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Abstra t: In this paper the testing of normality for un onditionally heteros edasti ma roe-

onomi time series is studied. It is underlined that the lassi al Jarque-Bera test (JB
hereafter) for normality is inadequate in our framework. On the other hand it is found
that the approa h whi h onsists in orre ting the heteros edasti ity by kernel smoothing
for testing normality is justied asymptoti ally. Nevertheless it appears from Monte Carlo
experiments that su h methodology an noti eably suer from size distortion for samples
that are typi al for ma roe onomi variables. As a onsequen e a bootstrap methodology
for orre ting the problem is proposed. The innovations distribution of a set of ination
measures for the U.S., Korea and Australia are analyzed.
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Introdu tion

In the e onometri literature, the Jarque Bera (1980) test is routinely used to assess the
normality of variables. The properties of this test are well do umented for stationary onditionally heteros edasti pro esses. For instan e Fiorentini, Sentana and Calzolari (2003),
Lee, Park and Lee (2010) and Lee (2012) investigated the test developed by JB test in the
ontext of GARCH models. However few studies are available on the distributional spe i ation of the errors in presen e of un onditional heteros edasti ity. Considering S&P500
returns Drees and St ri

(2002) and Mikos h and St ri

(2004) investigated the distribu-

tion of the errors orre ted from un onditional heteros edasti ity. Fry¹lewi z (2005) pointed
out that un onditionally heteros edasti nan ial time series an exhibit a sample kurtosis that may lead to onsider spuriously leptokurti distributions. Note that non onstant
varian e onstitutes an important pattern for time series in general, and ma roe onomi
variables in parti ular. Referen e an be made to Sensier and van Dijk (2004) who found
that most of the 214 U.S. ma roe onomi time series they studied have a time-varying varian e. In this paper we aim to provide a reliable tool for testing normality for small samples
time series with non onstant un onditional varian e.
The stru ture of the paper is as follows. In Se tion 2 we rst set the dynami s ruling
the observed pro ess. In parti ular the un onditional heteros edasti stru ture of the errors
is given. The inadequa y of the standard JB test in our framework is highlighted. The
approa h onsisting in orre ting the errors from the heteros edasti ity for building a JB
test is presented. We then introdu e a bootstrap pro edure that is intended to orre t the
ina ura y of the above JB test. In Se tion 3 numeri al experiments are ondu ted to shed
some light on the nite sample behavior of the studied tests. We illustrate our outputs
examining the distributional properties of the U.S., Korean and Australian GDP impli it
pri e deators.
The following notations are used. The onvergen e in distribution is denoted by ⇒. For
a random variable v we dene kvkq = (E|v|q )1/q , with E|v|q < 1 and q ≥ 1.
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Testing normality in presen e of un onditional heteros edasti ity

We onsider pro esses (yt,n) whi h an be written as

yt,n = ω0 + xt,n ,
p
X
a0i xt−i,n + ut,n ,
xt,n =

(2.1)

i=1

where y1,n, . . . , yn,n are available, n being the sample size and E(xt,n ) = 0. The onditional
mean of xt,n is driven by the autoregressive parameters θ0 = (a01 , . . . , a0p )′ . We make the
following assumption on the onditional mean.

Assumption A0:

with a(z) = 1 −

The a0j ∈ R, 1 ≤ j ≤ p, are su h that det(a(z)) 6= 0 for all |z| ≤ 1,

Pp

j=1 a0j z

In the assumption

A1

j

.

below, the well known res aling devi e introdu ed by Dahlhaus

(1997) is used to spe ify the errors pro ess (ut,n ).

Assumption A1:

We assume that ut,n = ht,n ǫt where:

(i) ht,n ≥ c > 0 for some onstant c > 0, and satises ht,n = g(t/n), where g(r) is a
measurable deterministi fun tion on the interval (0, 1], su h that supr∈(0,1] |g(r)| < ∞.
The fun tion g(.) satises a Lips hitz ondition pie ewise on a nite number of some
sub-intervals that partition (0, 1].
(ii) The pro ess (ǫt ) is iid and su h that E(ǫt ) = 0, E(ǫ2t ) = 1, and (E(kǫt k8ν ) < ∞ for
some ν > 1.
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The non onstant varian e indu ed by A1(i) allows for a wide range of non stationarity
patterns ommonly fa ed in pra ti e, as for instan e abrupt shifts, smooth hanges or y li al
behaviors. Note that in the zero mean AR ase, tools needed to arry out the Box and Jenkins
spe i ation-estimation-validation modeling y le, are provided in Patilea and Raïssi (2013)
and Raïssi (2015). For ω0 6= 0 dene the estimator ω̂ = n−1
for any ω ∈ R. Writing ω̂ − ω0 = n−1
√

Pn

t=1

Pn

t=1

yt,n , and xt,n (ω) = yt,n − ω

xt,n , it an be shown that

(2.2)

n(ω̂ − ω0 ) = Op (1),

using the Beveridge-Nelson de omposition. Now let
(2.3)

θ̂(ω) = (Σx (ω))−1 Σx (ω),

where
−1

Σx (ω) = n

n
X

xt−1,n (ω)xt−1,n (ω)

′

and Σx (ω) = n

−1

t=1

n
X

xt−1,n (ω)xt−1,n (ω),

t=1

with xt−1,n (ω) = (xt−1,n (ω), . . . , xt−p,n (ω))′. With these notations dene the OLS estimator
θ̂(ω̂) and the unfeasible estimator θ̂(ω0 ). Straightforward omputations give

√

n(θ̂(ω̂)−θ̂(ω0 ))

= op (1), so that using the results of Patilea and Raïssi (2012) we have
√

n(θ̂(ω̂) − θ0 ) = Op (1).

(2.4)

On e the onditional mean is ltered in a ordan e to (2.2) and (2.4), we an pro eed to
the test of the following hypotheses:
H0 : ǫt ∼ N (0, 1) vs. H1 : ǫt has a dierent distribution,

with the usual slight abuse of interpretation inherent of the use JB test for normality testing.
Clearly the skewness and kurtosis of ut,n orrespond to those of ǫt . However in pra ti e
E(u3t,n ) = 0 and E(u4t,n ) = 3 is he ked using the JB test statisti :

QuJB

h
i
S,u
K,u
= n QJB + QJB ,
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(2.5)

where
QS,u
JB

with µ̂j = n−1

µ̂2
= 33
6µ̂2

and

QK,u
JB

1
=
24



µ̂4
−3
µ̂22

2

,

¯ j and û¯ = n−1 Pn ût,n . The ût,n 's are the residuals obtained
(û
−
û)
t,n
t=1
t=1

Pn

from the estimation of the onditional mean. If we suppose the pro ess (ut ) homos edasti

(g(.) is onstant), then the standard result QuJB ⇒ χ22 is retrieved (see Yu (2007), Se tion
2.2). However under A0 and A1 with g(.) non onstant (the un onditionally heteros edasti
ase) we have:
QK,u
JB =

where κ2 =

R1
0

R1

g 4 (r)dr
2



1 
κ2 E(ǫ4t )) − 3 + 3 (κ2 − 1) + op (1),
24

(2.6)

. Hen e if we suppose the errors pro ess un onditionally heteros edas-

( 0 g2 (r)dr)
ti with E(ǫ4t ) = 3, we have QuJB = Cn + op(n) for some stri tly positive onstant C . As

a onsequen e, the lassi al JB test will tend to dete t spuriously departures from the null
hypothesis of a normal distribution in our framework. This fa t was used by Fry¹lewi z
(2004) to underline that un onditionally heteros edasti spe i ations an over time series
that exhibit an ex ess of kurtosis.
In order to assess the distribution of S&P500 returns, Drees and St ri

(2002) onsidered

errors orre ted from heteros edasti ity using a kernel estimator of the varian e. We will
follow this approa h in the sequel onsidering
ĥ2t,n

=

n
X
i=1

with wti =

P

n
j=1 Ktj

−1

¯ 2,
wti (ûi,n − û)

1 ≤ t ≤ n,

Kti and Kti = K((t − i)/nb) if t 6= i and Kii = 0, where K(·) is a

kernel fun tion on the real line and b is the bandwidth. The following assumption is needed
for our varian e estimator.
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Assumption A2:

(i) The kernel K(·) is a bounded density fun tion dened on the real

line su h that K(·) is nonde reasing on (−∞, 0] and de reasing on [0, ∞) and

R

R

v 2 K(v)dv <

∞. The fun tion K(·) is dierentiable ex ept a nite number of points and the derivative
R
K ′ (·) satises R |xK ′ (x)|dx < ∞. Moreover, the Fourier Transform F [K](·) of K(·) satises
R
|s|τ |F [K](s)| ds < ∞ for some τ > 0.
R

(ii) The bandwidth b is taken in the range Bn = [cmin bn , cmax bn ] with 0 < cmin < cmax <

∞ and nb4−γ
+ 1/nb2+γ
→ 0 as n → ∞, for some small γ > 0.
n
n
¯ ĥt,n . We are ready to introdu e the following JB test statisti :
Let ǫ̂t = (ût,n − û)/
i
h
K,ǫ
QǫJB = n QS,ǫ
+
Q
JB
JB ,

where
QS,ǫ
JB

with ν̂j = n−1

Pn

Proposition 1.

j
t=1 ǫ̂t

ν̂ 2
= 33
6ν̂2

and

QK,ǫ
JB

1
=
24



ν̂4
−3
ν̂22

2

,

. The following proposition gives the asymptoti distribution of QǫJB .

Under the assumptions

A0, A1

and

QǫJB ⇒ χ22 ,

A2,

we have as n → ∞

(2.7)

uniformly with respe t to b ∈ Bn .

Proposition 1 an be proved using the same arguments given in Yu (2007), together
with those of the proof of Proposition 4 in Patilea and Raïssi (2014). Therefore we skip
the proof. For building a test using the above result, we will onsider the normal kernel,
and a bandwidth hosen minimizing the ross-validation (CV) riterion (see Wasserman
(2006,p69-70)). The test obtained using (2.7) and the above settings will be denoted by
Tcv . The standard test, that do not take into a ount the un onditional heteros edasti ity,

is denoted by Tst .
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For high frequen y time series it is reasonable to suppose that the approximation (2.7)
is satisfa tory when the bandwidth is arefully hosen. Nevertheless onsidering the above
sophisti ated pro edure for small n is questionable. Therefore we propose to apply the following bootstrap algorithm inspired from Fran q and Zakoïan (2010,p335).

(b)
(b)
1- Generate ǫ(b)
t ∼ N (0, 1), 1 ≤ t ≤ n, build the bootstrap errors ut,n = ǫt ĥt,n , and the

bootstrap series yt(b) using (2.1), but with ω̂ and θ̂(ω̂) (see (2.2) and (2.3)).
2- Estimate the autoregressive parameters and a onstant as in (2.1), but using the yt(b) 's.
(b)
Build the kernel estimators ĥ(b)
t,n from the resulting residuals ût,n .
(b)
(b)
ǫ,(b)
3- Compute ǫ̂(b)
t,n = ût,n /ĥt,n for t = 1, . . . , n. Compute QJB .

4- Repeat the steps 1 to 3 B times for some large B. Use the Qǫ,(b)
JB 's to ompute the
p-values of the bootstrap JB test.
The test obtained using the above bootstrap pro edure is denoted by Tboot .

3

Numeri al illustrations

The nite sample properties of the Tst , Tcv and Tboot tests are rst examined by means of
Monte Carlo experiments. The distribution of the GDP impli it pri e deator for the U.S.,
Korea and Australia is then investigated. Throughout this se tion the asymptoti nominal
level of the tests is 5%. In the sequel, we xed B = 499.
3.1

Monte Carlo experiments

We simulate N = 1000 traje tories of AR(1) pro esses:

yt,n = a0 yt−1,n + ut,n ,
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(3.1)

where a0 = 0.4 and ut,n = ht,n ǫt with ǫt iid(0,1). Under the null hypothesis we set ǫt ∼
N (0, 1). On the other hand under the alternative hypothesis ǫt = cos(δ)vt + sin(δ)wt is
√
taken, with vt ∼ N (0, 1), ( 2wt + 1) ∼ χ21 , and 0 ≤ δ ≤ π2 . In order to study the ase

where the series are a tually homos edasti , we set ht,n = 1. For the heteros edasti

ase,

the varian e stru ture is given by

ht,n = 1 + 2 exp (t/n) + 0.3(1 + t/n) sin (5πt/n + π/6) .

In su h situation the varian e stru ture exhibits a global monotone behavior together with a
y li al/seasonal omponent that is ommon in ma roe onomi data (see e.g. Trimbur, and
Bell (2010) for seasonal ee ts in the varian e). In all our experiments, the mean in (3.1) is
treated as unknown. More pre isely the AR parameter in (3.1) is estimated using yt,n − ω̂,
where ω̂ is given in (2.2), and then the resulting entered residuals are used to ompute the
test statisti s.
The outputs obtained under the null hypothesis are rst analyzed. The results are given
in Table 1 for the homos edasti

ase and in Table 2 for the heteros edasti

ase. Noting

that ma roe onomi time series with noti eable heteros edasti ity are relatively large but
smaller than n = 400 in general, a spe ial emphasis will be put on interpreting results for
samples n = 100, 200, 400. Sin e N = 1000 pro esses are simulated, and under the hypothesis
that the nite sample size of a given test is 5%, the relative reje tion frequen y should be
between the signi ant limits 3.65% and 6.35% with probability 0.95. The outputs outside
these onden e bands will be displayed in bold type.
From Table 1, it appears that the Tcv is oversized for small samples (n = 100 and
n = 200). This ould be explained by the fa t that this test is too mu h sophisti ated for

the standard ase. When the samples are in reased the relative reje tion frequen ies be ome
lose to the 5% (n = 400 and n = 800). On the other hand the Tst and Tboot tests have good
results for all the samples. Of ourse if there is no eviden e of heteros edasti ity, the simple
8

Tst should be used. However Table 1 reveals that in ase of doubt about the presen e of

heteros edasti ity in the data, the use of the Tboot is a good alternative.
In the heteros edasti

ase, it is seen from Table 2 that the Tst test fails to ontrol the

type I error as n → ∞. This was expe ted from (2.6). Next it seems that the relative
reje tion frequen ies of the Tcv test are somewhat for from the nominal level 5%, even when
n = 800. From Table 2 it also emerges that the Tboot ontrol reasonably well the type I

error. It is important to point out that experiments not displayed here show good results
for the Tcv test for larger samples (n > 1000). If high frequen y time series are analyzed,
the Tcv should ertainly be preferred to the omputationally intensive Tboot . Nevertheless we
an draw the on lusion that the Tboot ensures a orre t implementation of the JB test for
samples that are typi al for heteros edasti ma roe onomi variables.
Now we turn to the analysis of the behavior of the tests under the alternative hypothesis.
The outputs of the simulations we arried out are displayed in Figure 1. For a fair omparison
we only studied the Tst and Tboot in the homos edasti ase. The sample size n = 100 is xed
and re all that the parameter δ denes the departures from the null hypothesis. The results
we obtained show that the Tboot test does not suer from a la k of power in omparison to
the Tst . In on lusion it turns out that the Tboot improves the distribution analysis, in the
sense that it ensures a good ontrol of the type I error, but without entailing noti eable loss
of power.
3.2

Real data analysis

The ination measures data are ommonly used to analyze e onomi fa ts. Referen e an
be made to the numerous empiri al papers studying the relation between pri e levels and
money supply (see e.g. Jones and Uri (1986)). In su h kind of investigations learly the
distributional analysis an help to build a model for the data. For instan e following Engle
(1982), authors aimed to dete ted ARCH ee ts assessing asymmetry and/or leptokurti ity
9

in ination variables (see e.g. Broto and Ruiz (2008p22), among others).
In this part we will study the normality of the log dieren es of the (quarterly) GDP
impli it pri e deators for the U.S., Korea and Australia from 10/01/1983 to 01/01/2017
(n = 132). More pre isely we use yt,n = 100 log (GDPt,n/GDPt−1,n ). The data an be
downloaded from the webpage of the e onomi resear h of the federal reserve bank of Saint
Louis: https://fred.stlouisfed.org. The studied variables plotted in Figure 2 seem to show
y li al heteros edasti ity. In the ase of Korea we an suspe t a global de reasing behavior
leading to a stabilization after the Asian risis. The times series are rst ltered a ording
to (2.1). The non orrelation of the residuals is tested using the adaptive portmanteau test
of Patilea and Raïssi (2013). On e the linear dynami s of the series seem aptured in an
appropriate way, the tests onsidered in this paper are applied to the residuals. The results
are given in Table 3. When the null hypothesis of normality is reje ted at the 5% level,
the p-value is displayed in bold type. It emerges that the outputs of the Tboot test are in
general learly dierent from those of the Tcv and Tboot tests. The p-values of the Tcv are all
lower than those of the Tboot . Note that in the ase of the U.S. GDP impli it pri e deator,
the dieren e between the Tboot and Tst , Tcv tests lead to dierent on lusions. In view of
the outputs obtained from the simulations experiments, it is reasonable to de ide that the
normality assumption annot be reje ted for the U.S. data.
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Tables and Figures

Table 1: Empiri al size (in %) of the studied tests for normality. The homos edasti ase.
n

100 200 400 800

Tst

4.0

5.2

4.9

4.2

Tcv

7.2

7.5

5.6

5.0

Tboot

4.5

5.6

5.0

4.7

Table 2: Empiri al size (in %) of the studied tests for normality. The heteros edasti ase.
n

100

200

400

800

Tst

8.7

13.0

11.5

19.1

Tcv

9.4

9.2

8.3

7.8

Tboot

4.4

6.5

6.3

6.3

Table 3: The p-values of the tests for normality for GDP impli it pri e deators of the U.S., Korea
and Australia.

U.S. Korea Australia
Tst

3.8

16.4

50.9

Tcv

2.3

82.0

21.0

Tboot

8.2

87.0

49.0
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Figure 1: Empiri al power (in %) of the Tst and Tboot tests.

Figure 2: The log dieren es of the quarterly U.S. (top left panel), Korean (middle left panel) and Australian (bottom left panel) GDP impli it pri e deators from 10/01/1983 to 01/01/2017 (n = 132), and the
orresponding estimations of the innovations varian e on the right. Data sour e: The resear h division of
the federal reserve bank of Saint Louis, fred.stlouisfed.org.
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