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Abstract
I consider the design of an optimal auction when bidders have imperfect knowledge of their own respective values. Each has the opportunity to undergo costly
introspection to learn more about their own preferences. This provides the seller
with a motivation to run a two-stage auction, partly because it gives him access to
a new policy tool - disclosing information on rivals' bids. It is this new tool that
the paper is particularly interested in. Disclosure provides bidders with the correct
incentives to learn about their own private values (I provide an intuitively appealing characterization of this incentive for 2 bidders). But Disclosure may introduce
new incentive compatibility concerns - one's report can aect another's incentive to
learn. I solve for the optimal (revenue maximising) auction and disclosure policy
jointly in this paper, under a nontrivial sucient condition on the cost of learning. A stronger condition shows when an Augmented Handicap Auction with Full
Disclosure implements the optimal outcome.
Keywords: Two Stage Auction, Information Updating, Feedback, Mechanism
Design.
JEL Classication: D02, D44, D82, D83, G10.
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Introduction

In the typical auction problem, bidders either have privately known values, or share a
common, but unknown, value with others.

In the former case, sealed-bid formats are

usually preferred - any more information given to bidders is superuous, and can only
make the seller worse o.

A bidder should be given incentives to provide the seller

with his true value in the least costly manner, and this involves revealing nothing about
his opponents. However, there are several examples in which this advice appears to go
unheeded. During play of the auction, bidders are instead given information on the `state
of play'.

1

Take the following nancial example. Recently, there has been much interest among
both retail and institutional investors in using complex, o-exchange derivatives to gain/
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hedge exposure to bespoke risks . An interesting institution has emerged to trade these
assets: the Indicative Bidding (IB) auction. The typical scenario involves an institutional
investor who desires to engage in a `structured' trade and can choose one from several
potential counterparties. Looking for a favourable price, the institutional investor invites
investment banks to take part in a two-stage auction. In the rst stage, banks are asked
for an indicative price at which they would be willing to trade. Based on these indicative
prices, the institutional investor usually eliminates the least attractive banks, and invites
a small remainder to return with revised bids for a second-round auction, which takes a
rst-price sealed-bid format. As an important contrast to other asset classes for which
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IB is employed , when it sends invitations for bidders to return for the second round, the
investor also discloses the rst-round bids of all the other remaining banks.
Despite the specialized nature of our leading example, the reporting of bidding histories
during play of the auction is a far more general phenomenon.

Consider, for example,

online auctions on platforms such as eBay. In the typical eBay auction, bidders have a
xed number of days in which to submit bids.

A bidder may revise his bid (but only

upwards) anytime before the deadline set by the auctioneer. The winner is the person
who has submitted the highest bid by the deadline, and must pay the second highest
bid. Now, an interesting feature of eBay's auctions is that the current price

3

for which

the asset will be sold (if the highest bid remains unchanged) is disclosed publicly at each
instant the auction is still open.
These stories raise several interesting questions: How might a two-stage auction format
be useful for raising revenues in such settings? Why would a seller commit to feed bidding
information back to bidders during such an auction? If there is a benet to doing so, how
much information should be disclosed? How does this information feedback relate to the
design of an optimal auction for structured products? Finally, can anything be said about
the eciency properties of such an auction? Several of these questions are related to each
other, and can be best answered jointly. For example, the opportunity to feed information
back to bidders will be one motivation for the two-stage format, but only in the presence
of an important private informational constraint.
IB and the motivation for two-stage auctions have already gained some attention in the
literature (Ye, 2007; Lu & Ye, 2010), which focused on entry costs to a nal auction. In
the sale of large companies, where a great deal of accounting and legal due diligence must
be done to prepare a bid, this assumption is sensible. However, in situations involving

1 ISDA has documented the rise of Over-The-Counter (OTC) equity-linked products since 2001, with
these products enjoying a peak notional outstanding amount of almost $12tn in the rst half of 2008,
though this has since fallen to $6.4tn following the nancial crisis. A 2007 OECD report estimated that
the notional value of such `structured products' could account for more than half the total outstandings
of the hedge fund industry.

2 See Ye (2000; 2007) for some examples from the utilities generation industries. He notes that, in the

examples he observes, indicative bids usually remain condential.

3 That is, the current second highest bid.
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the sale of a structured product, the banks do not need information from the investor to
be able to price the trade. Thus, the accounting due diligence costs to understand the
value of a product are not incurred in the setting we described. Furthermore, most of the
legal conditions are standard and are agreed in detail after the hedge fund has chosen
a counterparty in any case.

More importantly, the environment studied in this paper

will generate an optimal role for information feedback (disclosure) by the institutional
investor, as is commonly observed in the sale of structured nancial products.
The most traditional explanation of the eBay auction comes from its weak optimality
in independent, private value settings (Myerson (1979)).

In this setting, the dominant

strategy equilibrium will be unaected if the seller reports the bidding history.

But

that begs the question of why eBay choose to publish the current price at all. A more
important criticism, though, is that people don't typically play their dominant strategy
in eBay auctions.

Roth and Okenfels (2000) sampled over 1,000 auctions of dierent

items, and found that in 74% of those cases, at least one bidder submitted multiple bids.
Moreover, 18% of all bids across the auctions were submitted with a minute until the
deadline, a practice referred to as `sniping'. Neither of these behaviours is consistent with
the usual theory. What drives bidders to withhold their bids until the end of the auction,
or to not simply bid their true value at the rst attempt? Why doesn't eBay commit to
the static second-price auction, by simply not revealing the current price?
Hossain (2008) and Rasmusen (2006) have studied the performance of dynamic secondprice auctions when one bidder does not know his true value, though they dier in how the
player might learn this information. Hossain assumes that such learning is an exogenous
function of the opponent's bidding behaviour. In contrast, Rasmusen allow the player to
decide whether to learn his value, at a cost. A major theme in both papers is that an
informed bidder may engage in `sniping' when an opponent is uninformed. Essentially, the
informed bidder withholds from making a bid until the last instant of the auction, thereby
denying his opponent important information relating to learning his own value. They show
that it can be protable for some types of the informed to prevent the uninformed bidder
from learning, by reducing the aggressiveness of the opponent's bidding.

In terms of

modelling assumptions, this paper follows Rasmusen in considering endogenous learning.
But the innovation here is that we take a mechanism design approach to studying the
optimal auction, rather than studying xed auctions.
The aim of this paper is not to provide an analysis of the performance of Indicative
Bidding, or of dynamic second-price auctions. Rather, it considers the properties of an
optimal auction in environments like the examples above. As will be argued, the two-stage
auction format is a response to an important feature of structured products: that they are
complex, and therefore dicult to value. It is possible for banks to come up with rough
estimates of the cost of a product, perhaps by constructing a crude replicating portfolio,
or by using their existing pricing models for similar products. But to price such trades
accurately requires signicant thought and eort. Motivating the banks to discover their
true willingness to trade is the new challenge facing the institutional investor. Similarly,
bidders in online auctions may not know their own preferences for the object being sold.
After some introspection, they can learn more about their own preferences, but this is
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costly.

Shi (2007) has studied a model in which bidders must be given incentives to

learn their own values, before participating in a single-round auction. He nds that, to
encourage such acquisition, the seller should run a Myerson auction, with an appropriately
altered reserve price. By contrast, in this paper, bidders are endowed with some private

information before participating in the auction, and have the opportunity to learn more
during play of the auction. Together, these two dierences shift the focus from reserve
prices to information disclosure as the principal tool for encouraging learning. We expect
a bidder will want to learn his value only when the extra information has a signicant
eect on his chance of winning the good, which generates a role for revealing information
which helps bidders decide whether it is worthwhile to do the necessary thinking.
There are two instruments the investor (resp. auctioneer) can use to motivate banks
(resp. bidders) to exert this eort when it runs a two-stage auction; rst, as usual, the
rules of the auction itself, and second, the information it learns in the rst stage of the
auction.

The cost of this new instrument (information feedback) is that it introduces

additional contingent deviation possibilities for bidders, and may exacerbate incentive
compatibility issues.

Intuitively, the concern is that incentive pressure may be caused

by information feedback operating through an interesting channel: by providing a bidder
with additional contingent deviations it becomes harder to satisfy his opponents' incentive
compatibility constraints.

The idea is that learning an opponent's rst-round estimate

allows a bidder a detailed sense of whether to bother exerting eort - this eort may harm
the opponent's chances of winning the auction, and thus give him an incentive to lie about
his rst-round estimate.
As appears to be the case with IB, I nd that two-stage formats are strictly preferable
to single-round auctions. Bidders will be punished for submitting low rst bids - however,
the optimal auction always allows a bidder to enter the nal round and somewhat redeem
himself with a high nal bid.

The reason that the optimal auction is less severe than

IB is simply that we abstract from entry costs to illustrate the role of costly learning.
Since entry is not the main concern of this paper, we do not lose much in the analysis
by assuming it away.

In some cases, I nd that it is optimal to publicly disclose all

rst-round bids, another feature present in IB. In particular, for dicult-to-value assets,
institutions may safely use Full Disclosure as part of an optimal auction. Essentially, a
dicult valuation process relatively reduces bidders' incentives to report falsely in the
rst round. However, the optimal auction involves one signicant departure from IB - it
will be possible to require payments from bidders in the rst-round. These payments are
constructed so that ex ante, bidders cannot gain additional rent from the new information
they learn. Pancs (2011) provides a reason why it may not be feasible to charge bidders
for information about an asset when they are approached during a search process. For
example, in a housing context, a `dishonest' seller could charge for showing houses, without
ever intending to sell. This limits the feasibility of such a charge. However, in the nancial
context we are considering, the institutional investor often needs to complete the trade
with somebody, usually as a hedge.

Moreover, the charges that occur in the optimal

solution are not solely for information, but more importantly, will sell `discounts' to
bidders in a nal round auction.

4

As a theoretical exercise, the value of allowing payments in the rst round is to show
that, even in this less constrained case, the design of the optimal auction is not trivial.
Pancs conjectures ... applications in which the seller cannot charge bidders for information...

(are)...

the only nontrivial case; if trade in information were feasible, the seller

would always use an ecient (i.e., rst-best) and fully transparent mechanism. Though

4

his set-up is dierent in some important respects from the one here , we show that it
is possible that introducing endogenous information can create additional ineciencies,
even when payments are unrestricted.
The form of the optimal auction most closely resembles that found in Eso & Szentes
(2007).

They consider situations in which bidders each know their private values, up
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to some additional, exogenous information held by the seller . Eso & Szentes nd that
it is best to freely provide all their exogenous information back to bidders, even when
they can't observe it. The optimal solution can be implemented by a two-stage Handicap
Auction. In the rst round, bidders each pay a price to buy a discount. The discount will
be applied in the second round if the bidder wins the good in a second-price auction - bids
are condential throughout. The main dierence between the model here is that bidders

privately choose whether to do costly learning (by contrast, the additional signals are
`free' in their paper). This dierence changes the condentiality of the optimal mechanism
because the seller has useful endogenous information to reveal. But, the quality of the
information the seller has about bidders will potentially depend on the disclosure rule to
which the seller commits.
The paper proceeds as follows.

Section 2 describes the model.

Section 3 considers

the results in some special cases, explaining the optimal solution to the seller's Relaxed
Problem, and describing the more detailed properties of the solution in these cases. Section
4 generalizes these results for

n

bidders, and provides conditions which guarantee global

incentive compatibility of the solution to the Relaxed Problem. Section 5 gives a counterexample in which the auction mechanism we identify fails global incentive compatibility.
Section 6 concludes.

2

Model

n bidders competing for a single, indivisible asset, which is initially owned by an
6
7
auctioneer (interchangeably, `seller') . Bidders have independent, private values, vi . An
n
n
auction ultimately consists of payments, (ti )i=1 ∈ R+ made by the bidders i ∈ {1, . . . , n}
to the seller, and an assignment of the good to some j ∈ {0, 1, . . . , n}, where player 0 is
There are

interpreted as the seller. In contrast with the standard theory, we assume that bidders

4 Most notably, bidders only have one opportunity in which to make a bid, and the choice of eorts is
sequential.

5 Examples of this include buying a house, where the seller can control viewings.
6 In terms of the motivating example, the auctioneer is the institutional investor; the bidders are

investment banks.

7 In the case of Indicative Bidding in nance, this is not strictly true. Nonetheless, we maintain this

assumption to simplify the analysis.
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are unaware of their own respective private values at the time of the auction. In other
words, the asset is considered to be complex, so that players will only be able to make
probabilistic assessments about its value. We now turn to a more precise statement of
how these beliefs may evolve over time.

2.1 Information Structure and Payos
2.1.1 Information
t = 1, 2. In period 1, bidder i ∈ {1, . . . , n}
si ∈ S = [s, s̄] ⊂ R+ , which is correlated with vi . In period 2, i receives
8
a further signal wi ∈ S , also correlated with the underlying vi . However, the `quality' of
wi is determined by bidder i at the end of period 1 (after signal si is realised, but before
wi ), who may privately perform some updating eort (interchangeably, eort into learning
one's private value). Denote a given eort choice of player i as ei ∈ Ei = [0, ē] ⊂ R+ .
Time is discrete, and limited to two periods,
receives a signal,

Thus, in this notation, the second-round private information that a bidder receives about
his value is the two-dimensional vector

wi

and

ei

(wi , ei ) ∈ W × E ,

since

i

will need to know both

to be able to best update his estimated value in period 2.

Specically,
which depends

vi , si and wi
on ei :

are random variables, jointly distributed according to a c.d.f.

(vi , si , wi ) ∼ Gi (vi , si , wi ; ei )
The

ei

term is treated separately from the other arguments of the c.d.f. because it is not

to be understood as a random variable whose realizations are outcomes under
a parametric determinant of the stochastic relationship between

v i , si

and

wi .

Gi ,

9

but as

Though the above description captures the relevant details of structured assets well,
it turns out that we can write an equivalent model which is much less unwieldy than the
one described above. We start by dening two new variables, which are closely related to
the signals that

Denition 1.

i

receives:

The informational content of signals

si

and

θi2

are dened respectively

as:

θi1 := E [vi | si ; ei ], player i's expected value, conditional on observing only the

(i)

rst signal;

(ii)

θi2 := E [vi | si , wi ; ei ] − E [vi | si ; ei ],

the change in

i's

expected value after

observing the second signal.

1
is a zero mean random variable, conditional on any θi . The
1
importance of what we call θi has been raised both in Biais, Martimort, and Rochet
(2000) and Shi (2007). This variable is the reason for caring about observing si , as it tells

Note that, by denition,

θi2

8 The notion of quality is dened in Assumption 5.
9 As a point of notation, e will continue to be treated in this way wherever it enters as an argument
i
to some function.
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a bidder directly his initial estimated value - it is the relevant information contained in

si .

In those papers, it is sucient to restrict attention to mechanisms in which bidders
θi1 , because a player's incentives are ultimately
driven by his perceived preferences, and not by the underlying signals themselves.

nd it optimal to report their respective

In this paper, however, there are two rounds in which players receive information,
2
1
2
which necessitates that we introduce θi . As a natural extension to θi , θi is the important

new information for

i from observing a second round signal, wi , given ei .

When we think of

(wi , ei ) as i's second-round private information, we could equally well think of the induced
θi2 as his private information - Again, because the eect of (wi , ei ) on i's behaviour operates
2
though their joint eect on his incentives, θi . In any mechanism in which reports and
10
allocations are based on (si , wi , ei ), it is easy to see that an equivalent
one could be
1 2
made where reports are based on (θi , θi ). This is the intuition for the arguments of Biais,
Martimort, and Rochet (2000) and Shi (2007), which extends directly to the two-period
setting so that we are safe to assume a model in which two variables capture all i's private
information
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. Hence, we will work with these two variables from here on, eschewing

wi to one side.
θi1 and θi2 are transformations12

si

and

of

si

and

wi

respectively, and therefore are themselves

random variables, with some joint c.d.f.



θi1 , θi2 ∼ Hi θi1 , θi2 ; ei
1
1
2
2
where the support of θi is denoted θi ⊂ R, and that of θi is θi . Furthermore, let
Hi1 (θi1 ; ei ) denote the marginal c.d.f. of θi1 , and Hi2 (θi2 ; ei ) the c.d.f of θi2 . h1i and h2i are
2
2
2 n
1
1
n
1
1 n
the respective p.d.f.s. We denote θ := (θi )i=1 ∈ θ := ×i=1 θi and θ := (θi )i=1 ∈ θ :=

1
and
×ni=1 θi2 for collections of players' estimates. Sometimes, we will write θ 1 = θi1 , θ−i

2
2
2
θ = θi , θ−i when we wish to emphasize bidder i. We make the standard assump1 2
tion that this distribution admits a strictly positive, dierentiable, p.d.f. hi (θi , θi ; ei )
1
2
everywhere on its domain, θi × θi , ∀ei . In addition, we require the following:

Assumption 1.

The random variables

n

{(θi1 , θi2 )}i=1

are independently distributed across

i.
Assumption 1 is often found in the optimal auction literature - it states that the
bidders have private values. Independence rules out the kind of `full surplus extraction'
arguments found in Cremer-McLean (1988). Alternatively, the assumption can be made
n
that {(vi , si , wi ; ei )}i=1 are independent random variables across i, whose distributions
are identical, conditional on performing the same eort. When thought of in this way,
Assumption 1 says that the signals,

(si , wi ),

that

i

receives cannot possibly give him

information about opponents' values. Left to his own devices,
own value.

10 In terms of payos.
11 e still matters in its role as a private action.
i
12 Whose values depend on e .
i
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i

can only learn about his

Assumption 2.

ei ∈ E , θi1 and θi2 are independently



H θi1 , θi2 ; ei = H 1 θi1 ; ei  H 2 θi2 ; ei

Conditional on any

By the Law of Iterated Expectations and the denitions of

θi1

and

distributed:

θi2 , θi1

and

θi2

are

always uncorrelated. Assumption 2 is stronger than this, however. I make this assumption
both for analytical convenience and to make the role of eort more transparent. It ensures
that dierent rst round signals do not themselves lead to dierences in the quality of
second round information. Instead, that role is to be taken by the eort performed by
the bidder. Since the aim of this paper is to understand how this eort decision is to be
made, Assumption 2 makes for the cleanest such analysis. Of course, if we take normally
distributed values, the prominent distribution used for nancial pricing, Assumption 2 is
nonrestrictive.

Assumption 3.

∀ei ∈ E ,

1−H 1 (θi1 ;ei )
h1 (θi1 ;ei )

is a nonincreasing function of

θi1 .

Assumption 3 is the standard Monotone Likelihood Ratio Property, applied to the
distribution of bidders' initial estimates. It is made purely for technical reasons.
The following assumptions specify the way in which eort improves the `quality' a
bidder's learning about his own private value:

Assumption 4.

The marginal c.d.f. of
1
pendent of ei , and therefore denoted H

θi1 , H 1 (θi1 ; ei ) ≡ E [H (θi1 , θi2 ; ei ) | θi1 ; ei ],
(θi1 ), with p.d.f. h1 (θi1 ).

is inde-

Assumption 4 can be restated in terms of the underlying signals: it requires that the
joint distribution of

si

and

vi

is not aected by

ei .

Assumption 4 makes clear the notion

that a bidder's eort does not aect the relationship between
the informational content of rst round signals.

si

and

vi ,

and therefore,

Eort aects the `quality' of updated

information, not of the initial estimate. Indeed, we will allow eort to aect a bidder's
2
revised values, θi , in the following way:

Assumption 5.
about its mean of

θi2 , ∀i, is continuously
respect to ei . That is,

The c.d.f. of

0

with

θi2 < 0 =⇒
θi2
for all

dierentiable and rotation-ordered

∂H 2 (θi2 ; ei )
≥0
∂ei

∂H 2 (θi2 ; ei )
≥ 0 =⇒
≤0
∂ei

ei ∈ E .

Assumption 5 is borrowed from Shi (2007), and requires some discussion. An im0
2
plication of Assumption 5 is that, if ei < ei , then the distribution of θi under the low
2
2 0
2
eort, H (θi ; ei ), weakly dominates the distribution of θi under the high eort level,
H 2 (θi2 ; ei ), in the sense of Second Order Stochastic Dominance (Theorem 2.A.17, Shaked
8

dH2(.;ei)
dei
H2(.;ei)

1

H2(.;ei+dei)

0

0
θ²i

(a)

Figure 1:
Graph of

θ²i

(b)

Rotation Ordering: (a) Cumulative Distribution Functions, for
∂H2 (.;ei )
2
as a function of θi
∂ei

dei > 0;(b)

That is, if a greater level of eort is performed by bidder i,
θi2 is a mean-preserving spread of its distribution when less
2
eort is performed. The intuition for this comes from recalling that θi is the extent to

& Shanthikumar (1994)).

the induced distribution of

which a bidder's estimated value changes in response to new information. Then, we can
interpret Assumption 5 as saying that there is a greater average tendency for the bidder's
value to change in response to new information. In other words, in response to observing
a new signal,

wi ,

a bidder is likely to revise his estimated value to a greater extent when

he has performed a lot of eort.

This is intuitive: more eort should lead to a higher

`quality' signal, one which induces a greater change in the bidder's opinion. Moreover,
2
Assumption 5 requires that Pr (| θi |> k; ei ) be weakly increasing in ei , ∀k ≥ 0. In this
2
way, we can think of Assumption 5 as saying that the spread of the distribution of θi
increases uniformly in

Assumption 6.

ei

around its mean.

The term

ˆ

∞

k
is a bounded, decreasing function of

∂H 2 2 
θi ; ei  dθi2
∂ei

ei , ∀k .

While Assumption 5 implies the Second Order Stochastic Dominance

13

ordering, As-

sumption 6 refers to the `extent' to which additional eort increases the volatility of the

ex ante distribution of expected values. It is a measure of the closeness between two
2
2
2
2 0
c.d.f.s, H (θi ; ei ) and H (θi ; ei ), based on a comparison of the area under the tails of
each c.d.f. It embodies the idea that there is a diminishing marginal impact of eort on
the informational content of the underlying signal,
on the c.d.f. is decreasing

14

in

wi , because the marginal eect of eort

ei

- successive marginal eorts change the c.d.f. `less'. Note
∂H 2
(θi2 ; ei ) is decreasing
that this assumption is equivalent to the simpler statement that
∂ei
2
in ei , ∀θi , so long as the integral in Assumption 6 is also bounded.

´
13 Specically, k



´k
H 2 θi2 ; ei dθi2 ≤ −∞ H 2 θi2 ; e0i dθi2 ,
−∞
14 In the sense of its impact on the area under the c.d.f.
9

∀k ,

for

ei ≤ e0i .

2.1.2 Payos
We are now in a position to express players' payos.

As is usual in the literature, the

seller and all buyers are risk neutral, and maximize their respective expected utilities. For
the seller, her ex post payo in any auction is simply the sum of transfers paid by the
bidders:

u0 =

n
X

ti

i=1
A bidder's ex post payo, having performed eort

ei

and paid

ti ,

is given by

ui = vi Ii − ci (ei ) − ti
where

Ii = 1

if

i

Ii = 0,

wins the asset,

otherwise, and

ci : Ei → R+

is an increasing,

convex and dierentiable cost function. Eort into learning one's private value is costly
for player

i.

Moreover, the marginal cost of eort is increasing.

2.2 Mechanisms
The class of auction mechanisms that can feasibly be used in the environment of Section
3.1 is very large. These include elaborate extensive game forms, and in general require
specication of histories, action spaces at given histories, and information sets

15

. However,

due to the insight of Myerson (1986), we are able to invoke a version of the Revelation
Principle which greatly simplies the design problem.
The setting of Section 3.1 involves both dynamic private information and hidden actions taken by the agents. The class of mechanisms to which we restrict attention must
have sucient exibility to deal with these features. We now turn to a denition of the
Direct Revelation Mechanisms we will be using for this environment.

Denition 2.
1.

A Direct Revelation Mechanism species the following:

 n
1
In period 1, bidders simultaneously and condentially send messages, θ̃ := θ̃i
1

θ

1

∈

i=1

, to the seller.

r
2. The seller sends a condential recommendation back to each of the bidders, e :=
(eri )ni=1 , according to a reporting schedule er : θ1 → ×ni=1 Ei , to which the seller
commits ex ante.
3. In period 2, bidders simultaneously send messages,

 n
θ̃ 2 := θ̃i2

∈ θ2 , to the seller.

i=1

4. Based on the history,



θ̃ 1 , θ̃ 2



, a probabilistic assignment of the good and transfers

are made according to the functions

y, t : θ1 × θ2 → ∆n+1 × Rn+ ,

to which the seller

is also able to commit.

15 See Mas-Collel et al. (1995), Section 7C for a full representation of extensive game-forms.
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i ϵ{1,…,n}
reports σ̃i
Seller recommends
simultaneously. eʳi to i ϵ{1,…,n}.

i ϵ{1,…,n}
privately
learns σi.

i ϵ{1,…,n}
reports ω̃i
simultaneously.

i ϵ{1,…,n}
privately
chooses ei.

Seller
implements (y,t).

i ϵ{1,…,n}
privately
learns ωi.

Figure 2: Joint Timing: Information & Mechanism

The outcome function is dened on the n + 1-dimensional simplex, since it is a probn
abilistic assignment of the asset, (yi )i=0 , among the bidders and the seller.
In a Direct Revelation Mechanism, players are restricted to make reports about their
2
1
estimated values, as they get this new information. The `tilde' notation, θ̃i and θ̃i , is
used to
between
 distinguish

 reports
 made by i in the mechanism, and i's true estimates.

1
θ̃ 1 = θ̃i1 , θ̃−i

2
θ̃ 2 = θ̃i2 , θ̃−i
take the obvious denitions.
r
between ei and ei cannot be emphasized enough. ei

and

The distinction

is a private eort

undertaken by the bidder, with the intention that it should improve his learning about his
r
own private value. By contrast, we think of ei as information disclosed by the seller to
1
r
the bidders. As it may be a function of θ , ei provides information to the bidder about

his opponents' values. When we ask about disclosure, we are interested in how the seller
r
sets ei , and what this allows the bidder to learn about his opponents. But, clearly, this
is related to the bidder's decision about how much he should learn of his own value.
To close the model, we need to know how the timing of the Direct Revelation Mechanism relates to the timing of private information and actions. The timing is represented
in Figure 1.
The notable elements of timing are the following: Players are endowed with their
1
respective θi before choosing whether to participate in the auction mechanism. After
˜1
players' rst round reports,
 seller uses the messages, θ , to feed a condential rec the
ommendation of eort,

eri θ˜1

, back to each bidder

i.

Bidders only decide the level of

eort to perform after observing the seller's recommendation.

θ2

is then realised be-

fore the mechanism asks players to simultaneously report their respective second round
2
information, θ̃i . Finally, the auction makes its allocation based on all this information.
The result of Myerson (1986) will allow us to concentrate on Direct Revelation Mechanisms which admit truthful, obedient equilibria. To formally apply the Revelation Principle to our model, we need to rst dene the private histories that player
and also the concept of a strategy for player

Denition 3.
(i)

i

may observe,

i.

There are three types of private history for player

i,

dened as follows:

1
A private 1- history of bidder i, µ̃i , is simply his private information at the
1
1
1
beginning of period 1, µ̃i := θi ∈ θi ;

11



(ii)

1+
1+
1 1 r
A private 1 - history of bidder i, µ̃i , species the sequence, µ̃i := θi , θ̃i , ei
θi1 2 × Ei - the history of the mechanism known by i at the end of period 1;

(iii)

A private 2- history of bidder

+

i, µ̃2i ,



species the sequence,



µ̃2i := θi1 , θ̃i1 , eri , ei , θi2 ∈ θi1 2 × Ei2 × θi2
- the history of the mechanism known by

i

at the start of period 2.

The `tilde' notation is used to denote an arbitrary history, not necessarily involving
truthful, obedient behaviour by

i.

When we wish to use this notation to describe a
τ
truthful, obedient τ - history, we write µi . With this specication of player i's private
histories, it is possible to dene a strategy for player

Denition 4.

A strategy for player

i

i.

in a DRM is a collection of functions





θ̃i1 , ei , θ̃i2 ,

where:

(i)

θ̃i1 : θi1 → θi1

(ii)

ei : θi1 2 × Ei → Ei
+
µ̃1i ;

(iii)

θ̃i2 : θi1 2 × Ei2 × θi2 → θi2
2
histories, µ̃i .

species a rst-round report of

i,

for all private 1- histories,

µ̃1i ;

+
species a private eort choice, for all private 1 -histories,

species a second-round report of

i,

for all private 2-

A strategy is a complete, contingent plan for the reports a bidder intends to make
to the designer, along with a plan of the private eort he will put into learning his own
private value. A strategy is said to be truthful and obedient if it reports true signals, and
follows the mechanism's eort recommendation, conditional on doing so in the past. As
2
an example, this strategy does not require the bidder to report θi truthfully, if he lied
about his rst-round estimate. Specically, we have:

Denition 5. A strategy is truthful and obedient if it satises the following restrictions:
(i)

θ̃i1 (θi1 ) = θi1 ;

(ii)

ei (θi1 , θi1 , eri ) = eri ;

(iii)

θ̃i2 (θi1 , θi1 , eri , eri , θi2 ) = θi2 .

We write i's expected payo from a given strategy

µ̃τi



θ̃i1 , ei , θ̃i2



, conditional on reaching

and when all other players use truthful, obedient strategies, by

Ui



θ̃i1 , ei , θ̃i2



|

µ̃τi



For the sake of convenience, the payo to a truthful, obedient strategy at a truthful and
τ
τ
1
2
τ
obedient history µi is written Ui (µi ) := Ui ((θi , ei , θi ) | µi ).
12

∈

We are interested in implementation in Perfect Bayesian Equilibrium (PBE), in the
sense of Mas-Collel et al., 1995. The insight of Myerson (1986) can be stated in terms of
the above denitions:

Lemma 1.

(The Revelation Principle)
1
1
2
1
2
If the allocation rule (e (θ ) , y (θ , θ ) , t (θ , θ )) can be implemented as a PBE of

some arbitrary mechanism, it can also be implemented as a PBE of a Direct Revelation
Mechanism in truthful and obedient strategies. That is, the following constraints must be
satised:





Ui θi1 ≥ Ui θ̃i1 , ei , θ̃i2 | θi1


∀i, θ̃i1 , ei , θ̃i2

and

(1)

θi1 .

The Revelation Principle is well-known in the literature, and so its proof is omitted.
Some aspects of its statement in Lemma 1 should be emphasized, however. In particular,
1
(1) implies not only that it is optimal for i to tell the truth about θi initially, but also
that, given any truthful, obedient past, it is optimal to continue being truthful and obe1 2
dient.Thus, (1) captures all the constraints imposed by private information, (θi , θi ) and
actions,

ei .

That is, (1) implies that the constraints

Ui

θi1 , eri



≥ Ui



θi1 , ei , θ̃i2



|

θi1 , eri







Ui µ2i ≥ Ui θi1 , eri , θ̃i2 | µ2i

(2)

(3)

(2) requires that it be optimal for i to perform eort obediently to the
2
r
mechanism's recommendation, ei , and subsequently report θi truthfully, conditional on a
2
1
truthful report of θi . (3) states that, conditional on a truthful 2- history, µi , it must be
2
optimal to report θi truthfully. (2) and (3) place no restrictions on a player's reporting
strategy after dishonest/disobedient private histories.
are satised.

3

Optimal Mechanisms: One and Two Bidder Examples

The simplest example of our framework is the case

n = 1.

Here, there is only a single

bidder, who has an initial estimate of a complex asset's value, and can privately perform
eort to discover more about his private value. So long as the seller always values the
asset less than the bidder, the ecient procedure would be to always give the good to the
bidder and to ensure that he does not perform any eort. In this case, information about
private values does not improve the trading surplus, and comes at the cost of performing
the necessary eort.
However, it turns out that, even in this simple case, the seller's revenue maximising
pricing scheme will encourage the bidder to sometimes perform eort.
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Proposition 1.

Let n=1.

It is optimal to employ a two-stage options menu.

In the

second stage, the bidder may purchase the asset at the price

 1 − H 1 (θ11 )
p2 θ11 =
h1 (θ11 )
In the rst stage, the bidder chooses from a menu of options at the strike prices,

p2

and pays for the option with strike price

(p2 (θ11 ))θ1 ∈θ1 ,

a price of:

1







1 − H 1 (θ11 )
1
2
1
1
1
p1 (p2 ) = E max θ1 + θ1 −
,
0
|
θ
;
e
θ
−
c
e
θ
−
1
1
1
1
1
1
h1 (θ11 )


ˆθi 
1 − H 1 (ς)
2
− ς; e1 (ς)
 dς
1−H
h1 (ς)
θ1 i
1

Moreover, the optimal eort employed by the bidder is a single-peaked function of his
1
1∗
initial private information, θ1 , with a unique maximum at (the unique) θ1 which satises

θ11 ∗ = p2 θ11 ∗



Proposition 1 tells us that a bidder (who purchases the option contract intended for
him) will be able to buy the asset at a price of

1−H 1 (θ11 )
h1 (θ11 )

. Clearly, the bidder will only

exercise this option if his nal expected value, after all information updating, exceeds
1
2
this price. But the bidder's `nal' value is just θ1 + θ1 . So, the optimal pricing scheme
recommends that the good be sold to the bidder (who has selected the appropriate options
contract) i

θ11 + θ12 −

1 − H 1 (θ11 )
≥0
h1 (θ11 )

This allocation rule turns out to be the same as the one identied in Eso & Szentes
2
Since our seller can charge bidders before they learn θ1 , we should not expect
the bidder to be able to make any information rents from their second round information.
(2007).

Instead, the expected marginal rent associated with giving the good to a bidder with value
1−H 1 (θ1 )
θ11 + θ12 depends solely on his initial information, as given by h1 θ1 1 . The charge p1 (θ11 )
( )
1

is made in the rst-round to ensure that bidders correctly select the option intended for
them, and it is in this price where the rent is given away.
Nonetheless, there are two dierences versus Eso & Szentes (2007). The rst is substantive, and follows from the costly eort that bidders can perform. After purchasing
the option, the bidder will perform eort to help him decide more accurately whether to
exercise that option. It turns out to be optimal for the bidder to perform high eort when

16

he purchases an At-The-Money option

16 That is, one for which the strike price,

p2 ,

. The intuition is best understood graphically.

is equal to the bidder's initial estimate,
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θ11 .

1

u(θ1, θ2),
H(θ2;e)

u(θ1, θ2),
H(θ2;e)

θ1* =p1(θ1*)

θ1 + θ2

θ1

(a)

θ1 + θ2

p1(θ1)
(b)

Figure 3: Bidder Incentives for Performing Eort: (a) At the Money option:
p2 (θ11 ∗ ), (b) Out of the Money Option: θ11 < p1 (θ11 )

Figure 3 plots the bidder's nal payo from an option with strike price

θ11 ∗ =

 
p2 θ̃11 ,

and

1
the bidder's known θ1 . As the
1
given θ1 . Moreover, as we have

overlays the distribution of nal values, conditional on
2
diagram shows, the bidder's nal payo is convex in θ1 ,
argued, the eect of eort is to induce a mean-preserving spread in the distribution of
nal values. Clearly, the marginal eect of eort on the bidder's expected payo will be
greatest when the change in the distribution is over the `most convex' region of payos.
This is where he strike price is close to the bidder's initial estimate (an At the Money
option); in other words, where the information is pivotal to the purchase decision.
The seller has induced the bidder to perform eort, even though it is not ecient to
do so. The reason is that eort can be surplus-increasing if the seller uses a distortionary
allocation rule. But this is the case in the options contract above - the bidder may not
1
2
get the good, even though θ1 + θ1 ≥ 0. When this is the case, the existing distortion
can be oset by eort performed by the bidder. His eort is surplus-increasing because
it helps him to make a good decision about whether or not to buy the asset. As pointed
to above, this value is greatest where the bidder believes the information to be pivotal to
his decision.
Moreover, the bidder's choice of eort in this pricing scheme coincides with the seller's
optimum. This comes about because the seller can make charges in the rst round, and
extract the expected surplus that the bidder generates for himself.
brings us to the
n This
 o
second dierence from Eso & Szentes (2007) - that the prices

p1 θ̃11

θ̃11 ∈θ11

must be

augmented for the seller to capture this extra surplus.
Of course, this simple example sheds no interesting light on our motivating issue: how
the seller should disclose the information she endogenously learns during the mechanism.
The optimal mechanism with

n=1

is for the seller to commit to providing a take-it-or-

leave-it menu of options to purchase the asset in the second round. After that, the seller
does not need to provide any additional information to the bidder.

Obviously, this is

because the seller has no relevant information that is not already available to the bidder.
As Proposition 1 argues, when the bidder chooses how much eort he should put into
1
updating his private value, he compares his current expected value, θ1 , with the strike
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price he expects
to pay in the second round, should he wish to take up the option he
 
purchased,

p2 θ̃11

, for some

θ11 ∈ θ11 .

But since the bidder already knows all these things,

the seller's disclosure problem is trivial.
Nevertheless, the single bidder case does shed some light on why it might be valuable
for the seller to provide information to bidders in auctions with more bidders. The intuition behind the eort prole described in Proposition 1 tells us that it is surplus-increasing
for the seller to encourage the bidder to perform updating eort when the information he
gains is most likely to be pivotal to his purchase decision. With one bidder, the seller does
not need to do any more than set prices to encourage the bidder's eort appropriately.
But, with even 2 bidders, the seller will have to make use of the information she condentially learns at the end of round 1. Only by sharing this information with the bidders
can she coordinate their beliefs in such a way as to encourage the most eort by bidders
in a `close' auction. This idea is conrmed in the next example. First, let us dene some
auction formats which will be very prominent in the remainder of the paper:

Denition 6.

The Augmented Handicap Auction with Partial Disclosure is a two-stage

auction format with the following timing:

t = 1, the seller separately oers each bidder i a menu

 o
n  
pi θ̃i1 , di θ̃i1

.
θi1 ∈θi1
Conditional on the oer, each bidder
  or not to participate. If he
  whether
 decides

1. At

pi θ̃i1 , di θ̃i1

participates, and chooses the pair

 
pi θ̃i1

immediately, where

 
pi θ̃i1

, he must pay a transfer of

satises

 




 



 
1 − H 1 θ̃j1 
1
1

 
pi θ̃i1 = E  max θ̃j1 + θj2 −
| θ̃i1 ; e θ̃i1 , θ−i
− ci ei θ̃i1 , θ−i

j∈{1,2} 
1
h1 θ̃j
ˆθ̃i

1

−

"
E 1−H

2

θj2

+

θ1 i
and

θj1

! #

1 − H 1 θj1
1 − H 1 (ς)
 −ς +
| ς  dς
−
h1 (ς)
h1 θj1

 
di θ̃i1
 
  1 − H 1 θ̃i1
 
di θ̃i1 =
1
h θ̃i1

n
 (pi )i=1
 , the seller discloses conr
1 1
r
dentially to each bidder i a recommendation ei θ̃i , θ̃−i , where ei is the solution to

2. After bidders have paid the respective transfers,

a particular maximisation problem;

t = 2, the participating bidders engage in a modied second-price auction. Each
bidder i ∈ {1, . . . , n} makes a bid, bi ∈ R+ . Bidder i wins this auction, and obtains

3. At
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the good, if

 
n
 o
1
bi + di θ̃i ≥ max bj + dj θ̃j1

. The winner is the only bidder

j6=i

who makes a payment in this round, equal to

n
 o
max bj + dj θ̃j1

j6=i

 
− di θ̃i1

The Augmented Handicap Auction with Partial Disclosure is a two-round auction.

n
contracts between the

 individual
1
is agreed upon, the bidder
, di θ̃i

The rst round, however, is more easily interpreted
   as
seller and each bidder

i.

θ̃i1

pi
 
pi θ̃i1 immediately.

If the contract

commits himself to paying a price

The seller commits to using

bidders' choices to recommend a level of eort for bidders to perform. The benet the
seller expects from his contract applies in the second-round auction. His contract can be
thought of as a discount on the price he is due to pay in the adjusted second-price auction.
This discount gives the bidder an asymmetric advantage in the auction, allowing him a
lower price in the event of winning the good.
There is another related, simpler auction.

Denition 7.

If the Augmented Handicap Auction with Partial Disclosure is changed in

that only step 2. is replaced with:
2(a).

After bidders have paid the respective transfers,
publicly the prole





1
, where
θ̃i1 , θ̃−i

(pi )ni=1 ,

the seller discloses

θ̃i1 is computed by inverting

 
di θ̃i1 .

then we refer to the auction as an Augmented Handicap Auction with Full Disclosure.
We are now ready to consider the following two-bidder example.

Proposition 2. Let n=2, and assume the distributions H2 (θi2 ) are symmetric and singlepeaked about 0, for

i = 1, 2.

Furthermore, let

c1 (e1 ) = 0, ∀e1 ∈ E .

Then, if only local

incentive compatibility and obedience constraints are binding at optimum, it is revenuemaximising to employ the two-stage Handicap Auction with Full Disclosure.
Moreover, bidder 2 chooses the revenue-maximising eort, which satises



e2 θ11 , θ11 ≥ e2 θ11 , θ21
∀θ11 , θ21 ∈ θ1 .
In this example, there are two bidders, 1 and 2, but bidder 2 is the only one with an
interesting eort decision. Since bidder 1 nds it costless to update his private value, he
will do this as much as possible.

This example makes for the simplest environment in

which the seller has an interesting disclosure problem. First, there is a role for disclosure in
coordinating 2's private choice of eort. Second, since only bidder 2 ever varies his eort,
we do not need to consider the nature of strategic complementarity/substitutability in
bidders' eorts, and how this might aect equilibrium outcomes. This is fortunate, as it
turns out to be a rather messy complication to the model, albeit a substantive one.
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To understand how the Handicap Auction with Full Disclosure is optimal, note rst
that it is always a dominant strategy equilibrium of the second-round auction for i to bid
θi1 + θi2 17 . Conditional on truthful bidding in the rst-round, this
implies that i wins the object only if:

his estimated value,

(
i ∈ arg max
j∈{1,2}

1 − H 1 θj1

θj1 + θj2 −
h1 θj1

)

Again, the asset is allocated to the bidder with the highest virtual valuation. It is optimal
to commit to such a rule, which is independent of eort, because the seller can make
charges in the rst round.
As in the case

n = 1,

the seller and bidder 2 have aligned incentives over the best

choice of 2's eort. The Proposition shows that 2's optimal eort takes an intuitive form:
1
1
eort is greater the closer are θ1 and θ2 . The reason is again that 2's private incentive to
update his value is strongest when the new information is likely to be pivotal to whether
he wins the asset. As of period 1, this is most likely when 2 perceives himself to be in
a `close race' for the asset - when he and his opponent share similar values. But, bidder
2 cannot know when he is in a close race without information being provided to him by
the seller. This is what gives the seller an incentive to disclose to bidder 2 his relative
position to bidder 1. Moreover, disclosing the entire bid history turns out to be optimal.

4

Optimal Auctions for Complex Assets: General Results

Consider now the environment in Section 2. Our aim is to understand how the seller uses
the two tools available to her - the rules of the auction and the ability to disclose bidders'
information - to extract the maximal expected revenue. However, as a useful benchmark,
we will compare a related model in which the seller does not need to use disclosure in this case, the seller will be able to control eorts directly. That is, bidder eort is a
veriable action, and the seller can write contracts based upon it.
When the seller can choose eorts directly, information disclosure is in general not
protable. This is the insight of the most standard version of the Revelation Principle
- when bidders have private information only, it is without loss of generality to employ
mechanisms which ask bidders to submit their information condentially to the seller.
Thus, the questions we have about information disclosure can have nontrivial answers
only under nonveriable eort.

17 As in Eso & Szentes (2007).
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The seller's problem when eort is nonveriable, which we denote by

PN V ER ,

is:

P
maxy(θ1 ,θ2 ),t(θ1 ,θ2 ),er (θ1 ) E [ ni=1 ti (θ 1 , θ 2 )]



s.t.
Ui (θi1 ) ≥ Ui θ̃i1 , ei , θ̃i2 | θi1


∀i, θ̃i1 , ei , θ̃i2 and θi1 .
while, if eort is veriable, the seller's problem,

PV ER ,

is:

P
maxy(θ1 ,θ2 ),t(θ1 ,θ2 ),e(θ1 ) E [ ni=1 ti (θ 1 , θ 2 )]

 2 1
1
1
1
1
s.t.
Ui (θi ) ≥ Ui θ̃i , ei θi , θ−i , θ̃i | θi


∀i, θ̃i1 , θ̃i2 and θi1 .
The two problems dier only in that

PV ER

involves fewer constraints than

PN V ER .

When eort is nonveriable, the seller has to ensure not only that bidders will report
their values truthfully, but also that bidders will agree with the seller's recommendations
over the amount of eort to apply.
upper bound on the value of

Thus, the solution to the benchmark provides an

PN V ER .

To solve these problems, it is easiest to take the classic approach of characterising
local incentive constraints, subsequently solving a Relaxed Problem, subject only to these
local constraints. To that end, the following Lemma characterises local IC and obedience
constraints:

Lemma 2.

Any incentive compatible DRM must satisfy the following:

1. The Envelope Condition for

θi1 :


 1 r 1 
∂Ui (θi1 )
1
2
=
E
y
θ
,
θ
| θi ; e θi
i
∂θi1
almost everywhere,

(4)

∀i ∈ {1, . . . , n}.

2. The Obedience constraint:





ˆ


eri ∈ arg max E 

1 − H 2 θi2 ; ei

ei




 dθi2 | θi1 , eri ; ei  − ci (ei )

(5)

θi2 :i∈arg maxj Vj

3. The Envelope Condition for

θi2 :




∂Ui (θi1 , eri , θi2 )
= E yi θ 1 , θ 2 | θi1 , θi2 ; er θi1
2
∂θi
19

(6)

Furthermor e,

E [yi (θ 1 , θ 2 ) | θi1 ]

is increasing in

θi1

and in

θi2 .

An immediate consequence of Lemma 2 is that agent utility in any incentive compatible
mechanism can be written as

ˆθi

1




1
1
dς
E yi ς, θ−i
, θ 2 | ς; e ς, θ−i


Ui θi1 = Ui (θ1 i ) +

(7)

θ1 i
Furthermore, conditional on truthful and obedient behaviour in the rst-round, agent
utility must satisfy:

ˆθi

2



Ui θi1 , eri , θi2 = Ui θi1 , eri , θ2 i +


 1

2
E yi θ 1 , ν, θ−i
| θi , ν; er θi1  dν

(8)

θ2 i
Lemma 2 generalises the usual envelope condition for independent
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, private value

auctions. But, we must be careful to interpret it properly. For example, it appears as
1
2
rst glance to restrict only the allocation rule, yi (θ , θ ). However, the seller's choice
1
1
2
1
of e (θ ) also aects E [yi (θ , θ ) | θi ] in principle, through it's eect on the distribution
2
of θ . More importantly, though, we have to be careful because an incentive compatible
1
mechanism can create statistical dependence across i - dierent θi induce dierent e−i
among opponents, causing them each to have potentially separate beliefs. If that is the
case, can we employ some variant of the Cremer-MacLean mechanism and extract the full
surplus from the auction, thereby rendering the Envelope Condition inappropriate?

It

turns out that this is not the case, because any such correlation is induced endogenously
by bidders' reports. Because reporting is chosen optimally by the bidder, the overall eect
of making a truthful report on his utility must be zero.

This establishes the Envelope

Condition, even when bidders' values are potentially correlated.
As is generally true with solving auction design problems, the constraints imposed
by the rst-order condition in Lemma 2 do not capture the full set of incentive compatibility constraints: the rst-order approach rules out only `small' deviations from truth
telling and obedience.

In standard (static) mechanism design problems, the remaining

constraints are controlled for by the second condition in Lemma 2.

This will typically

not be strong enough any longer, since the dynamic model allows for multidimensional
deviations. However, Lemma 4 of Eso & Szentes (2007) explains the form of an optimal
multidimensional deviation in any incentive compatible mechanism is as follows:

Lemma 3.

(Eso & Szentes, 2007)

Consider player

i with rst period `type', θi1 , and who reports some θ̃i1

of an incentive compatible DRM. In the second round of this DRM, if
18 Conditionally, on

e.
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in the rst round

i's

second period

information is

θi2 ,

it is optimal for him to report

θ̃i2

in the second round, where

θ̃i2

is such

that

θi1 + θi2 = θ̃i1 + θ̃i2

(9)

Armed with this charaterisation of incentive constraints, we now take the approach
of maximising the seller's revenue subject only to (7), (5) and (8) and the participation
constraint. Call these problems the Relaxed Problems,
Understanding their solutions and how they relate to

RPN V ER and RPV ER , respectively.
PN V ER , PV ER constitute the main

results of the paper.

4.1 The Relaxed Problem - Properties of the Optimal Auction &
Information Disclosure Policy
Proposition 3.

Let

Vi := θi1 + θi2 −

1−F (θi1 )
f (θi1 )

be

i's

virtual value. Regardless of whether

eort is veriable or not, the solution to the Relaxed Problem

RPN V ER ) is characterised
yiRP  (θ 1 , θ 2 ) = 1 ⇐⇒

and

RP 

(respectively,

i ∈ arg max {Vj }

(10)

UiRP (θ1 i ) = 0

(11)

j∈{0,...,n}

The deterministic function



ˆ


E −

RPV ER

as follows:


eRP
(θ 1 )
i

satises


∂H 2 2 RP  1  2 1 RP  1  ∂ci RP  1 
θ ;e
e
θ
θ
.dθi | θ ; e
θ =
∂ei i i
∂ei i

(12)

θi2 :i∈arg maxj Vj

where

N V ER
eRP
i

should be interpreted as the eort level recommended by the seller to
1
bidder i, given the reported θ .
Furthermore, the Proposition identies the optimal auction format for the seller under
either

RPN V ER or RPV ER .
i, i

It turns out that it is optimal to ensure that the auction winner

is bidder

(
)
1
1
1
1
1
−
H
θ
1
−
H
(θ
)
i
j
= max
θj1 + θj2 −
θi1 + θi2 −
j∈{1,...,n}
h1 (θi1 )
h1 θj1
This allocation rule is the same one found by Eso & Szentes (2007) in a model without
endogenous learning about private information. The intuition for this comes from recalling
that we have assumed only participation constraints at the rst interim stage, where bidder
i's private information is only θi1 . Intuitively, it is possible to extract any rents from i's
RP
future information, ei
(θ 1 ) , θi2 , by enforcing a payment at the end of the rst round,
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before this information is learned. Therefore, to nd
adjust

θi1 +

i's

virtual valuation, we need only
1−H 1 (θ1 )
θi2 by rents due from initial private information, or h1 θ1 i .
( i)

The most important nding of Proposition 3 is that problems RPN V ER and RPV ER
eRP . This is important, because it

have identical solutions, up to the interpretation of

shows that the seller and bidders' preferences over when eort should be performed are
RPV ER
aligned. If the seller cannot directly enforce eorts of e
, she can instead announce
RPV ER
r
.
privately to each bidder the eort level she would have chosen for them, ei = ei
The seller can be sure that, armed with this information, each bidder will perform the
eort she desired of them. This is because the seller can charge the bidders up front for
the surplus generated by information provided to a bidder, so long as i has truthfully
1
announced his rst-round information, θi . We will see shortly, however, that the caveat
on this intuition of truthful reporting is not a trivial one.
Proposition 3 provides some support for the Eso & Szentes (2007) auction form, when
augmented in two ways. It appears to suggest that a seller should employ a Handicap
Auction, but where the seller additionally commits to disclosing condentially to each

i

the eort level she would enforce of him, if it were veriable. Second, the price paid by

i must be augmented to extract the additional expected benet to the bidder
RP
r
1
disclosing ei (θ ) = ei
(θ 1 ).

each bidder
from

Of course, practical auctions, it is not much help that we recommend sellers to announce some abstract eort levels to bidders. to bidders. Fortunately, there is a simple
way to implement the same allocation, using bidding information instead:

Corollary 1.

The solution to problem RPN V ER can be implemented by an equivalent
RP 
(θ 1 ), with Partial Dismechanism in which the seller replaces recommended eort, ei
˜1
closure of reported history, θ , to all the bidders - she discloses to each i a subset of
 1
RP
possible bids by i's opponents, θ−i 1 r 1 1
.
θ−i :ei (θi ,θ−i )=ei N V ER
Proof. Given i's report


(θ 1 )
θ̃i1 , eRP
i

is a correspondence from
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θ−i

to

E.

Inverting this

correspondence proves that the bidder's information can be equivalently thought of as
 1
θ−i θ1 :er (θ1 ,θ1 )=eRPN V ER .
i
−i i
i −i
Corollary 1 expresses that the seller could equally well disclose the bidding history
partially to implement the solution. She simply announces the subset of opponent's bids
RPN V ER
for which the seller would have recommended ei
. We address in the next Section
the questions of whether and when it is possible for the seller to go even further and
1
commit to full public disclosure of the rst-round bids, θ̃ .

19 Since we have shown that it is optimal to use a deterministic function,
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eRP
θ1
i



.

4.2 Global Incentive Compatibility in Auctions for Complex Assets
The augmented Handicap Auction with Partial Disclosure satises all the obedience and
second-round IC constraints. However, we did not require that the full set of rst-round
IC constraints hold - instead, we assumed that only local IC constraints were binding. In
this Subsection, we look for sucient conditions under which the solution to RP satises
1
global incentive compatibility with regard to θi , and is therefore solves PN V ER (and,
incidentally,

PV ER ).

We will think of the sucient conditions we provide as a reection

of the complexity of the asset being auctioned.
To establish global incentive compatibility, we need to consider the reporting incentives
1
of a bidder with type θi in the augmented Handicap Auction with Partial Disclosure.
1
1
Consider what happens if he under-reports, θ̃i < θi . The intuition is clearest with two
bidders.
First, the Handicap Auction imposes a strict cost for reporting

θ̃i1 ,

so long as

 
1 − H 1 θ̃i1
1 − H 1 (θi1 )
  <
h1 (θi1 )
h1 θ̃i1
If the bidder under-reports in the rst round, he receives a lesser discount in the nal
auction for the asset, and therefore has a lesser chance of winning the good in the nal
1
2
round (even after he revises up his reported nal value to θi + θi ). This makes under1
reporting costly, as the lower probability of winning allows type θi to extract less rent
1
over type θ̃i than he would get by acting truthfully and winning with higher probability.
However, the seller's commitment to partial disclosure can cause up to two other
eects on bidder i's incentives, which may tempt him into misreporting his type. For the
rst eect, recall from the two-bidder example of Section 4, that after the rst round of
the augmented Handicap Auction with Partial Disclosure, bidders are told how far apart
1
1
their rst round reports are, |θ1 − θ2 |, and that bidder 2's optimal eort is a decreasing
function of this information. Imagine some type of bidder 1 who has a moderately high
type. Because his type is high, he believes that in the nal auction he has a good chance
of winning the object. But, because his type is moderately high, he believes there is a
1
1
strong possibility of facing an opponent with a θ2 only a little lower than his own θ1 . If he
reports truthfully, then he will probably induce high eort from his opponent. This harms
1's chance of winning the good, by causing a mean preserving spread in 2's values. If,
instead, 1 heavily under-reports in period 1 (knowing that he can `correct' this in period
2), 2 is unlikely to perform much eort. The second eect relates to the desire of a bidder
to disobey a recommendation by the seller following a lie, which can only increase his
1
payo from lying about θi .
These considerations are much in the spirit of the ratchet eect. The seller has an
incentive to use the information provided by
may damage

i's

i to encourage others to make decisions which
i's incentive

prospects for winning. Knowing this incentive may distort

to report truthfully. Of course, there are two major dierences here versus the ratchet
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eect - rst, the seller can commit to disclosure policies ex ante, which means that we can
restrict ourselves to DRMs. Thus, whatever the optimal solution may be to our problem,

20

we know that the bidders can be made to report truthfully
to the seller sharing some of

i's

. Second, there is social value

information with other bidders - the information learned

is not used for a zero-sum purpose, which means that disclosure still has a role in an
optimal mechanism, where it does not in the environment of the ratchet eect.
The above discussion calls into question whether the solution to

RPN V ER

satises

global incentive compatibility. The next Proposition assures us that if the asset is suciently complex to value, then indeed the augmented Handicap Auction with (Optimal)
Partial Disclosure is indeed incentive compatible.
A complex asset is one whose value is dicult to discover. One way of thinking about
the diculty of learning the asset's value is to have a suciently increasing marginal cost
of performing eort. Thus, we identify with greater asset complexity a more convex cost
function for eort:

Proposition 4.
∂ 2 ci
∂e2i

Assume

1−H 1 (θi1 )

(ei ) ≥ B (H), ∀e ∈ E ,

h1 (θi1 )

is strictly decreasing. Then,

then the solution to

RPN V ER

∃B (H) ∈ R+

such that if

is globally incentive compatible.

The intuition for the result is that the potential benet from `fooling' rival bidders
θ̃i1 is limited when the asset is complex. While such a lie alters
i's all21 bidders' incentives to perform eort, when the asset is complex, the extent to

with a false report of

which they vary their eorts is bounded in the size of the lie,

θ̃i1 − θi1

.

This follows

because of the convexity of bidders' cost functions. On the other hand, recall from the
discussion preceding Proposition 4 that the rules of the Handicap Auction provide a strict,
1−H 1 (θi1 )
and increasing cost to lying when
is strictly decreasing. For suciently complex
h1 (θi1 )
assets, the latter eect outweighs the former, establishing global incentive compatibility.

4.3 On The Optimality of Full Disclosure
Subsection 4.2 established that, for suciently complex assets, the augmented Handicap
Auction with (Optimal) Partial Disclosure is the revenue-maximising institution. Recall
from Corollary 1 that a useful practical way to implement this institution is to provide
bidders with a subset of possible bids made by opponents, as a function of the history
of reports actually sent to the seller. But, in order to know exactly what subsets of bids
we should provide to bidders in a given example, we need to be able to solve the model,
which can be dicult with more than 2 bidders. Moreover, the optimal partial disclosure
1
2
will depend on the exact distributions of values, H , H . These are typically not known
in practice.

20 Perhaps by greater privacy protection, or by causing an even larger punishment for under-reporting
in the auction allocation rule

21 Including

i

himself.
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We might then ask whether it might be possible to implement the same outcome by
replacing the more complicated partial disclosure with a much simpler policy: to simply
disclose the bid history publicly to all bidders. Given the properties of the solution to

RPN V ER ,

it might seem possible at rst glance that Full Disclosure could always be used

to perform the job of Partial Disclosure.

After all, given the bidding history, bidders

could work out the eort the seller would want them to perform.

Moreover, we have

seen already that, in equilibrium, the seller and each bidder agrees on the eort level
they should perform (by the equivalence of the solutions to

RPV ER

and

RPN V ER ).

Fi-

nally, providing bidders with surplus information does not change bidders' second-round
reporting behaviour, for any history of play (by Lemma 3).
However, Section shows that the extra information provided to bidders by Full Disclosure may lead to violations of the rst-round incentive compatibility constraints. The
reason is that, in the auction format we have identied in Subsection 4.1, the seller and
1
bidder may disagree about the level of eort to choose following a lie, θ̃i . The more
the information provided the bidders, the more that bidders can exploit this conict of
interest, and this exacerbates incentive constraints.
It turns out, though, that for the most complex assets, it is possible to use Full
Disclosure as part of an optimal institution. This is the content of the next Proposition:

Proposition 5.

Assume

B 0 (H) ≥ B (H) ∈ R+ ,

1−H 1 (θi1 )
h1 (θi1 )

is strictly decreasing. Then,

such that if

∂ 2 ci
∂e2i

∃B 0 (H),

(ei ) ≥ B 0 (H), ∀e ∈ E ,

satisfying

∞>

then the augmented

Handicap Auction with Full Disclosure is the optimal auction in problem

PN V ER .

The proof is very similar to that of Proposition 4. The idea is again that when the
asset is complex, the benet from lying can be reduced below the cost. The only dierence
is that one of the benets of lying, the free choice of the bidder to change his own eort
(after `fooling' others with a lie), is greater because of the extra information provided to
him by Full Disclosure.

Nonetheless, complexity limits the extent to which the bidder

wishes to take advantage of this opportunity.

5

Robustness to General Asset Classes

An important question remains over the robustness of the augmented Handicap Auction:
Is it always globally incentive compatible, and therefore robust to endogenous bidder
values?

The aim of this Section is to provide a counter-example which shows that the

Handicap Auction is not always robust to incentive compatibility issues when the seller
discloses endogenous information. It turns out that we can use this nding to argue that
Partial Disclosure is sometimes strictly superior to full disclosure. The analysis focuses
on the case

n = 2,

because it is the easiest environment for our counter-example. All the

results of this section extend to

n

bidder environments.

Recall the example from Proposition 2. However, we specialise the rst-round values
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to follow the negative exponential distribution
θi1

H 1∗ θi1 = 1 − e k

Note that this distribution implies a constant hazard rate, since

1 − H 1∗ (θi1 )
=k
h1∗ (θi1 )
Note also that this characteristic satises the usual assumption in the auction literature
that bidders' virtual values,

1 − H 1 (θi1 )
h1 (θi1 )

θi1 + θi2 −
are increasing in

θi1 .

When values are exogenously distributed, this is sucient to

guarantee incentive compatibility of the Relaxed Problem. However, as we will now show,
when information about values is endogenous, the Handicap Auction augmented with
partial disclosure may not satisfy incentive compatibility.

In this way, we nd limited

support for the Eso & Szentes (2007) auction format for general asset classes.

Proposition 6. Consider the environment of Proposition 2, and further assume H 1 (θi1 ) ≡
H 1∗ (θi1 ).

Then, the augmented Handicap Auction with (Optimal) Partial Disclosure is not

globally incentive compatible.
This may be surprising in the context of Proposition 4, but we should be careful to
H 1∗ (θi1 ) violates
Proposition 4's assumption that the hazard rate for rst-round values be strictly decreasnote that these results do not contradict eachother. The reason is that

ing. To understand why Proposition 6 holds, consider who intuitively has an incentive to
lie. For bidder 2, the situation looks very similar to the pricing scheme faced by a single
bidder. Indeed, his eort prole is very similar to that in the single bidder case. So we
should not expect to look for bidder 2 to prot from lying.
Instead, consider the problem faced by bidder 1. The Handicap Auction species a
1−H 1∗ (θi1 )
= k . This means
constant discount to be applied to all types of bidder 1,
h1∗ (θi1 )
that the usual direct cost imposed by the auction for under-reporting his value in the
rst round disappears, since regardless of his report, the Eso & Szentes auction format
provides the same discount. However, there is a benet to misreporting in the rst round
for bidder 1.

It operates through 1's ability to aect 2's beliefs about his rst-round

estimate, thereby aecting 2's eort in a way which benets him. For example, if 1 has a
moderately high rst-round estimate, he can gain by reporting a very low value. This will
induce bidder 2 to perform little eort, thereby causing him not to update his valuation
much, and increasing 1's chance of ultimately winning (since in the second-round, he can
redeem himself with a high-second round revised estimate).
It is the person with no private eort choice, and therefore no problem of obedience,
who nds lying protable in this example.

This is because, when there is information
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disclosure by the seller, the bidder can manipulate his opponents' private actions, which
in turn aect his payo by giving him a more favourable distribution of opponent values.
Thus, we have seen that the Eso & Szentes Handicap Auction solution is not always
robust to endogenous information. This raises the interesting question of what should be
done to optimally restore incentive compatibility: Should we commit to disclosing less
information, or should we distort the auction to make under-reporting in the rst-round
more costly? This is as yet an unanswered question in theory, but this incentive problem
may help to explain why the market takes the apparently harsh stance of eliminating low
rst-round bidders, while still disclosing the history of bids.
A nal question remains unanswered: While Partial Disclosure is always weakly optimal, will the simpler policy of Full Disclosure always implement the same outcome under
the augmented Handicap Auction? We have seen in Section 4 that this is true of suciently complex assets, but can it be said to hold generally? Or is there strict value to
some privacy protection?

6

Conclusions

This paper considered the problem of auction design when bidders have imperfect information about their own values, and can choose whether to perform costly eort to learn
more about the asset's value. The seller of the asset is assumed to be able to employ one
or two-round auctions. Motivated by the increasing importance of two-stage auctions for
bespoke nancial products, our main focus was on the case where the asset is complex,
and therefore dicult for the bidder to value.
In this environment, there are two important tools the designer must use to generate
eective competition between bidders. First, as usual, the seller can choose the rules of
the auction - who gets the good, and how much they pay, based on the history of bids.
Second, if the seller uses a two-stage auction format, she has another tool at her disposal.
She can feed information back to the bidders about the rst-round bids of others. Indeed,
in two-stage auctions for nancial trades, it is common to observe the auctioneer providing
information to all bidders about their opponents' rst-round bids.
We nd that, in the presence of endogenous learning by bidders, it is optimal (subject
to local incentive compatibility constraints) to run a version of Eso and Szentes' (2007)
Handicap Auction, augmented with Partial Disclosure of the bid history. In the rst-stage
of this auction, the bidder submits a bid (based on his initial estimate) which buys him a
discount in the second-round auction, along with a promise by the seller to provide some
information about the bids of his opponents. Then, the seller submits privately to each
a report on the bids of his opponents - this report gives a set of the possible bids his
opponents made. This is the best way to help each bidder decide whether or not to make
the costly investment in learning his own private value. Finally, a second-price auction is
run, with the relevant discounts applied.
In a special case of the model with 2 bidders, we are able to provide an intuitive
characterisation of how bidders choose when to put eort into learning their values. The
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seller tells the bidders how close their respective rst-round values are (this is the Optimal
Partial Disclosure). Given this, the bidders put in high eort when their values are close,
and lower eort if their rst-round estimates are far apart.
If the asset is complex, then this auction format also satises global incentive compatibility constraints. The problem with the procedure described above is that it can give
bidders an incentive to lie in the rst-round of the auction.

This is due purely to the

seller's use of information disclosure, as it allows a bidder to potentially gain by manipulating the beliefs (and therefore learning decisions) of opponents. Why should a bidder
care about the learning of others' ?

Because this learning gives opponents greater con-

dence about when they should bid high, which can lower a bidders' own prospects for
victory. When the asset is complex, bidders' learning behaviour is less sensitive to others'
bids, lessening the incentive to lie. Conversely, the inbuilt cost of lying inherent in the
Handicap Auction is independent of the asset's complexity.

We showed by example in

Section 6 that this cost of lying may not always be sucient to guarantee global incentive compatibility. Thus, the augmented version of Eso & Szentes' Handicap Auction is
not robust to endogenous learning and information, because it can be manipulated by a
bidder providing false estimates.
A problem with the augmented Handicap Auction with Partial Disclosure is that, in
order to know what information to disclose, we need to know the distributions of information, and how they change as bidder's learn. This is a complicated procedure. Therefore,
we ask: when is it equally good to replace Partial Disclosure with Full Disclosure in the
augmented Handicap Auction? It turns out that, conditional on truthful rst-round reporting, the bidder and auctioneer have no conict about the right level of learning to do
in the augmented Handicap Auction. This strongly hints at the possibility of using Full
Disclosure to implement the same outcome as Partial Disclosure. Unfortunately, following
a lie, the incentives of bidder and auctioneer for learning diverge, which means that Full
Disclosure may exacerbate the rst-round incentive to lie.
It turns out that, for the most complex assets, Full Disclosure is optimal as part of the
augmented Handicap Auction. This is interesting in the context of the two-stage auctions
for highly bespoke nancial trades, where the auctioneer often reports the rst-round bids
publicly to the bidders.
The auction procedure we identify is not fully optimal - We limited ourselves to twostage auction formats. In general, this is not fully optimal because it would be better for
the seller to employ a sequential mechanism, in the spirit of Cremer, Spiegel and Zheng
(2007). This would allow the seller to economize on information acquisition costs further,
1
2
by only encouraging additional bidders to learn when others' nal estimated values, θj +θj ,
are insuciently large. By contrast, in out model, bidders can only make the decision to
1
learn more based on information about opponents' initial estimated values, θ−i . Thus,
for a full analysis, we need to consider such mechanisms.
Another direction for extensions would be to constrain the auctioneer to be unable to
make payments in this auction based on rst-round estimates. As in Pancs (2010), this
involves additional Participation constraints, at the second-round stage. Such a change
is likely to cause a divergence of the seller's and bidder's desired eort levels even after
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truthful reporting, because the seller could not extract the surplus value of information.
In this case, it could never be optimal to use Full Disclosure.
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Appendix
The Appendix lists all the proofs of the results in the text.

Proposition 1
Proof. The optimal allocation rule, proved for the case of

n

bidders in Proposition 3, is

to give the bidder the good if

θ11 + θ12 −
and the optimal choice of eort,

ˆ

e1 (θ11 )

must satisfy the rst-order condition,



∂H 2
∂c1
z; e1 θ11 .dz =
e1 θ11
∂e1
∂e1

−
z≥−θ11 +

1 − H 1 (θ11 )
≥0
h1 (θ11 )

(13)

( )
( )

1
1−H 1 θ1
1
h1 θ1

To prove the result, we need to show that the two-stage pricing scheme above implen = 1. First, consider round 2, and suppose type θ11 had
1−H 1 (θ11 )
2
in round 1. After the realisation of θ1 , clearly 1 will buy
purchased strike price
h1 (θ1 )
ments such an allocation for

1

the asset in round 2 i

θ11 + θ12 ≥

1 − H 1 (θ11 )
h1 (θ11 )

as required for under the above allocation rule. Furthermore, if type
`correct' discount

( )
,
( )

1−H 1

θ11
h1 θ11

θ11

chooses the

then his continuation payo from eort at the end of round 1

is





1−H 1 (θ11 )
1
1
2
E max θ1 + θ1 − h1 θ1 , 0 | θ1 ; e1 − c1 (e1 )
( 1)


´
1−H 1 (θ11 )
1
=
θ1 + z − h1 θ1
h2 (z; e1 )  dz − c1 (e1 )
1
1−H 1 (θ1
)
(
)
1
1
z≥−θ1 +
h1 (θ 1 )
´ 1
2
=
1 (1 − H (z; e1 ))  dz − c1 (e1 )
1−H 1 (θ1
)
1
z≥−θ1 +
1
h1 (θ1
)
where the last equality uses integration by parts.
respect to

e1

Dierentiating this expression with

and setting to 0 yields the rst-order condition (13).
1
Consider dierentiating (13) with respect to θ1 , using the IFT. Upon rearrangement,
we have




1−H 1 (θ11 )
1−H 1 (θ11 )
∂
d
2
1
1
H
− θ1  dθ1 θ1 − h1 θ1
∂e1
h1 (θ11 )
( 1)
1
de1 (θ11 )
´
=
2
∂c1
∂
dθ11
H 2 (z; e1 (θ11 ))  dz + ∂e
(e1 (θ11 ))
1
1−H 1 (θ1
∂e21
)
1
1
z≥−θ1 +

( )

1
h1 θ1
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The denominator is
from Assumption 6, and the convexity of

negative, following
By Assumption 3,

with

θ11

d
dθ11

depends on

c1 .

1−H 1 (θ11 )

≥ 0. Thus, the direction in which eort changes
θ11 − h1 θ1
( 1)


1 θ1
1−H
(
)
1
∂
H2
− θ11 . But, by Assumption 5, we have that
∂e1
h1 (θ11 )
1 − H 1 (θ11 )
de1 (θ11 )
1
Q0
R
0
⇐⇒
θ
−
1
dθ11
h1 (θ11 )

(14)

which proves the single-peakedness of eort choice.
We only have to prove now that the bidder will choose the `correct' strike price in
1−H 1 (θ11 )
1−H 1 (θ̃11 )
.
period 1. To do this, we must compare the payo to purchasing
versus
1
1
h (θ1 )
h1 (θ̃11 )
Let

θ11 > θ̃11

- the other case is completely symmetric. He purchases the `correct' strike if







1
1
E max
+ − h1 θ1 , 0 | θ1 ; e1 (θ1 ) − c1 (e1 (θ11 )) − p1 (θ11 )
( 1)



 


 

1−H 1 (θ̃11 )
1 1
0
1 1
2
1
1 0
≥ E max θ1 + θ1 − h1 θ̃1 , 0 | θ1 ; e1 θ̃1 , θ1 − c1 e1 θ̃1 , θ1 − p1 θ̃11
( 1)
 


1
1
1
0
is the eort performed by type θ1 if he purchases the strike p2 θ̃1 .
where e1 θ̃1 , z
 
1
1
yields, after some algebra,
Substituting in for the prices p1 (θ1 ), p1 θ̃1
ˆθ1

1

θ̃11

θ11

θ12

1−H 1 (θ11 )

 

1


ˆθ1 


1 − H 1 θ̃11
1
1
−
H
(z)
2
0
1
2
1 − H 
  − z; e1 θ̃1 , z dz ≤
− z; e1 (z) dz
1−H
h1 (z)
1
h θ̃11
1




θ̃1

We show that

1−H

2



1−H 1 (θ̃11 )
h1 (θ̃11 )

−



z; e01

θ̃11 , z



≤ 1−H 2



1−H 1 (z)
h1 (z)


− z; e1 (z) , ∀z, θ̃11 , z ≥

θ̃11 .
•

Case 1:

z−

1−H 1 (z)
h1 (z)

≥ 0, z −

1−H 1 (θ̃11 )
h1 (θ̃11 )

≥0

Clearly, by Assumption 3,

 



1 − H 1 θ̃11
1
1
−
H
(z)
2
2
  − z; e1 (z) ≤ 1 − H
1−H
− z; e1 (z)
h1 (z)
h1 θ̃11


We show that

1−H

2



1−H 1 (θ̃11 )
h1 (θ̃11 )

− z; e1



θ̃11 , z



≤ 1−H

2



1−H 1 (θ̃11 )
h1 (θ̃11 )


− z; e1 (z) .

First,

by an almost identical argument to the one which established condition (14), given any

z,
e01 (a, z)
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1∗
is a single-peaked function of a, with a peak at the θ̃1 , which satises



z = p2





θ̃11 ∗ .



e01 θ̃11 , z ≥ e01 (z, z) = e1 (z). But, by Assumption 5, this implies
 




1 − H 1 θ̃11
1 − H 1 (z)
2
2

  − z; e1 (z) ≤ 1 − H
− z; e1 (z)
1−H
h1 (z)
h1 θ̃11

Therefore,

since

•

1−H 1 (θ̃11 )
h1 (θ̃11 )

Case 2:

− z ≤ 0.

z−

1−H 1 (z)
h1 (z)

≤ 0, z −

1−H 1 (θ̃11 )
h1 (θ̃11 )

≤0

This case can be proved by a symmetric argument to Case 1.

•

1−H (θ̃ )
(z)
Case 3:z − 1−H
≤0
≥ 0, z − h θ̃
h (z)
( )
1

1

1

1

1
1

1
1

θ12 ,
  



1
1 − H θ̃11
1
1 − H 1 (z)
0
2
2
  ; e1 ≤ ≤ H z −
H
z−
; e1
2
h1 (z)
h1 θ̃11

By symmetry of the distribution of

∀e01 , e1 ∈ E .
Together, these three cases prove that a bidder with type
price

( )
( )

1−H 1

θ11
h1 θ11

θ11

indeed chooses the strike

in the pricing scheme of Proposition 1.

Proposition 2
Proof. The optimality of the allocation rule is established in Proposition 3. We show that
the augmented Handicap Auction with Full Disclosure involves an incentive compatible
2
1
choice of θi , and obedient choice of ei , conditional on truthful reporting of θi . We also
show that the mechanism of the Proposition obeys the Envelope Condition identied in
1
Lemma 2 for the truthful reporting of θi .
1−H 1 (θi1 )
,
First, consider the second-round, assuming that bidder i has correctly selected
h1 (θi1 )
and that bidder

j

is truthful and obedient. Since bidder

i's

payment in this auction is

independent of his second-round report, it is a dominant strategy for him to bid

bi = θi1 + θi2
This implies that, in equilibrium, the winner of the good is the bidder who satises

(
max
j∈{1,2}

θj1

+

θj2

1 − H 1 θj1

−
h1 θj1
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)

as required by optimality conditions of Proposition 3.
Next, consider bidder i's continuation payo to performing eort at the end of period
θ 1 . The bidder's payo can be expressed

1, after the seller fully discloses





E max θi2 − θj2 − ∆x θ 1 , 0 | θ 1 ; ei , ej θ 1 − ci (ei )
where

∆x (θ 1 ) ≡ xj − xi ,

and

xi = θi1 −

1−H 1 (θi1 )
h1 (θi1 )

.

This can be rewritten, up to a

constant, as





ˆ



1 − H 2 (z; ei )  dz | θ 1 , ej θ 1 
 − ci (ei )


E

θj2 +∆x(θ 1 )

Taking the rst-order condition,





ˆ


E


−

 ∂ci (ei )
∂H 2
(z; ei )  dz | θ 1 , ej θ 1 
 = ∂ei
∂ei

θj2 +∆x(θ 1 )
which is exactly the condition required for optimal eort by Proposition 3.

1
It is simple to see that the payments, pi (di ), are chosen so that, if type θi chooses
1
discount di (θi ), then bidder utility obeys the Envelope Condition of Lemma 2:

ˆθi

1


1


 
E 1 − H 2 θj2 + ∆x ς, θj1 | ς  dς

Ui θi =
θ1 i

Bidder 1 optimally performs maximal eort, for all

θ1,

Finally, we show that bidder 2's eort is a decreasing

c1 (e1 ) = 0.
1
function of |∆x (θ )|.
since

2's eort

choice problem is characterized by the equation





ˆ


E


−

 ∂c2 (e2 )
∂H 2
(z; e2 )  dz | θ 1 
 = ∂e2
∂e2

θ12 +∆x(θ 1 )

∆x (θ 1 ) yields
h 2
i
∂H
2
1
1
E
(θ
+
∆x
(θ
)
;
e
)
|
θ
1
2
1
∂e2
∂e2 (θ )
h´
i
1 =
∂2
1
1
∂∆x (θ )
2
E z≥θ2 +∆x(θ1 ) ∂e2 H (z; e2 (θ ))  dz | θ +

Dierentiating with respect to

1

2

By Assumption 6, the denominator is negative.
depends on the sign of the numerator.
h
To evaluate the sign of

E

∂H 2
∂e2

(θ12

1
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(e2 (θ 1 ))

Thus, the sign of the expression

+ ∆x (θ ) ; e2 ) | θ

for symmetric distributions:

∂c2
∂e2

1

i

, we use the following Lemma

Lemma 4. Consider a Random Variable θ2 whose distribution, H (θ2 ; e) depends on some
parameter

e,

and is symmetric,

∀e.

Then, the derivative of

H

with respect to

e

is anti-

symmetric


∂H
∂H 2 
−θ2 ; e = −
θ ;e
∂e
∂e
Proof. Symmetry implies,

∀e,


H −θ2 ; e = 1 − H θ2 ; e

Dierentiating both sides with respect to

e

gives the result.

Now,

 
∂H 2 2
θ1 + ∆x θ 1 ; e2 | θ 1
E
∂e2


ˆ0


= −

−θ¯2
θ¯2

ˆ

+

 

∂H 2 2
θ1 − ∆x θ 1 ; e2  h2 −θ12  dθ12
∂e2
 

∂H 2 2
θ1 + ∆x θ 1 ; e2  h2 θ12  dθ12
∂e2

0
1
Assume ∆x (θ ) ≥ 0. Then, rewriting the above, using Lemma 4's conclusion that
2
(θ12 + ∆x (θ 1 )) = − ∂H
(−θ12 − ∆x (θ 1 ))
∂e2
∂e2

∂H 2

ˆθ¯2

 


∂H 2 2
θ1 + ∆x θ 1 ; e2 h2 θ12 − h2 θ12 + 2∆x θ2
 dθ12 ≤ 0
∂e2

−∆x(θ 1 )
2
The inequality follows from the single-peakedness of the distribution of θ1 (about its
0 mean, by symmetry), and the fact that |θ12 | ≤ |θ12 +h2∆x (θ 1 )| for θ12 ≥ −∆x (θi1 ). A
∂H 2
1
symmetric argument shows that ∆x (θ ) ≤ 0 =⇒ E
(θ12 + ∆x (θ 1 ) ; e2 ) | θ 1 ≥ 0.
∂e2
1
This proves that eort is a decreasing function of |∆x (θ )|.

Lemma 2
Proof. In any incentive compatible (and obedient) direct mechanism, the following constraints must necessarily be satised:

Ui

θi1



≥ Ui



θ̃i1 , θi2
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|


θi1 ; eRP
i

 
θ̃i1

(15)

∀θi1 , θ̃i1

1

∈θ ,i∈

V ER
{1, . . . , n}, where eRP
i

 
θ̃i1

forced to perform when eort is veriable, and
of eorts

i

is interpreted as the lottery of eorts

 
N V ER
eRP
θ̃i1
i

i

is

is interpreted as the lottery

faces when he obeys the auctioneer's recommendation.

Now, by denition,






 
1
2
1
2
1
1
1

,
θ
,
θ
,
θ
,
θ
−
t
θ̃
=
E[v
y
θ̃
θ̃
Ui θ̃i1 , θi2 | θi1 ; eRP
i
i i
i
i
i
i
−i
−i



 
RP
1
1
1 RP
−ci ei
θ̃i , θ−i
| θi ; ei
θ̃i1 ]



 
1
1
= E[ θi1 + θi2 yi θ̃i1 , θ−i
, θ 2 − ti θ̃i1 , θ−i
, θ2
 

 
1

θ̃i1 ]
| θi1 ; eRP
−ci ei θ̃i1 , θ−i
i

 h
 1 1i
1
1
1
1
2
= θi − θ̃i E yi θi , θ−i , θ | θi , θ̃i +




1
1
E[ θ̃i1 + θi2  yi (θ̃i1 , θ−i
, θ 2 ) − ti θ̃i1 , θ−i
, θ 2 − ci (ei (θ̃i1 ,
1
1

θ−i
)) | θi1 ; eRP
i (θ̃i )]

(16)

2
1
where the second equality holds by LIE and by the denitions of θi , θi , which imply
E [vi | θi1 , θi2 ] = θi1 + θi2 .
1
1
2 22
But, by independence of θi across i, and the independence of θi and θi ,

h

 



 

 i
1
1
1

θ̃i1 + θi2 yi θ̃i1 , θ−i
, θ 2 − ti θ̃i1 , θ−i
, θ 2 − ci ei θ̃i1 , θ−i
| θi1 ; eRP
θ̃i1
i

 i

 


 
h
1
1
1
| θ̃i1 ; eRP θ̃i1
, θ 2 − ci ei θ̃i1 , θ−i
, θ 2 − ti θ̃i1 , θ−i
= E θ̃i1 + θi2 yi θ̃i1 , θ−i
 
= Ui θ̃i1
E

∀θ1 i , θ̃i1 ∈ θi1 , where the
1 1
1
have that, ∀θi , θ̃i ∈ θi :
Ui

θi1



second equality is true by denition. Substituting into (16), we

 h 
  

 i
1
1
1
1
1
2
1 RP
≥ Ui θ̃i + θi − θ̃i E yi θ̃i , θ−i , θ | θ ; ei
θ̃i1

(17)

Given (17), the usual algebra can be applied to prove both parts of the Lemma, for
1
1
almost all θi ∈ θi .

22 Conditional on any



1
ei θ̃i1 , θ−i
,

which is not a function of
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θi1 .

Proposition 3
Proof. Since we have a quasilinear environment, we use the usual implicit resource constraint to substitute out the

"
E

n
X

ti

from the seller's objective function:

#
ti θ 1 , θ


2

"
=E

n
X


#
vi  yi θ 1 , θ


2

− c ei θ


1


1

− Ui θi

(18)

i=1

i=1
We solve problem

RP

by rst eliminating

Ui (θi1 )

using the Envelope formula, (7).

Thus, bidder expected utility can be written as:





1
ˆθi




E Ui θi1
= Ui (θ1 i ) + E 




 
1
E yi ς, θ−i
, θ 2 | ς  dς 


θ1 i




 1
1 − H 1 (θi1 )
1
2
1
= Ui (θ i ) + E E yi θ , θ | θi 
h1 (θi1 )

(19)

where the second equality employs by-parts integration. Substituting (19) into (18) gives
the rewritten objective function for

RP

as:

"

# X

n 
n
1
1
X





)
1
−
H
(θ
i
1
2
1
1
1
2
1
E
v i  y i θ , θ − ci e i θ
−
Ui (θ1 i )
− E yi θi , θ−i , θ | θi 
1 (θ 1 )
h
i
i=1
i=1
After applying LIE, this simplies to:

"
E

n
X

#


Vi  E yi

1
θi1 , θ−i
,θ


2


1

| θi − ci ei θ


1

−−

i=1

n
X

Ui (θ1 i )

i=1

or,

"
E

n
X

1
Vi  yi θi1 , θ−i
,θ


2

− ci ei θ


1

; ei θ

#

1

i=1

−

n
X

Ui (θ1 i )

(20)

i=1

1
2
Expression (20) is the maximand for RP with respect to the functions y (θ , θ ),
n
e (θ 1 ) and constants, (Ui (θ1 i ))i=1 . Ignoring the obedience constraint for now in problem

RPN V ER ,

(20) is maximised by setting


yiRP θ 1 , θ 2 = 1 ⇐⇒ Vi =

max {Vj , 0}

j∈{1,...,n}

, and

UiRP (θ1 i ) = 0, ∀i ∈ {1, . . . , n}
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eRP (θ 1 ),

To solve for

substitute the optimal allocation rules (10) and (11) into (20).

This yields the seller's revenue as:

ˆ

ˆ 

n

 X

max {Vj , 0}  dH 2 θ12 . . . dH 2 θn2 −
ci e i θ 1



...

j∈{1,...,n}
Focus on some bidder

i.

i=1
Doing this, the seller's objective function can be rewritten,

using integration by parts, as





ˆ


E max {Vj , 0} +

1−H

j6=i

θi2

2





dθi2

1

|θ −

ei , conditional on any θ 1 ,we
∀i ∈ {1, . . . , n} , θ 1 ∈ θ1 :

Dierentiating w.r.t.



ci e i θ 1



(21)

i=1

θi2 :i∈arg maxj Vj

tion holds at optimum,

n
X

nd the following rst-order condi-



ˆ

∂H 2 (θi2 )
 ∂ci (ei (θ 1 ))
 dθi2 | θ 1  =
∂ei
∂ei


E −
θi2 :i∈arg maxj Vj

Such an interior solution is guaranteed to exist, because the objective function is continn
uous, E is compact, and the Inada conditions rule out boundary solutions. We do not
need to restrict

ei

23

to be a deterministic function to prove it's (weak) optimality

.

All that remains to show is that this solution obeys incentive compatibility in the
second round (and obedient eort in

RPN V ER ).

Second-round incentive compatibility is simple to verify. Conditional on any truthful,
obedient history, we require that

Ui

θi1 , eri , θi2





≥ Ui

θi1 , eri , θ̃i2

But, these are the usual static IC constraints.

|

θi1 , eri , θi2



It is well known that necessary and

sucient conditions for incentive compatibility are that:
1.

ˆθi

2



 1
2
E yiRP θ 1 , ν, θ−i
| θi , ν; eri .dν



Ui θi1 , eri , θi2 = Ui θi1 , eri , θ2 i +
θ2 i
2.


 1 2 r
2
E yi θ 1 , ν, θ−i
| θi , θi ; ei

is nondecreasing in

θi2 ,

given

θi1 , eri .

23 Although for aesthetic reasons, random functions are not included in the notation
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(22)

The second of these conditions clearly holds by inspection of (10), since
2
nondecreasing function of θi .

yiRP ()

is an

We need to be careful that satisfying the rst condition does not violate (7). But this
1 r 2
1 r
can be guaranteed by appropriately choosing Ui (θi , ei , θ i ), ∀θi , ei .
Finally, we show that the solution to RPN V ER satises the obedience constraint. To
1
do so, consider the incentives of bidder i when choosing eort, given a truthful report, θi .
r
The continuation payo to performing eort ei when the auctioneer recommends ei is:

E [Ui (θi1 , eri , θi2 ) | θi1 , eri ; ei ] − ci (ei )



 1
´ θi2  RP 1
1 r 2
1 r
r
2
−ci (ei )
= Ui (θi , ei , θ i ) + E
θ , ν, θ−i | θi , ν; ei .dν | θi , ei ; ei
E yi
θ2 i

´ θ¯2 
= Ui (θi1 , eri , θ2 i ) + 2 i E yiRP (θ 1 , θ 2 ) | θi1 , eri , θi2  (1 − H 2 (θi2 ; ei ))  dθi2 −ci (ei )
θ i
h´
i
=
Ui (θi1 , eri , θ2 i ) + E θ2 :i∈arg maxj Vj (1 − H 2 (θi2 ; ei ))  dθi2 | θi1 , eri ; ei
−ci (ei )(23)
i

where the rst equality uses (22), the second, by-parts integration, and the nal equality
comes from (10).

r
RP
, it is clear by
Now, if the auctioneer commits to the recommendation e = e

RP
inspection that the solution vector, ei ei
, to the set of equations (23), ∀i, also solves
(21). This establishes that the obedience constraint is satised in the solution to RPN V ER .

Propositions 4 & 5
Proof. The proofs of Proposition 4 & 5 are similar and therefore presented together.
Moreover, Proposition 5 is sucient for Proposition 4.

Because the notation is also

signicantly less messy in the former, it is all that is presented here.
The proof of the result takes place in two stages.

First, it is shown that sucient

convexity in bidders' eort cost functions limits the extent to which players' eorts vary
with reports. Second, this bound is used to prove the sucient condition for incentive
compatibility.

j ∈ {1, . . . , n} \ {i} determine their eorts as a
1
1
Similarly, bidder i with true type θi , but who reports θ̃i ,

Recall that (12) shows how bidders
function of reports



1
θ̃i1 , θ−i



.

chooses eorts according to:




ˆ


 ∂c


∂H 2
i
1

−
(z; ei )  dz | θ̃i1 , θ−i
; ei , eRP
(ei )
−i  =
 ∂ei
∂ei

1−H 1 (θ̃ 1 )
i
z≥maxj Vj −θi1 +
h1 (θ̃ 1 )
i




E
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(24)

(24) is derived in the same way as (23)

24 , 25

. However, it is dierent from (12) - it charac1
terises i's optimal eort choice when he has falsely reported θ̃i in round 1. For the sake
of notational ease, and to highlight the similar forms of (12) and (24), we write these
rst-order conditions as, respectively,

∀j 6= i,

for

  ∂c
 
j
1
; ej =
gj θj1 , θ̃i1 , θ−i
(ej )
∂ej

(25)

 
  ∂c
i
1
(ei )
ki θi1 , θ̃i1 , θ−i
; ei =
∂ei

(26)

and

i26 .
The terms

∂gj ∂gj
,
,
∂ θ̃i1 ∂ek

∀k 6= i,

are continuous functions of

(θ 1 , e).

Writing explicitly:



 



∂gj
∂H 2
dx̃i
2
1
RP
=E
max {Vk − xj } ; ej  1 − H max {Vk − xj } ; ei
| θ ;e
 1
1
k6=i,j
∂ej k6=i,j
∂ θ̃i
dθ̃i
(27)


∂gj

= E
∂ek

ˆ


2

2

∂H
∂H

(z + xj − xk ; ej ) 
(z; ek ) dz | θ 1 ; eRP 
∂ej
∂ek

(28)

z≥maxl6=j,k Vl −xk
By Assumption 5,

∂H 2
∂ej

(maxk6=i,j {Vk − xj } ; ej ) is continuous in maxk6=i,j {Vk − xj }, itself
1
2
of θ , ∀θ . Note further, that this continuity and the compactness

a continuous function
1
n
of θ × E imply that the argument in the expectation in (27) is bounded, by the Ex2
treme Value Theorem. Therefore, the continuity of H (; ej ), ∀j , implies continuity of the
expectation in

e.

Similarly, (28) is continuous (even dierentiable) in
and of the limit of integration in

x,

θ1 ,

by the dierentiability of

so that the Leibniz rule applies.

∂H 2
∂ej

(28) is bounded,

24 Whose rst-order conditions we noted in the proof of Proposition 3 are identical to (12)
25 In the case of Partial Disclosure (Proposition 4), (12) and (24) must be changed to account for the



weaker information provided to bidders: expectations must be conditioned on



1
θ̃i1 , θ−i

1
eri θ̃i1 , θ−i

rather than



26 This notation emphasizes the dierences in the functional forms of (12) and (24), due to the dierent

limits of integration.
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since

ˆ

ˆ

∂H 2
∂H 2
(z + xj − xk ; ej ) 
(z; ek ) dz
∂ej
∂ek

2 |C| 

≤

∂H 2
(z; ek ) dz
∂ek

z≥maxl6=j,k Vl −xk

z≥maxl6=j,k Vl −xk

ˆ

∂H 2
(z; ek ) dz
∂ek

= 2 |C| 
z≥maxl6=j,k Vl −xk

< ∞
where

∂H 2
∂ej

(z + xj − xk ; ej ) ≤ |C| < ∞

follows by continuity of

∂gj
is continuous in
∂ek

inequality, by Assumption 6. As above, this implies that

∂ki
∂ki
We can repeat this exercise for
and
,
∂ej
∂ θ̃i1

j 6= i.

∂H 2
, and the last
∂ej

e.

All that diers here is the limit of

∂ki
∂ki
to also be continuous.
and
∂ej
∂ θ̃i1
∂g
∂g
∂ki
E n , all of ∂ θ̃1j , ∂ekj , ∂∂kθ̃1i and ∂e
are bounded by
j
i
i

integration - therefore, repeating the same analysis shows
Therefore, by the compactness of

θ1 ×

the Extreme Value Theorem.
We are now in a position to prove the rst Lemma:

Lemma 5.

∀D ∈ R+ ,

there exists

B>0

∂ 2 ci
∂e2i

such that if

(ei ) ≥ B , ∀i, ei ∈ E ,

27
then :

dej
<D
dθ̃i1
∀i, j ∈ {1, . . . , n}.
Proof. Dierentiating (25) and (26) respectively using the IFT, yields upon rearrangement:

dej
=
dθ̃i1
and

dei
=
dθ̃i1
Consider some

∂gj
∂ θ̃i1

∂ki
∂ θ̃i1

∂gj
k6=j ∂ek

P

+

+

∂gj
∂ej

−

P

∂ki
k6=i ∂ek

∂ki
∂ei

−

∃B

such that

27 This does not require that dej
1

(29)



∂ek
∂ θ̃i1

(30)

∂ 2 ci
∂e2i

∂ej
∂ θ̃i1

bidder individually, the result holds. Take some

∂ek
∂ θ̃i1

∂2c
∂e2

D, and assume that ∃D, such that

show that, if this is true, then



∂ek
∂ θ̃i1

≤ D,

j 6= i.

≤ D, ∀k 6= j ∈ {1, . . . , n}.

We

also. Since this is true for each

Since we know that

∂gj
∂ θ̃i1

≤ Rθ1 ,

be a decreasing function of the convexity of costs, but simply states
dθ̃i
that all suciently convex cost functions bound eorts in the appropriate way.
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∂gj
∂ek

≤ Rk ,

for some nite constants

Rθ1 , Rk ,

applying the triangle inequality to (29)

yields

dej
Rθ1 + (n − 1)  D
≤
∂2c
1
− ∂e
dθ̃i
2
∃Bj

It should be clear, by inspection of (31) that

such that, if

Repeating the above for (30) show the existence of such a
Finally, take

B = maxj∈{1,...,n} Bj .

(31)

∂2c
∂e2

≥ Bj ,

then

dej
dθ̃i1

≤ D.

Bi .

This establishes the result.

Having shown in Lemma 5 that eorts can be bounded by a linear function of
we now use this to establish Incentive Compatibility of the solution to

RP .



θ̃i1 − θi1



,

First, we

present a Lemma which provides a sucient condition for Incentive Compatibility of any
auction which obeys (5), (7), and (8).

Lemma 6.

Consider any auction

(y (θ 1 , θ 2 ) , e (θ 1 ))

which satises (5), (7) and (8).

This auction is incentive compatible only if it also satises the condition

ˆθi

ˆθi

1

1




1
E yi s, θ−i
, θ 2 | s, ei  ds ≥
θ̃i1

h 

 i
1
1
2
1
2
0
E yi θ̃i , θ−i , θi + s − θ̃i , θ | s, ei θ̃i1  ds

θ̃i1


 i
h h 
 i
+ E Ui θ̃i1 , θi2 | e0i θ˜i1 − Ui θ̃i1
for

 
e0i θ̃i1 ,

(32)

which satises





1
ei θ̃i1 , θ−i
∈ arg max E 


2
ˆθ̃i





1
2
1
1 
yi θ̃i1 , θ−i
, θ̃i2 , θ−i
| θ̃i1 , θ−i
; ei , e−i θ−i
 − ci (ei )

(33)

θ̃2 i
Proof. Incentive compatibility requires that,

Ui θi1



∀θ̃i1 , ei ,



≥ Ui θ̃i1 | θi1 , ei
h 

i
1
1 2
= E Ui θ̃i , θ̃i | θi ; ei , e−i


θ̃2

 ˆi h 

 i


1
= E Ui θ̃i1 , θi2 + E yi θ̃i1 , θ−i
, z, θ 2 | z; e0i θ̃i1  dz 
θi2


 i
h 

 i ˆ i h 
1 2
0
1
, θi2 + ς − θ̃i1 , θ 2 | ς; e0i θ̃i1  dς
= E Ui θ̃i , θi | ei θ˜i1 + E yi θ̃i1 , θ−i
θ1

θ̃i1
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where the rst equality follows from Lemma 3, the second employs (8), and the third
1
1
28
2
makes the substitution
z =
 θi + ς − θ̃i . Now, substituting for Ui (θi ) using (7) yields
1
(32), for any function ei θ̃i .

0
Obviously, if (32) is satised for the bidder's optimal choice of ei
satised for any

 
ei θ̃i1 .

 
θ̃i1 ,

then it is

The characterisation of this optimal choice follows a similar

derivation to (23), and yields (33).

We now try to provide a D which ensures that condition (32) will be satised in the
1
1
solution to RP . Strictly, we will only argue for the case θ̃i > θi ; the argument is almost
1
1
identical for θ̃i < θi . The important point is to guarantee that such a D is strictly positive.
The candidate for D will be the lesser of the solutions to the following two optimisation
problems:

•

Problem A1:


D1 θi1 , θ̃i1 = max D


E yi

1
θi1 , θ−i
, θ2



|

s.t.


θi1 ; eRP

∀e0 : e0 − eRP
where

h 

i
1
≥ E yi θ̃i1 , θ−i
, θi2 + θi1 − θ̃i1 , θ 2 | θi1 ; e0


1 1
+f θi , θ̃i

(34)

≤ nD θ̃i1 − θi1

f

is some function which is continuous in both arguments, and increasing in
1 1
1
its second argument, satisfying f (θi , θi ) = 0, ∀θi .
A question arises at this point
is whether the constraint set to A1 is nonempty.
Fortunately, there exists a func-

29
f for which the constraint are satised.
For example, we could simply
i take
h 



1
1
, θi2 + θi1 − θ̃i1 , θ 2 | θi1 ; eRP )30 .
, θ 2 | θi1 ; eRP −E yi θ̃i1 , θ−i
f ∗ := 12 (E yi θi1 , θ−i
tion

•

Problem A2:


D2 θi1 , θ̃i1 = max D
s.t.


 i
  ˆi

1 2
0
1
˜
E Ui θ̃i , θi | ei θi
≤ Ui θ̃i1 + f s − θi1 .ds,
θ̃1

h

θi1

∀e0 : e0 − eRP

≤ nD θ̃i1 − θi1

28 This nal substitution follows the technique of Eso & Szentes (2007), Proof of Lemma 5.
29 It is veried below that such a choice of f obeys the restrictions in the text..

30 Note, in particular, that both expectations are evaluated at the same choice of

43

eRP

(35)

Note that Problems A1 and A2 satisfy the conditions for
 Theorem of the Maximum
Berge's

θi1 , θ̃i1

to apply. Notably, the constraints are continuous in
follows because

yi

is bounded within

which are themselves continuous in
expectations in



θi1 , θ̃i1



, so long as

θi1 6= θ̃i1 .

This

[0, 1], and the probabilities are continuous in eRP ,
θ̃i1 . These conditions guarantee continuity of the

. That we can apply the Theorem of the Maximum turns out to

be helpful for establishing the next Lemma.

0
Note also that, in both A1 and A2, if D satises the constraint set, and D < D ,
0
then D is also feasible. This means that the smaller values of D are the most likely to
obey incentive compatibility, and therefore that the `most convex' cost functions will be
incentive compatible.

Lemma 7.

31
has nite
support

 1

θ i , θ¯1 i . ∃D > 0 such that (32) holds.


1 1
Proof. We take as our candidate, D = inf θ1 ,θ̃1 ,a Da θi , θ̃i . We must show that such a
i i
candidate is well-dened, and that it satises D > 0.


1
1
1
1 1
Consider Problem A1 for any θi , θ̃i 6= θi . We aim to show that the solution D1 θi , θ̃i
Assume

θi1

exists and is a function bounded away from 0. For existence, rst note that the constraint
∗
set is nonempty, for f = f (D = 0 satises the constraints). It is also a closed set,
because the constraints weak inequalities on continuous functions of D. Furthermore, the
|ē|
1
1
. Since the objective function is
constraint set is bounded, for any θ̃i 6= θi , by
|θ1 −θ̃1 |
i

linear, a maximum must exist. Furthermore, since
We must show that



D1 θi1 , θ̃i1





inf θ̃1 6=θ1 D1 θi1 , θ̃i1 > 0.

is continuous in

i

i

θ̃i1 6= θi1 .

0

i

is always feasible,



D1 θi1 , θ̃i1 ≥ 0.

By Berge's Theorem of the Maximum,

Thus, for any sequence of

D1 (θi1 , θ) > 0.
However, we still need to show that, for a sequence



θ̃i1 → θ 6= θi1 , D1 θi1 , θ̃i1 →



θ̃i1 → θi1 , limθ̃1 →θ1 D1 θi1 , θ̃i1 > 0.
i

i

But this can be established if we can show that the derivative of the constraint at
with respect to

ei

θ̃i1 = θi1

exists, since




ei − eRP
i
lim D1 θi1 , θ̃i1 ≥ lim
|(34) holds
1
1
θ̃i1 →θi1
θ̃i1 →θi1 θi − θi
If the RHS of the above is strictly positive, then we have established that

0.



inf θ̃1 D1 θi1 , θ̃i1 >
i

Computing the RHS is a matter of applying the IFT

dei
|θ̃1 =θ1 =
dθ̃i1 i i

1
2



∂
E
∂ θ̃i1





1
yi θi1 , θ−i
, θ 2 | θi1 ; eRP

1 ,θ 2 |θ 1 ;eRP
∂E[yi (θi1 ,θ−i
]
) i
∂ei

31 The assumption of nite support is not needed to prove Propositions 4 & 5, if

E

is a bounded set.

Then, the result of this Lemma can be extended to an innite support, but for a neater presentation,
this is omitted.
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The denominator is bounded by Assumption 5, and the numerator is nonzero, by the
1−H 1 (θi1 )
being strictly decreasing. This
assumptions of positive p.d.f.s everywhere and of
h1 (θi1 )
establishes the result.
Now, consider Problem A2. By a very similar argument
 to the one above, it is sim-

ple to see that A2 is well-dened, and must have

D2 θi1 , θ̃i1 > 0,

for any

θ̃i1 6= θi1 .

Again, Berge's
of the Maximum allows us toreduce
 the question of whether

 Theorem

limθ̃1 →θ1 D2 θi1 , θ̃i1 > 0. But this is guarani
i
0
teed by the Envelope Condition for the optimal choice of ei . Consider the dierentiating
1
1
1
each side of (35) with respect to θ̃i at θ̃i = θi . By the Envelope Theorem, the LHS of the

inf θ̃1 6=θ1 D2 θi1 , θ̃i1 > 0
i

i

to establishing that

expression is simply the partial derivative,

∂Ui (θi1 )
∂ θ̃i1
while the RHS is,

∂Ui 1  ∂f ∗ 1 1  ∂Ui 1 
θi + 1 θi , θi ≥ 1 θi
∂ θ̃i1
∂ θ̃i
∂ θ̃i

This inequality establishes that the agent's eort can be altered in any amount
 limit
 at the
without violating the constraint. Thus, it is certainly true that

limθ̃1 →θ1 D2 θi1 , θ̃i1 > 0.
i

i

> 0
. Berge's
 Theorem of the Maximum again implies
1 1
1
1
1 1
are continuous functions of θi . Because θi
and inf θ̃ 1 D2 θi , θ̃i
that inf θ̃ 1 D1 θi , θ̃i
i
i
 
is closed and bounded, D must be strictly positive; otherwise, we could nd a θ, θ̃ with
 
D θ, θ̃ = 0, violating the above.
Finally, we
 argue
 that D

To be absolutely strict in the proof of Lemma 7, we need to account for the fact that
RP
dierent cost functions lead to dierent functions, e
- we might worry that D could
RP
. We omit for the sake of presentation here a proof based on the closedness
depend on e
n
RP
of ×i=1 Ei , from which e
is an element. This closedness, along with an argument on
the continuity of D in these eort functions, ensures the result.
Finally, Propositions 4 & 5 can now be proved. By Lemma , we can nd a D
that the results hold. But, since D

B< ∞

> 0,

> 0 such

Lemma tells us that we can nd a corresponding

for which the results hold.

Proposition 6
Proof. In progress.
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