary to simulate the rental
operations of this company
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Main Findings

1. We find that our simulation model provides a good
approximation to the actual outcomes for this firm

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

Improving Car Rental Profits

● What we did

● Conceptual Framework

● Econometric Methodology

● Main Findings

● Vehicle Aging Effects are ...

● hard to detect in young cars

● Implications for Replacement

● The Extrapolation Problem

● The “Pessimistic Scenario”

● Policy Recommendations

John Rust Bad Decisions - slide #47

Main Findings

1. We find that our simulation model provides a good
approximation to the actual outcomes for this firm

2. In particular, our simulation model matches the high internal
rates of return that this company earns under the status
quo.
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Main Findings

1. We find that our simulation model provides a good
approximation to the actual outcomes for this firm

2. In particular, our simulation model matches the high internal
rates of return that this company earns under the status
quo.

3. However the value of having an econometric/simulation
model is that we can evaluate the profitability of a wide
range of alternative operating strategies
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Main Findings

1. We find that our simulation model provides a good
approximation to the actual outcomes for this firm

2. In particular, our simulation model matches the high internal
rates of return that this company earns under the status
quo.

3. However the value of having an econometric/simulation
model is that we can evaluate the profitability of a wide
range of alternative operating strategies

4. We formulate the optimal replacement problem and show
that it is equivalent to a regenerative optimal stopping
problem.
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Main Findings

1. We find that our simulation model provides a good
approximation to the actual outcomes for this firm

2. In particular, our simulation model matches the high internal
rates of return that this company earns under the status
quo.

3. However the value of having an econometric/simulation
model is that we can evaluate the profitability of a wide
range of alternative operating strategies

4. We formulate the optimal replacement problem and show
that it is equivalent to a regenerative optimal stopping
problem.

5. We solve the stopping problem numerically and characterize
compare the optimal replacement policy to the firm’s current
replacement policy.
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Vehicle Aging Effects are ...

1. We find that the predictions of the optimal stopping model
are sensitive to the specification of aging effects.
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Vehicle Aging Effects are ...

1. We find that the predictions of the optimal stopping model
are sensitive to the specification of aging effects.

2. A key aging effect is the rapid depreciation in vehicle resale
values.
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Vehicle Aging Effects are ...

1. We find that the predictions of the optimal stopping model
are sensitive to the specification of aging effects.

2. A key aging effect is the rapid depreciation in vehicle resale
values.

3. However over the range of our observations, it is difficult to
detect other significant aging effects.
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Vehicle Aging Effects are ...

1. We find that the predictions of the optimal stopping model
are sensitive to the specification of aging effects.

2. A key aging effect is the rapid depreciation in vehicle resale
values.

3. However over the range of our observations, it is difficult to
detect other significant aging effects.

4. In particular, rental rates, maintenance costs, and durations
of lot spells and rental spells show no evidence of aging
effects
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Vehicle Aging Effects are ...

1. We find that the predictions of the optimal stopping model
are sensitive to the specification of aging effects.

2. A key aging effect is the rapid depreciation in vehicle resale
values.

3. However over the range of our observations, it is difficult to
detect other significant aging effects.

4. In particular, rental rates, maintenance costs, and durations
of lot spells and rental spells show no evidence of aging
effects

5. The only aging effect that we can detect is a rental contract
composition effect.
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hard to detect in young cars

1. That is, new cars tend to start off in long term rental
contracts, but as they age, there is an increasing chance the
contracts will switch from long term to short term.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

Improving Car Rental Profits

● What we did

● Conceptual Framework

● Econometric Methodology

● Main Findings

● Vehicle Aging Effects are ...

● hard to detect in young cars

● Implications for Replacement

● The Extrapolation Problem

● The “Pessimistic Scenario”

● Policy Recommendations

John Rust Bad Decisions - slide #49

hard to detect in young cars

1. That is, new cars tend to start off in long term rental
contracts, but as they age, there is an increasing chance the
contracts will switch from long term to short term.

2. Durations on the lot tend to be longer between short term
rentals since long term rentals have a high chance of
rollover.
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hard to detect in young cars

1. That is, new cars tend to start off in long term rental
contracts, but as they age, there is an increasing chance the
contracts will switch from long term to short term.

2. Durations on the lot tend to be longer between short term
rentals since long term rentals have a high chance of
rollover.

3. Thus, the fraction of time spent on the lot tends to increase
as a vehicle ages (i.e. as its odometer increases).
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hard to detect in young cars

1. That is, new cars tend to start off in long term rental
contracts, but as they age, there is an increasing chance the
contracts will switch from long term to short term.

2. Durations on the lot tend to be longer between short term
rentals since long term rentals have a high chance of
rollover.

3. Thus, the fraction of time spent on the lot tends to increase
as a vehicle ages (i.e. as its odometer increases).

4. It is difficult to detect aging effects for very old cars, because
few such cars can be observed under the status quo.
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hard to detect in young cars

1. That is, new cars tend to start off in long term rental
contracts, but as they age, there is an increasing chance the
contracts will switch from long term to short term.

2. Durations on the lot tend to be longer between short term
rentals since long term rentals have a high chance of
rollover.

3. Thus, the fraction of time spent on the lot tends to increase
as a vehicle ages (i.e. as its odometer increases).

4. It is difficult to detect aging effects for very old cars, because
few such cars can be observed under the status quo.

5. The average age at sale is about 3 years, and the mean
odometer at time of sale is about 70,000 kilometers.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

Improving Car Rental Profits

● What we did

● Conceptual Framework

● Econometric Methodology

● Main Findings

● Vehicle Aging Effects are ...

● hard to detect in young cars

● Implications for Replacement

● The Extrapolation Problem

● The “Pessimistic Scenario”

● Policy Recommendations

John Rust Bad Decisions - slide #49

hard to detect in young cars

1. That is, new cars tend to start off in long term rental
contracts, but as they age, there is an increasing chance the
contracts will switch from long term to short term.

2. Durations on the lot tend to be longer between short term
rentals since long term rentals have a high chance of
rollover.

3. Thus, the fraction of time spent on the lot tends to increase
as a vehicle ages (i.e. as its odometer increases).

4. It is difficult to detect aging effects for very old cars, because
few such cars can be observed under the status quo.

5. The average age at sale is about 3 years, and the mean
odometer at time of sale is about 70,000 kilometers.

6. We observe only a very few cars that are over 5 years old or
whose odometers have more than 140,000 kilometers.
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Implications for Replacement

1. If the only aging effects are resale price depreciation and
the gradual switch from long term to short term contracts,
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Implications for Replacement

1. If the only aging effects are resale price depreciation and
the gradual switch from long term to short term contracts,

2. the optimal policy is to never sell the car!
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Implications for Replacement

1. If the only aging effects are resale price depreciation and
the gradual switch from long term to short term contracts,

2. the optimal policy is to never sell the car!

3. Intuition for result:
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Implications for Replacement

1. If the only aging effects are resale price depreciation and
the gradual switch from long term to short term contracts,

2. the optimal policy is to never sell the car!

3. Intuition for result:
■ replacement of cars is a costly “investment” precisely due

to the rapid price depreciation.
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Implications for Replacement

1. If the only aging effects are resale price depreciation and
the gradual switch from long term to short term contracts,

2. the optimal policy is to never sell the car!

3. Intuition for result:
■ replacement of cars is a costly “investment” precisely due

to the rapid price depreciation.
■ if rental rates and maintenance costs do not decline with

age/odometer, then it is optimal to “amortize” the initial
investment in a vehicle by keeping and maintaining it
indefinitely.
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Implications for Replacement

1. If the only aging effects are resale price depreciation and
the gradual switch from long term to short term contracts,

2. the optimal policy is to never sell the car!

3. Intuition for result:
■ replacement of cars is a costly “investment” precisely due

to the rapid price depreciation.
■ if rental rates and maintenance costs do not decline with

age/odometer, then it is optimal to “amortize” the initial
investment in a vehicle by keeping and maintaining it
indefinitely.

4. Of course, it is unreasonable to suppose that rental rates
would not decrease if the company kept its vehicle stock
indefinitely
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Implications for Replacement

1. If the only aging effects are resale price depreciation and
the gradual switch from long term to short term contracts,

2. the optimal policy is to never sell the car!

3. Intuition for result:
■ replacement of cars is a costly “investment” precisely due

to the rapid price depreciation.
■ if rental rates and maintenance costs do not decline with

age/odometer, then it is optimal to “amortize” the initial
investment in a vehicle by keeping and maintaining it
indefinitely.

4. Of course, it is unreasonable to suppose that rental rates
would not decrease if the company kept its vehicle stock
indefinitely

5. Customers prefer new cars, all other things equal!
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The Extrapolation Problem

1. Thus, we face an extrapolation problem: we do not observe
the company keeping cars very long in the data.
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The Extrapolation Problem

1. Thus, we face an extrapolation problem: we do not observe
the company keeping cars very long in the data.

2. Lacking data on maintenance costs and rental histories for
very old cars, it is hazardous to make out of sample policy
predictions about what will have if the company keeps cars
far longer than it currently does.
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The Extrapolation Problem

1. Thus, we face an extrapolation problem: we do not observe
the company keeping cars very long in the data.

2. Lacking data on maintenance costs and rental histories for
very old cars, it is hazardous to make out of sample policy
predictions about what will have if the company keeps cars
far longer than it currently does.

3. Our approach: make pessimistic assumptions about
increases in maintenance costs and required discounts on
older cars.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

Improving Car Rental Profits

● What we did

● Conceptual Framework

● Econometric Methodology

● Main Findings

● Vehicle Aging Effects are ...

● hard to detect in young cars

● Implications for Replacement

● The Extrapolation Problem

● The “Pessimistic Scenario”

● Policy Recommendations

John Rust Bad Decisions - slide #51

The Extrapolation Problem

1. Thus, we face an extrapolation problem: we do not observe
the company keeping cars very long in the data.

2. Lacking data on maintenance costs and rental histories for
very old cars, it is hazardous to make out of sample policy
predictions about what will have if the company keeps cars
far longer than it currently does.

3. Our approach: make pessimistic assumptions about
increases in maintenance costs and required discounts on
older cars.

4. Assume that beyond 130,000 kilometers average daily
maintenance costs increase rapidly, increasing by a factor of
11 by the time the odometer reaches 400,000 kilometers.
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The Extrapolation Problem

1. Thus, we face an extrapolation problem: we do not observe
the company keeping cars very long in the data.

2. Lacking data on maintenance costs and rental histories for
very old cars, it is hazardous to make out of sample policy
predictions about what will have if the company keeps cars
far longer than it currently does.

3. Our approach: make pessimistic assumptions about
increases in maintenance costs and required discounts on
older cars.

4. Assume that beyond 130,000 kilometers average daily
maintenance costs increase rapidly, increasing by a factor of
11 by the time the odometer reaches 400,000 kilometers.

5. We also assume that with appropriate odometer-based
discounts on rental vehicles, customers can be induced to
rent older vehicles.
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The “Pessimistic Scenario”

1. Assume that daily rental rates are flat until 130,000
kilometers, but decrease linearly with odometer thereafter,
until rates hit 0 at 400,000 kilometers.
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The “Pessimistic Scenario”

1. Assume that daily rental rates are flat until 130,000
kilometers, but decrease linearly with odometer thereafter,
until rates hit 0 at 400,000 kilometers.

2. Even under these unrealistically pessimistic assumptions,
we find that it is still optimal to keep vehicles roughly twice
as long as the company currently keeps them.
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The “Pessimistic Scenario”

1. Assume that daily rental rates are flat until 130,000
kilometers, but decrease linearly with odometer thereafter,
until rates hit 0 at 400,000 kilometers.

2. Even under these unrealistically pessimistic assumptions,
we find that it is still optimal to keep vehicles roughly twice
as long as the company currently keeps them.

3. The optimal replacement threshold in the pessimistic
scenario is 150,000 kilometers, about twice as large as
under the status quo.
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The “Pessimistic Scenario”

1. Assume that daily rental rates are flat until 130,000
kilometers, but decrease linearly with odometer thereafter,
until rates hit 0 at 400,000 kilometers.

2. Even under these unrealistically pessimistic assumptions,
we find that it is still optimal to keep vehicles roughly twice
as long as the company currently keeps them.

3. The optimal replacement threshold in the pessimistic
scenario is 150,000 kilometers, about twice as large as
under the status quo.

4. Expected discounted profits increase significantly.
Depending on the type of car, we predict profits will be
between 18-240 percent larger than the status quo if it
adopts the optimal replacement policy.
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Policy Recommendations

1. We recommend that the company undertake an experiment
with cars assigned to the treatment group kept longer and
rental rates are discounted after a certain age/odometer
threshold.
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Policy Recommendations

1. We recommend that the company undertake an experiment
with cars assigned to the treatment group kept longer and
rental rates are discounted after a certain age/odometer
threshold.

2. The treatment effect is the increase in profit/internal rate of
return in the treatment group relative to the control group
(i.e. the status quo operating policy.
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Policy Recommendations

1. We recommend that the company undertake an experiment
with cars assigned to the treatment group kept longer and
rental rates are discounted after a certain age/odometer
threshold.

2. The treatment effect is the increase in profit/internal rate of
return in the treatment group relative to the control group
(i.e. the status quo operating policy.

3. Drawback of experiments: they are costly and time
consuming, and may contaminate customers who receive
discounts, leading them to expect similar discounts at other
locations.
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Policy Recommendations

1. We recommend that the company undertake an experiment
with cars assigned to the treatment group kept longer and
rental rates are discounted after a certain age/odometer
threshold.

2. The treatment effect is the increase in profit/internal rate of
return in the treatment group relative to the control group
(i.e. the status quo operating policy.

3. Drawback of experiments: they are costly and time
consuming, and may contaminate customers who receive
discounts, leading them to expect similar discounts at other
locations.

4. In the absence of experimental data, we believe
model-based predictions such as ours, can be useful
devices to help a company evaluate the profitability of its
current operating strategy.
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2.1 Analyzing Rentals
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Rental Contracts

1. The firm rents its cars on two types of contracts
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Rental Contracts

1. The firm rents its cars on two types of contracts
■ long term contracts with typical durations of 30 days,
■ short term contract with typical durations of 3-4 days.
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Rental Contracts

1. The firm rents its cars on two types of contracts
■ long term contracts with typical durations of 30 days,
■ short term contract with typical durations of 3-4 days.

2. Customers are allowed to roll over a 30 day long term
contract into a defacto equivalent of a long term lease.
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Rental Contracts

1. The firm rents its cars on two types of contracts
■ long term contracts with typical durations of 30 days,
■ short term contract with typical durations of 3-4 days.

2. Customers are allowed to roll over a 30 day long term
contract into a defacto equivalent of a long term lease.

3. There is a penalty for early returns of vehicles in long term
contracts, generally equal to 20% of the lost rental revenue
for the unfinished remaining days in the contract.
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Typical Rental Histories
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Rental History for Compact, urban location (service life: 1115 days, IRR=78.6%)
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Rental History for Luxury 1, urban location (service life: 995 days, IRR=57.6%)
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Comments

1. Recall, the IRR is the r that solves

0 =
T∑

t=0

exp{−atr/365}ct,(1)

where ct is the cash inflow (if positive) or outflow (if
negative), and at is the number of days after the initial

purchase of the vehicle that the tth cash flow occurred.
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Comments

1. Recall, the IRR is the r that solves

0 =
T∑

t=0

exp{−atr/365}ct,(1)

where ct is the cash inflow (if positive) or outflow (if
negative), and at is the number of days after the initial

purchase of the vehicle that the tth cash flow occurred.
2. Thus, c0 < 0 and a0 = 0 represent the initial purchase of the

car, aT is the service life and cT is the resale price the
company receives from selling the car in the used car
market, or at an auction.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

2.1 Analyzing Rentals

● Rental Contracts

● Typical Rental Histories

● Comments

John Rust Bad Decisions - slide #57

Comments

1. Recall, the IRR is the r that solves

0 =
T∑

t=0

exp{−atr/365}ct,(1)

where ct is the cash inflow (if positive) or outflow (if
negative), and at is the number of days after the initial

purchase of the vehicle that the tth cash flow occurred.
2. Thus, c0 < 0 and a0 = 0 represent the initial purchase of the

car, aT is the service life and cT is the resale price the
company receives from selling the car in the used car
market, or at an auction.

3. We see that for each of the cars illustrated in figure 1, the
realized rates of return are extraordinarily high. These high
returns are not atypical.
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2.2 Analyzing Returns
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Return distribution: Compact
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Internal Rates of Return on Compact, all locations

Mean   0.76776
Median 0.65936
Minimum −0.017
Maximum 9.2275
Std dev 0.72254
Observations 167
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Return distributions: Luxury
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Internal Rates of Return on Luxury 2, all locations

Mean   0.49204
Median 0.48693
Minimum 0.2859
Maximum 0.79523
Std dev 0.10407
Observations 40
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Return distribution: RV
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Internal Rates of Return on RV, all locations

Mean   0.53362
Median 0.48909
Minimum −0.20801
Maximum 1.148
Std dev 0.2826
Observations 31
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2.2 Analyzing Returns

● Return distribution: Compact

● Return distributions: Luxury

● Return distribution: RV

● Analysis of returns

● Regression results: IRR

● Discussion of results

● Why no age/odometer effect?
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Analysis of returns

1. Which factors affect/determine the return on a rental car?
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Analysis of returns

1. Which factors affect/determine the return on a rental car?

■ Rental rates
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Analysis of returns

1. Which factors affect/determine the return on a rental car?

■ Rental rates
■ Capacity utilization
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Analysis of returns

1. Which factors affect/determine the return on a rental car?

■ Rental rates
■ Capacity utilization
■ New purchase price and resale value
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Analysis of returns

1. Which factors affect/determine the return on a rental car?

■ Rental rates
■ Capacity utilization
■ New purchase price and resale value
■ service life of vehicle
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Analysis of returns

1. Which factors affect/determine the return on a rental car?

■ Rental rates
■ Capacity utilization
■ New purchase price and resale value
■ service life of vehicle

2. Daily rental rates for short contracts are typically
significantly higher than for long term contracts.
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Analysis of returns

1. Which factors affect/determine the return on a rental car?

■ Rental rates
■ Capacity utilization
■ New purchase price and resale value
■ service life of vehicle

2. Daily rental rates for short contracts are typically
significantly higher than for long term contracts.

3. Counterbalancing this, is that cars are more likely to be on
the lot between successive short term rental spells.
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Analysis of returns

1. Which factors affect/determine the return on a rental car?

■ Rental rates
■ Capacity utilization
■ New purchase price and resale value
■ service life of vehicle

2. Daily rental rates for short contracts are typically
significantly higher than for long term contracts.

3. Counterbalancing this, is that cars are more likely to be on
the lot between successive short term rental spells.

4. Which contract is more profitable: long or short term?
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Regression results: IRR

Variable Compact Luxury RV

Constant 0.575∗ −0.006 0.999

Utilization Rate 0.003 0.522∗ 1.366∗

Fraction Rented Long Term −0.220∗ −0.076 −0.876∗

Total Maintenance costs ($000) −7.46e−5∗ −2.00e−5 6.978e−6

Odometer (000 km) 0.0007 −0.0004 −0.001

Age at Sale (years) 0.151∗ 0.072 −0.154

New Price ($000) −0.104∗ −0.036∗ −0.082∗

Sale Price ($000) 0.008 −0.002 0.063

Short term rental rate 0.003∗ 0.0006∗ 0.004∗

Long term rental rate 0.037∗∗ 0.020∗∗ 0.009

Observations,R2 167,81% 40,78% 31,86%
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Discussion of results

1. Regression results generally confirm our expectations:
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Discussion of results

1. Regression results generally confirm our expectations:

■ higher purchase prices reduce the IRR, resale prices
increase it
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Discussion of results

1. Regression results generally confirm our expectations:

■ higher purchase prices reduce the IRR, resale prices
increase it

■ the estimate of utilization rate is positive and statistically
significant
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Discussion of results

1. Regression results generally confirm our expectations:

■ higher purchase prices reduce the IRR, resale prices
increase it

■ the estimate of utilization rate is positive and statistically
significant

■ the daily rental rates are also positive and generally
significant.
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Discussion of results

1. Regression results generally confirm our expectations:

■ higher purchase prices reduce the IRR, resale prices
increase it

■ the estimate of utilization rate is positive and statistically
significant

■ the daily rental rates are also positive and generally
significant.

■ the fraction of the time the car was rented long term has a
negative coefficient, suggesting long term contracts are
less profitable than short term contracts
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Discussion of results

1. Regression results generally confirm our expectations:

■ higher purchase prices reduce the IRR, resale prices
increase it

■ the estimate of utilization rate is positive and statistically
significant

■ the daily rental rates are also positive and generally
significant.

■ the fraction of the time the car was rented long term has a
negative coefficient, suggesting long term contracts are
less profitable than short term contracts

2. However estimates of maintenance costs ambiguous,
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Discussion of results

1. Regression results generally confirm our expectations:

■ higher purchase prices reduce the IRR, resale prices
increase it

■ the estimate of utilization rate is positive and statistically
significant

■ the daily rental rates are also positive and generally
significant.

■ the fraction of the time the car was rented long term has a
negative coefficient, suggesting long term contracts are
less profitable than short term contracts

2. However estimates of maintenance costs ambiguous,

3. and coefficients on age and odometer are insignificantly
different from 0.
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Why no age/odometer effect?

1. There are several possible reasons why effect of age,
odometer, and maintenance costs are insignificantly
different from 0.
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Why no age/odometer effect?

1. There are several possible reasons why effect of age,
odometer, and maintenance costs are insignificantly
different from 0.

2. One reason is multicollinearity especially between age and
odometer.
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Why no age/odometer effect?

1. There are several possible reasons why effect of age,
odometer, and maintenance costs are insignificantly
different from 0.

2. One reason is multicollinearity especially between age and
odometer.

3. However if the regression and includes only age or
odometer individually, the results are still generally
insignificant.
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Why no age/odometer effect?

1. There are several possible reasons why effect of age,
odometer, and maintenance costs are insignificantly
different from 0.

2. One reason is multicollinearity especially between age and
odometer.

3. However if the regression and includes only age or
odometer individually, the results are still generally
insignificant.

4. Only in one case, for the luxury vehicle, are both age and
maintenance significant
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Why no age/odometer effect?

1. There are several possible reasons why effect of age,
odometer, and maintenance costs are insignificantly
different from 0.

2. One reason is multicollinearity especially between age and
odometer.

3. However if the regression and includes only age or
odometer individually, the results are still generally
insignificant.

4. Only in one case, for the luxury vehicle, are both age and
maintenance significant

5. In the luxury case, age has a positive coefficient and total
maintenance cost has a negative coefficient.
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Why no age/odometer effect?

1. There are several possible reasons why effect of age,
odometer, and maintenance costs are insignificantly
different from 0.

2. One reason is multicollinearity especially between age and
odometer.

3. However if the regression and includes only age or
odometer individually, the results are still generally
insignificant.

4. Only in one case, for the luxury vehicle, are both age and
maintenance significant

5. In the luxury case, age has a positive coefficient and total
maintenance cost has a negative coefficient.

6. But even in this case, the effect of age on IRR is small: the
regression results predict that keeping a luxury car for 100
more days increases the IRR by 0.03.
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2.3 Is regression enough?
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2.3 Is regression enough?

● A sign of optimality?

● Results for simulated optimal

replacements

● Can we find an Instrument?

● How to proceed?

John Rust Bad Decisions - slide #67

A sign of optimality?

1. Let Π(o) denote the expected discounted profits from selling
a car at odometer value o
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A sign of optimality?

1. Let Π(o) denote the expected discounted profits from selling
a car at odometer value o

2. If the firm chooses an optimal threshold o∗, then

∂Π

∂o
(o∗) = 0.(2)

so small variations in o should not affect profits and IRR.
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A sign of optimality?

1. Let Π(o) denote the expected discounted profits from selling
a car at odometer value o

2. If the firm chooses an optimal threshold o∗, then

∂Π

∂o
(o∗) = 0.(2)

so small variations in o should not affect profits and IRR.
3. Problem 1: the range of odometer values and ages at which

vehicles are replaced is very wide.
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A sign of optimality?

1. Let Π(o) denote the expected discounted profits from selling
a car at odometer value o

2. If the firm chooses an optimal threshold o∗, then

∂Π

∂o
(o∗) = 0.(2)

so small variations in o should not affect profits and IRR.
3. Problem 1: the range of odometer values and ages at which

vehicles are replaced is very wide.

4. Problem 2: vehicle age and odometer values are
endogenous Unobserved factors that lead a car to be more
profitable, could also lead the firm to keep it longer.
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A sign of optimality?

1. Let Π(o) denote the expected discounted profits from selling
a car at odometer value o

2. If the firm chooses an optimal threshold o∗, then

∂Π

∂o
(o∗) = 0.(2)

so small variations in o should not affect profits and IRR.
3. Problem 1: the range of odometer values and ages at which

vehicles are replaced is very wide.

4. Problem 2: vehicle age and odometer values are
endogenous Unobserved factors that lead a car to be more
profitable, could also lead the firm to keep it longer.

5. If so, we would expect a positive correlation between vehicle
age and odometer values and the error term in the
regression, so the estimates for these coefficients could be
upward biased.
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Results for simulated optimal replacements

Variable Compact Luxury RV

Constant 0.875∗ 0.619 −0.261

Utilization Rate 0.750∗ 0.399∗ 0.791∗

Fraction Rented Long Term −0.535∗ −0.142∗ −0.597∗

Odometer (000 km) 0.002 −0.0003 0.002∗

Age at Sale (years) 0.122∗ −0.002 −0.040

Sale Price ($000) 0.009 0.002 0.003

Short term rental rate 0.0006 0.0003 0.003

Long term rental rate 0.008 −0.005 0.008

Observations,R2 100,67% 100,56% 100,56%
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2.3 Is regression enough?

● A sign of optimality?
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Can we find an Instrument?

1. What we need is an instrumental variable that causes
exogenous shifts in the age at which the company replaced
some of its vehicles.
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1. What we need is an instrumental variable that causes
exogenous shifts in the age at which the company replaced
some of its vehicles.

2. An example of such a variable might be a recall dummy.
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Can we find an Instrument?

1. What we need is an instrumental variable that causes
exogenous shifts in the age at which the company replaced
some of its vehicles.

2. An example of such a variable might be a recall dummy.

3. That is, if there was some major problem in one of the types
of cars that the company owned that resulted in mass
recalls or prompted the company to sell the cars
“prematurely” this might constitute a valid instrument.
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Can we find an Instrument?

1. What we need is an instrumental variable that causes
exogenous shifts in the age at which the company replaced
some of its vehicles.

2. An example of such a variable might be a recall dummy.

3. That is, if there was some major problem in one of the types
of cars that the company owned that resulted in mass
recalls or prompted the company to sell the cars
“prematurely” this might constitute a valid instrument.

4. However a better “instrument” is a treatment dummy.
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Can we find an Instrument?

1. What we need is an instrumental variable that causes
exogenous shifts in the age at which the company replaced
some of its vehicles.

2. An example of such a variable might be a recall dummy.

3. That is, if there was some major problem in one of the types
of cars that the company owned that resulted in mass
recalls or prompted the company to sell the cars
“prematurely” this might constitute a valid instrument.

4. However a better “instrument” is a treatment dummy.

5. That is, if the company had undertaken a randomized
experiment, keeping some cars longer than it would have
otherwise.
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Can we find an Instrument?

1. What we need is an instrumental variable that causes
exogenous shifts in the age at which the company replaced
some of its vehicles.

2. An example of such a variable might be a recall dummy.

3. That is, if there was some major problem in one of the types
of cars that the company owned that resulted in mass
recalls or prompted the company to sell the cars
“prematurely” this might constitute a valid instrument.

4. However a better “instrument” is a treatment dummy.

5. That is, if the company had undertaken a randomized
experiment, keeping some cars longer than it would have
otherwise.

6. Unfortunately, we do not have either of these instrumental
variables in our data set.
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How to proceed?

1. In the absence of any good instruments, and if the company
has not undertaken any experiments, how can we proceed
to test the hypothesis, i.e. is the company maximizing
profits?
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How to proceed?

1. In the absence of any good instruments, and if the company
has not undertaken any experiments, how can we proceed
to test the hypothesis, i.e. is the company maximizing
profits?

2. Our approach: to create a model of the firm’s rental
operations.
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How to proceed?

1. In the absence of any good instruments, and if the company
has not undertaken any experiments, how can we proceed
to test the hypothesis, i.e. is the company maximizing
profits?

2. Our approach: to create a model of the firm’s rental
operations.

3. We estimate the unknown parameters of this model using
the company’s data.
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How to proceed?

1. In the absence of any good instruments, and if the company
has not undertaken any experiments, how can we proceed
to test the hypothesis, i.e. is the company maximizing
profits?

2. Our approach: to create a model of the firm’s rental
operations.

3. We estimate the unknown parameters of this model using
the company’s data.

4. Once the model is estimated, we can simulate it.
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How to proceed?

1. In the absence of any good instruments, and if the company
has not undertaken any experiments, how can we proceed
to test the hypothesis, i.e. is the company maximizing
profits?

2. Our approach: to create a model of the firm’s rental
operations.

3. We estimate the unknown parameters of this model using
the company’s data.

4. Once the model is estimated, we can simulate it.

5. We will simulate the model under the status quo and show it
provides a good approximation to the data we observe.
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How to proceed?

1. In the absence of any good instruments, and if the company
has not undertaken any experiments, how can we proceed
to test the hypothesis, i.e. is the company maximizing
profits?

2. Our approach: to create a model of the firm’s rental
operations.

3. We estimate the unknown parameters of this model using
the company’s data.

4. Once the model is estimated, we can simulate it.

5. We will simulate the model under the status quo and show it
provides a good approximation to the data we observe.

6. Then we use the model to compute and simulate alternative
rental policies. We show that certain alternative policies
result in significantly higher profits.
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● A Semi-Markov Model

● Other State Variables

● Implied State Variables

● Model Components
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A Semi-Markov Model

■ In this model, a car can be in one of four possible states at
any given point in time:
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A Semi-Markov Model

■ In this model, a car can be in one of four possible states at
any given point in time:

1. In a long term rental contract (i.e. a “long term rental
spell”),
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A Semi-Markov Model

■ In this model, a car can be in one of four possible states at
any given point in time:

1. In a long term rental contract (i.e. a “long term rental
spell”),

2. In a short term rental contract (i.e. a “short term rental
spell”),
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A Semi-Markov Model

■ In this model, a car can be in one of four possible states at
any given point in time:

1. In a long term rental contract (i.e. a “long term rental
spell”),

2. In a short term rental contract (i.e. a “short term rental
spell”),

3. In the lot waiting to be rented, where the previous rental
state was a long term rental spell,
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A Semi-Markov Model

■ In this model, a car can be in one of four possible states at
any given point in time:

1. In a long term rental contract (i.e. a “long term rental
spell”),

2. In a short term rental contract (i.e. a “short term rental
spell”),

3. In the lot waiting to be rented, where the previous rental
state was a long term rental spell,

4. In the lot waiting to be rented, where the previous rental
state was a short term rental spell.
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A Semi-Markov Model

■ In this model, a car can be in one of four possible states at
any given point in time:

1. In a long term rental contract (i.e. a “long term rental
spell”),

2. In a short term rental contract (i.e. a “short term rental
spell”),

3. In the lot waiting to be rented, where the previous rental
state was a long term rental spell,

4. In the lot waiting to be rented, where the previous rental
state was a short term rental spell.

■ We refer to the latter two states, 3 and 4, as lot spells.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

3.1 Overview

● A Semi-Markov Model

● Other State Variables

● Implied State Variables

● Model Components

John Rust Bad Decisions - slide #73

Other State Variables

■ in addition to the rental state rt ∈ {1, 2, 3, 4} other relevant
state variables for modeling the decisions of the rental
company are:
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Other State Variables

■ in addition to the rental state rt ∈ {1, 2, 3, 4} other relevant
state variables for modeling the decisions of the rental
company are:

1. odometer value ot
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Other State Variables

■ in addition to the rental state rt ∈ {1, 2, 3, 4} other relevant
state variables for modeling the decisions of the rental
company are:

1. odometer value ot

2. duration in the current rental state dt
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Other State Variables

■ in addition to the rental state rt ∈ {1, 2, 3, 4} other relevant
state variables for modeling the decisions of the rental
company are:

1. odometer value ot

2. duration in the current rental state dt

■ Thus, we seek to model the joint stochastic process
{rt, ot, dt}.
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Other State Variables

■ in addition to the rental state rt ∈ {1, 2, 3, 4} other relevant
state variables for modeling the decisions of the rental
company are:

1. odometer value ot

2. duration in the current rental state dt

■ Thus, we seek to model the joint stochastic process
{rt, ot, dt}.

■ The other potential state variable of interest, the vehicle’s
age at creates complications due to non-stationarity.
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Other State Variables

■ in addition to the rental state rt ∈ {1, 2, 3, 4} other relevant
state variables for modeling the decisions of the rental
company are:

1. odometer value ot

2. duration in the current rental state dt

■ Thus, we seek to model the joint stochastic process
{rt, ot, dt}.

■ The other potential state variable of interest, the vehicle’s
age at creates complications due to non-stationarity.

■ Since age and odometer are highly correlated, we feel that
not much damage is done from excluding at as an explicit
state variable, and deriving the implied distribution of vehicle
ages from our model.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

3.1 Overview

● A Semi-Markov Model

● Other State Variables

● Implied State Variables

● Model Components

John Rust Bad Decisions - slide #74

Implied State Variables

■ Once we estimate the stochastic process {rt, ot, dt}, we can
derive/simulate other variables of interest, including

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

3.1 Overview

● A Semi-Markov Model

● Other State Variables

● Implied State Variables

● Model Components

John Rust Bad Decisions - slide #74

Implied State Variables

■ Once we estimate the stochastic process {rt, ot, dt}, we can
derive/simulate other variables of interest, including
1. rental revenues
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Implied State Variables

■ Once we estimate the stochastic process {rt, ot, dt}, we can
derive/simulate other variables of interest, including
1. rental revenues

2. maintenance costs
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Implied State Variables

■ Once we estimate the stochastic process {rt, ot, dt}, we can
derive/simulate other variables of interest, including
1. rental revenues

2. maintenance costs

3. rental profits and internal rates of return
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Implied State Variables

■ Once we estimate the stochastic process {rt, ot, dt}, we can
derive/simulate other variables of interest, including
1. rental revenues

2. maintenance costs

3. rental profits and internal rates of return
■ However to do this, we also need econometric models for a

vehicle’s resale price and a model of the the timing of the
replacement decision.
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Implied State Variables

■ Once we estimate the stochastic process {rt, ot, dt}, we can
derive/simulate other variables of interest, including
1. rental revenues

2. maintenance costs

3. rental profits and internal rates of return
■ However to do this, we also need econometric models for a

vehicle’s resale price and a model of the the timing of the
replacement decision.

■ With this information, we can construct a complete
econometric model of the company’s rental operations, and
conduct stochastic simulations of the model to see how
accurately it can represent the company’s actual operations.
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Model Components

1. A model of resale prices
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Model Components

1. A model of resale prices

2. A duration model for the random durations of a car in each
of the rental and lot states,
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Model Components

1. A model of resale prices

2. A duration model for the random durations of a car in each
of the rental and lot states,

3. A transition model a a vehicle’s transitions between rental
states at the end of the current rental spell
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Model Components

1. A model of resale prices

2. A duration model for the random durations of a car in each
of the rental and lot states,

3. A transition model a a vehicle’s transitions between rental
states at the end of the current rental spell

4. A utilization model for the kilometers driven during a long or
short term rental contract,
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Model Components

1. A model of resale prices

2. A duration model for the random durations of a car in each
of the rental and lot states,

3. A transition model a a vehicle’s transitions between rental
states at the end of the current rental spell

4. A utilization model for the kilometers driven during a long or
short term rental contract,

5. A model for maintenance costs incurred by the company
over the life of the car,
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Model Components

1. A model of resale prices

2. A duration model for the random durations of a car in each
of the rental and lot states,

3. A transition model a a vehicle’s transitions between rental
states at the end of the current rental spell

4. A utilization model for the kilometers driven during a long or
short term rental contract,

5. A model for maintenance costs incurred by the company
over the life of the car,

6. A model of the company’s replacement decision, i.e. the
factors that motivate it to sell a given car at a particular point
in time.
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3.2 Resale Price Model
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● The resale price model

● Resale price regression

● Resale prices: Compact

● Resale prices: Luxury

● Resale prices: RV

● Comments

● Conclusions: resale prices
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The resale price model

■ We have data on both the new price P (τ) as well as the
realized sales price Pt(ot, τ) of each car, where τ denotes a
particular make and model of vehicle, which we will also call
a car type.
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The resale price model

■ We have data on both the new price P (τ) as well as the
realized sales price Pt(ot, τ) of each car, where τ denotes a
particular make and model of vehicle, which we will also call
a car type.

■ For each of the three car types τ ∈ {compact, luxury, RV},
we estimated a simple linear regression model with the log
depreciation rate, P (τ)/Pt(ot, τ), as the dependent variable

log(P (τ)/Pt(ot, τ)) = α1(τ) + α2(τ)ot + εt.(3)
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The resale price model

■ We have data on both the new price P (τ) as well as the
realized sales price Pt(ot, τ) of each car, where τ denotes a
particular make and model of vehicle, which we will also call
a car type.

■ For each of the three car types τ ∈ {compact, luxury, RV},
we estimated a simple linear regression model with the log
depreciation rate, P (τ)/Pt(ot, τ), as the dependent variable

log(P (τ)/Pt(ot, τ)) = α1(τ) + α2(τ)ot + εt.(3)

■ The type-specific “depreciation coefficients” (α1(τ), α2(τ))
are used to predict resale prices.
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The resale price model

■ We have data on both the new price P (τ) as well as the
realized sales price Pt(ot, τ) of each car, where τ denotes a
particular make and model of vehicle, which we will also call
a car type.

■ For each of the three car types τ ∈ {compact, luxury, RV},
we estimated a simple linear regression model with the log
depreciation rate, P (τ)/Pt(ot, τ), as the dependent variable

log(P (τ)/Pt(ot, τ)) = α1(τ) + α2(τ)ot + εt.(3)

■ The type-specific “depreciation coefficients” (α1(τ), α2(τ))
are used to predict resale prices.

■ We also estimated regressions that included vehicle age and
other variables such as the number of accidents and the total
accident repair cost.
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Resale price regression

Variable Compact Luxury RV

Constant −0.4789∗ −0.6201∗∗ −0.8521∗

Age (days) −0.0001∗ −0.0004∗ −0.0004∗

Odometer (000 km) −0.0007∗ −0.0011∗ 0.0016

Number of Accidents −0.0112 0.0006 0.0371

Accident Repair Costs −0.8.88e−6 −4.672e−6 −1.654e−6

Internal Rate of Return 0.1629∗∗ 0.067 0.394∗

Maintenance Cost per Day 0.0092 −0.0039 −0.0053

N , R2 288,38.9% 91,42.0% 41,48.1%
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Resale prices: Compact
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Predicted versus Actual Resale Prices for Compact, all locations

Mean Price New   9669
Mean Sale Price  5478
Max Sale Price  7290
Min Sale Price  3500
Mean Odometer at Sale 77914
Max Odometer at Sale  153143
Min Odometer at Sale  10500
Number of Observations 288
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Resale prices: Luxury
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Predicted versus Actual Resale Prices for Luxury 2, all locations

Mean Price New  23389
Mean Sale Price 12014
Max Sale Price 16550
Min Sale Price  7500
Mean Odometer at Sale 74684
Max Odometer at Sale  187800
Min Odometer at Sale  35000
Number of Observations 91
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Resale prices: RV
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Predicted versus Actual Resale Prices for RV, all locations

Mean Price New  18774
Mean Sale Price  7751
Max Sale Price 10550
Min Sale Price  4000
Mean Odometer at Sale 88829
Max Odometer at Sale  163860
Min Odometer at Sale  38000
Number of Observations 41
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3.2 Resale Price Model

● The resale price model

● Resale price regression

● Resale prices: Compact

● Resale prices: Luxury

● Resale prices: RV

● Comments

● Conclusions: resale prices
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Comments

1. The constant term in the regressions measures the the
instantaneous depreciation in car prices the minute it leaves
the new car lot.
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Comments

1. The constant term in the regressions measures the the
instantaneous depreciation in car prices the minute it leaves
the new car lot.

2. We see that the instantaneous depreciation is huge for all
three vehicle types: 62% = exp(−.48) for the compact, 52%
for the luxury vehicle, 43% for the RV.
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Comments

1. The constant term in the regressions measures the the
instantaneous depreciation in car prices the minute it leaves
the new car lot.

2. We see that the instantaneous depreciation is huge for all
three vehicle types: 62% = exp(−.48) for the compact, 52%
for the luxury vehicle, 43% for the RV.

3. We did not feel we could trust the regression extrapolations
for used vehicle prices for age or odometer values very
close to zero. Therefore we made a simple, but ad hoc, linear
extrapolation for odometer values less than 20,000
kilometers, so that the instantaneous depreciation is only
5% rather than the regression estimates.
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Comments

1. The constant term in the regressions measures the the
instantaneous depreciation in car prices the minute it leaves
the new car lot.

2. We see that the instantaneous depreciation is huge for all
three vehicle types: 62% = exp(−.48) for the compact, 52%
for the luxury vehicle, 43% for the RV.

3. We did not feel we could trust the regression extrapolations
for used vehicle prices for age or odometer values very
close to zero. Therefore we made a simple, but ad hoc, linear
extrapolation for odometer values less than 20,000
kilometers, so that the instantaneous depreciation is only
5% rather than the regression estimates.

4. However predictions of the optimal replacement policy are
not sensitive to our assumptions about the precise shape of
the depreciation curve for cars with odometer values of less
than 20,000 kilometers.
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Conclusions: resale prices

1. Conclusion 1: beyond age and odometer value (and
implicitly the car’s characteristics, as represented by its
make and model), there are few other significant
explanatory variables for the resale value of a car.
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Conclusions: resale prices

1. Conclusion 1: beyond age and odometer value (and
implicitly the car’s characteristics, as represented by its
make and model), there are few other significant
explanatory variables for the resale value of a car.

2. Our regressions can explain only between 40 to 50% of the
variation in the resale values of the cars the company sells:
there is a lot of “residual variance” that leads one car to sell
for much more than another car that from our standpoint is
“observationally equivalent” to it.
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Conclusions: resale prices

1. Conclusion 1: beyond age and odometer value (and
implicitly the car’s characteristics, as represented by its
make and model), there are few other significant
explanatory variables for the resale value of a car.

2. Our regressions can explain only between 40 to 50% of the
variation in the resale values of the cars the company sells:
there is a lot of “residual variance” that leads one car to sell
for much more than another car that from our standpoint is
“observationally equivalent” to it.

3. Conclusion 2: the rapid initial depreciation implies that
vehicle replacement is a significant investment that can be
amortized by keeping the vehicle sufficiently long before
next replacement.
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3.3 Vehicle Usage Model

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

3.3 Vehicle Usage Model

● Vehicle Usage Model

● Lifetime Usage Identities

● Estimating the Usage Model
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Vehicle Usage Model

1. As noted above, the firm frequently does not accurately
record in/out odometer values for rental spells.
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Vehicle Usage Model

1. As noted above, the firm frequently does not accurately
record in/out odometer values for rental spells.

2. To circumvent this problem we make a functional form
assumption. Let F (o′|o, d, r) denote the conditional
distribution of odometer value of a car returning from a
rental contract of type r that lasted d days when the out
odometer value was o.
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Vehicle Usage Model

1. As noted above, the firm frequently does not accurately
record in/out odometer values for rental spells.

2. To circumvent this problem we make a functional form
assumption. Let F (o′|o, d, r) denote the conditional
distribution of odometer value of a car returning from a
rental contract of type r that lasted d days when the out
odometer value was o.

3. Thus, ∇o = o′ − o is the number of kilometers driven by the
customer during the rental spell.
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Vehicle Usage Model

1. As noted above, the firm frequently does not accurately
record in/out odometer values for rental spells.

2. To circumvent this problem we make a functional form
assumption. Let F (o′|o, d, r) denote the conditional
distribution of odometer value of a car returning from a
rental contract of type r that lasted d days when the out
odometer value was o.

3. Thus, ∇o = o′ − o is the number of kilometers driven by the
customer during the rental spell.

4. We assume that the number of kilometers travelled each
day by a rental customer are IID draws from an exponential
distribution with parameter λr.
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Vehicle Usage Model

1. As noted above, the firm frequently does not accurately
record in/out odometer values for rental spells.

2. To circumvent this problem we make a functional form
assumption. Let F (o′|o, d, r) denote the conditional
distribution of odometer value of a car returning from a
rental contract of type r that lasted d days when the out
odometer value was o.

3. Thus, ∇o = o′ − o is the number of kilometers driven by the
customer during the rental spell.

4. We assume that the number of kilometers travelled each
day by a rental customer are IID draws from an exponential
distribution with parameter λr.

5. Conditional on spell length d, it follows that F (o′|d, r) is a
gamma distribution, since a sum of IID exponential random
variables has a gamma distribution.
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● Vehicle Usage Model

● Lifetime Usage Identities

● Estimating the Usage Model
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Lifetime Usage Identities

1. Suppose that at time of sale, a rental car had been rented
for Ns days under short term rental contracts and N l days
under long term rental contracts. Then the odometer value
on the car at time of sale, õ, is given by

õ =
N l∑
i=1

∇ol
i +

Ns∑
i=1

∇os
i(4)
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Lifetime Usage Identities

1. Suppose that at time of sale, a rental car had been rented
for Ns days under short term rental contracts and N l days
under long term rental contracts. Then the odometer value
on the car at time of sale, õ, is given by

õ =
N l∑
i=1

∇ol
i +

Ns∑
i=1

∇os
i(4)

2. Thus, we have

E{õ|N l, Ns} = λ1N
l + λ2N

s.(5)
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Estimating the Usage Model

1. Since we do accurately observe N l and Ns for each rental
car, we can estimate λ1 and λ2 as coefficients on a simple
linear regression

oi = λ1N
l
i + λ2N

s
i + εi(6)

where oi is the odometer at time of sale on the ith rental car
sold by the company, and Ns

i and N l
i are the number of

days the ith car had been in short and long term rentals
over its service life.
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Estimating the Usage Model

1. Since we do accurately observe N l and Ns for each rental
car, we can estimate λ1 and λ2 as coefficients on a simple
linear regression

oi = λ1N
l
i + λ2N

s
i + εi(6)

where oi is the odometer at time of sale on the ith rental car
sold by the company, and Ns

i and N l
i are the number of

days the ith car had been in short and long term rentals
over its service life.

2. Estimation results

Variable Compact Luxury RV

λ1 78.7 86.6 95.4

λ2 157.1 140.8 167.7
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3.4 The Replacement Model
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3.4 The Replacement Model

● The Replacement Decision

● Logit Estimation Results

● Replacement Conclusions

● Odometer at Sale: Compact

● Age at Sale: Compact
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The Replacement Decision

1. Let st denote a binary variable for the selling decision with
st = 1 if the company sells the car and st = 0 if the company
keeps the car.
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The Replacement Decision

1. Let st denote a binary variable for the selling decision with
st = 1 if the company sells the car and st = 0 if the company
keeps the car.

2. We estimated the company’s decision to sell the car using a
binary logit model

Pr {st = 1|xt} =
exp{xtθ}

1 + exp{xtθ}
.(7)

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

3.4 The Replacement Model

● The Replacement Decision

● Logit Estimation Results

● Replacement Conclusions

● Odometer at Sale: Compact

● Age at Sale: Compact

● Odometer at Sale: Luxury

● Age at Sale: Luxury

● Odometer at Sale: RV

● Age at Sale: RV

John Rust Bad Decisions - slide #89

The Replacement Decision

1. Let st denote a binary variable for the selling decision with
st = 1 if the company sells the car and st = 0 if the company
keeps the car.

2. We estimated the company’s decision to sell the car using a
binary logit model

Pr {st = 1|xt} =
exp{xtθ}

1 + exp{xtθ}
.(7)

3. Among the variables in the vector xt are the vehicle’s age
and predicted odometer value (based on the regression
estimate ôt using the observed values of N l

t and Ns
t from

the rental contract data, as discussed above), duration in
the lot, average daily maintenance costs, and utilization rate.

http://gemini.econ.umd.edu/jrust


John Rust Bad Decisions - slide #90

Logit Estimation Results

Variable Compact Luxury RV

Constant −13.06∗∗ −12.27∗ −14.67∗

Age (days) 0.0077∗ 0.0011 0.0125∗

Odometer (km) 0.0050 0.0987∗ −0.038

Duration, Age < 500 0.0206∗∗ −11.99∗∗ −6.069∗∗

Duration, Age ∈ [500, 1000) 0.0867∗∗ 0.0471∗ 0.0399∗

Duration, Age > 1000 0.1362∗∗ 0.1736∗ 0.1744∗

Maintenance Cost 0.00003∗ 0.2030 −0.0188

Utilization Rate 0.4049 −1.616 1.989

N , log(L)/N 36262,−0.017 6445,−0.022 7192,−0.017
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Replacement Conclusions

1. Due to the collinearity between age and odometer value, it
is difficult to identify the separate effects of age versus
odometer value on the firm’s decision to sell a vehicle.
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Replacement Conclusions

1. Due to the collinearity between age and odometer value, it
is difficult to identify the separate effects of age versus
odometer value on the firm’s decision to sell a vehicle.

2. Model fits about as well if age is excluded from the logit.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

3.4 The Replacement Model

● The Replacement Decision

● Logit Estimation Results

● Replacement Conclusions

● Odometer at Sale: Compact

● Age at Sale: Compact

● Odometer at Sale: Luxury

● Age at Sale: Luxury

● Odometer at Sale: RV

● Age at Sale: RV

John Rust Bad Decisions - slide #91

Replacement Conclusions

1. Due to the collinearity between age and odometer value, it
is difficult to identify the separate effects of age versus
odometer value on the firm’s decision to sell a vehicle.

2. Model fits about as well if age is excluded from the logit.

3. Besides age and odometer, the only variable whose
coefficient estimates are statistically significant and has
signs that are (generally) consistent with our a priori
expectations is duration.
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Odometer at Sale: Compact
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Age at Sale: Compact
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Odometer at Sale: Luxury
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Age at Sale: Luxury
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Odometer at Sale: RV
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Age at Sale: RV
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3.5 The Duration Model
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3.5 The Duration Model

● Estimated Spell Durations

● Rental Durations: Compact

● Lot Spell Durations

● Lot Durations: Compact
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Estimated Spell Durations

1. The remaining objects to be estimated to implement our
econometric model are the spell durations and the state
transition probabilities.
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Estimated Spell Durations

1. The remaining objects to be estimated to implement our
econometric model are the spell durations and the state
transition probabilities.

2. Let let h(d, r) denote the hazard rate for the rental state r.
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Estimated Spell Durations

1. The remaining objects to be estimated to implement our
econometric model are the spell durations and the state
transition probabilities.

2. Let let h(d, r) denote the hazard rate for the rental state r.

3. The duration distribtion f(d|r) implied by the hazard function
h(d, r) is

f(d|r) =

{
f(1|r) = h(0, r)

f(d|r) =
∏d−2

j=0 [1 − h(j, r)]h(d − 1, r) d ≥ 2

(8)
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Estimated Spell Durations

1. The remaining objects to be estimated to implement our
econometric model are the spell durations and the state
transition probabilities.

2. Let let h(d, r) denote the hazard rate for the rental state r.

3. The duration distribtion f(d|r) implied by the hazard function
h(d, r) is

f(d|r) =

{
f(1|r) = h(0, r)

f(d|r) =
∏d−2

j=0 [1 − h(j, r)]h(d − 1, r) d ≥ 2

(8)

4. Since we have sufficiently many observations of rental
spells, we were able to estimate the hazard functions for
these spells non-parametrically.
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Lot Spell Durations

1. We have far fewer observations on lot spell durations,
especially for type 3 lot spells due to the high probability of
roll overs in longer term contracts.
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Lot Spell Durations

1. We have far fewer observations on lot spell durations,
especially for type 3 lot spells due to the high probability of
roll overs in longer term contracts.

2. With fewer observations, our nonparametrically estimated
hazard functions are quite jagged.
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Lot Spell Durations

1. We have far fewer observations on lot spell durations,
especially for type 3 lot spells due to the high probability of
roll overs in longer term contracts.

2. With fewer observations, our nonparametrically estimated
hazard functions are quite jagged.

3. Also, unlike rental contracts, there is no a priori upper bound
on the duration of a lot spell.
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Lot Spell Durations

1. We have far fewer observations on lot spell durations,
especially for type 3 lot spells due to the high probability of
roll overs in longer term contracts.

2. With fewer observations, our nonparametrically estimated
hazard functions are quite jagged.

3. Also, unlike rental contracts, there is no a priori upper bound
on the duration of a lot spell.

4. As a result we needed some method of extrapolation to
predict durations given that we have only a small number of
cases with extremely long lot durations.
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Lot Spell Durations

1. We have far fewer observations on lot spell durations,
especially for type 3 lot spells due to the high probability of
roll overs in longer term contracts.

2. With fewer observations, our nonparametrically estimated
hazard functions are quite jagged.

3. Also, unlike rental contracts, there is no a priori upper bound
on the duration of a lot spell.

4. As a result we needed some method of extrapolation to
predict durations given that we have only a small number of
cases with extremely long lot durations.

5. We assume that the hazard function is constant after d = 31
days, which implies that the upper tail for the distribution of
lot spells is geometric.
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Lot Spell Durations

1. We have far fewer observations on lot spell durations,
especially for type 3 lot spells due to the high probability of
roll overs in longer term contracts.

2. With fewer observations, our nonparametrically estimated
hazard functions are quite jagged.

3. Also, unlike rental contracts, there is no a priori upper bound
on the duration of a lot spell.

4. As a result we needed some method of extrapolation to
predict durations given that we have only a small number of
cases with extremely long lot durations.

5. We assume that the hazard function is constant after d = 31
days, which implies that the upper tail for the distribution of
lot spells is geometric.

6. We also regression smoothed the non-parametric hazard
estimates.
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Transition Probabilities

1. When a spell in a given rental state ends, there is a
transition to a new rental state.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

3.6 Transition Models

● Transition Probabilities

● Functional Forms

● Trinomial Logit Estimates

● Lot Spell Transitions

● Binomial Logit Estimates

● Conclusions

John Rust Bad Decisions - slide #104

Transition Probabilities

1. When a spell in a given rental state ends, there is a
transition to a new rental state.

2. Let π(r′|r, d, o) denote probability the new rental state for a
car will be r′ given that the current rental state is r, the
odometer value is o, and the duration in state r is d.
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Transition Probabilities

1. When a spell in a given rental state ends, there is a
transition to a new rental state.

2. Let π(r′|r, d, o) denote probability the new rental state for a
car will be r′ given that the current rental state is r, the
odometer value is o, and the duration in state r is d.

3. We call π the rental state transition probability.
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Transition Probabilities

1. When a spell in a given rental state ends, there is a
transition to a new rental state.

2. Let π(r′|r, d, o) denote probability the new rental state for a
car will be r′ given that the current rental state is r, the
odometer value is o, and the duration in state r is d.

3. We call π the rental state transition probability.

4. We rule out “self transitions” to lot spells, i.e. π(r|r, d, o) = 0
for r > 2.
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Transition Probabilities

1. When a spell in a given rental state ends, there is a
transition to a new rental state.

2. Let π(r′|r, d, o) denote probability the new rental state for a
car will be r′ given that the current rental state is r, the
odometer value is o, and the duration in state r is d.

3. We call π the rental state transition probability.

4. We rule out “self transitions” to lot spells, i.e. π(r|r, d, o) = 0
for r > 2.

5. However for rental spells, there is a conceptual distinction
between a rental spell that terminates with an immediate
transition to a new rental spell versus the case where an
existing rental contract continues for one more day.
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Transition Probabilities

1. When a spell in a given rental state ends, there is a
transition to a new rental state.

2. Let π(r′|r, d, o) denote probability the new rental state for a
car will be r′ given that the current rental state is r, the
odometer value is o, and the duration in state r is d.

3. We call π the rental state transition probability.

4. We rule out “self transitions” to lot spells, i.e. π(r|r, d, o) = 0
for r > 2.

5. However for rental spells, there is a conceptual distinction
between a rental spell that terminates with an immediate
transition to a new rental spell versus the case where an
existing rental contract continues for one more day.

6. The former case can be viewed as an immediate “roll over”
of one rental contract to another one.
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Functional Forms

1. Since there are three possible destination states for
transitions out of rental spells (i.e. long term contract, short
term contract, or lot spell), we used a trinomial logit model to
estimate these probabilities.

π(r′|r, d, o) =
exp{v(r, d, o)θr′}∑

ρ∈{1,2,l(r)} exp{v(r, d, o)θρ}
,(9)
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Functional Forms

1. Since there are three possible destination states for
transitions out of rental spells (i.e. long term contract, short
term contract, or lot spell), we used a trinomial logit model to
estimate these probabilities.

π(r′|r, d, o) =
exp{v(r, d, o)θr′}∑

ρ∈{1,2,l(r)} exp{v(r, d, o)θρ}
,(9)

2. v(r, d, o) is a vector-valued function of the variables (r, d, o)
and θρ is an alternative-specific vector of parameters, for
ρ = {1, 2, l(r)} (where l(r) denotes a lot spell, either of type
3 if r = 1 or type 4 if r = 2) with the same dimension as v.
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Functional Forms

1. Since there are three possible destination states for
transitions out of rental spells (i.e. long term contract, short
term contract, or lot spell), we used a trinomial logit model to
estimate these probabilities.

π(r′|r, d, o) =
exp{v(r, d, o)θr′}∑

ρ∈{1,2,l(r)} exp{v(r, d, o)θρ}
,(9)

2. v(r, d, o) is a vector-valued function of the variables (r, d, o)
and θρ is an alternative-specific vector of parameters, for
ρ = {1, 2, l(r)} (where l(r) denotes a lot spell, either of type
3 if r = 1 or type 4 if r = 2) with the same dimension as v.

3. As is well known, it is not possible to identify all three of the
θρ vectors. Therefore we make an identifying normalization
that θ1 = 0, i.e. we normalized the parameters for transition
to long term contract to zero.
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Trinomial Logit Estimates

Variable Compact Luxury RV

Estimates of θ2 (from short term rental)

Constant 4.60∗∗ 3.01∗∗ 4.14∗∗

Odometer, o (000 km) 0.011∗ 0.002 0.001

Duration, d −0.068∗ −0.039∗ −0.087∗

I{d >= 29} −0.421 0.006 0.079

I{r = 1} −6.65∗∗ −6.29∗∗ −6.33∗∗

Estimates of θl(r) (from lot spell)

Constant 3.88∗∗ 3.70∗∗ 4.36∗∗

Odometer, o (000 km) 0.0204∗ 0.007∗ 0.010∗

Duration, d −0.077∗∗ −0.082∗∗ −0.120∗∗

I{d >= 29} −1.50∗∗ −1.07∗ −0.77

I{r = 1} −4.49∗∗ −3.44∗∗ −3.77∗∗

N , log(L)/N 16246, −0.606 3617, −0.484 2142, −0.583
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Lot Spell Transitions

1. For transitions out of lot spells, since we have ruled out the
possibility of “self-transitions” there are only two possible
destinations: long term rental spells and short term rental
spells.
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Lot Spell Transitions

1. For transitions out of lot spells, since we have ruled out the
possibility of “self-transitions” there are only two possible
destinations: long term rental spells and short term rental
spells.

2. We use a binomial logit model to estimate these probabilities

π(r′ = 1|r, d, o) =
exp{v(o, d)θr}

1 + exp{v(o, d)θr}
, r ∈ {3, 4}(10)
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Lot Spell Transitions

1. For transitions out of lot spells, since we have ruled out the
possibility of “self-transitions” there are only two possible
destinations: long term rental spells and short term rental
spells.

2. We use a binomial logit model to estimate these probabilities

π(r′ = 1|r, d, o) =
exp{v(o, d)θr}

1 + exp{v(o, d)θr}
, r ∈ {3, 4}(10)

3. Note that there are far fewer observations on transitions out
of type 3 lot spells due to the high frequency of roll over of
long term rental contracts.
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Binomial Logit Estimates

Variable Compact Luxury RV

Estimates of θ3 (previous rental long term)

Constant 2.26∗ 1.59∗ 2.34∗

Odometer, o (000 km) 0.010 −0.002 −0.009

Duration, d −0.05∗ −0.004 −0.038

N , log(L)/N 173, −0.326 181, −0.490 43, −0.511

Estimates of θ4 (previous rental short term)

Constant 3.63∗ 1.94∗ 4.54∗

Odometer, o (000 km) 0.021∗ 0.013∗ −0.009

Duration, d −0.06∗ −0.003 −0.03∗

N , log(L)/N 5162, −0.077 961, −0.683 922,−0.090
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Conclusions

■ There are two key points to take away from the transition
probability estimates
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Conclusions

■ There are two key points to take away from the transition
probability estimates

1. for all car types, there is a very high probability that cars
will be initially rented in long term contracts,
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Conclusions

■ There are two key points to take away from the transition
probability estimates

1. for all car types, there is a very high probability that cars
will be initially rented in long term contracts,

2. the results provide clear evidence of “contract age
effects”.
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Conclusions

■ There are two key points to take away from the transition
probability estimates

1. for all car types, there is a very high probability that cars
will be initially rented in long term contracts,

2. the results provide clear evidence of “contract age
effects”.

■ That is, as the odometer value increases (i.e. the age of the
car increases) the probability of transitions into long term
rental contracts decreases and the probability of transitions
into short term rental contracts increases.
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Conclusions

■ There are two key points to take away from the transition
probability estimates

1. for all car types, there is a very high probability that cars
will be initially rented in long term contracts,

2. the results provide clear evidence of “contract age
effects”.

■ That is, as the odometer value increases (i.e. the age of the
car increases) the probability of transitions into long term
rental contracts decreases and the probability of transitions
into short term rental contracts increases.

■ However we find no other aging effects in spell durations or in
maintenance costs.
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3.7 Probability Graphs
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Transition from Lot Type 3
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Transition from Lot Type 4
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3.8 No Other Age Effects
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No Aging in Maintenance
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No Aging in Rental Durations
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No Aging in Lot Durations

0 20 40 60 80 100 120
0

5

10

15

20

25

30

35

40

45

50

Predicted Odometer (thousands of kilometers)

D
ur

at
io

n 
of

 L
ot

 S
pe

ll 
(d

ay
s)

Durations of Lot Spells for Compact, all locations, Previous Rental Spell was Long Term

Mean duration   9.3
Mean odometer  43.0
Observations   174

0 20 40 60 80 100 120
0

10

20

30

40

50

60

70

80

90

Predicted Odometer (thousands of kilometers)
D

ur
at

io
n 

of
 L

ot
 S

pe
ll 

(d
ay

s)

Durations of Lot Spells for Compact, all locations, Previous Rental Spell was Short Term

Mean duration   3.3
Mean odometer  41.6
Observations  5165

http://gemini.econ.umd.edu/jrust


John Rust Bad Decisions - slide #119

4 Simulating the Model
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Simulated Histories
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3.1 Odometer and Age
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Odometer at Replacement
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Age at Replacement
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4.2 Number of Spells
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Number of Long Term Rentals
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Number of Short Term Rentals
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Number of Lot Spells
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4.3 Days in Spells
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Days in Long Term Rentals
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Days in Short Term Rentals
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Days in Lot Spells
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4.4 Financial Outcomes
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Vehicle Sales Proceeds
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Maintenance Costs
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Long Term Rental Revenues
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Short Term Rental Revenues
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Total Profits
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Internal Rates of Return
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5 Optimal Replacement Theory
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Optimal Stopping Theory

1. While it is possible to evaluate specific hypothetical
alternatives to the company’s status quo operating policy
using simulation methods similar to the previous section,
there are more efficient methods available for searching over
all possible policies to find the optimal replacement policy.
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Optimal Stopping Theory

1. While it is possible to evaluate specific hypothetical
alternatives to the company’s status quo operating policy
using simulation methods similar to the previous section,
there are more efficient methods available for searching over
all possible policies to find the optimal replacement policy.

2. Mathematically, the optimal replacement problem is
equivalent to a specific type of optimal stopping problem
known as a regenerative optimal stopping problem (see
Rust, 1987).
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Optimal Stopping Theory

1. While it is possible to evaluate specific hypothetical
alternatives to the company’s status quo operating policy
using simulation methods similar to the previous section,
there are more efficient methods available for searching over
all possible policies to find the optimal replacement policy.

2. Mathematically, the optimal replacement problem is
equivalent to a specific type of optimal stopping problem
known as a regenerative optimal stopping problem (see
Rust, 1987).

3. The term “regenerative” is used, since the decision to
replace a vehicle does not stop or end the decision process,
but rather results in a “regeneration” or “rebirth”, i.e. a
replacement of an old vehicle by a brand new one.
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Dynamic Programming

1. We use the method of dynamic programming to formulate
and solve the optimal stopping problem.
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Dynamic Programming

1. We use the method of dynamic programming to formulate
and solve the optimal stopping problem.

2. We show that the optimal strategy takes the form of a
threshold rule, i.e. the optimal time to replace a car occurs
when its odometer value o exceeds a threshold value
o(d, r, τ) that depends on the current rental state r, the
duration in that state d, and the car type τ .
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Dynamic Programming

1. We use the method of dynamic programming to formulate
and solve the optimal stopping problem.

2. We show that the optimal strategy takes the form of a
threshold rule, i.e. the optimal time to replace a car occurs
when its odometer value o exceeds a threshold value
o(d, r, τ) that depends on the current rental state r, the
duration in that state d, and the car type τ .

3. Using numerical methods, we solve the dynamic
programming problem and calculate the optimal stopping
thresholds o(d, r, τ).
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Dynamic Programming

1. We use the method of dynamic programming to formulate
and solve the optimal stopping problem.

2. We show that the optimal strategy takes the form of a
threshold rule, i.e. the optimal time to replace a car occurs
when its odometer value o exceeds a threshold value
o(d, r, τ) that depends on the current rental state r, the
duration in that state d, and the car type τ .

3. Using numerical methods, we solve the dynamic
programming problem and calculate the optimal stopping
thresholds o(d, r, τ).

4. We also compute the optimal value functions V (r, d, o, τ).
This function provides the expected discounted profits (over
an infinite horizon) under the optimal replacement policy for
a vehicle that is in state (r, d, o).
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Valuing Alternative Policies

1. It is also possible to compute the value of any alternative
operating strategy µ, which can include mixed or
probabilistic operating strategies where the decision to
replace a car is given by a conditional probability distribution
µ(r, d, o, τ).
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Valuing Alternative Policies

1. It is also possible to compute the value of any alternative
operating strategy µ, which can include mixed or
probabilistic operating strategies where the decision to
replace a car is given by a conditional probability distribution
µ(r, d, o, τ).

2. Let Vµ(r, d, o, τ) denote the expected discounted profits
(again over an infinite horizon) under the alternative
replacment policy µ.
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Valuing Alternative Policies

1. It is also possible to compute the value of any alternative
operating strategy µ, which can include mixed or
probabilistic operating strategies where the decision to
replace a car is given by a conditional probability distribution
µ(r, d, o, τ).

2. Let Vµ(r, d, o, τ) denote the expected discounted profits
(again over an infinite horizon) under the alternative
replacment policy µ.

3. We will calculate both V and Vµ where µ is an
approximation to the company’s status quo operating policy.
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Valuing Alternative Policies

1. It is also possible to compute the value of any alternative
operating strategy µ, which can include mixed or
probabilistic operating strategies where the decision to
replace a car is given by a conditional probability distribution
µ(r, d, o, τ).

2. Let Vµ(r, d, o, τ) denote the expected discounted profits
(again over an infinite horizon) under the alternative
replacment policy µ.

3. We will calculate both V and Vµ where µ is an
approximation to the company’s status quo operating policy.

4. The difference V (r, d, o, τ) − Vµ(r, d, o, τ) will represent our
estimate of the gain in profits from adopting an optimal
replacement policy.
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Valuing Alternative Policies

1. It is also possible to compute the value of any alternative
operating strategy µ, which can include mixed or
probabilistic operating strategies where the decision to
replace a car is given by a conditional probability distribution
µ(r, d, o, τ).

2. Let Vµ(r, d, o, τ) denote the expected discounted profits
(again over an infinite horizon) under the alternative
replacment policy µ.

3. We will calculate both V and Vµ where µ is an
approximation to the company’s status quo operating policy.

4. The difference V (r, d, o, τ) − Vµ(r, d, o, τ) will represent our
estimate of the gain in profits from adopting an optimal
replacement policy.

5. We will show that the optimal policy entails keeping cars
significantly longer than the company currently keeps them.
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6 Numerical Results
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6 Numerical Results

● No Extrapolation Case

● The Pessimistic Case

● Multiplication Factors
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No Extrapolation Case

1. As we noted above, if we solve the regenerative optimal
stopping problem under the assumption that the only aging
effects are 1) the depreciation in vehicle resale values, and
2) the “rental contract composition effect”, then the optimal
stopping thresholds is o(r, d) = ∞, i.e. it is never optimal to
sell an existing vehicle.
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No Extrapolation Case

1. As we noted above, if we solve the regenerative optimal
stopping problem under the assumption that the only aging
effects are 1) the depreciation in vehicle resale values, and
2) the “rental contract composition effect”, then the optimal
stopping thresholds is o(r, d) = ∞, i.e. it is never optimal to
sell an existing vehicle.

2. This follows from the assumption that average daily
maintenance costs EM do not increase as a function of
odometer value, and that rental rates do not decrease as a
function of odometer values.
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No Extrapolation Case

1. As we noted above, if we solve the regenerative optimal
stopping problem under the assumption that the only aging
effects are 1) the depreciation in vehicle resale values, and
2) the “rental contract composition effect”, then the optimal
stopping thresholds is o(r, d) = ∞, i.e. it is never optimal to
sell an existing vehicle.

2. This follows from the assumption that average daily
maintenance costs EM do not increase as a function of
odometer value, and that rental rates do not decrease as a
function of odometer values.

3. While there is substantial empirical justification for these
assumptions over the range of our observations, it is
questionable that these assumptions will continue to be
valid as a vehicle’s odometer and age increases indefinitely,
far beyond the range for which we have any observations.
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The Pessimistic Case

1. We calculated the optimal replacement policy under
extremely pessimistic assumptions about increases in
maintenance costs and decreases in rental rates beyond
the range of our data.
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The Pessimistic Case

1. We calculated the optimal replacement policy under
extremely pessimistic assumptions about increases in
maintenance costs and decreases in rental rates beyond
the range of our data.

2. That is, we will assume that beyond the range of our
observations, maintenance costs increase at a very rapid
rate as odometer increases, and that to induce customers to
rent older vehicles, daily rental rates must be steeply
discounted.
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The Pessimistic Case

1. We calculated the optimal replacement policy under
extremely pessimistic assumptions about increases in
maintenance costs and decreases in rental rates beyond
the range of our data.

2. That is, we will assume that beyond the range of our
observations, maintenance costs increase at a very rapid
rate as odometer increases, and that to induce customers to
rent older vehicles, daily rental rates must be steeply
discounted.

3. Specifically, after a vehicle hits 130,000 kilometers, we
assume that maintainence costs increase rapidly and rental
rates must be decreased rapidly to induce customers to rent
older cars.
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Multiplication Factors
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6.1 Results for Compact
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Optimal Thresholds: Compact
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Optimal Values: Compact
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Optimal Values: Compact
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Expected Revenue: Compact
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Optimal Thresholds: Luxury

0 5 10 15 20 25 30 35
125

130

135

140

145

150

155

160

Duration of Lot Spell, Days

O
do

m
et

er
 th

re
sh

ol
d 

be
yo

nd
 w

hi
ch

 is
 it

 o
pt

im
al

 to
 s

el
l

Optimal Replacement Strategy: Luxury 2, all locations

Replacement Threshold, 1st day of long term rental 175.3

Replacement Threshold, 1st day of short term rental 192.1

Previous Long term rental
Previous short term rental

http://gemini.econ.umd.edu/jrust


John Rust Bad Decisions - slide #153

Optimal Values: Luxury
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Optimal Values: Luxury
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Expected Revenue: Luxury
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6.3 Results for RV
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Optimal Thresholds: RV
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Optimal Replacement Strategy: RV, all locations
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Optimal Values: RV
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Optimal Values: RV
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Expected Revenue: RV
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6.4 Profit Comparisons
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Profit Comparisons

Quantity Compact Luxury RV

P 9668 23389 18774

Expected Discounted Values Under Optimal Replacement Policy

V (0, 0, r0) 268963 374913 327057

(1 − β)V (0, 0, r0) 22.11 30.81 26.88

V (0, 0, r0)/P 27.8 16.0 17.4

Expected Discounted Values Under Status Quo Replacement Policy

Vµ(0, 0, r0) 196589 318247 136792

(1 − β)Vµ(0, 0, r0) 16.16 26.16 11.24

V (0, 0, r0)µ/P 20.3 13.6 7.3

Ratio of Expected Values: Optimal Policy versus Status Quo

V (0, 0, r0)/Vµ(0, 0, r0) 1.37 1.18 2.39
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6.5 Assessing Robustness
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Even More Pessimistic Case

1. To assess the robustness of our conclusions, we solved for
the optimal replacement policy under even more pessimistic
assumptions about maintenance costs and the rental
discounts that would be required to induce customers to
rent older cars.
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Even More Pessimistic Case

1. To assess the robustness of our conclusions, we solved for
the optimal replacement policy under even more pessimistic
assumptions about maintenance costs and the rental
discounts that would be required to induce customers to
rent older cars.

2. Under this more pessimistic scenario, maintenance costs
start to accelerate far earlier, at 60,000 kilometers.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

6.5 Assessing Robustness

● Even More Pessimistic Case

● Maintenance Factors

● Rental Factors

● Profit Comparison

● Unanswered Questions

● Unanswered Questions, 2

● Unanswered Questions, 3

● Vehicle Portfolio Management

● Maximize Value or Return?

● Other Portfolio Consideration

● Data Requirements

● Rental Rate Structures

● Toward a Complete Model

● Future Directions

John Rust Bad Decisions - slide #164

Even More Pessimistic Case

1. To assess the robustness of our conclusions, we solved for
the optimal replacement policy under even more pessimistic
assumptions about maintenance costs and the rental
discounts that would be required to induce customers to
rent older cars.

2. Under this more pessimistic scenario, maintenance costs
start to accelerate far earlier, at 60,000 kilometers.

3. We assume that rental rates start decreasing at a linear
after 60,000 kilometers until they hit zero at 210,000
kilometers.
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Even More Pessimistic Case

1. To assess the robustness of our conclusions, we solved for
the optimal replacement policy under even more pessimistic
assumptions about maintenance costs and the rental
discounts that would be required to induce customers to
rent older cars.

2. Under this more pessimistic scenario, maintenance costs
start to accelerate far earlier, at 60,000 kilometers.

3. We assume that rental rates start decreasing at a linear
after 60,000 kilometers until they hit zero at 210,000
kilometers.

4. Even under this even more pessimistic scenario, the optimal
replacement policy still entails keeping cars about twice as
long (in terms of age or odometer value) as the company
currently keeps them.
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Maintenance Factors
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Rental Factors
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Profit Comparison

Quantity Compact Luxury RV

Expected Discounted Values Under Optimal Replacement Policy

V (0, 0, r0) 245680 337853 275614

(1 − β)V (0, 0, r0) 20.19 27.77 22.65

V (0, 0, r0)/P 25.4 14.4 14.7

Ratio of Expected Values: Optimal Policy versus Status Quo

V (0, 0, r0)/Vµ(0, 0, r0) 1.25 1.06 2.01
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Unanswered Questions

■ Our analysis has been focused mainly on the narrow
question of the timing of replacement decisions,
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Unanswered Questions

■ Our analysis has been focused mainly on the narrow
question of the timing of replacement decisions,

■ We believe we have provided convincing evidence that via
modest changes in the company’s operating strategy, it can
significantly increase discounted profits.
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Unanswered Questions

■ Our analysis has been focused mainly on the narrow
question of the timing of replacement decisions,

■ We believe we have provided convincing evidence that via
modest changes in the company’s operating strategy, it can
significantly increase discounted profits.

■ However our analysis leaves a number of unanswered
questions:
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Unanswered Questions

■ Our analysis has been focused mainly on the narrow
question of the timing of replacement decisions,

■ We believe we have provided convincing evidence that via
modest changes in the company’s operating strategy, it can
significantly increase discounted profits.

■ However our analysis leaves a number of unanswered
questions:
1. Given how successful this company is at what it does,

how could it fail to recognize the benefits from keeping its
vehicles longer?
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Unanswered Questions

■ Our analysis has been focused mainly on the narrow
question of the timing of replacement decisions,

■ We believe we have provided convincing evidence that via
modest changes in the company’s operating strategy, it can
significantly increase discounted profits.

■ However our analysis leaves a number of unanswered
questions:
1. Given how successful this company is at what it does,

how could it fail to recognize the benefits from keeping its
vehicles longer?

2. Are there any overlooked considerations, constraints, or
regulations that might explain why the company decides
to replace its rental vehicles “too frequently”?
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Unanswered Questions, 2

■ Our analysis of sales prices revealed very large variations in
the price received for apparently “observationally equivalent”
vehicles.
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Unanswered Questions, 2

■ Our analysis of sales prices revealed very large variations in
the price received for apparently “observationally equivalent”
vehicles.
1. Why would the company “precommitt” to selling a vehicle

on a particular date for the best price offered on that date,
even if the best price seems below the fair market value
for the vehicle?

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

6.5 Assessing Robustness

● Even More Pessimistic Case

● Maintenance Factors

● Rental Factors

● Profit Comparison

● Unanswered Questions

● Unanswered Questions, 2

● Unanswered Questions, 3

● Vehicle Portfolio Management

● Maximize Value or Return?

● Other Portfolio Consideration

● Data Requirements

● Rental Rate Structures

● Toward a Complete Model

● Future Directions

John Rust Bad Decisions - slide #170

Unanswered Questions, 3

■ Our analysis of the relative profitability of long and short term
rental contracts revealed that for some vehicles, such as the
compact car, short term contracts are significantly more
profitable than long term contracts.
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Unanswered Questions, 3

■ Our analysis of the relative profitability of long and short term
rental contracts revealed that for some vehicles, such as the
compact car, short term contracts are significantly more
profitable than long term contracts.
1. Why doesn’t the company adjust the rental rates to

equalize the relative profitability of long and short term
contracts?
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Unanswered Questions, 3

■ Our analysis of the relative profitability of long and short term
rental contracts revealed that for some vehicles, such as the
compact car, short term contracts are significantly more
profitable than long term contracts.
1. Why doesn’t the company adjust the rental rates to

equalize the relative profitability of long and short term
contracts?

■ Our analysis also revealed big differences in the overall
profitability of different vehicles. In particular, the stream of
discounted profits from rental of the RV or luxury car types
are 20 and 40% higher, respectively.
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Unanswered Questions, 3

■ Our analysis of the relative profitability of long and short term
rental contracts revealed that for some vehicles, such as the
compact car, short term contracts are significantly more
profitable than long term contracts.
1. Why doesn’t the company adjust the rental rates to

equalize the relative profitability of long and short term
contracts?

■ Our analysis also revealed big differences in the overall
profitability of different vehicles. In particular, the stream of
discounted profits from rental of the RV or luxury car types
are 20 and 40% higher, respectively.
1. If these vehicles are so much more profitable, why not

allocate more lot space on the margin to luxury and RVs,
or alternatively, increase rental rates on compact cars to
increase their relatively profitability?
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Vehicle Portfolio Management

■ Economists are accustomed to “marginal arguments” for
optimal decision making.
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Vehicle Portfolio Management

■ Economists are accustomed to “marginal arguments” for
optimal decision making.

■ The rental company must select a “portfolio” of vehicles for
the lots in each of its rental locations.
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Vehicle Portfolio Management

■ Economists are accustomed to “marginal arguments” for
optimal decision making.

■ The rental company must select a “portfolio” of vehicles for
the lots in each of its rental locations.

■ Similar to standard portfolio analysis in finance, at an optimal
allocation the company should be getting roughly the same
expected “risk adjusted return” from an investment of $X in
car type τ1 as it does for an equivalent investment in car type
τ2.
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Vehicle Portfolio Management

■ Economists are accustomed to “marginal arguments” for
optimal decision making.

■ The rental company must select a “portfolio” of vehicles for
the lots in each of its rental locations.

■ Similar to standard portfolio analysis in finance, at an optimal
allocation the company should be getting roughly the same
expected “risk adjusted return” from an investment of $X in
car type τ1 as it does for an equivalent investment in car type
τ2.

■ Otherwise if there is one type of car that has a higher return
per dollar invested, then the firm would be better off investing
the marginal dollar in the car type that yields the highest
possible returns.
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Vehicle Portfolio Management

■ Economists are accustomed to “marginal arguments” for
optimal decision making.

■ The rental company must select a “portfolio” of vehicles for
the lots in each of its rental locations.

■ Similar to standard portfolio analysis in finance, at an optimal
allocation the company should be getting roughly the same
expected “risk adjusted return” from an investment of $X in
car type τ1 as it does for an equivalent investment in car type
τ2.

■ Otherwise if there is one type of car that has a higher return
per dollar invested, then the firm would be better off investing
the marginal dollar in the car type that yields the highest
possible returns.

■ Our analysis has revealed that of the three car types we have
analyzed, the compact has the highest rate of return even
though it has the lowest discounted value of profits per car.
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Maximize Value or Return?

■ It is not completely obvious that the correct way to think
about the firm’s allocation problem as choosing to invest in
the car with the high marginal return, or to allocate cars to a
fixed level of lot space to maximize the overall value of
discounted profits.
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Maximize Value or Return?

■ It is not completely obvious that the correct way to think
about the firm’s allocation problem as choosing to invest in
the car with the high marginal return, or to allocate cars to a
fixed level of lot space to maximize the overall value of
discounted profits.

■ These two criterion for the portfolio management problem
seem to result in different allocations, at least on the margin.
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Maximize Value or Return?

■ It is not completely obvious that the correct way to think
about the firm’s allocation problem as choosing to invest in
the car with the high marginal return, or to allocate cars to a
fixed level of lot space to maximize the overall value of
discounted profits.

■ These two criterion for the portfolio management problem
seem to result in different allocations, at least on the margin.

■ That is, if the company wants to get the highest return on its
investment, it would appear it should allocate more of its
vehicle “portfolio” to compacts and less to luxury or RVs.
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Maximize Value or Return?

■ It is not completely obvious that the correct way to think
about the firm’s allocation problem as choosing to invest in
the car with the high marginal return, or to allocate cars to a
fixed level of lot space to maximize the overall value of
discounted profits.

■ These two criterion for the portfolio management problem
seem to result in different allocations, at least on the margin.

■ That is, if the company wants to get the highest return on its
investment, it would appear it should allocate more of its
vehicle “portfolio” to compacts and less to luxury or RVs.

■ However if it is interested in maximizing the expected present
value of profits, then it would appear that it should allocate
more of its vehicle portfolio to the luxury and RV car types.
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Other Portfolio Consideration

■ There could be complimentarities between cars of different
types, and the firm should try to cater to its customers’
preferences.
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Other Portfolio Consideration

■ There could be complimentarities between cars of different
types, and the firm should try to cater to its customers’
preferences.

■ Clearly some customers will want to rent compacts, others
will prefer RVs and others will prefer to have luxury vehicles.
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Other Portfolio Consideration

■ There could be complimentarities between cars of different
types, and the firm should try to cater to its customers’
preferences.

■ Clearly some customers will want to rent compacts, others
will prefer RVs and others will prefer to have luxury vehicles.

■ If the company happens to be “stocked out” of a particular
customer’s most preferred type of vehicle, having a portfolio
with sufficiently close substitutes may enable the company to
keep that customer, as opposed to the customer walking
down to the next rental company window to see if a
competitor has their preferred vehicle in stock and ready to
rent.
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Data Requirements

■ Our data do not include information on customers, their
arrival rates to various rental locations and driving/return
patterns (i.e. the probability that a car rented at location A
will actually be returned to location B).

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

6.5 Assessing Robustness

● Even More Pessimistic Case

● Maintenance Factors

● Rental Factors

● Profit Comparison

● Unanswered Questions

● Unanswered Questions, 2

● Unanswered Questions, 3

● Vehicle Portfolio Management

● Maximize Value or Return?

● Other Portfolio Consideration

● Data Requirements

● Rental Rate Structures

● Toward a Complete Model

● Future Directions

John Rust Bad Decisions - slide #174

Data Requirements

■ Our data do not include information on customers, their
arrival rates to various rental locations and driving/return
patterns (i.e. the probability that a car rented at location A
will actually be returned to location B).

■ Without more data on customer choices, and data on the
company’s competitors, it is difficult for us to formulate a
more comprehensive model of the overall operations of this
company.
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Data Requirements

■ Our data do not include information on customers, their
arrival rates to various rental locations and driving/return
patterns (i.e. the probability that a car rented at location A
will actually be returned to location B).

■ Without more data on customer choices, and data on the
company’s competitors, it is difficult for us to formulate a
more comprehensive model of the overall operations of this
company.

■ However we believe the analysis we have conducted in this
paper constitutes a fundamental “building block” toward a
more complete analysis of this optimal (i.e. profit
maximizing) operation of this company.
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Data Requirements

■ Our data do not include information on customers, their
arrival rates to various rental locations and driving/return
patterns (i.e. the probability that a car rented at location A
will actually be returned to location B).

■ Without more data on customer choices, and data on the
company’s competitors, it is difficult for us to formulate a
more comprehensive model of the overall operations of this
company.

■ However we believe the analysis we have conducted in this
paper constitutes a fundamental “building block” toward a
more complete analysis of this optimal (i.e. profit
maximizing) operation of this company.

■ Whatever portfolio allocation of rental vehicles, and rental
rates the company chooses, it will want to adopt a vehicle
replacement policy that is optimal conditional on its vehicle
portfolio and rental rate structure.
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Rental Rate Structures

■ Let Mi be the maximum number of cars that the firm has
available in location i, i = 1, . . . , N .
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Rental Rate Structures

■ Let Mi be the maximum number of cars that the firm has
available in location i, i = 1, . . . , N .

■ Suppose there are J possible car types (i.e. individual
makes and models of cars), and the firm has adopted a
rental rate structure R.
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Rental Rate Structures

■ Let Mi be the maximum number of cars that the firm has
available in location i, i = 1, . . . , N .

■ Suppose there are J possible car types (i.e. individual
makes and models of cars), and the firm has adopted a
rental rate structure R.

■ Initially we adopt the simplication that a rental rate plan for
car type j at location i consists of two numbers {(Rl

ij , R
s
ij)}

representing flat daily rental rates for long and short term
rentals for each car type j at rental location i.
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Rental Rate Structures

■ Let Mi be the maximum number of cars that the firm has
available in location i, i = 1, . . . , N .

■ Suppose there are J possible car types (i.e. individual
makes and models of cars), and the firm has adopted a
rental rate structure R.

■ Initially we adopt the simplication that a rental rate plan for
car type j at location i consists of two numbers {(Rl

ij , R
s
ij)}

representing flat daily rental rates for long and short term
rentals for each car type j at rental location i.

■ Thus a rental rate structure consists of the complete array of
all rental prices at all rental locations,
R = {(Rl

ij , R
s
ij), j = 1, . . . , J, i = 1, . . . , N}.
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Rental Rate Structures

■ Let Mi be the maximum number of cars that the firm has
available in location i, i = 1, . . . , N .

■ Suppose there are J possible car types (i.e. individual
makes and models of cars), and the firm has adopted a
rental rate structure R.

■ Initially we adopt the simplication that a rental rate plan for
car type j at location i consists of two numbers {(Rl

ij , R
s
ij)}

representing flat daily rental rates for long and short term
rentals for each car type j at rental location i.

■ Thus a rental rate structure consists of the complete array of
all rental prices at all rental locations,
R = {(Rl

ij , R
s
ij), j = 1, . . . , J, i = 1, . . . , N}.

■ Rental rate structures are more complicated if we allow
contracts with odometer-based discounts, and usage-based
rental schemes.
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Toward a Complete Model

■ Let Vij(R) denote the expected discounted value of profits
from a car of type j in rental location i under the assumption
tha the firm follows an optimal replacement strategy for each
car type j at each location i under rental rate structure R.
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Toward a Complete Model

■ Let Vij(R) denote the expected discounted value of profits
from a car of type j in rental location i under the assumption
tha the firm follows an optimal replacement strategy for each
car type j at each location i under rental rate structure R.

■ Let P j be the new purchase price of car type j.
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Toward a Complete Model

■ Let Vij(R) denote the expected discounted value of profits
from a car of type j in rental location i under the assumption
tha the firm follows an optimal replacement strategy for each
car type j at each location i under rental rate structure R.

■ Let P j be the new purchase price of car type j.
■ Then we can formulate the overall optimal rental operations

problem as the following programming problem

max
R

max
{Nij}

N∑
i=1

J∑
j=1

Nij [Vij(R)−P j ] subject to:
J∑

j=1

Nij ≤ Mi(11)
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Toward a Complete Model

■ Let Vij(R) denote the expected discounted value of profits
from a car of type j in rental location i under the assumption
tha the firm follows an optimal replacement strategy for each
car type j at each location i under rental rate structure R.

■ Let P j be the new purchase price of car type j.
■ Then we can formulate the overall optimal rental operations

problem as the following programming problem

max
R

max
{Nij}

N∑
i=1

J∑
j=1

Nij [Vij(R)−P j ] subject to:
J∑

j=1

Nij ≤ Mi(11)

■ Nested within this problem is the regnerative optimal
stopping problem, that we have solved in this paper, that
delivers the value function Vij(R) for all car types at all of the
firm’s rental locations.
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Future Directions

■ With better data on all of the company’s rental locations and
customer data, it may be possible to solve this programming
problem.

http://gemini.econ.umd.edu/jrust


Improving Disability

Determinations

Improving Return to Work

Incentives

Improving Car Rental Profits

6.5 Assessing Robustness

● Even More Pessimistic Case

● Maintenance Factors

● Rental Factors

● Profit Comparison

● Unanswered Questions

● Unanswered Questions, 2

● Unanswered Questions, 3

● Vehicle Portfolio Management

● Maximize Value or Return?

● Other Portfolio Consideration

● Data Requirements

● Rental Rate Structures

● Toward a Complete Model

● Future Directions

John Rust Bad Decisions - slide #177

Future Directions

■ With better data on all of the company’s rental locations and
customer data, it may be possible to solve this programming
problem.

■ We also need to recognize that the optimal choice of a rental
rate structure depends on the choices Rc of the company’s
competitors, c ∈ C.
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Future Directions

■ With better data on all of the company’s rental locations and
customer data, it may be possible to solve this programming
problem.

■ We also need to recognize that the optimal choice of a rental
rate structure depends on the choices Rc of the company’s
competitors, c ∈ C.

■ In this larger competitive game, the firm’s value and the
optimal strategy for its vehicle portfolio and rental rate
structure will clearly depend on the portfolios and rental rate
structures chosen by its competitors.
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Future Directions

■ With better data on all of the company’s rental locations and
customer data, it may be possible to solve this programming
problem.

■ We also need to recognize that the optimal choice of a rental
rate structure depends on the choices Rc of the company’s
competitors, c ∈ C.

■ In this larger competitive game, the firm’s value and the
optimal strategy for its vehicle portfolio and rental rate
structure will clearly depend on the portfolios and rental rate
structures chosen by its competitors.

■ Solving for the overall competitive equilibrium problem in the
rental market remains a challenging area for future research.
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Recessional Hymns
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Saddam in happier times

(shown after receiving billions in U.S. arms from Donald Rumsfeld)
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George Bush, compassionate conservative
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