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Abstract
Many central banks, including the Bank of Canada, are contemplating whether
to issue “digital currency” or not. Central Bank digital currency (CDBC) has certain
possible advantages including the possibility that it can bear interest rate. If the central
banks issue digital currency, then CBDC will coexist with other means of payments
including cash. Interactions between cash and CBDC from the monetary policy point of
view have not been understood well in the literature. I put together a model in which
cash and CBDC co-exist and heterogeneous agents can choose their portfolios with
varying mixtures. Using this model, I investigate how monetary policy is affected by
the introduction of CBDC, and study the circumstances under which such introduction
is desirable. I show that CBDC provide more flexibility for the central bank to conduct
monetary policy. This is because the central bank can monitor agents’ portfolios of
digital currency and cross-subsidize between different types of agents, while this is not
possible with cash.
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“Has the time come for advanced-country governments to start phasing out paper currency
(cash), except perhaps for small- denomination notes, coins, or both? A huge number of
economic, financial, philosophical, and even moral issues are buried in this relatively simple
question.”
Ken Rogoff in “The Curse of Cash,” 2016
“Some economists advocate that the central bank should replace cash with a digital currency that can be given a negative interest rate ... This reasoning is based on the central
bank being prevented from setting a negative interest rate to the extent considered necessary
to stimulate economic activity. Personally, I am not convinced that this problem would arise
in Sweden and I would once again like to say that the Riksbank has a statutory requirement
to issue banknotes and coins. I see e-krona primarily as a complement to cash .”
Cecilia Skingsley, Deputy Governor of the Bank of Sweden, 2016
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Introduction

Many central banks, including the Bank of Canada, are contemplating whether to issue
“electronic money” or “digital currency”. They, together with many academics, talk about
effectiveness of digital currency in fighting the ZLB, underground economy and tax evasion,
but no explicit model has been provided so far to assess the costs and benefits of introducing
digital currency by capturing the tradeoffs involved in a unified framework.1
A theoretic model is provided to give insights regarding the costs and benefits of issuing
digital currency. By digital currency I mean the money that agents hold with the central
bank which, in principle, can be used in any transaction in the economy. In this definition,
it is not important for the central bank to be able to see the identity of the holder of the
money, but it is important that the amount of money holding is observable to the central
bank and, consequently, it can make transfers to agents based on their balances.
Some questions that I address in this paper are as follows: Should the central bank issue
digital currency? What are the factors to be considered? Which system is better: cash,
digital currency, or both together? What is the efficient monetary policy, lump sum transfers,
fixed interest rate on digital currency, etc? Who uses digital currency? The important point
is that even if the central bank gets rid of cash, alternatives like cash, privately issued
digital currencies and gold can still be used. These alternatives are different in information
1

See Rogoff (2016), Agarwal and Kimball (2015) and Goodfriend (2016).
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structure, cost of holding, storage and transaction costs, and degree of anonymity. Moreover,
the ability of the CB to implement monetary policy is different depending on the alternative
being used.
I study a model with two means of payments, cash and digital currency (e-cash). Agents
can use either of these means of payments in their transactions. There are two important
differences, however, between cash and e-cash in this economy. First, and as mentioned
earlier, the ability of the CB in implementing monetary policy is different across these means
of payments. The planner can see the balances of agents in the form of e-cash, and allocate
them transfers based on that, but the planner cannot see the agents’ cash balances, and
therefore, the only thing that the planner can do with cash is to distribute newly created
cash evenly across all types. (In the literature, it is called, helicopter drop of cash). Second,
the cost of holding and doing transactions with these two means of payments can be different.
In this paper, I study two cases for the cost of holding these assets. In the benchmark
case, both means of payments are costless. I show that in this case, cash is redundant. That
is, the planner can run a high inflation rate, create new money in the form of e-cash and
distribute the new money to e-cash holders who carry enough balances. In the next part, I
assume that e-cash is costlier for agents than cash, as they have to sacrifice their anonymity
by using e-cash. It is shown that in this case, the optimal policy requires that cash be used
in the small value and e-cash be used in the large value transactions. The allocation in this
economy with both means of payments is more efficient compared to an economy with only
cash. However, cash is used in more transactions compared to the efficient level, suggesting
that the removal of large denomination notes may be a welfare enhancing policy. This is in
line with Rogoff’s proposal quoted at the beginning of the paper (Rogoff (2016)).
The intuition behind this pattern of cash and e-cash usage is the following: While the
net cost of using cash is linear in the amount of balances that the agents carry, the net cost
of using e-cash can be quite non-linear as it is endogenously determined by the policy of the
central bank. Basically the planner prefers high type buyers to use e-cash as the distortion
to the allocation of high type buyers (when they use cash) is more costly to the society than
low type buyers.
One real-world example of e-cash being used in this paper is reserves. Another example
can be a debit card system which is monitored (and probably governed) directly by the
central bank. Although different interpretations can be imagined, this paper is not about a
specific interpretation. Rather, it is a theoretic attempt to understand the tradeoffs. Further
policy analysis will be needed to use this framework for a specific notion of digital currency.
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This paper is related to the monetary theory literature, especially the models which
emphasize on the micro-foundations of the economy. The model is built on Lagos and
Wright (2005) and has the same structure of centralized market (CM) and decentralized
market (DM) coming one after another. Within this literature, it is related to the models
with multiple means of payments. In some of these models, money and credit are studied in
the same model (like Gu et al. (2016)). My model is different though, because no credit is
possible in my model as the central bank can not keep track of the agents actions in the CM
or DM. The only thing observable to the planner is the agent’s balances at the end of CM.
My model is also related to Rocheteau et al. (2014) in that in both papers, open market
operations, OMO, are needed. In my model this need comes from the fact that the central
bank wants to maintain a certain exchange rate between cash and e-cash.
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Model

The model is based on Lagos and Wright (2005), LW hereafter, with 2 means of payments:
e-cash and cash. Time is discrete: t = 0, 1, 2, .... Each period consists of 2 subperiods: DM
(decentralized market) and CM (centralized market). There is a continuum of buyers and
continuum of sellers, each with a unit mass. Both have discount factor β ∈ (0, 1) from CM
to DM. In the CM, both can consume and produce. In the DM, sellers can only produce and
buyers can only consume. In the CM, 1 unit of labor supply produces 1 unit of perishable
consumption good. In the DM, a buyer and seller meet randomly with probability σ and split
the gains from trade according to the proportional bargaining. The buyer’s utility function
is given by:
E0

∞
X

β t (wu(qt ) + Xt ),

t=0

where buyer’s preference shock, w, is an i.i.d. draw from CDF F (w) with support [wmin , wmax ],
and Xt is the consumption of numeraire in the CM. Introducing this preference shock is the
first departure from the standard LW model. The seller’s utility function is given by:
E0

∞
X

β t (−c(qt ) + Xt ).

t=0

Sellers do not receive a preference shock. I assume that u00 < 0 < u0 , u(0) = 0 and 0 <
c00 , 0 < c0 , c(0) = 0. Clearly, the first-best production level for type w is given by:
qw∗ = arg max{wu(q) − c(q)}.
q
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Another departure from from the standard LW model is that there are two means of payments in this economy—cash and e-cash—and the cost of carrying these means of payments
from CM to DM are generally not zero and can be different. Denote by cc (zc ) : R+ → R+
the cost of carrying zc units of real balances in the form of cash in terms of the CM good.
Similarly, denote by ce (ze ) : R+ → R+ the cost of carrying ze units of real balances in
the form of e-cash in terms of the CM good. Similarly, denote by cte (ze ) : R+ → R+ and
ctc (zc ) : R+ → R+ the cost of transaction between a buyer and seller in the DM. It is assumed
that the buyer incurs this cost. For all the results in the current version, it is assumed that
the transaction costs is 0.

2.1

Timing and other details

The timing of actions and realization of shocks in period t are specified as follows: First, in
the DM: agents are randomly matched and trade according to the proportional bargaining
with θ ∈ [0, 1] being the share of the buyer. In the bilateral meeting, w is known both to
buyer and seller, so there is not problem of private information in the match. After agents
trade in the DM and get separated from the match, the buyers learn their w for the next
period. Next, agents trade in the CM. They work and choose the amount of e-cash and
cash they want to carry to the next DM. At the end of the CM, new cash and e-cash are
transferred to agents as will be described below. Denote by ẑc ∈ R+ the amount of pretransfer real balances in the form of cash. Similarly, denote by ẑe ∈ R+ the amount of
pre-transfer real balances in the form of e-cash. tc ∈ R+ : helicopter drop of cash in real
terms (units of CM good) to all buyers. Denote by te (ẑe ; w) : R+ → R the amount of e-cash
transfers in real terms to type w buyers that have brought ẑe from the CM.2 It is assumed
that the planner has complete information about buyers’ types if they use e-cash. Yet, the
only feasible policy toward cash users is helicopter drop. This assumption requires that the
preference shock that buyers receive becomes known to the planner when e-cash is used, but
the planner cannot identify people when only cash is used. The reason that the preference
shock is known to the planner if the buyer uses e-cash may be that the amount of e-cash
used in the bilateral meetings can be used at the end of DM to verify the actual value of the
preference shock.
2

I assume clean slate at every CM. That is, the information that is known to the planner in the DM

cannot be used in the next CM. Alternatively, we can restrict the set of policies that the planner can use to
be dependent only on the balances they carry from the current CM (and not the past markets) and their
type. Either way, history-dependent policies are not allowed.
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Figure 1: Timing
Given the policy described above, post transfer balances are given by zc (w) = ẑc (w) + tc
and ze (w) = ẑe (w) + te (ẑe (w), w).3

2.2

Money Growth and Transfers

The growth rates for cash and e-cash supply are denoted by γc > 0 and γe > 0 respectively,
so
Mt+1 = γc Mt , Et+1 = γe Et

(1)

Each buyer is endowed with the steady state level of cash and e-cash in the DM of t = 0. For
now I do not impose any assumption on inflation rates. There is rationale for both fixed and
flexible exchange rates, and this assumption can be modified depending on the alternative
being considered. On one hand, one dollar issued by central bank has traditionally had the
same value regardless of whether it is in the agent’s pocket in the form of cash or with their
account in the electronic form. On the other hand, there is no reason why this should be the
case. As fixed exchange rate for domestic versus foreign currencies was a dominant paradigm
3

An extension that can be considered for future is to introduce an aggregate shock to the distribution

of F . The goal would be to examine the effect of open market operation on stabilizing this economy.
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at some point and then partially or completely abandoned, if efficiency requires, why not let
the exchange rate between cash and e-cash be flexible too?
I use the following conventions to simplify the notation: x+ ≡ xt+1 and x ≡ xt Money
growth is in the form of transfers to each buyer in CM, so we have:
tc = φ+ (M+ − M )

(2)

Z
te (ẑe (w), w)dF (w) = ψ+ (E+ − E)
Z
ẑc (w)dF (w) = φ+ M
Z
ẑe (w)dF (w) = ψ+ E

(3)
(4)
(5)

As a result, post transfer balances can be written as follows: zc (w) = ẑc (w) + tc and ze (w) =
ẑe (w) + te (ẑe (w), w). Therefore,
Z
Z
Z
tc + te (ẑe (w), w)dF (w) = (γc − 1) ẑc (w)dF (w) + (γe − 1) ẑe (w)dF (w)

(6)

Particularly, if γc = γe , then
Z
Z
tc + te (ẑe (w), w)dF (w) = (γe − 1) (ẑc (w) + ẑe (w))dF (w)

(7)

We focus on the equilibrium where total zc and ze are constant: φt Mt = φt+1 Mt+1 and
ψt Et = ψt+1 Et+1 . This implies that:
ψt
φt
= γc ,
= γe .
φt+1
ψt+1
Therefore,

(8)

Z
tc = (γc − 1)

ẑc (w)dF (w)
Z
Z
te (ẑe (w), w)dF (w) = (γe − 1) ẑe (w)dF (w)

2.3

(9)
(10)

Agents’ Problems in the CM

Buyer’s problem in CM:


B
B
Ww (z) = max X − Y − cc (ẑc + tc ) − ce (ẑe + te (ẑe )) + βVw (ẑc + tc , ẑe + te (ẑe ))
X,Y,ẑc ,ẑe

subject to X +

φ
ψ
ẑc +
ẑe = Y + z
φ+
ψ+
7

where z denote the real balances that the buyer has at the beginning of CM.
WwB (z) = z +max{−
ẑc ,ẑe

2.4

4

φ
ψ
ẑc − ẑe −cc (ẑc +tc )−ce (ẑe +te (ẑe ))+βVwB (ẑc +tc , ẑe +te (ẑe ))} (12)
φ+
ψ+

Agents’ Problems in the DM

Buyers get:
VwB (zc , ze ) = EWwB (zc + ze )


B
B
t
t
+σ wu(qw (zc , ze ))−cc (dc,w (zc , ze ))−ce (de,w (zc , ze ))+EWw (zc +ze −dc,w (zc , ze )−de,w (zc , ze ))−EWw (zc +ze )
=

EWwB (zc +ze )+σ



t
t
wu(qw (zc , ze ))−cc (dc,w (zc , ze ))−ce (de,w (zc , ze ))−dc,w (zc , ze )−de,w (zc , ze ))

and similarly sellers get:
VwS (zc , ze )




= W (zc + ze ) + σ − c(qw (zc , ze )) + dc,w (zc , ze ) + de,w (zc , ze ) ,
S

where qw (zc , ze ), dc,w (zc , ze ), de,w (zc , ze ) are determined from the bargaining protocol, and
the linearity of W S were used to simplify the seller’s value function.

2.5

Proportional Bargaining in DM

Terms of trade are determined from the following maximization problem:



max
wu(q) − ctc (dc ) − cte (de ) + VwB (zc − dc , ze − de ) − VwB (zc , ze )
|
{z
}
q,dc ,de
buyer’s surplus



S S
S
S S
S
+ −c(q) + Vw (zc + dc , ze + de ) − Vw (zc , ze )
{z
}
|
seller’s surplus
4

Alternatively, one can change the variables, zc ≡ ẑc + tc , ze ≡ ẑe + te (ẑe ), to write
WwB (z) = z + max{−
zc ,ze

where Tc =

φ
φ+ tc (ẑc )

and Te (ze ) =

I show that if a(z) = z −

Te (z)
γe

ψ
φ
zc −
ze − cc (zc ) − ce (ze ) + βVwB (zc , ze ) + Tc + Te (ze )}
φ+
ψ+
ψ
ψ+ te (ẑe ),

(11)

and zc and ze are post-transfer balances.

is increasing in z, then working with Tc (.) and Te (.) is without loss of

generality, because we can easily construct the original transfers from these two functions. Suppose a(z) is
strictly increasing in z, then construct
ẑe = a(z), t(ẑe ) = Te (a−1 (ẑe ))/γe
Obviously, post-transfers balances is equal to ẑe + te (ẑe ) = z −
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Te (z)
γ

+

Te (a−1 (ẑe ))
γ

= z = a−1 (ẑe ).

subject to: buyer’s surplus = θ × total surplus, −zeS ≤ de ≤ ze , −zcS ≤ dc ≤ zc .
Let Dw (q) ≡ θc(q) + (1 − θ)wu(q). The solution is:5


∗
t
t
dc,w (zc , ze ) + de,w (zc , ze ) = min zc + ze , Dw (qw ) − (1 − θ)(cc (dc ) + ce (de ))
qc,w (zc , ze ) =

Dw−1


dc,w (zc , ze ) + de,w (zc , ze ) + (1 −

θ)(ctc (dc )



+

cte (de ))

Equivalently:

(q ∗ , Dw (q ∗ )) if zc + ze + (1 − θ)(ct (dc ) + ct (de )) ≥ Dw (q ∗ )
w
w
c
e
w
(q, dc +de ) =
(D−1 (z + z + (1 − θ)(ct (d ) + ct (d )), z + z + (1 − θ)(ct (d ) + ct (d )))
c
e
c
e
w
c c
e e
c c
e e

(13)

o/w

It is generally not straightforward to solve for dc,w (.) and de,w (.) for general ctc (.) and
cte (.). From here on, make the following assumption:
Assumption 1. Transaction costs for both cash and e-cash are 0. That is, ctc (.) = cte (.) = 0.
Finally,
VwB (zc , ze )

=

EWwB (zc




+ ze ) + σθ wu(qw (zc , ze )) − c(qw (zc , ze )) ,

and similarly for sellers:


V (zc , ze ) = W (zc + ze ) + σ(1 − θ) wu(qw (zc , ze )) − c(qw (zc , ze )) .
S

2.6

S

CM and DM Value Functions Together

It is easy to show that sellers do not bring any balances to DM, and buyers do not bring
more than qw∗ , so the buyer’s problem turns into:
WwB (z) = z + EWwB (0)



φ
ψ
+max − ẑc − ẑe −cc (ẑc +tc )−ce (ẑe +te (ẑe ))+β(ẑc +tc )+β(ẑe +te (ẑe ))+βσθ(wu(q)−c(q))
ẑc ,ẑe
φ+
ψ+
(14)
5

This problem is basically the same as follows:
max

[u(x) − x]

x,d∈[−z 0 ,z]

subject to u(x) − d = θ(u(x) − x)
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where q is given by Dw (q) = min{Dw (qw∗ ), ẑc + tc + ẑe + te (ẑe )}.
Sellers work in the DM if get matched, and then bring their balances to the CM and
use them to purchase the CM good and consume it. Buyers work to acquire money in CM,
and receive transfers from the government. Then, they enter the DM with the entire money
stock, and exchange it all for goods produced by sellers.

2.7

Stationary Equilibrium Definition

Definition 1 (Stationary Equilibrium). Stationary equilibrium is a price system {φt }, {ψt },
an allocation {(q(w), ẑc (w), ẑe (w))}w and a policy {Mt , Et , γc , γe , tc , {te (ze , w)}w } such that:
∞
(i) Buyer’s maximization in CM: Given ẑm,0 , ẑe,0 , {ψt }∞
t=0 and {φt }t=0 , ẑc (w) and ẑe (w)

solve (12).
(ii) Market clearing for cash and e-cash, (4) and (5).
(iii) Proportional bargaining: q(w) solves (13).
(iv) Cash and e-cash growth equation (8).
(v) Planner’s budget constraint: Given φt and ψt , the policy solves (2) and (3).

2.8

Open Market Operations (OMO)

By OMO, I mean that the government trades e-cash for cash in the CM with the price

ψ
.
φ

In that case, the equations should be revised as follows:
ψ
M̄ − M = − (Ē − E)
φ

(15)

tc = φ+ (M+ − M̄ )

(16)

Z
te (ẑe (w), w)dF (w) = ψ+ (E+ − Ē)
Z
ẑc (w)dF (w) = φ+ M̄
Z
ẑe (w)dF (w) = ψ+ Ē

(17)
(18)
(19)

where M̄ and Ē are cash and e-cash supply after the OMO and before transfers are made
to the agents.
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Two points about OMO are worth noticing. First, (15) shows that OMO is basically
a cross-subsidization tool between cash and e-cash users. If there is no cross-subsidization,
then M̄ = M and Ē = E, so tc will be pinned down by the inflation rate of cash. However,
OMO allows the helicopter drop of cash to be less than the growth rate of cash, providing a
tool for the planner to achieve more efficient allocations. Second, OMO can basically adjust
the imbalances between supply of these two assets. In other words, OMO in this economy,
like many standard macroeconomic models, can be used for short run stabilization of the
economy. For example, if this economy was hit by a shock in the past CM, OMO can help
this economy by changing the relative price of these two means of payments.
Lemma 1. With OMO, the following constraint should hold in the stationary equilibrium:
Z
Z
Z
tc + te (ẑe (w), w)dF (w) = (γc − 1) ẑc (w)dF (w) + (γe − 1) ẑe (w)dF (w)
(20)
Proof. One can write
Z
ψ
ψ+
tc + te (ẑe (w), w)dF (w) = φ+ M+ +ψ+ E+ −φ+ M̄ −ψ+ Ē = φ+ (M+ +
E+ )−φ+ (M̄ + Ē)
φ+
φ
= φ+ (M̄+ +

ψ+
ψ
φ+
ψ+
Ē+ ) − φ+ (M̄ + Ē) =
φ++ M̄+ − φ+ M̄ +
ψ++ Ē+ − ψ+ Ē
φ+
φ
φ++
ψ++
Z
Z
= (γc − 1) ẑc (w)dF (w) + (γe − 1) ẑe (w)dF (w).

For the first equality, (16) and (17) were used. For the third one, (15) was used for t + 1.
Equations (18) and (19) together with (8) were used for the last equality.
As a result, to have a stationary equilibrium with OMO, (20) should replace conditions
(ii) and (v) in the equilibrium definition.
Definition 2 (Stationary Equilibrium with OMO ). Stationary equilibrium is a price system
{φt }, {ψt }, an allocation {(q(w), ẑc (w), ẑe (w))}w and a policy {Mt , Et , γc , γe , tc , {te (ze , w)}w }
such that:
∞
(i) Buyer’s maximization in CM: Given ẑm,0 , ẑe,0 , {ψt }∞
t=0 and {φt }t=0 , ẑc (w) and ẑe (w)

solve (12).
(ii) Market clearing for cash and e-cash, planner’s budget constraint, and OMO: (20) should
hold.
(iii) Proportional bargaining: q(w) solves (13).
(iv) Cash and e-cash growth equation (8).
11

2.9

Planner’s Problem

Planner’s problem is to maximize welfare, calculated at the beginning of the CM, by choosing
a policy:
Problem 1 (Planner’s Problem).

Z 

max
βσ wu(q(w)) − c(q(w)) − cc (ẑc (w)) − ce (ẑe (w)) dF (w)
{Mt ,γ,tc ,{te (w)}w }

subject to: {(q(w), ẑc (w), ẑe (w))}w form an equilibrium together with some prices {φt }, {ψt }
and the policy.
Equation (14), which is an important constraint for the planner’s problem, can be written
as follows:


(q(w), ẑc (w), ẑe (w)) ∈ arg

−(

max
∗

q∈[0,qw ],ẑc ,ẑe

φ
− β)(ẑc + tc )
φ+


ψ
−( −β)(ẑe +te (ẑe , w))−cc (ẑc +tc )−ce (ẑe +te (ẑe , w))+γc tc +γe te (ẑe , w)+βσθ(wu(q)−c(q))
ψ+
s.t. Dw (q) = min{Dw (qw∗ ), ẑc + tc + ẑe + te (ẑe , w)}.
2.9.1

Another form of the planner’s problem

The planner’s problem can be written in terms of post-transfer balances as follows:


Z  
max
βσ wu(q(w)) − c(q(w)) − cc (zc (w)) − ce (ze (w)) dF (w)
{γ,Tc ,{Te (ze (w))}}

Te (z)
is increasing if it is strictly positive,
γ

(q(w), zc (w), ze (w)) ∈ arg
max 0 0
∗
0

subject to: z −

q∈[0,qw ],zc ≥Tc /γ,zc +ze =Dw (q)





0
0
0
−(γ − β)Dw (q) + βσθ wu(q) − c(q)) − cc (zc ) − ce (ze ) + Te (ze ) ,
Z
Tc +
Note that if z −
then z2 −

Te (z2 )
γ

Te (z)
γ

(Te (ze (w)) − (γ − 1)ze (w))dF (w) = 0.

is not increasing in z, i.e. if z2 −

is better off by bringing just z1 −

can have more balances, a contradiction!
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Te (z1 )
,
γ

Te (z2 )
γ

< z1 −

Te (z1 )
γ

for some z1 < z2 ,

which is less costly, but ex-post, he

2.9.2

Portfolio Choice of Buyers

Only in this section to illustrate how first order conditions look like, assume that te (z, w) is
differentiable in z. After some simplifications, the first order conditions with respect to ẑc
and ẑe can be written as follows:
ic ≡

ie ≡

ψ
ψ+

φ
φ+

− c0c (ẑc + tc )
β

wu0 (q) − c0 (q)
− 1 ≥ σθ
w. eq. if ẑc > 0
D0 (q)

− c0e (ẑe + te )(1 + t0e (ẑe , w))
β

− t0e (ẑe , w) − 1 ≥ σθ

wu0 (q) − c0 (q)
w. eq. if ẑe > 0
D0 (q)

where q = Dw−1 (ẑc + tc + ẑe + te (ẑe )).
The nominal interest rate on cash, ic , is the opportunity cost of using cash. Here, the
marginal cost of carrying cash devided by β is subtracted from the standard term. For
e-cash, since transfers can affect portfolio decisions, the FOC is affected by that too.
Lemma 2. Assume that te (z, w), cc (z) and ce (z) are differentiable in z. If ic > ie , then
ẑc = 0. Otherwise, ẑe = 0.

2.10

Assumption on the Cost Functions

From here on, I make the following assumption.
Assumption 2 (Cost Functions). Cash is costless and e-cash costs K ≥ 0. That is, cc (.) = 0
and ce (z) = KI{z > 0}.
The disadvantage of e-cash relative cash in this assumption is motivated by the fact that
agents in the economy may value anonymity which they may lose if they use e-cash. This
disadvantage is modeled as a fixed cost K ≥ 0 if they use e-cash, no matter how much
balances in e-cash they acquire.
In what follows, I first show that if K = 0, then cash is redundant. If K > 0, then if
an agent brings any amount of e-cash, it is worthwhile for him/her (and to the advantage of
the planner) if he brings all his balances in the form of e-cash. Of course, this is a special
case for these cost functions, and I have abstracted from storage and operational costs that
one have to incur by using these means of payments. This abstraction, first, simplifies the
problem, and second, can serve as a benchmark to compare with more sophisticated cost
functions to understand what assumption actually drives our results.
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2.11

Simplified Planner’s Problem

As mentioned before, OMO can provide a cross-subsidization tool to transfer resources from
cash to e-cash users. Moreover, without OMO, there may be an ongoing excess demand for
one of these means of payments, so the stationary equilibrium with both means of payments
may not even exist. As a result, the planner’s problem can be written as follows:
Problem 2.
max

{γc ,γe ,tc ,{te (ẑe )}}



Z  
βσ wu(q(w)) − c(q(w)) − KI(ze (w) > 0) dF (w)


subject to: (q(w), zc (w), ze (w)) ∈ arg

max

∗ ],ẑ +ẑ +t +t (ẑ )=D (q)
q∈[0,qw
c
e
c
e e
w




−(γe −β)(ẑe +te (ẑe ))−(γc −β)(ẑc +tc )+βσθ wu(q)−c(q)) −KI(ẑe (w) > 0)+γc tc +γe te (ẑe , w)) ,
Z
tc + (te (ze (w), w) − (γc − 1)zc (w) − (γe − 1)ze (w))dF (w) = 0.
In this problem and also as I proceed, I suppress the ˆ from ẑe and ẑc . If post-transfer
balances are meant, then it will be explicitly expressed.
Lemma 3. In the solution to the planner’s problem, we can assume without loss of generality
that te (z, w) is a step function in z. That is,

t0
te (z, w) =
0

z ≥ z0
z < z0

for some t0 ∈ R, z0 ∈ R+ .
Proof. Consider problem 2. Take the optimal policy {Mt , γ, tc , {te (z, w)}w } and denote the
equilibrium allocation by {(q(w), ẑc (w), ẑe (w))}w . Consider another policy in which te (z, w)
is replaced with

te (ẑe (w), w) z ≥ ze (w)
t0e (z, w) =
.
0
z < ze (w)
It is easy to see that the same equilibrium objects consist an equilibrium under this new
policy, because the constraints of the planner’s problem continue to hold. Especially note
that type w buyers do not want to bring e-cash any less than in the equilibrium, as they
would get weekly less transfers, and they do not want to bring any more either as they
cannot get any transfers more than te (ẑe (w), w). Finally, their decision regarding cash does
not change either as cash payment to them is the same as before.
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This lemma states that we can restrict our attention to the e-cash transfer schemes which
are step functions without loss of generality. That is, if an agent of type w brings at least
ẑe (w), then he gets some transfers, but bringing any less real balances in e-cash does not
bear him any transfers. This can be seen in the following graph.

𝑧

𝑧̂

𝑧̂

𝑡𝑒 (𝑧, 𝑤)
𝑧̂

(a): Transfers as a function of
post-transfer balances

3

𝑧̂

(b): Post-transfer balances as a
function of pre-transfer balances

Characterization

Suppose the government wants to have a fixed exchange rate, so the inflation rates of cash
and e-cash should be the same. Assume γ = γc = γe > 0.

3.1

Both cash and e-cash are costless

Proposition 1 (Fixed Exchange Rate). Under Assumption 2 with K = 0, cash is redundant.
That is, any allocation that is achieved by using cash and e-cash can be achieved by using
only e-cash.
Proof. For any optimal policy and the associated equilibrium allocation, another policy and
equilibrium will be constructed in which cash is not used and the welfare remains the same.
Consider problem 2. Take the optimal policy {Mt , γ, tc , {te (z, w)}w } and denote the
equilibrium allocation by {(q(w), ẑc (w), ẑe (w))}w . Consider another policy with t0c = 0,

15

M00 = M0 , E00 = E0 inflation rate γ 0 , and

Dw (q(w)) − γ0 (Dw (q(w)) − tc − te (ze (w), w)) z ≥ γ0 (Dw (q(w)) − tc − te (ze (w), w))
γ
γ
0
te (z, w) =
0
otherwise .
Choose γ 0 sufficiently high such that buyers’ do not want to bring any balances from the
CM. Then it is easy to check that with this policy, agents will choose the same q(w) as in
the original equilibrium.
To give an idea how the new policy was constructed, note that the buyer’s payoff can be
written as
−(1 − β)Dw (q) + βσθ(wu(q) − c(q)) + γ(tc + te (ze (w), w) − Dw (q))
following the first constraint in problem 2. I construct γ 0 and t0e (z, w) such that the real posttransfer balances of buyers remain the same as in the original allocation, i.e. t0e (z 0 (w), w) +
z 0 (w) = Dw (q(w)), and also their payoff remains the same: γ(Dw (q(w))−tc −te (ze (w), w)) =
γ 0 (Dw (q(w)) − t0c − t0e (ze0 (w), w)).
Under this policy, if any buyer wants to carry cash, the buyer gets at most maxq {−(γ 0 −
β)Dw (q)+βσθ(wu(q)−c(q))}, which is 0 if γ 0 is chosen sufficiently high. If any buyer chooses
to bring balances in e-cash but lower than ze0 (w), then the buyer can get no more than his
payoff if he uses cash, in which case his payoff is 0. If he brings ze0 (w), then he gets positive
payoff as in the original equilibrium allocation.
Finally, I show below that the last constraint in the problem is also satisfied.
Z
 0 0

0
tc +
(te (ze (w), w) − (γ 0 − 1)(zc0 (w) + ze0 (w)) dF (w) =
Z



γ
(γ 0 − 1)γ
Dw (q(w))− 0 (Dw (q(w)) − tc − te (ze (w), w))−
(D
(q(w))
−
t
−
t
(z
(w),
w))
dF (w) = 0.
w
c
e
e
γ
γ0

For the first equality, the construction of new policy and new equilibrium allocation was
used. The second one can be simply derived after some algebra using the fact that the
corresponding constraint in the original equilibrium must hold.
Proposition 2 (Time-Varying Exchange Rate). Under Assumption 2 with K = 0, cash is
redundant.
Proof. For any optimal policy and the associated equilibrium allocation, another policy and
equilibrium will be constructed in which cash is not used and the welfare remains the same.
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Consider problem 2. Take the optimal policy {Mt , Et , γc , γe , tc , {te (z, w)}w } and denote
the equilibrium allocation by {(q(w), ẑc (w), ẑe (w))}w . Consider another policy with t0c = 0,
M00 = M0 , E00 = E0 inflation rate γc0 , γe0 , and

Dw (q(w)) − Dw (q(w))+Λ0c (w)+Λe (w)
γ
0
0
tc = 0, te (z, w) =
0

z≥

Dw (q(w))+Λc (w)+Λe (w)
γ0

otherwise

where
Λc (w) ≡ (γc − 1)(tc + zc (w)) − γc tc ,
Λe (w) ≡ (γe − 1)(te (ze (w), w) + ze (w)) − γe te (ze (w), w).
Choose γc0 sufficiently high such that buyers’ do not want to bring any balances from the
CM. Then it is easy to check that with this policy, agents will choose the same q(w) as in
the original equilibrium.
To give an idea how the new policy was constructed, note that the buyer’s payoff can be
written as
−(1 − β)(zc + ze (w) + tc + te (ze (w), w)) + βσθ(wu(q) − c(q)) − Λc (w) − Λe (w)
{z
}
|
Dw (q)

following the first constraint in problem 2. I construct γ 0 and t0e (z, w) such that the real posttransfer balances of buyers remain the same as in the original allocation, i.e. t0e (z 0 (w), w) +
z 0 (w) = Dw (q(w)), and also their payoff remains the same: −Λc (w) − Λe (w) = −(γc0 − 1)(t0c +
zc0 (w)) + γc0 t0c −(γe0 − 1)(t0e (.) + ze0 (w)) + γe0 t0e (.).
Under this policy, if any buyer wants to carry cash, the buyer gets at most maxq {−(γc0 −
β)Dw (q)+βσθ(wu(q)−c(q))}, which is 0 if γ 0 is chosen sufficiently high. If any buyer chooses
to bring balances in e-cash but lower than ze0 (w), then the buyer can get no more than his
payoff if he uses cash, in which case his payoff is 0. If he brings ze0 (w), then he gets positive
payoff as in the original equilibrium allocation.
Finally, I show below that the last constraint in the problem is also satisfied.
Z
Z
 0 0



0
0
0
0
0
tc +
(te (ze (w), w)−(γc −1)zc (w)−(γe −1)ze (w)) dF (w) = −
Λc (w)+Λe (w) dF (w) = 0.
For the first equality, the construction of new policy and new equilibrium allocation was
used. The second one can be simply derived after some algebra and using the fact that the
corresponding constraint in the original equilibrium must hold.
The idea is that if both cash and e-cash are costless, then e-cash has a clear advantage
for the planner, as the planner can incentivize buyers to bring enough balances to the DM
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by setting cash inflation sufficiently high so that the gains from using cash becomes 0. Then
the planner distributes the newly created money across buyers who bring enough balances
from the CM in the form of e-cash.
3.1.1

Homogenous Buyers

In a world with complete information, the planner sees w and can give buyers using e-cash
transfers contingent on their types. Still buyers with money can only receive helicopter
drops.
Proposition 3. Suppose Assumption 2 holds with K = 0. Suppose there is only 1 type (F
is degenerate at w). The first best is achievable if and only if:
−(1 − β)Dw (qw∗ ) + βσθ(wu(qw∗ ) − c(qw∗ )) ≥ 0.
Proof. First, assume that the condition holds. Consider the following policy: {Mt , γ, tc , {te (z, w)}w }
and denote the equilibrium allocation by {(q(w), ẑc (w), ẑe (w))}w . Consider another policy
in which te (z, w) is replaced with
te (z, w) =


 (γ−1)Dw (qw∗ )

z≥

0

z < ze (w)

γ

∗)
Dw (qw
γ

.

tc = 0, and γ > 1 is chosen sufficiently high so that maxq {−(γ − β)Dw (q) + βσθ(wu(q) −
c(q))} = 0. Under this policy, it is again easy to show that no buyer wants to carry any
cash as their payoff would be 0. Moreover, the buyer would take exactly ze (w) =

∗)
Dw (qw
γ

real

balances from the CM. The constraint of the planner’s problem is satisfied by the construction
of te .
Second, assume that the first best is achievable. As cash is not used without loss of
generality, we can assume that tc = 0, so following the second constraint of the planner’s
problem, te (z, w) = (γ − 1)ze (w). But since FB is achievable, the balances that the agent
takes from the CM plus the transfers that he receives, ze (w) + te (ze (w), w), must equal to
Dw (qw∗ ). Therefore, ze (w) =

∗)
Dw (qw
,
γ

and consequently, te (z, w) = (γ − 1)ze (w) =

∗)
(γ−1)Dw (qw
.
γ

The buyer must get a positive payoff:
−(γ − β)Dw (qw∗ ) + βσθ(wu(qw∗ ) − c(qw∗ )) + γte (ze (w), w) ≥ 0.
Otherwise, the buyer would prefer skip the CM and DM, i.e. there would be no trade.
Simple algebra ensures that the condition must hold using the values derived for ze (w) and
te (ze (w), w).
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The condition in the proposition is equivalent to:
θ ≥ θ(w) ≡

1−β
(1 − β(1 − σ))(1 −

∗)
c(qw
∗ ))
wu(qw

.

In order for θ(w) ≤ 1, we must have:
−1

wu(qw∗ ) − c(qw∗ )
.
β ≥ 1+σ
c(qw∗ )
In other words, the proposition requires θ and also β to be sufficiently high.
Note that θ(w) is decreasing in
c2

∗)
wu(qw
∗) .
c(qw

dq
From FOC one obtains (wu00 − c00 ) dw
= −u0 , so

∂ wu(q)
dq
dq
c02
wu − c
(
) = (wu0
+ u)c − wuc0
= [1 +
]uc,
00
00
∂w c(q)
dw
dw
wu − c wuc

which may be positive or negative, implying that the condition in the proposition maybe
binding for some types and not for others, depending on the second derivatives of u and c
3.1.2

Heterogeneous Buyers

Proposition 4. Assume that cc (z) = ce (z) = ct (z) = 0 for all z. With heterogeneous types,
the first best is achievable if and only if:
Z
Z
∗
∗
βσθ (wu(qw ) − c(qw ))dF (w) ≥ (1 − β) Dw (qw∗ )dF (w)
Compared to homogenous buyers, cross-subsidization is here possible. This fact can be
seen clearly from comparing the condition in Prop. 4 and Prop. 3. Even if the condition in
the latter does not hold for some types, as long as it holds in average, the first best can be
achieved.
Proof. Both means are costless, so we can assume without loss of generality that inflation
is sufficiently high so that cash is not used and also te is characterized as a step function.
Since the payoff from using cash is 0, the following must hold at any equilibrium:


−(γ − β)Dw (q(w)) + βσθ wu(q(w)) − c(q(w)) + γte (z(w), w) ≥ 0∀w,
Z
(te (z(w), w) − (γ − 1)z(w))dF (w) ≤ 0.
w

One can write from the first constraint that −γte (z(w), w) = −(γ−β)Dw (q(w))+βσθ(wu(q(w))−
c(q(w))) − (w) for some (w) ≥ 0. Since te (z(w), w) + z(w) = Dw (q(w)), the budget constraint can be written as
Z
0 = 1/γ


(γte (z(w), w) − γ(γ − 1)z(w))dF (w)
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= 1/γ (γ − β)Dw (q(w)) − βσθ(wu(q(w)) − c(q(w))) + (w)

−(γ − 1)(βDw (q(w)) + βσθ(wu(q(w)) − c(q(w)) − (w)) dF (w)
Z
= ((1 − β)Dw (q(w)) + βσθ(wu(q(w)) − c(q(w))) + (w))dF (w).

(21)

“only if ” part: Now suppose FB is achievable. Since (w) ≥ 0 for all w, the condition
in the proposition will follow.
“if ” part:

If the condition is satisfied, then it is easy to verify that the first best is

achievable with the following choice of te (z, w):

 (γ−β)Dw (q∗ (w))−βσθ(wu(q∗ (w))−c(q∗ (w))) + v
γ
te (z, w) =
0

z≥

βDw (q ∗ (w))+βσθ(wu(q ∗ (w))−c(q ∗ (w)))
γ

−v

.

otherwise

tc = 0, and again γ > 1 is chosen sufficiently high so that maxq {−(γ −β)Dw (q)+βσθ(wu(q)−
c(q))} = 0, and (γ − β)Dw (q ∗ (w)) − βσθ(wu(q ∗ (w)) − c(q ∗ (w))) ≥ 0. Also,
Z
−(1 − β)Dw (q ∗ (w)) + βσθ(wu(q ∗ (w)) − c(q ∗ (w)))
v=
dF (w).
γ
Note that v ≥ 0 by the condition in the proposition.
Even if FB is not achievable, it is by now easy to characterize the solution. In this case,
all types must be indifferent between using e-cash and not participating. From a social point
of view, their participation is desirable as there are positive gains from trade. The above
argument shows that in the budget constraint (21), (w) = 0 for all w from the proof of
Proposition 4. Therefore, if the FB is not achievable for some types, the problem can be
written as follows:


Z  
max
βσ wu(q(w)) − c(q(w)) dF
{q(w)}
Z
subject to:
s(w, q(w))dF ≥ 0,

where s(w, q) ≡ −(1 − β)Dw (q) + βσθ wu(q) − c(q) .

Denote the Lagrangian multiplier by λ. FOCs can be written:
wu0 (q(w)) − c0 (q(w)) + λsq (w, q(w)) = 0

(22)

It is easy to check that SOC is satisfied and is sufficient for optimality.
Remark 1. Propositions 3 and 4 and Lemma ?? hold for fixed and time-varying exchange
rate alike, because when K = 0, cash is redundant, so the planner has effectively one inflation
rate as policy tool, so allowing for time-varying exchange rate does not change the results.
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3.1.3

Explanation

The point is that if FB cannot be achieved, i.e., λ > 0, then q(w) is distorted for all types.
Importantly, s(w, q(w)) is the amount of tax on type w plus (γ − 1)Dw (q(w)). If type w
was alone, he would only get (γ − 1)Dw (q(w)) as transfers. Now, he gets extra amount
of s(w, q(w)) which is generally not equal to 0. Again, some types cross-subsidize others.
However, it is not easy to sign ds/dw. Note that:


s(w, q) = βσθ − (1 − β)(1 − θ) wu(q) − βσθ + (1 − β)θ c(q),
{z
}
{z
}
|
|
≡α

≡δ

so (22) turns into
(α + 1/λ(γ))wu0 (q) = (δ + 1/λ(γ))c0 (q)


0
00
00
⇒ (α + 1/λ(γ))u (q) + (α + 1/λ(γ))wu (q) − (δ + 1/λ(γ))c (q) dq/dw = 0



ds/dw = αu(q) + αwu (q) − δc (q) dq/dw
As a result:
ds/dw = αu(q) −

0

0

(αwu0 (q) − δc0 (q))(α + 1/λ(γ))u0 (q)
(α + 1/λ(γ))wu00 (q) − (δ + 1/λ(γ))c00 (q)

as λ → 0 : ds/dw = αu(q) −

(αwu0 (q) − δc0 (q))u0 (q)
wu00 (q) − c00 (q)

as λ → ∞ : ds/dw = αu(q) −

(αwu0 (q) − δc0 (q))u0 (q)
wu00 (q) − αδ c00 (q)

ds/dw|λ=∞ > ds/dw|λ=0 because δ > α and αwu0 (q) − δc0 (q) < 0.
In summary, a sufficient condition for ds/dw > 0 is that ds/dw|λ=∞ > 0 as ds/dw is
decreasing in λ.

3.2

Costly E-cash

In this section, consider the case of K > 0 which is more challenging. This is because e-cash
is costly, so cash may not be redundant anymore and the planner may want some types to
use cash. An important question is to characterize which types should use cash and which
type use e-cash. Moreover, inflation here is costly for the planner as some types may use cash
and inflation is costly for them as the planner cannot make them transfers conditional on the
real balances they carry to compensate them for the effects of inflation. (As inflation goes
up, the distortion for cash users increases.) Thus, the interesting tradeoff here is whether the
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planner should increase inflation so as to encourage more buyers to use e-cash, or decrease
inflation to save on e-cash usage costs.
Since e-cash cost is independent of the amount of e-cash that buyers carry, if the planner
wants a buyer to carry some e-cash, the planner will want him to carry his entire balances
in the form of e-cash. I introduce the following notation which will prove useful in the rest
of the paper:
f (w, q) ≡ βσ(wu(q) − c(q))

(23)

s(w, q) ≡ −(1 − β)Dw (q) + βσθ(wu(q) − c(q))

(24)

q̄(w, γ) ≡ arg max{−(γ − β)Dw (q) + βσθ(wu(q) − c(q))}

(25)

O(w, γ) ≡ max{−(γ − β)z + βσθ(wu(Dw−1 (z)) − c(Dw−1 (z)))}.
z

1 type w uses e-cash
e(w, γ) =
0 otherwise

(26)

q

(27)

In this section, for both cases of homogeneous and heterogeneous buyers, in the first step
I find the best policy, i.e. the best tc and te (.), and the associated e(., .) for a given inflation
rate. In the second step, I find the optimal inflation rate, given that it is known who uses
which means of payment from the first step.
3.2.1

Homogenous Buyers

As in the last section, I begin by homogeneous buyers. Since there is no heterogeneity, either
all buyers use cash or all use e-cash. As a result, it suffices to calculate the highest possible
welfare under cash and e-cash and finally compare them. First, suppose that buyers use
e-cash. From the constraints in the planner’s problem: te = (γ − 1)ze and te + ze = Dw (q̃).
Therefore, te = (γ − 1)/γDw (q̃). Moreover, tc = 0, so the planner’s problem can be written
as follows:
max f (w, q̃) − K
q̃

s.t.: − (1 − β)Dw (q̃) + βσθ(wu(q̃) − c(q̃)) − K ≥ 0
The constraint was written taking into account that if e-cash is used, then γ is chosen
sufficiently large so that the gains from using cash becomes 0. The problem reduces to:
max f (w, q̃) − K s.t. s(w, q̃) − K ≥ 0. If K ≤ K2 (w) ≡ s(w, qw∗ ), then q = qw∗ . If K > K2 (w),
then q̃ is implicitly given by K = s(w, q̃). Obviously q < qw∗ .
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Figure 2: Usage of cash vs. e-cash with fixed exchange rate and fixed cost of using e-cash.
If the agents use cash, then γ = 1, so the value of objective function is f (w, q̄(w, γ = 1)).
Therefore, e = 1 ⇔ K < f (w, q̃(w))−f (w, q̄(w, 1)). Let K1 (w) ≡ f (w, q ∗ (w))−f (w, q̄(w, 1)).

q̃ = q ∗ , e = 1
K ≤ K ∗ (w) ≡ K1∗ (w)
w
if K1 ≤ K2 :
q̃ = q̄(w, 1), e = 0 K > K ∗ (w)


K ≤ K2 (w)
q̃ = qw∗ , e = 1



if K1 (w) > K2 (w) : q̃ < qw∗ , e = 1
K2 (w) < K ≤ K ∗ (w)



q̃ = q̄(w, 1), e = 0 K > K ∗ (w)
where K ∗ (w) denotes the cost threshold at which the planner is indifferent between using
cash and e-cash system.
When e = 0, then γ = 1, te (z, w) = 0 and tc = 0. When e = 1:

 (γ−1)Dw (q̃w ) z ≥ Dw (q̃w )
γ
γ
.
te (z, w) =
Dw (q̃w )
0
z< γ
where γ is sufficiently high such that O(w, γ) = 0.
Lemma 4. There exists β̂ < 1 and θ̂(β) : [0, 1] → [0, 1] such that if β > β̂ and θ ≥ θ̂(β),
then K2 ≥ K1 .
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Proof.
K2 ≡ s(w, qw∗ ) ≥ K1 ≡ f (w, qw∗ ) − f (w, q̄(w, 1))
⇔ f (w, q̄(w, 1)) ≥ f (w, qw∗ ) − s(w, qw∗ )
βσ(wu(q̄(w, 1)) − c(q̄(w, 1))) ≥ (1 − β)Dw (qw∗ ) + βσ(1 − θ)(wu(qw∗ ) − c(qw∗ ))
It is easy to see that the RHS is decreasing and the LHS is increasing in θ. Also, as θ → 1,
the LHS is equal to {maxq −(1 − β)c(q) + βσ(wu(q) − c(q))} + (1 − β)c(q̄(w, 1)) which is
greater that the RHS, (1−β)c(qw∗ ), for β sufficiently close to 1. This concludes the proof.
This lemma implies that when β and θ are sufficiently large, then if e-cash is used, the
first best allocation will be achieved (Fig. 2(a)). E-cash is used in this case when K is
sufficiently small and the allocation is not distorted. When K is large, cash is used.
Remark 2. Results in this section including Lemma 4 hold for fixed and time-varying exchange rate alike. This is because although K > 0, only cash or only e-cash is used. As a
result, the planner has effectively one inflation rate as a policy tool again and allowing for
time-varying exchange rate does not change the results.
3.2.2

Heterogenous Buyers

Suppose there are types w1 and w2 where K ∗ (w1 ) < K < K ∗ (w2 ). If the population is
homogeneous, the planner uses e-cash for w1 and uses cash for w2 . What should the planner
do in this case when there are many types and the optimal means of payment for some of
them is different than others?
When they were alone, the planner could increase inflation to relax the constraint for the
type w2 . In contrast, the planner has to use cash for w1 and set the inflation to the lowest
possible level, γ = 1.
Now we can compare between homogenous and heterogeneous world. As in the costless
case, cross-subsidization is possible with multiple types, so if cash constraint is binding for
some types and not for others, cross-subsidization can help so that the aggregate output
increases. The novel effect is that with heterogeneity, the planner’s hands are more tied,
because for those types with K = K ∗ (w), use of e-money is possible when they are alone,
because the inflation can be set very high. However, if there is a sufficiently high measure
of agents who want to use cash, then setting high inflation rate amounts to a significant loss
in social welfare, so inflation cannot be too high. Therefore, for such w, he would switch to
cash (inefficiently compared to homogenous case) because the punishment of using cash is
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not severe enough. The point is that when both means of payments are used, some level of
inefficiently is unavoidable.
Lemma 5 (For fixed and time-varying exchange rate). Suppose both cash and e-cash are
used under the optimal policy. It can be assumed without loss of generality that all type who
use e-cash are indifferent between using cash and e-cash.
Proof. Suppose the constraint is slack, i.e. type w strictly prefers to use e-cash. Then, the
planner requires this type of buyers to bring more balances but keeps ze + te constant. Next,
the planner uses the remaining balances to transfer to other types who use e-cash but do not
get to the first best allocation. If all types who use e-cash get their FB, then the planner
will distribute the remaining balances in the form of cash across everybody. This policy does
not reduce welfare, as it does not change the incentives of buyers to bring enough balances.
Therefore, we can assume without loss of generality that e-cash users are indifferent between
cash and e-cash.
For a given inflation rate, I find a transfer schedule which makes all buyers indifferent
between cash and e-cash. Given this transfer schedule, which is basically associated with the
least cost policy, I find the set of types who should use e-cash. Then the objective function
is maximized over γ to complete the characterization.
Lemma 6 (Fixed Exchange Rate). Given the inflation rate, the planner’s problem can be
written as follows:
max

Z h

(f (w, q̃(w, γ)) − K)e(w, γ) + f (w, q̄(w, γ))(1 − e(w, γ))]dF

q̃(w,γ),e(w,γ)


Z 
Z
s.t.
s(w, q̃(w, γ)) − K − s(w, q̄(w, γ)) e(w, γ)dF + (γ − 1)Dw (q̄(w, γ))dF ≥ 0.
Proof. The constraint can be written following the constraint in problem 2:
Z "
(−(γ − β)Dw (q̃(w, γ)) + βσθ(wu(q̃(w, γ)) − c(q̃(w, γ))) − K − O(w, γ))e(w, γ)

#
+(γ − 1) Dw (q̃(w, γ))e(w, γ) + Dw (q̄(w, γ))(1 − e(w, γ)) dF ≥ 0
R
R
Now I use the facts that tc + te (., .)e(., .)dF = (γ − 1) (zc + ze )dF . Moreover, tc + te + ze =
Dw (q̃), tc +zc = Dw (q̄), and −(γ−β)Dw (q̃(w, γ))+βσθ(wu(q̃(w, γ))−c(q̃(w, γ)))−K+γte () =
O(w, γ) for e = 1. Therefore, the constrait can be rewritten as:

Z "
−γtc +
− (1 − β)Dw (q̃(w, γ)) + βσθ(wu(q̃(w, γ)) − c(q̃(w, γ))) − K − O(w, γ) e(w, γ)
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#
+(γ − 1)Dw (q̄(w, γ))(1 − e(w, γ))) dF = 0
#

Z "
s(w, q̃(w, γ)) − K − O(w, γ) e(w, γ) + (γ − 1)Dw (q̄(w, γ))(1 − e(w, γ))) dF = γtc
⇔

Z
Z 
s(w, q̃(w, γ)) − K − s(w, q̄(w, γ)) e(w, γ)dF + (γ − 1)Dw (q̄(w, γ))dF = γtc
⇔
Note that tc does not show up anywhere in the objective function and the LHS of the
constraint, so in the optimal solution, we can just replace the constraint with weak inequality
as tc ≥ 0.
Lemma 7 (Time-Varying Exchange Rate). Given γc and γe , the planner’s problem can be
written as follows:
max
q̃(w,γc ),e(w,γc )

Z h
(f (w, q̃(w, γc )) − K)e(w, γc ) + f (w, q̄(w, γc ))(1 − e(w, γc ))]dF


Z 
Z
s.t.
s(w, q̃(w, γc )) − K − s(w, q̄(w, γc )) e(w, γc )dF + (γc − 1)Dw (q̄(w, γc ))dF ≥ 0.
Proof. If type w buyer wants to use e-cash, his payoff from using e-cash must be higher than
that from cash. Therefore, the following should hold for (w) ≥ 0 for any type who uses
e-cash under the inflation rates γc and γe :
−(γe − β)(ẑe + te (ẑe )) + βσθ(wu(q̃) − c(q̃))) − K + γe te (ẑe , w) + γc tc
= −(γc − β)(ẑc + tc ) + βσθ(wu(q̄) − c(q̄)) + γc tc + (w)
where Dw (q̄) = ẑc + tc and Dw (q̃) = ẑe + te (ẑe ) + tc .6 After some algebra, this constraint
reduces to:
s(w, q̃) − K − (γe − 1)ẑe + te (ẑe ) + (1 − β)tc = s(w, q̄) − (γc − 1)(ẑc + tc ) + (w).
Now, consider the constraint of problem 2, using the fact that each type either carries cash
or e-cash:

Z 

tc +
te (ze (w), w) − (γe − 1)ze (w) e(w, γ) − (γc − 1)zc (w)(1 − e(w, γ)) dF (w) = 0.
6

The payoff from using e-cash has been written given the fact that if type w wants to use e-cash, he

will only use e-cash (and not cash and e-cash together). This is true due to the following: First, the cost
functions (that cost of using e-cash is independent of the anount). Second, the transfers in e-cash are in the
form of step function, so if a buyer already incurs the cost of e-cash, it is not worth it to have some balances
in cash.
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Combining the last two equations, one yields
Z
Z
(s(w, q̃(w, γc )) − K − s(w, q̄(w, γc )))e(w, γc )dF + (γc − 1)Dw (q̄(w, γ))dF
Z
= γc tc +


− (γc − β)tc + (w) e(w, γ)dF.

Note that (w) ≥ 0, and that tc does not show up anywhere in the objective function and
the LHS of the constraint, so in the optimal solution, we can just replace the constraint with
weak inequality as tc ≥ 0.
Remark 3. It is interesting that both lemmas 7 and 8, only inflation rate of cash is important. That is, time-varying exchange rate does not offer more flexibility than fixed exchange
rate if both means of payments are used. This lemma does not rule out that time-varying
exchange rate may dictate that both means of payments are not used [TB INVESTIGATED].
Moreover, even under the time-varying regime, agents who bring e-cash does not want
to bring any amount less than what the planner asks them to. If they bring less e-cash that
they are asked to, the maximum that they can get is their payoff from using cash, which is
less than that if they bring the amount of e-cash that they planner wants them to, due to the
constraint that we considered in the proof.
Remark 4. Note that both lemmas 7 and 8 imply that tc = 0, except if first best can be
achieved. This implies that in both regimes, the newly created cash and e-cash are distributed
across agents in the CM and DM, respectively.
Now, I form the Lagrangian:
Z "
L=


f (w, q̃(w, γ)) − K − f (w, q̄(w, γ)) e(w, γ) + f (w, q̄(w, γ))

#



+λ(γ) s(w, q̃(w, γ))−K−s(w, q̄(w, γ)) e(w, γ)+(γ−1)Dw (q̄(w, γ)) +µ1 (w)e(w, γ)+µ2 (w)(1−e(w)) dF
Note that γ = γc , as e-cash inflation is irrelevant as long as γe ≥ γc . Necessary conditions
for optimality yeilds:
q̃(w, γ) = arg max{f (w, q) + λ(γ)s(w, q)}
implying that
q̃(w, γ) ∈ [q̄(w, 1), q ∗ ].
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(28)

Moreover, remember that γ ≥ 1, so if type w uses cash, then q̄(w) ≤ q̄(w, 1). Therefore, the
production level for type w under e-cash is always greater than that under cash, i.e.
q̄(w, γ) ≤ q̃(w, γ).
Other necessary conditions for optimality:


e(w, γ) = 1 → f (w, q̃(w, γ))−K−f (w, q̄(w, γ))+λ(γ) s(w, q̃(w, γ))−K−s(w, q̄(w, γ)) = µ2 ≥ 0
(29)
and


e(w, γ) = 0 → f (w, q̃(w, γ))−K−f (w, q̄(w, γ))+λ(γ) s(w, q̃(w, γ))−K−s(w, q̄(w, γ)) = −µ1 ≤ 0
(30)
3.2.3

Explanation

f (w, q̃(w, γ)) − K − f (w, q̄(w, γ)) ≥ s(w, q̃(w, γ)) − K − s(w, q̄(w, γ)) ⇔ f (w, q̃(w, γ)) −
s(w, q̃(w, γ)) ≥ f (w, q̄(w, γ)) − s(w, q̄(w, γ)). The latter holds true becuase f (w, q) − s(w, q)
is increasing in q for q ≤ q ∗ :
f (w, q) − s(w, q) = (1 − θ)f + (1 − β)Dw (q)
⇒

∂f (w, q) − s(w, q)
= (1 − θ)fq (w, q) + (1 − β)Dw0 (q)
∂q

= (βσ(1 − θ) + (1 − β)(1 − θ))wu0 (q) − (βσ(1 − θ) − (1 − β)θ)c0 (q)
> (βσ(1 − θ))(wu0 (q) − c0 (q)) ≥ 0 for q ≤ q ∗
This implies that for some types, those around and at the threshold, s(w, q̃(w, γ)) − K −
s(w, q̄(w, γ)) < 0. The planner subsidizes all types who use e-cash by (γ − 1)Dw (q), but he
taxes the above mentioned types in order to have them use e-cash.

3.3

Only Low Types Use Cash

Define:
Q(r) ≡ arg max{ru(q) − c(q)}.
q

Proposition 5. Assume

rQ00 (r)
Q0 (r)

≥ −1. For a given γ, there exists wt (γ) > 0 such that if

w < wt (γ), then e = 0, and e = 1 otherwise.
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𝑓 𝑤, 𝑞 = 𝛽𝛽 (𝑤 𝑢 𝑞 − 𝑐(𝑞))

∗
𝑞�(𝑤, 𝛾) 𝑞�(𝑤, 1) 𝑞�(𝑤, 𝛾) 𝑞𝑤

𝑠 𝑤, 𝑞 = − 𝛾 − 1 𝐷𝑤 𝑞 + 𝛽𝛽𝛽 (𝑤 𝑢 𝑞 − 𝑐(𝑞))

𝑞

Proof. One needs to show that the following is increasing in w:


f (w, q̃(w, γ)) − K − f (w, q̄(w, γ)) + λ(γ) s(w, q̃(w, γ)) − K − s(w, q̄(w, γ)) .
But this is equal to
Z

q̃(w,γ)



fq (w, q) + λ(γ)sq (w, q) dq − K(1 + λ(γ)).

q̄(w,γ)

As shown above, q̃(w, γ) ≥ q̄(w, γ) for all w. One needs to show that the derivative of the
above expression with respect to w is positive. Therefore, it suffices to show
Z q̃(w,γ)


fwq (w, q) +λ(γ) swq (w, q) dq
| {z }
| {z }
q̄(w,γ)
≥0

∂ q̃(w, γ)
+
∂w

Z

q̃(w,γ)

q0

≥0



∂ q̄(w, γ)
fq (w, q)+λ(γ)sq (w, q) dq−
∂w

Z

q̄(w,γ)




fq (w, q)+λ(γ)sq (w, q) dq ≥ 0

q0

Define α̃ and ᾱ as follows:
q̃(w, γ) = Q(α̃w) where α̃ ≡

−(1 − β)(1 − θ) + βσ(θ + 1/λ(γ))
(1 − β)θ + βσ(θ + 1/λ(γ))

q̄(w, γ) = Q(ᾱw) where ᾱ ≡
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−(γ − β)(1 − θ) + βσθ
(γ − β)θ + βσθ

But α̃ ≥ ᾱ as q̃(w, γ) ≥ q̄(w, γ). It is shown in the following lemma that αQ0 (αw) is
increasing in α, so α̃Q0 (α̃w) ≥ ᾱQ0 (ᾱw). Therefore,
⇒

∂Q(α̃w)
∂Q(ᾱw)
∂ q̃(w, γ)
∂ q̃(w, γ)
=
= α̃Q0 (α̃w) ≥ ᾱQ0 (ᾱw) =
=
∂w
∂w
∂w
∂w

Finally, q̃(w, γ) ≥ q̄(w, γ), Q0 (.) is positive, and fq (w, q)+λ(γ)sq (w, q) > 0 for q < q̃(w, γ),
so the inequality is established.

Lemma 8. If

rQ00 (r)
Q0 (r)

Proof.

≥ −1, then αQ0 (αw) is increasing in α.



∂
rQ00 (r)
0
αQ (αw) ≥ 0 ⇔ Q0 (r) + rQ00 (r) ≥ 0 ⇔ − 0
≤ 1.
∂α
Q (r)

That is, the coefficient of relative risk aversion for Q (not for u) needs to be less than
1. This condition is satisfied for all u, c which are usually used in economics, although no
analytical proof is avaiable yet.
00

(r)
Example 1. Consider a constant relative risk averse Q(r) in which − rQ
= 1 − c0 where
Q0 (r)

c0 ≥ 0. This implies that
Q(r) = k1 rc0 + k0 .
Therefore, if

c0 (q)
u0 (q)

0 ) 1/c0
= ( (q−k
)
, then the required condition is satisfied.
k1

For example, let u(q) = q 1−1/c0 with c0 > 1 and c(q) = c1 q. Then r =
00 (r)
− rQ
Q0 (r)

Q(r) =

0 ) c0 c0
( (1−1/c
) r .
c1

3.3.1

Why is this problem non-trivial?

As a result:

c1
,
(1−1/c0 )q −1/c0

so

= −c0 (c0 − 1)/c0 = 1 − c0 < 0.

Because inflation is not ∞, so many types can get a non-zero payoff by using money. Higher
types, therefore, get a higher payoff for a given inflation. If their payoff from holding cash
goes up very fast, then it may not be worth it for the planner to have these types use e-cash.
It is shown that if

rQ00 (r)
Q0 (r)

≥ −1, then this does not happen.

FB is not achievable, so all participation constraints should be binding. For otherwise,
−T + (γ − 1)Dw (.) can be increased for some of the non-binding constraints and equivalently
decreased for some of the binding ones such that the budget balance remains satisfied, but
q(w) for types associated with binding constraints gets closer to FB, delivering the planner
a higher payoff.
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(b): Post-transfer balances as a
function of pre-transfer balances

Te (z, w) can be constructed easily. For example:
−(γ − β)Dw (q̃(w, γ)) + βσθ(wu(q̃(w, γ)) − c(q̃(w, γ))) − K + Te
= O(w, γ) = −(γ − β)Dw (q̄(w, γ)) + βσθ(wu(q̄(w, γ)) − c(q̄(w, γ)))
so let Te (z, w)


βσθ wu(q̃(w, γ)) − c(q̃(w, γ)) + O(w, γ)
= γ−β−
min{z, Dw (q̃(w, γ))}
Dw (q̃(w, γ))
Therefore, (γz−Te )|z=Dw (q̃(w,γ)) = βDw (q̃(w, γ))+βσθ(wu(q̃(w, γ))−c(q̃(w, γ)))−K −(βDw (q̄(w, γ))+
βσθ(wu(q̄(w, γ)) − c(q̄(w, γ)))) = β(Dw (q̃(w, γ)) − Dw (q̄(w, γ)) + θ(f (q̃(w, γ)) − f (q̄(w, γ)) −
K) − (1 − θ)K > 0
Proposition 6. If both means of payments are used, then γ > 1.
Proof. In this case, I show that γ > 1. If γ = 1, nothing can be distributed except if some
types with e-cash are taxed to subsidize others. But, they could do the same by using cash
and save on K and subsidies. Therefore, if nobody gets compensated, everybody strictly
prefers to use cash.
3.3.2

Intuition

This result implies that the optimal amount of inflation is strictly positive. If inflation is
negative, then those using e-cash should be taxed, so they do not use e-cash.
When γ ↑ at γ = 1, two effects:
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• Constraint is more relaxed, so more cross-subsidization is possible thus changing extensive margin
• The surplus that agents who use cash creates is lower
The prop. was proved, but here I try to derive it mathematically:

∂
L
∂γ

> 0 for γ = 1 and

L < 0 for γ → ∞.
∂
L=
∂γ

Z "


f (w, q̃(w, γ)) − K − f (w, q̄(w, γ)) e(w, γ) + f (w, q̄(w, γ))



#
+λ(γ) s(w, q̃(w, γ)) − K − s(w, q̄(w, γ)) e(w, γ) + (γ − 1)Dw (q̄(w, γ)) dF
Z "
=


∂ q̄(w, γ)
fq (w, q̄(w, γ)) (1 − e(w, γ))
∂γ

#


∂
q̄(w,
γ)
+ Dw (q̄(w, γ)) dF
+λ(γ) − sq (w, q̄(w, γ))e(w, γ) + (γ − 1)Dw0 (q̄(w, γ))
∂γ
The problem is that the first term above is negative as
−βσθ
∂ q̄(w, γ)
≡
Q0 (α̃w)
∂γ
((γ − β)θ + βσθ)2
is negative, so we cannot sign the whole derivative.
z = Dw (qw∗ ) for z ≥ Dw (qw∗ ).
For ẑe + te (ẑe ) < Dw (qw∗ ): since FB is achievable, −(γ − β)z + T (z) + θf (w, Dw−1 (z)) must
have a local maximum at z = Dw (qw∗ ).
As a result, −(γ − β)z + T (z) + θf (w, Dw−1 (z)) is increasing in z for z ∈ [Dw0 (qw∗ 0 ), Dw1 (qw∗ 1 )].
• Show that there exists T0 such that −(γ−β)z+T (z) = T0 for all z ∈ [Dw0 (qw∗ 0 ), Dw1 (qw∗ 1 )].
Suppose to the contrary that it is strictly decreasing for some za ∈ [Dw0 (qw∗ 0 ), Dw1 (qw∗ 1 )].
Find wa such that za = Dwa (qw∗ a ).
Then the buyer-wa can bring za −  with  > 0 being sufficiently small so he can get
strictly higher payoff than his payoff at za = Dwa (qw∗ a ), and simultaneously q < qw∗ a ,
because za −  < Dwa (qw∗ a ). This is a contradiction with FB being available.
• NOT needed: −(γ − β)z + T (z) is weakly lower for all za > Dwa (qw∗ a ) than that for
za = Dwa (qw∗ a ).
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• Therefore, −(γ − β)z + T (z) must be constant over z ∈ [Dw0 (qw∗ 0 ), Dw1 (qw∗ 1 )]
• Since FB is achievable, T (z) for z < Dw0 (qw∗ 0 ) must be chosen such that z(w) ≥
Dw0 (qw∗ 0 ) for all w.
• As a result, at the optimal,
−(γ − β)z(w) + T (z(w)) = T0 for all w
• Now consider the planner’s budget constraint. Using −(γ − β)z(w) + T (z(w)) = T0
and the fact that z(w) ≥ Dw (qw∗ ), one can write:
Z
T0 + (1 − β) Dw (qw∗ )dF (w) ≤ 0
This inequality gives us an upperbound for T0 .
Now check that all buyers are willing to use e-cash:
βσθ(wu(qw∗ ) − c(qw∗ )) + T0 ≥ max{−(γ − β)Dw (q) + βσθ(wu(q) − c(q))}∀w
q

L(w, γ) ≡ max{−(γ − β)Dw (q) + βσθ(wu(q) − c(q))}
q

For some γ,
T0 ≥ max L(w, γ) − L(w, β) for all w
w

Since the RHS is decreasing in γ, a necessary condition for T0 can be obtained when γ is set
very large:
T0 ≥ max L(w, ∞) − L(w, β) = −βσθ(wu(qw∗ ) − c(qw∗ )) for all w
w

⇒ T0 ≥ −βσθ(w0 u(qw∗ 0 ) − c(qw∗ 0 )) for all w
Combining with the upperbound on T0 , we must have
Z
∗
∗
−βσθ(w0 u(qw0 ) − c(qw0 )) + (1 − β) Dw (qw∗ )dF (w) ≤ 0
which is the same condition as in the proposition.
This condition is equivalent to θ and β being sufficiently high:
R


c(qw∗ )dF (w) −1
βσ (wmin u(qw∗ min ) − c(qw∗ min ))
R
θ≥θ≡
+1− R
1−β
wu(qw∗ )dF (w)
wu(qw∗ )dF (w)
The LHS of the condition in Prop. ?? is associated with the surplus of the lowest type.
In the counterpart of this condition in Prop. 4, the LHS is the average of the same term
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Transfers as a function of pre-transfer balances
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(b): Under private information

(a): Under complete information

over all types. This difference implies that private information here restricts the amount of
cross-subsidization possible. Put differently, suppose we begin by having only 1 type, wmin .
When higher types are added to the population, the RHS becomes larger while the LHS
is kept constant, implying that the range of β’s under which FB can be achieved becomes
smaller. That is, as higher types are added, it becomes harder to achieve the FB. Remember
that in the complete information case, when higher types are added, both RHS and LHS
increase, which may result in achieving the FB for broader range of β’s.
Of course, it is not surprising that private information problem leads to less efficient
outcomes as in many other models. However, it is important to understand how private
information affects the outcome. In a world with complete information, the planner sees
w and adjusts the transfers accordingly. Mathematically speaking, although the slope of
te (z, w) is independent of w, its intercept depends on w with complete information. Here
with private information, the transfers cannot be dependent on w, so in order to ensure that
the lowest type wants to participate, the planner chooses the intercept sufficiently high. But
all types receive this transfer, so it becomes harder for the planner to achieve the FB, as the
amount of transfers to be made to buyers has increased.7 Figure ?? illustrates the difference
between complete and private information cases.
7

In other words, this is the cost of including all buyers in the e-cash system.
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3.4

Case II: Flat Cost of Using E-cash

Proposition 7 (TB INVESTIGATED). Assume cc (z) = ct (z) = 0, ce (z) = ĉI(z > 0) for
all z. Then there exist 0 < d0 < d1 such that:
• if d ≤ d0 , then it is optimal that all buyers use e-cash, and q(w) = qw∗ ,
• if d ∈ (d0 , d1 ], then buyers with w < w0 use cash and q(w) < qw∗ . All other buyers use e-cash
and q(w) = qw∗ ,
• if d > d1 , then no buyer uses e-cash.
To prove this result, I proceed in several steps.
Lemma 9. If type w uses e-cash, then all w0 > w use e-cash too.
Proof. Suppose the payoff to type w from using only cash is strictly dominated by that from
using cash and e-cash together. I show that using cash is strictly dominated for all w0 > w.
First note that if −(γc − β)(1 − θ) + βσθ ≤ 0, then type w does not use cash as q̄ would be
equal to 0. Therefore, assume that
−(γc − β)(1 − θ) + βσθ > 0.
Now, by way of contradiction assume that the maximum payoff that type w0 > w receives
from using cash and e-cash together is weakly lower than that from using cash alone. Three
cases are considered separately to obtain a contradiction.
Case I: ze (w) + te (ze (w)) + zc (w) + tc ≤ Dw0 (q̄w0 )
Consider the following portfolio decision for type w0 : ze (w0 ) = ze (w), zc (w0 ) = Dw0 (q̄w0 ) −
ze (w) − te (ze (w)) − tc . Since using only cash is the best strategy for type w0 , carrying this
portfolio should be dominated by carrying only cash :
−(γc −β)(ẑe (w)+te (ẑe (w)+zc (w0 )+tc )−(γe −γc )(ze0 +te (ẑe (w)))+βσθ(wu(q)−c(q))+γc tc +γe te (ẑe (w)))−K
≤ (γc − β)Dw0 (q̄w0 ) + βσθ(wu(q̄w0 ) − c(q̄w0 )) + γc tc
⇒ −(γe − γc )(ẑe (w) + te (ẑe (w))) + γe te (ẑe (w))) − K ≤ 0.
Note that the choice of cash is strictly dominated for type w, so
−(γc −β)Dw (q̄w )−(γe −γc )(ẑe (w)+te (ẑe (w)))+βσθ(wu(q(w))−c(q(w)))+γc tc +γe te (ẑe (w)))−K
> (γc − β)Dw (q̄w ) + βσθ(wu(q̄w ) − c(q̄w )) + γc tc
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This inequality together with the above inequality implies
−(γc − β)Dw (q(w)) + βσθ(wu(q(w)) − c(q(w))) > (γc − β)Dw (q̄w ) + βσθ(wu(q̄w ) − c(q̄w )).
This is a contradiction with q̄w being a maximizer of maxq −(γc − β)Dw (qw ) + βσθ(wu(qw ) −
c(qw )).
Case II: Dw0 (q̄w0 ) < ze (w) + t(ze (w)) + zc (w) + tc ≤ Dw0 (qw∗ 0 )
Consider the following portfolio for type w0 : ze (w0 ) = ze (w), zc (w0 ) = zc (w0 ). Let q 0 ∈
[q̄w0 , qw∗ 0 ] be defined as q 0 ≡ Dw−10 (ze (w) + t(ze (w)) + zc (w) + tc ). I want to show that this
portfolio can make type w0 strictly better off relative to the case that he uses cash:

−(γc −β)(ẑe (w)+te (ẑe (w)+zc (w)+tc )−(γe −γc )(ẑe (w)+te (ẑe (w)))+βσθ(wu(q 0 )−c(q 0 ))+γc tc +γe te (ẑe (w)))−K
> −(γc −β)Dw0 (q̄w0 )+βσθ(wu(q̄w0 )−c(q̄w0 ))+γc tc ≡ max{−(γc −β)Dw0 (q)+βσθ(w0 u(q)−c(q))}+γc tc
q

When w0 → w, this inequality holds true, because using only cash is strictly dominated for
type w. I show below that if q ∈ [q̄w̃ , qw̃∗ ], then
R1 (q, w̃) ≡ −(γc − β)Dw̃ (q) + βσθ(w̃u(q) − c(q)) − max{−(γc − β)Dw̃ (q) + βσθ(w̃u(q) − c(q))}
q

is increasing in w̃ for w̃ > w. This will complete the argument.....
Case III: Dw0 (qw∗ 0 ) < ze (w) + t(ze (w)) + zc (w) + tc
A similar trick as in the previous case is used. Consider the following portfolio for type
0

w : ze (w0 ) = ze (w), zc (w0 ) = zc (w0 ). Since w0 > w, so Dw (qw∗ ) < ze (w) + t(ze (w)) + zc (w) + tc .
Therefore, type w0 has enough balances to consume qw∗ 0 . I want to show that this portfolio
can make type w0 strictly better off relative to the case that he uses cash:
−(γc − β)(ẑe (w) + te (ẑe (w) + zc (w) + tc ) − (γe − γc )(ẑe (w) + te (ẑe (w))) + βσθ(w0 u(qw∗ 0 ) − c(qw∗ 0 ))
+γc tc + γe te (ẑe (w))) − K > max{−(γc − β)Dw0 (q) + βσθ(w0 u(q) − c(q))} + γc tc
q

0

When w → w, this inequality holds true, because using only cash is strictly dominated for
type w. I just need to show that
R2 (w̃) ≡ βσθ(w̃u(qw̃∗ ) − c(qw̃∗ )) − max{−(γc − β)Dw̃ (q) + βσθ(w̃u(q) − c(q))}
q

is increasing in w̃ for w̃ > w. Then the argument is complete.
Lemma 10. Assume that −(γc − β)(1 − θ) + βσθ > 0. Then for every w:
(i) R1 (q, w) is increasing in w for q ∈ [q̄w , qw∗ ].
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(ii) R2 (w̃) is increasing in w.
Proof of part (i). Since q ≥ q̄w , it is sufficient to show that

∂ 2 R1 (q,w)
∂q∂w

≥ 0. But


∂ 2 R1 (q, w)
∂(−(γc − β)(1 − θ)u(q) + βσθu(q))
=
= − (γc − β)(1 − θ) + βσθ u0 (q) ≥ 0,
∂q∂w
∂q
where the inequality holds by assumption.
Proof of part (ii). R1 (q, w) is increasing in w for q = qw∗ , and R2 (w) increases with w faster
than R1 (q, w) since the first term in R1 , which is decreasing in w, is missing in R2 . Therefore,
R2 (w) is increasing in w too.
The rest of the proof:
[CONTINUE FROM HERE]
• Let w̃ be the threshold under which e-cash is not used
• Higher types may or may not use cash
• Given γ and w̃, the planner needs to ensure that all w ≥ w̃ want to participate, have no
incentive to lie and the amount of transfers to e-cash users don’t exceed the resources
given the inflation rate.
Using the revelation principle, one can write:
Z 
W (γ, w̃) ≡

max

{z(w),T (w)}



βσ wu(q(w)) − c(q(w)) dF

w̃

w ∈ arg max U (w, τ ),
τ

U (w̃) = O(w̃),
Z
(T (w) − (γ − 1)z(w))dF (w) ≤ 0,
w̃

where q(w) ≡ q(w, w), q(w, τ ) ≡ min{qw∗ , Dw−1 (z(τ ))}, U (w) ≡ U (w, w),


U (w, τ ) ≡ −(γ − β)z(τ ) + βσθ wu(q(w, τ )) − c(q(w, τ )) + Te (τ ) − d,

O(w) ≡ max{−(γ − β)z + βσθ
z
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wu(Dw−1 (z))

−


}.

c(Dw−1 (z))

• Next, the planner solves:
W (γ) = max W (γ, w̃) − (1 − F (w̃))d
w̃

W = max W (γ)
γ

• Finally, construct Te (z), ze (w) and zc (w) for all w such that all w < w̃ do not want to
use e-cash. For that, I may need the following:
z(w) and T (w) are monotone and O(w) ≥ U (w, τ ) for all w < w̃(γ) ≤ τ .

T (z(w)) z = z(w) for some w
Te (z) =
0
otherwise, specially if z ≤ maxw<w̃(γ) z(w)
Check that still low types do not want to use e-cash.
Main Questions for the Planner
• Who uses e-cash?
• Whose allocation should be distorted?
Planner’s options:
• Make everybody use e-cash, so the society bears cost d anyway, but the allocation for
some buyers should be distorted
• Let some buyers use cash. Then, should any buyer who uses e-cash get qw∗ or not?
NOTE: If some buyers use cash, increasing γ is not costless; it reduces incentives to
bring cash.
3.4.1

Optimal Monetary Policy with Both Means of Payment

• Like optimal taxation policy:
– Flat tax schedule does not distort the allocation for e-cash users, but does not
generate enough resources → expensive policy → a lot of low-w buyers use cash
instead
– Increasing tax schedule distorts the allocation for e-cash users, but generates
more resources → fewer low-w buyers use cash
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𝑐𝑚 (𝑧)

𝐻𝑜𝑙𝑑𝑖𝑛𝑔 𝑐𝑜𝑠𝑡

𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝑟𝑎𝑡𝑒
𝑝𝑙𝑢𝑠 𝑓𝑙𝑎𝑡 𝑓𝑒𝑒
𝑙𝑢𝑚𝑝 𝑠𝑢𝑚 𝑡𝑎𝑥𝑎𝑡𝑖𝑜𝑛 𝑜𝑛 𝐶𝐵𝐷𝐶

𝑧
𝑐𝑎𝑠ℎ 𝑢𝑠𝑒𝑟𝑠 𝑤𝑖𝑡ℎ 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡 𝑟𝑎𝑡𝑒

𝑐𝑎𝑠ℎ 𝑢𝑠𝑒𝑟𝑠 𝑤𝑖𝑡ℎ 𝑙𝑢𝑚𝑝 𝑠𝑢𝑚 𝑡𝑎𝑥𝑎𝑡𝑖𝑜𝑛

Figure 3: Different transfer schemes given γ

• The tradeoff is to charge interest rate thus distorting the allocation, or lump sum
taxation with too many cash users
• Although ZLB is not a problem, negative interest rate works as a distortionary tax
• Lower inflation: relatively more taxes on e-cash users → more incentives to use cash
→ more resources wasted → planner may want to set inflation higher than β − 1
8

3.4.2

What if the planner can get rid of one?

• If the cost of using e-cash is sufficiently low, then the planner will get rid of cash
altogether
– Even in this case, we should consider alternatives other than cash
• If the cost is not low enough, using cash for low-w buyers is socially optimal
8

Problem with Rogoff’s proposal is that small denomination notes may become more expensive than

their face value!
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4

Discussion and Concluding Remarks

4.1

Relation with Chiu and Wong (2014)

• They assume agents report their money holdings to planner, with the possibility of
hiding their money
• My model would be an extension of their model with heterogeneous buyers
• In their monetary mechanism (Section 3), the punishment for not bringing enough
money from CM is getting 0 transfers
• Here, this punishment can be applied only for the lowest type, as higher types can
bring slightly less balances and still get transfers
• This is why it’s harder to implement the FB in this environment than theirs as punishment cannot be that harsh
• Information structure and whether communication is possible or not:
– In their paper, communication is possible, i.e., agents show their balances to
the planner and he suggests an allocation and makes transfers.
Hence, first best is achievable even with money for a large set of parameter values.
– In this paper, no communication is possible, so planner’s hands are fairly tied
as he can only distribute money evenly across all agents, so the set of
achievable allocations with money is smaller than that in Chiu and Wong.
• Planner’s ability toward e-cash:
– In their paper, the planner does not directly see the portfolios, but he can punish
agents by restricting their access to emoney system or by imposing fees conditional on transfers in DM.
– In this paper, the planner can see e-cash balances and he can impose any tax
scheme on e-cash balances in CM, but planner cannot see/do anything in DM.
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4.2

Insights

• First best is achieved with e-cash, but there are costs associated with e-cash
• With only lump-sum transfers, buyers with low valuation hold cash and others hold
e-cash
• Shape of optimal policy:
Lump-sum transfers to digital currency users is not the optimal policy, as a lot of
buyers are encouraged to use cash.
A better policy is to have an increasing transfer schedule. Although the allocation is
distorted for those who use e-cash, but fewer buyers use cash

4.3

Functional Form of the Transfer Function

In the benchmark model, it was assumed that the e-cash transfer function can have any
functional form. I did not require linearity nor even continuity of that. A potential problem
with a general functional form is that this general functional form may render this system
susceptible to various individual or group defections.
First, let’s consider group defection. That is, buyers may want to form a coalition, so
they accumulate their balances together in order to get more transfers in aggregate and
then split the transfers between themselves in a way that all buyers in the coalition become
better off. To block this type of croup defection, we should have a weakly concave transfer
function. To be more precise, a transfer function is immune to group defection if it satisfies
the following:
te (z1 +z2 )−ce (z1 +z2 ) ≤ te (z1 )−ce (z1 )+te (z2 )−ce (z2 ) for all z1 , z2 ≥ 0 (No-Group-Defection).
For example, if ce (z) = KI(z > 0), this condition reduces to:
te (0) ≥ K and te (z1 + z2 ) ≤ te (z1 ) + te (z2 ) − K for all z1 , z2 > 0.
Second, another possible defection is that one person opens multiple accounts and try
to exploit the system. This defection should be taken more seriously if the e-cash system
considered is token-based and not account-based as in the latter the planner can easily verify
the identity of the account owner. A transfer function is immune to this type of defection if
it satisfies the following:
te (z1 +z2 )−ce (z1 +z2 ) ≥ te (z1 )−ce (z1 )+te (z2 )−ce (z2 ) for all z1 , z2 ≥ 0 (No-Multiple-Accounts).
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Again, if ce (z) = KI(z > 0), this condition reduces to:
te (0) ≤ K and te (z1 + z2 ) ≤ te (z1 ) + te (z2 ) − K for all z1 , z2 > 0.
Under ce (z) = KI(z > 0), a transfer function satisfies both No-Multiple-Accounts and NoGroup-Defection restrictions if and only if te (z) = K + rz for any r ∈ R.
In this section, I consider No-Multiple-Accounts restriction and consider the transfer
functions in the following form:
Assumption 3 (Linear Transfer Function).
te (z) = r0 + r1 z where r0 ≤

K
, r1 ∈ R.
γe

Note that r0 ≤ K/γe and not r0 ≤ K. This comes from the fact that te in this paper was
defined in the units of tomorrow’s (and not today’s) CM good, so the effective cost of using
e-cash is K/γe in the units of tomorrow’s CM good.
Remark 5. Suppose transfers satisfy Assumption 3 and cost functions satisfy Assumption
2 with K = 0. Then all results mentioned so far will hold.

4.4

Conclusion

For the future work, several extensions to the existing model can be considered. First, and
foremost, different inflation rates for cash and digital currency can be allowed. It is important
to see whether or not this extra degree of freedom for the planner can lead to efficiency gains.
Second, different cost structures should be studied. For this extension, it is important
to use empirical studies to justify a particular cost structure being used. For example, the
estimated cost of using debit card transactions can be used for cost of using e-cash.
Third, it is very natural in this environment to assume that even if agents use digital
currency, the planner cannot see their types. That is, their type, w, is private information to
the agents. Of course, the theoretic analysis will be harder as the digital currency transfers
cannot be conditioned on types.
Fourth, if the planner can only use linear transfer schedules, do the results survive? This
extension is particularly interesting because this transfer schedule is coalition proof in the
sense that agents cannot take advantage of the transfer system, for example, by several
agents putting all their balances together to get more transfers.
Fifth, if an aggregate negative shock hits this economy, for example to the cost of production, how can open market operations help to weaken or neutralize the effects of the
shock?
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