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Abstract
Modern investment theory recommends the use of project-specific risk-adjusted discount rates for investment and policy evaluations. Financial markets tell us that these
risk adjustments have been large over the last century. But in reality, most public and private investors use a discount rate that is not sensitive to the risk profile of their projects.
This maybe due to limited financial literacy, to the continued misuse of the Arrow-Lind
theorem or to the WACC fallacy. I show in this paper that the economic consequences of
the implied misallocation of capital is catastrophic for the economy. Under some credible
calibration, the welfare loss of using a single discount rate can be equivalent to a permanent reduction in aggregate consumption that can be as large as 45%. On the basis of
this analysis, I urge western governments to reform their discounting system for policy
evaluation to align it with what asset pricing theory has been advocating for the last 5
decades.
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Introduction

Since the publication of Circular A-4 by OMB (2003), regulatory analysis in the United States
should "provide estimates of net benefits using both 3 percent and 7 percent" discount rates.
This official document justifies these two rates as respectively the "real rate of return on longterm government debt" and the "average before-tax rate of return to private capital in the
U.S. economy". The difference between these two rates is the equity premium. The absence
of guideline about which of these two discount rates should be used in practice represents a
procedural failure that has been used by the Trump administration to arbitrarily increase the
discount rate for carbon pricing to 7 percent, yielding a carbon price of 1 USD/tCO2 (Environmental Protection Agency (2018)), from around 50 USD/tCO2 at the end of the Obama
administration (Interagency Working Group on Social Cost of Carbon (2015)).1 Otherwise,
opportunistic politicians and lobbyists will find it easy to manipulate the evaluation procedure to their advantage. As economists, it is our duty to clarify this evaluation procedure
and to eliminate these loopholes.
Modern asset pricing theory provides the scientifically legitimate approach to assist evaluators of public policies to perform their work. Using adaptations of the Consumption-based
CAPM (CCAPM) to solve the standard asset pricing puzzles, this theory has been able to
explain observed asset prices. In the absence of distortion on financial markets, these prices
support an efficient allocation of capital in the economy, so that they should be used for
regulatory analysis. This theory tells us that the creation of value of an investment critically
depends upon whether it hedges or magnifies the risk borne by the representative agent.
The contribution of an investment to this aggregate risk is measured by its CCAPM beta
(hereafter the beta), which is the elasticity of its future benefit to the future aggregate consumption. The relevant bonus/penalty associated to this risk impact is integrated into the
discounting system by adding a project-specific risk premium that is proportional to the
project’s beta. In this paper, I measure the welfare loss associated to not using this rule
when performing the benefit-cost analysis to determine the optimal allocation of capital in
the economy. This is done in a general equilibrium framework to take account of the fact
that the misallocation of capital affects the risk-free rate and the aggregate risk premium in
the discounting system.
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Discounting in practice

We hereafter examine separately the practices of investment evaluation in the public and
private sectors.

2.1

The practice of public investment evaluation

France is currently the only country in the world in which public investment projects must be
evaluated using a discount rate that is sensitive to the project’s risk profile (Quinet (2013)).
The method is based on the CCAPM with a risk-free discount rate of 2.5% and a systematic
1

The other ingredient used by the Trump administration to reduce the social cost of carbon is the limitation
of the benefits to those accruing to U.S. citizens.
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risk premium of 2%.2 The evaluators are thus required to estimate the CCAPM beta of
their project, which is defined as the income-elasticity of the project’s net benefit. Personal
experience (from which the idea of this paper originates) tells us that some lobbies from
high-beta sectors have periodically attempted to go back to a single discount rate, using in
particular the argument that "France cannot be right alone".
Between 1997 and 2012, Norway used a simplified version of the CCAPM to evaluate
large public investment projects, with project-specific discount rate ranging from 3.5% to 8%
depending upon the project’s beta. But a report published in 2012 (Hagen et al. (2012))
claimed that "considerable room for discretionary assessments with regard to estimates as
to project-specific risk [...] may offer incentives to choose assumptions that may influence
the outcome of the analysis in the direction favoured by various interest parties. [...] These
circumstances suggest that it may be preferable to recommend simple and transparent rules
that capture the most important aspects of the matter, without being too complex to understand or to apply" (page 77). Consequently, the report recommends the use of a single
discount rate of 4%. It has been estimated by combining a risk-free rate of 2.5% and an
average risk premium of 1.5%.
UK...Ramsey
EU...
USA...(Sunstein AER2014)
SCC+Ramsey: Stern, Drupp

2.2
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The practice of private investment evaluation

The model

The model is an adaptation of the CCAPM in which the dynamics of heterogenous capital
allocation is endogenous. An investment project is characterized by a pair (θ, β) ∈ R2 , and
the investment opportunity set is characterized by a distribution function F from R2 to R.
This distribution is stationary. For simplicity, capital is short-lived. One unit of capital
invested in project (θ, β) at date t generates a single benefit x(θ, β) that materializes at date
t + 1, with
xt+1 (θ, β) = θ + βyt+1 + ε̃t+1 (θ, β),
(1)
with Et ε̃t+1 = 0. We assume that risk ε̃ are idiosyncratic, in the sense that ε̃(θ, β) and ε̃(θ0 , β 0 )
for all (θ, θ0 , β, β 0 ). This project-specific benefit xt+1 (θ, β) is sensitive to the realization of
common factor yt+1 that is unknown at date t, with Et yt+1 = 0. We assume that (y0 , y1 , y2 , ...)
is a vector of independent and identically distributed random variables that are independent
of the idiosyncratic risks ε̃. To sum up, a project is characterized by its expected gross return
θ and by its sensitivity β to the common factor y. Without loss of generality, we assume that
the mean beta is equal to unity:
Z Z

βdF (θ, β) = 1.
2

(2)

France, with some other countries such as Norway and the U.K., uses discount rates that have a non-flat
term structure. We hereafter refer to discount rates to be used for relatively short term impacts, typically less
than 20 years.
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The decision variable αt (θ, β) represents the capital invested in projects (θ, β) at date t.
If the investment strategy αt is chosen at date t, it generates total wealth zt+1 at date t + 1,
with
zt+1 = θt + β t yt+1
(3)
with

Z Z

θt =
and

αt (θ, β)θdF (θ, β)

(4)

αt (θ, β)βdF (θ, β).

(5)

Z Z

βt =

Consumption at date t equals ct = zt − αt , where θt is total investment at date t, with
Z Z

αt =

αt (θ, β)dF (θ, β)

(6)

I assume that the capital that can be invested at date t in any project (θ, β) in the economy
is constrained to be non-negative and smaller than zt /η, with η ∈ [0, 1]. The representative
agent maximizes the discounted expected utility of her flow of consumption. Her preferences
are characterized by her psychological discount factor δ and by her increasing and concave
utility function u over consumption.

4
4.1

The first-best solution
Characterization

I first define the optimal investment strategy in this economy. It solves the following recursive
problem:
V (zt ) =
max
u(zt − αt ) + δEV (θt + β t y).
(7)
αt :R2 →[0,zt /η]

The first-order condition associated to the investment decision in project (θ, β) can be written
as follows: For all (θ, β) such that dF (θ, β) > 0,
∗

h

∗

i

u0 (zt − α∗t ) = δE (θ + βy)V 0 (θt + β t y) + ψt (α, β)
with



 ≥0

if αt∗ (θ, β) = 0,
ψt (θ, β) = 0 if αt∗ (θ, β) ∈ ]0, zt /η[,

 ≤ 0 if α∗ (θ, β) = z /η.
t
t

(8)

(9)

We assume a CRRA utility function with u(c) = c1−γ /(1 − γ), with γ > 0. We examine the
guess solution with h ∈ R such that
V ∗ (z) = h∗

z 1−γ
1−γ

(10)

for all z. We hereafter show that such a solution exists with a stationary investment strategy
αt∗ (θ, β) = α∗ (θ, β)
4

zt
,
η

(11)

where function α∗ (θ, β) is equal to 0 when project (θ, β) is not implemented, and is equal to 1
∗
∗
when it is implemented to full capacity. This implies that there exists a triplet (α∗ , θ , β ) ∈
∗
∗
∗
∗
R3 such that α∗t = α∗ zt /η, θt = θ zt /η and β t = β zt /η. Variable α∗ can be interpreted
as the proportion of projects in the investment opportunity set that are implemented. It
can also be interpreted as savings of the representative agent when wealth equals z = η, so
∗
∗
that consumption equals η − α∗ . It implies a wealth level next period that equals θ + β y.
Variable h∗ is obtained from using the characteristics of this solution to rewrite equation (7)
as follows:
(η − α∗ )1−γ
h∗ =
(12)
 ∗
1−γ .
∗
η 1−γ − δE θ + β y
The first-order condition (8) can then be rewritten as follows:

θ


∗
∗

 ≤ R + βπ

=

R∗

+

βπ ∗


 ≥ R∗ + βπ ∗

if α∗ (θ, β) = 0,
if α∗ (θ, β) ∈ ]0, 1[,
if α∗ (θ, β) = 1,

(13)

where parameters π ∗ and R∗ are defined as follows:
 ∗

π∗ = −

 ∗

∗

E θ +β y
R∗ =

−γ

∗

Ey θ + β y

(η − α∗ )−γ
 ∗

∗

(14)

−γ

δh∗ E θ + β y

−γ .

(15)

Using equation (12), this can be rewritten as
 ∗

R∗ =

∗

η 1−γ − δE θ + β y
 ∗

1−γ

∗

δ(η − α∗ )E θ + β y

−γ .

(16)

R∗ can be interpreted as the gross risk-free rate of interest, whereas π ∗ is the aggregate
risk premium. The optimal investment strategy described by condition (13) is then easy to
interpret. It states that the investment project (θ, β) is fully implemented if and only if its
expected rate of return θ is larger than the project-specific discount rate R∗ + βπ ∗ . On the
contrary, this project is not implemented when θ is smaller than R∗ + βπ ∗ . We summarize
our findings in the following proposition.
Proposition 1. If it exists, the optimal dynamic investment strategy consists in fully implementing project (θ, β) if and only if θ is larger than R∗ + βπ ∗ , where π ∗ and R∗ must satisfy
equations (14) and (16).
∗

∗

Because R∗ and π ∗ depend upon the triplet (α∗ , θ , β ) that is determined by the optimal
investment strategy α∗ (., .), this proposition describes the optimal solution only implicitly.
We solve this problem numerically by observing that this optimal strategy is a function of the
∗
pair (R∗ , π ∗ ), so are α∗ (R∗ , π ∗ ), θ ∗ (R∗ , π ∗ ) and β (R∗ , π ∗ ), using respectively equations (6),
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parameter
γ
δ
1/η
µθ
σθ
µβ
σβ
p
µbau
σbau
µcat
σcat

value
3
0.99
2
1.03
0.02
1
0.5
1.7%
0%
0.04
-0.40
0.40

description
relative risk aversion
utility discount factor
capital invested in implemented projects
mean expected payoff per unit of capital
standard deviation of expected payoff per unit of capital
mean payoff sensitivity to the common factor
standard deviation of payoff sensitivity to the common factor
annual probability of a macroeconomic catastrophe
technical parameter of the common factor
technical parameter of the common factor
technical parameter of the common factor
technical parameter of the common factor
Table 1: Benchmark calibration of the model.

(4) and (5). Thus, equations (14) and (16) can be interpreted as a system of two equations
with two unknowns, R∗ and π ∗ that we solve numerically.
The optimal intertemporal welfare conditional to initial wealth z0 is measured by V ∗ (z0 ).
Normalizing z0 to unity, it can be more intuitively measured by the permanent equivalent
consumption level cpe that generates the same intertemporal utility, yielding
1

cpe∗ = ((1 − δ)h∗ ) 1−γ .

4.2

(17)

Calibration

We assume a constant relative risk aversion of γ = 3 and a utility discount factor of δ = 0.99.
In order to solve the classical asset pricing puzzles, we use the Barro’s approach based on the
possibility of macroeconomic catastrophes (Barro (2006), Martin (2013)). We assume that
the common factor y is distributed as exp(x) − E exp(x) with




2
2
x ∼ N (µbau , σbau
), 1 − p; N (µcat , σcat
), p .

(18)

With probability 1 − p, the state is business-as-usual (bau) and the distribution of x conditional to that state is normal with mean µbau and volatility σbau . But with a small probability
p, the catastrophic state occurs, and the distribution of x conditional to that state is normal
with mean µcat << 0 and volatility σcat .
We assume that the mean payoff θ and the sensitivity β to the common factor are independently distributed in the investment opportunity set. We also assume that they are normally
distributed, with θ ∼ N (µθ , σθ2 ) and β ∼ N (µβ , σβ2 ). The parameters of the benchmark
calibration are summarized in Table 1.
The first-best investment strategy and its implication in terms of risk, return and intertemporal welfare are described in Table 2. The risk-free discount rate and the aggregate
risk premium are respectively equal to 0.86% and 2.22%, which are close to its historical
levels over the last century in the United States. Consumption grows at a trend of 1.51%,
6

variable
r ∗ = R∗ − 1
π∗
α∗
1 − (α∗ /η)
∗
(θ /α∗ ) − 1
∗
β /α∗
∗
(θ /η) − 1
∗
β σy /η
cpe∗

value
0.86%
2.22%
48.60%
2.80%
4.43%
0.80
1.51%
2.76%
0.0464

description
risk-free discount rate
risk premium
proportion of projects implemented
consumption-wealth ratio
average expected return of implemented projects
average sensitivity to the common factor of the implemented projects
expected growth of consumption
volatility of consumption growth
permanent equivalent consumption

Table 2: Description of the first-best investment strategy together with its consumption and
welfare implications.

with a volatility of 2.76%, in line with the observation. In case of a macroeconomic catastrophe, consumption drops in expectation by almost 20%, which is representative of the macro
catastrophes document in Barro (2006). Given the optimal discounting system, 48.60% of
the investment projects pass the test of a positive NPV. Because 2 units of capital are invested in each of these projects, 97.20% of the total wealth is reinvested every year, yielding
a consumption-wealth ratio of 2.80%.
The optimal selection of projects allows for both an increase in the mean expected return and a reduction in mean sensitivity of the selected project compared to their mean in
the opportunity set. The mean sensitivity is 1 in the opportunity set and only 0.80 among
implemented projects. The mean expected return is 3% in the opportunity set, and it increases to 4.43% among implemented projects. It yields a price-earning ratio of 22.57. The
intertemporal welfare obtained from following this optimal investment strategy is equivalent
to consuming a constant flow of 4.64% of initial wealth z0 .

5

Second-best solutions with a single discount rate

Suppose alternatively that the representative agent uses a simple decision rule based on a
single discount rate ρ. The decision rule (13) is thus replaced by the following rule:

θ



 ≤ρ

if α(θ, β) = 0,
= ρ if α(θ, β) ∈ ]0, 1[,

 ≥ ρ if α(θ, β) = 1,

(19)

This rule has the advantage of not requiring evaluators to estimate the beta of the projects
under scrutiny, but it implies an inefficient allocation of capital in the economy. It yields a
triplet (α, θ, β) which is a function of the selected single discount rate ρ. Since we assumed
that θ and β are independently distributed, the investment decision rule (19) implies that
the mean beta of the implemented projects will be equal to unity, so that β(ρ) equals α(ρ)
in this model. Using this decision rule implies that the intertemporal welfare is equal to
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First-best
discount rate
% projects implem.
c/w ratio
E[return]
E[sensitivity]
E[growth]
vol. growth
cpe

r∗ = 0.86%
π ∗ = 2.22%
48.60%
2.80%
4.43%
0.80
1.51%
2.76%
0.0464

Second best solutions
isolated equilibrium
Arrow-Lind
WACC
WACC
q = 0.6 q = 0.8
3.06%

3.08%

1.18%

2.44%

48.74%
2.52%
4.64%
1.00
2.00%
3.46%
0.0396

48.40%
3.20%
4.65%
1.00
1.30%
3.44%
0.0339

49.08%
1.84%
3.65%
1.00
6.96%
5.81%
0.0253

48.88%
2.24%
4.25%
1.00
2.74%
4.34%
0.339

Table 3: Description of the second-best investment strategies with a single optimal discount
rate together with its consumption and welfare implications. The optimal second-best strategy is obtained by selecting the single discount rate that maximizes the intertemporal welfare.
The WACC strategy is characterized by selecting the single discount rate that is equal to
R∗ + π ∗ . The "Arrow-Lind" strategy is obtained by selecting the risk-free rate R as the
single discount rate, and implementing only a fraction q of the positive-NPV projects. The
"first-best" column is copy-pasted from Table 2.

Vρ (z0 ) = h(ρ)z01−γ /(1 − γ) where h(ρ) satisfies the following condition:
h=

(η − α)1−γ


η 1−γ − δE α + βy

1−γ .

(20)

We examine three second-best solutions with a single discount rate. These second-best
investment strategies are described in Table 3. Let us first consider a single agent in the firstbest economy. This agent observe R∗ and π ∗ on financial markets. But this agent used a single
discount rate which is the average cost of capital conditional to the fact that the expected
beta of projects is equal to 1. This "isolated WACC" approach implies that this agent will
use a single discount rate equaling ρ0 = R∗ + π ∗ = 3.08%. This decision rule yields a triplet
(α0 , θ0 , β 0 ) that must be used to estimate the corresponding h0 and cpe
0 . The permanent
equivalent consumption under this non-optimized investment rule with single discount rate
ρ0 is equal to 0.0339, a massive 27% permanent reduction in consumption compared to the
first-best strategy.
Suppose alternatively that all agents in the economy use a single discount rate equaling the
economy-wide WACC. This rule change the risk-free rate and the risk premium at equilibrium.
Another way to introduce this "equilibrium WACC" approach is to assume that the single
discount rate is selected optimally to maximize intertemporal welfare. Let ρ1 denote the
optimal solution to this problem. It yields the triplet (α1 , θ1 , β 1 ). It can be checked that the
first-order condition to this second-best maximization problem implies
ρ1 =

Ey(θ1 + β 1 y)−γ
η 1−γ − δE(θ1 + β 1 y)1−γ
−
= R1 + π1 .
δ(η − α1 )E(θ1 + β 1 y)−γ
E(θ1 + β 1 y)−γ
8

(21)

The first-term of the right-hand side of this equality is the risk-free discount rate, whereas
the second term is the average risk premiu, so that ρ1 can indeed be interpreted as the
economy-wide WACC. Solving this problem numerically yields ρ1 =3.06%. The difference
between the first-best and second-best investment strategies is described in Figure 1. Under
the first-best strategy, only the projects that lies above the oblique line are implemented,
whereas only those that are above the horizontal line are implemented under the second-best
strategy. Under this single discount rate rule, the decision-maker overinvests in risky projects
and underinvests in relatively safer ones. This absence of selectivity on the risk dimension
implies that the average beta is equal to 1.00, to be compared to only 0.80 under the firstbest strategy. The good news is that the average expected return equals 4.63% under the
second-best strategy, to be compared to only 4.43% under the first best. Also, the agent
invests a larger fraction of its wealth in projects, so that the consumption-wealth ratio is
reduced from 2.80% to 2.52%. This is due to a precautionary effect, since the volatility of
consumption growth is markedly increased from 2.76% to 3.46%. The bottom line is an
important deterioration of intertemporal welfare. The permanent equivalent consumption
drops from 0.0464 to 0.0396, a permanent 14.66% reduction in consumption.
Notice that the small difference between the discount rate used in the isolated and equilibrium cases implies a sizeable effect on welfare. This is because the marginally smaller
discount rate in the isolated case marginally increases the saving rate. But because the
consumption-wealth ratio is small, this has a sizeable effect to reduce the consumption rate,
with an important impact on intertemporal welfare. In fact, consumption goes down to zero
when the single discount rate goes down to 3.00%.
In the spirit of the Arrow-Lind theorem, one can also examine the macroeconomic outcome
of using the risk-free interest rate r∗ = 0.86% as the single discount rate. This discount rate
is too small and does not yield a feasible solution. But doing this would imply that 86%
of the investment projects would yield a positive NPV, raising the demand for capital to
172% of total wealth in the economy. Thus, the supporters of the Arrow-Lind theorem
recommending to use the risk-free interest rate (i.e. the sovereign WACC) are typically
confronted to the problem of rationing the supply of capital in the economy. In this paper,
we consider this "Arrow-Lind" approach with an exogenous capital rationing. We assume an
exogenous probability q for a project to be implemented conditional on the project having
a non-negative NPV when using the risk-free discount rate. This Arrow-Lind discount rate
ρAL (q) must thus satisfy the following condition:
 1−γ
η

ρAL (q) =

q

− δE(θ + βy)1−γ

δ( ηq − α)E(θ + βy)−γ

= R.

(22)

Of course, it is inefficient to randomize the access to capital for good projects to reduce the
single discount rate. This implies for example that when we allow only q = 60% of the
positive-NPV projects to be implemented, the permanent equivalent consumption level is
limited to 0.0253, a catastrophic 45% permanent reduction in consumption compared to the
first-best investment strategy. The risk-free interest rate in this economy (and thus the single
discount rate is equal to 1.18%. The demand for capital is 63.6% larger than total wealth
in the economy, but only 60% of the demand is satisfied, which leaves 1.84% of wealth for
consumption. Financial risk and economic growth are highly volatile in this economy.
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Figure 1: Comparison of the first-best and second-best investment strategies. We draw a
sample of 10.000 projects from the joint normal distribution of (β, θ), using the benchmark
calibration described in Table 1. The oblique and horizontal lines describe respectively the
first-best and second-best frontiers.
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0.0308

0.0310

ρ

Figure 2: Ratio of the permanent equivalent consumption under a single discount rate ρ to
the first-best permanent equivalent consumption. The optimal second-best discount rate is
ρ1 = 3.06%.
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Concluding remark

The qualitative consequence of ignoring the beta: Awkward debate on discounting
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