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Abstract

Asset price data place strong restrictions on production technologies for a
rich class of models. As long as the firm’s value function is approximately
log-linear, investment returns are approximately equal to unlevered stock
returns. This relationship nests the standard Tobin’s Q assumptions, and
provides a concise summary of the difficulties of modeling asset prices in
production economies. Representative firm models which are consistent
with unlevered asset prices require large capital adjustment costs or volatile
investment-specific technology shocks, regardless of preferences, beliefs,
or the completeness of asset markets, Numerical solutions verify this approximate equality for reasonable deviations from constant returns to scale.
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1.

Introduction
Stocks are claims on real assets, yet formally modeling the relationship be-

tween asset prices and the real economy has proven to be difficult (Cochrane
(2008)). These difficulties span a wide range of models, suggesting that they originate from a set of general principles. Indeed, Hansen and Jagannathan (1991)
provide a general restriction which a broad array of models must satisfy in order
to be consistent with asset prices.
This paper expands the set of general principles of asset price modeling.
While Hansen and Jagannathan focus on investor optimality and the marginal
rate of substitution, I focus on firm optimality and the investment return
(marginal rate of transformation). I show that as long as the firm’s value function
is “factorable,” investment returns equal unlevered stock returns. A sufficient
condition for factorability is that the production technology is homogenous of
any degree. This condition nests the linear homogeneity condition of Cochrane
(1991) and Restoy and Rockinger (1994). Factorability is also the result of a firstorder approximation to a general value function. In numerical experiments, I
show that this approximation holds well for the full non-linear solution under
parameter values that match basic macroeconomic data.
The generality of the investment-return stock-return equality means that this
equality provides a succinct and intuitive description of the difficulty of modeling asset prices in production economies. The high volatility of unlevered
stock returns means that investment returns must be very volatile, regardless of
the completeness of markets, preferences, beliefs, or the stochastic structure of
shocks. This generality results in a powerful diagnostic test. Using this equality,
one can quickly identify whether a model can match unlevered asset returns by
simply looking at the production technology.
In most models, the volatility of investment returns comes primarily from
capital adjustment costs or investment-specific technology (IST) shocks. The
magnitude of these two channels is typically small, however, leading to counterfactually small unlevered equity volatility. This statement can be made quantitative, as shown in Figure 1. The figure shows admissible parameter values for
IST volatility and capital adjustment costs implied by U.S. macroeconomic data
and the investment return volatility restriction. Both IST volatility and adjustment costs are restricted to be very high. IST volatility must be at least 10% per
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year, and the elasticity of the investment rate with respect to marginal Q must
be less than 0.5. The figure also plots parameter values from various papers in
the literature. The admissible region neatly separates models which match the
unlevered equity premium (in green) and models which do not (in red). This
clean division applies to a broad array of mechanisms, including internal habit
(Jermann (1998)), long-run risk (Kaltenbrunner and Lochstoer (2010)), disaster
risk (Gourio (2012)), IST shocks (Papanikolaou (2011)), and limited participation
(Guvenen (2009)). Many other mechanisms fit into this figure including long-run
productivity risk (Croce (2014)), extrapolative expectations (Hirshleifer and Yu
(2011)), and disappointment aversion (Campanale, Castro, and Clementi (2010),
but are omitted for ease of viewing.
Figure 1: Technology Restrictions Implied by Asset Prices. Figures are annual. IST = investment specific technology. Adjustment cost = 1/[elasticity of
investment]. Admissible region satisfies investment return conditions. Models
in green match the unlevered equity premium. KL ’10 = benchmark model from
Kaltenbrunner and Lochstoer (2010). Gourio ’13 = unlevered equity return from
Gourio (2013).

To be clear, some models in the literature are able to match the volatility of
levered equity returns without high adjustment costs or IST shocks (i.e. Gourio
(2012), Croce (2014), Jahan-Parvar and Liu (2014)). While these are important ad3

vances in theoretical asset pricing, I argue that the robustness of the theoretical
link between investment returns and unlevered equity makes unlevered returns
an interesting target.
The intuition behind these technological restrictions is analogous to the intuition behind the Hansen-Jagannathan (HJ) bounds. The HJ bounds are hard
to satisfy because consumption volatility is very small compared to the Sharpe
ratio. Thus, matching asset prices requires amplification through utility function
curvature (risk aversion) or an additional source of volatility (i.e. concerns about
wealth and Epstein and Zin (1989) preferences). Analogously, the bounds of this
paper are hard to satisfy because the volatility of changes in the investment rate
is far smaller than the volatility of stock returns. Thus, generating a large stock return volatility requires amplification mechanism through production curvature
(capital adjustment costs), or an additional source of volatility (i.e. IST shocks).
These production-based restrictions complement the consumption-based
restrictions. Satisfying the Hansen and Jagannathan bound means that the
model can match the large Sharpe ratio, but a large Sharpe ratio does not imply a large unlevered equity premium. Indeed, since the publication of Hansen
and Jagannathan (1991), a number of models have been built which satisfy the
Hansen-Jagannathan bounds but fail to generate a large unlevered equity premium (Tallarini (2000), Kaltenbrunner and Lochstoer (2010), Gourio (2012)). The
production-based bounds explain why. As seen in Figure 1, these models have
neither large IST volatility nor large capital adjustment costs.
The investment return - stock return equality has been empirically studied in
a number of papers (Cochrane (1991), Liu, Whited, and Zhang (2009), Jermann
(2010)). This paper expands the scope of the equality by showing that it holds
approximately under much more general conditions. This paper also emphasizes the generality of the relationship. Indeed, the generality of this equality has
been seen as a weakness, since verifying the equality in the data does not provide
evidence for efficient markets, or any other specific notions of market behavior
(Kogan and Papanikolaou (2012)). The generality is a strength, however, in that
failure to satisfy the implications of this equality means that a model will be rejected by asset price data, regardless of innumerable other details of the model.
The goal of seeking restrictions also leads me to focus on other aspects of this
equality. While previous papers focus on the first moment of investment returns
in order to highlight the success of formal asset price modeling, this paper focuses on the second moment in order to characterize the difficulties.
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The intuition that adjustment costs are important for matching asset prices
has a long history (Jermann (1998), Boldrin, Christiano, and Fisher (1999), Kogan
and Papanikolaou (2012)). This paper makes this intuition quantitative and precise. It also quantifies the importance of investment specific technology shocks
(Papanikolaou (2011)) and demonstrates the limitations of other technological
features, such as operating leverage, disaster shocks, and alternative TFP processes.
The paper proceeds as follows. Section 2 presents a general model of firm
investment and extends the investment return - stock return results of previous
papers. Section 3 fills out the model just enough so that it can be taken to the
data. This is the main section and shows how to restrict parameter values for a
broad array of models. Section 4 discusses robustness and extensions, including
numerical experiments which verify the quality of the approximation. Section 5
concludes.

2.

Theory: Generalizing Investment Returns = Stock
Returns
This section shows that under general conditions, a firm’s investment return

is approximately equal to its stock return. The results extend the linear homogeneity conditions of Restoy and Rockinger (1994). For ease of presentation, I
assume a single capital stock, but the results can be easily extended to multiple
capital stocks (Appendix A.1).
Time is discrete and the horizon is infinite. A firm solves
V (k, s) = max Π(k, n, k 0 , s) + Ẽs [M (s, s 0 )V (k 0 , s 0 )]
{k 0 ,n}

(1)

where Π(k, n, k 0 , s) is a profit function, k is capital, n is labor, and s is the aggregate state. For ease of presentation, I assume a single capital stock k ∈ R.
The aggregate state is abstract and can contain anything including productivity, the volatility of productivity, disaster probability, surplus consumption, etc.
The firm discounts future profits using some stochastic discount factor M (s, s 0 ).
This discount factor need not be unique, and can accommodate any sort of preferences. The firm uses subjective expectations Ẽ which could potentially deviate
from objective probabilities. Note that the stochastic structure of the underly5

ing shocks to the model remains unspecified and accommodates a wide variety
of processes. I assume that Π(k, n, k 0 , s) is differentiable in all of its arguments,
increasing and concave in k, and decreasing and convex in k 0 .
Stock returns are defined in the standard way
V (k 0 , s 0 )
R(k, s, s ) ≡
V (k, s) − Π(k, n, k 0 , s)
0

Since the LHS is measured using stock return data, this definition means that the
model builds in the implicit assumption that the firm’s manager uses a probability measure and stochastic discount factor which prices the firm (though they
need not have rational expectations). The investment return is defined as
R I (k, s, s 0 ) ≡

Π1 (k 0 , n 0 , k 00 , s 0 )
−Π3 (k, n, k 0 , s)

where Π1 (k 0 , n 0 , k 00 , s 0 ) is the derivative of Π(k 0 , n 0 , k 00 , s 0 ) with respect to its 1st
argument. This expression is equivalent to the definitions used in Restoy and
Rockinger (1994), Liu, Whited, and Zhang (2009), among others.
Under this minimal structure, we have equality of investment returns and
stock returns as long as firm value is “factorable.”
Proposition 1. If there exist real-valued functions p(k) and q(s) such that
V (k, s) = p(k)q(s)
then investment returns equal stock returns, that is, for any k, s, s 0
R(k, s, s 0 ) = R I (k, s, s 0 )
Proof. V (k 0 , s 0 ) = r (k 0 )q(s 0 ), so stock return can be written without k 0
V (k 0 , s 0 )
V (k 0 , s 0 )
=
V (k, s) − Π(k, n, k 0 , s) Ẽs [M (s, s 0 )V (k 0 , s 0 )]
p(k 0 )q(s 0 )
q(s 0 )
=
=
Ẽs [M (s, s 0 )p(k 0 )q(s 0 )] Ẽs [M (s, s 0 )q(s 0 )]

R(k, s, s 0 ) =
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The investment return can also be written without k 0
V1 (k 0 , s 0 )
Π1 (k 0 , n 0 , k 00 , s 0 )
=
Π3 (k, n, k 0 , s)
Ẽs [M (s, s 0 )V1 (k 0 , s 0 )]
p 1 (k 0 )q(s 0 )
q(s 0 )
=
=
Ẽs [M (s, s 0 )p 1 (k 0 )q(s 0 )] Ẽs [M (s, s 0 )q(s 0 )]

R I (k, s, s 0 ) =

What does it mean that firm value is factorable? The following Corollary provides an illustration and extends the results of Cochrane (1991) and Restoy and
Rockinger (1994)
Corollary 1. If Π(k, n, k 0 , s) is homogenous of any degree in (k, n, k 0 ), then investment returns equal stock returns
Proof. The corollary to the Contraction Mapping Theorem shows that V (k, s) is
HDν in k for some ν ∈ R. Thus we can rewrite firm value V (k, s) = |{z}
k ν V (1, s).
| {z }
p(k)

q(s)

V (k, s) is factorable, and by Proposition 1, investment returns equal stock returns.
Factorable firm value can also be understood as an approximation of an arbitrary value function. This is illustrated in the following Corollary
Corollary 2. If the firm’s value function is approximately log-linear, then investment returns approximately equal stock returns.
Proof. This proof is for the case that s ∈ R to simplify notation. The general case
is a straightforward extension. Define the log value
v(k, s) ≡ logV (k, s)
Taylor expand around k̄, s̄
v(k, s) ≈ v̄ + v 1 (k̄, s̄)(k − k̄) + v 2 (k̄, s̄)(s − s̄)
⇒

k̄,s̄)(k−k̄) v 2 (k̄,s̄)(s−s̄)
V (k, s) ≈ e| v̄ e v 1 ({z
} e| {z }
p(k)

q(s)

Thus V (k, s) is approximately factorable, and by Proposition 1, investment returns approximately equal stock returns.
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Factorability is more general than the simple log-linear case, however. It only
requires that the cross-terms are small. That is, a general Taylor expansion implies that firm value can be written in the following form (for s ∈ R
V (k, s) = p(k)q(s)h(k, s)
where
log p(k) = v 1 (k̄, s̄)(k − k̄) + (1/2)v 11 (k̄, s̄)(k − k̄)2 + ...
log q(s) = v 2 (k̄, s̄)(s − s̄) + (1/2)v 22 (k̄, s̄)(s − s̄)2 + ...
log h(k, s) = (1/2)v 12 (k̄, s̄)(k − k̄)(s − s̄) + ...
The value function can have all sorts of curvature in p(k) and q(s) as long as the
cross terms log h(k, s) are small. This result shows that factorability and the investment return stock return equality holds approximately in a general model.
Section 4.1 uses numerical solutions to show that this approximation is reasonably accurate for models of representative firms.

3.

Restricting a Model with Minimal Structure
The previous section shows that in a general representative firm model, in-

vestment returns are approximately equal to stock returns. This section adds
some more structure in order to restrict the model with data. Even with this additional structure, the model nests much of the literature. This class of models
includes habit (Jermann (1998), Chen (2012)), long-run risk (Kaltenbrunner and
Lochstoer (2010)), disaster models (Gourio (2012)) and many more.1 We will see
that for this broad class of models, the technology must feature either large adjustment costs or volatile IST shocks in order to be consistent with basic features
of asset markets.
1

The class also includes traditional RBC models (Rouwenhorst (1995)), Epstein-Zin preferences (Tallarini (2000)), IST shocks (Papanikolaou (2011)), long-run productivity risk (Croce
(2014)), limited participation (Guvenen (2009)), extrapolative expectations (Hirshleifer and Yu
(2011)), and disappointment aversion (Campanale, Castro, and Clementi (2010)). The model also
captures operating leverage as in Danthine and Donaldson (2002) and Favilukis and Lin (2011)
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3.1.

The Semi-Parametric Model

The model features a representative firm but is otherwise minimal on assumptions. The model is basically three equations: a firm profit function
π(k t , n t , x t , s t ) = z(s t ){[d (s t )k t ]α n t1−α }η − w(s t )n t
|
{z
}

(2)

Operating Profit

1
−
x t d (s t )k t
µ(s t )
|
{z
}

Capital Expenditures

a capital adjustment cost function2
Φ(x t ) ≡

a 2 1−φ
+ a1
x
1−φ t

(3)

and a capital accumulation equation
k t +1 = (1 − δ)d (s t )k t + Φ(x t )d (s t )k t

(4)

As in the previous section, the firm discounts its future profits with an arbitrary
stochastic discount factor, and the stochastic processes which govern the aggregate state s t , as well as the functional forms for z(s t ), w(s t ) and d (s t ) are unrestricted. I describe these equations in detail below.
The first line of the profit function (2) represents operating profits: revenues
less payments to labor. The firm makes revenues from neutral technology z(s t ),
undestroyed capital d (s t )k t , and labor n t . Production allows for decreasing returns to scale if η < 1. d (s t ) is a depreciation state which allows for disasters in the
style of Gourio (2012).3 The neutral technology process remains unspecified, and
so the model nests many mechanisms in the literature such as long-run productivity risk (Croce (2014)), disaster productivity risk (Gourio (2012)), and uncertainty shocks (Bloom (2009)). The firm pays its hired labor at a wage w(s t ) which
can be any function of the aggregate state. This generality means that the model
nests labor-based operative leverage as in Danthine and Donaldson (2002) and
Favilukis and Lin (2011).
The second line of the profit function (2) is capital expenditure. This includes
X̄
Where a 1 = 1−1/φ
, a 2 = X̄ φ , and X̄ is the steady state investment rate. This makes the nonstochastic steady state invariant to the adjustment cost φ.
3
The timing looks different but is equivalent. See Appendix A.2 for details.
2
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an IST component µ(s t ). IST movements are typically interpreted as innovation
in producing capital-specific goods, but can also be interpreted as the state of financial frictions (Justiniano, Primiceri, and Tambalotti (2011)). I introduce these
shocks because Papanikolaou (2011) shows that they may play a key role in determining asset prices. The remainder of capital expenditures, x t d (s t )k t , are direct
expenditures. x t is the investment rate, and d (s t )k t is undestroyed capital.
The capital adjustment cost (3) features a constant elasticity of the investment rate with respect to marginal Q as in Jermann (1998). This type of adjustment cost enters into capital accumulation (4) directly. Capital accumulation
also differs from the standard expression because it is based off of undestroyed
capital d (s t )k t .
This concludes the model description. Note that a large number of features
of the model remain unparameterized and unrestricted: productivity, depreciation, wages, preferences, as well as beliefs. Previous papers describe this as
a limitation of the investment-return stock-return equality (i.e. Kogan and Papanikolaou (2012)). Indeed, the generality of this model means that verifying its
predictions cannot provide evidence of rational markets or test any other notions
of investor behavior. This generality is a strength, however, in that predictions of
this framework apply to a broad array of models.

3.2.

Empirical Methods

Despite the generality of the model in the previous section, the model has a
powerful prediction which can be used to restrict the model’s parameters. The
prediction is that investment returns approximately equal stock returns, and
thus the moments of these two restrictions are also approximately equal. This
section formally describes this prediction and shows how I use data to construct
investment returns.
3.2.1.

The Empirical Exercise

I focus on the first two moments of the investment return - stock return approximate equality
E(R tI+1 ) ≈ E(R t +1 )

(5)

σ(R tI+1 ) ≈ σ(R t +1 )

(6)
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where the investment return can be written as
io
h
n
y
1
1
+
(1
−
δ
+
Φ(x
))
−
x
d t +1 α k tt +1
t
+1
t
+1
µt +1 Φ1 [x t +1 ]
+1
R tI+1 =
1
1

(7)

µt Φ1 (x t )

These restrictions come from the fact that the model satisfies the assumptions
in Section 2. This means that Corollary 2 holds: as long as the value function
is approximately log-linear, then investment returns and stock returns should
be approximately equal. The model accommodates decreasing returns to scale
and so the value function may not be exactly log-linear, but Section 4.1 shows
that equations (5) and (6) hold for reasonable decreasing returns to scale. The
algebra can be found in Appendix A.2.
All higher moments match too, but we will see that the volatility restriction
is already quite challenging for models to satisfy. Note that this expectation and
volatility do not have a tilde, indicating that they use objective probability measures and may differ from the subjective expectation in the firm’s objective (1).
I restrict the model by repeating the following many times. I first pick some
parameter values. I then combine the parameter values with macroeconomic
data to construct investment returns. Last I check if the parameter values are
admissible, that is, I check if they are consistent with equations (5), (6), and (7).
3.2.2.

Data Definitions and Identifying Assumptions

The task now is to directly identify as many components of the investment
return (7) as possible using macroeconomic data. The remaining variables will
be indirectly restricted using asset price data.
The sample period is 1948-1996. This sample period excludes both the 2008
financial crisis as well as the internet bust of 2000. I assume that by excluding these two crises, the sample includes no macroeconomic disasters and thus
d t +1 = 1 for the entire sample. Note that even though no disasters occurred during the sample period, the probability or severity of disaster may have been variable.
The central dynamic variables are output y t , capital stock k t , and the investment rate x t . These series are taken from macroeconomic data. Note that taking
these values from the data implicitly assumes that we require that the model to
match the data on output and investment. Since these are the two key variables
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in business cycles, this is an intuitive requirement.
Output is simply real, per capita GDP. The capital stock k t and depreciation δ are computed simultaneously using the perpetual inventory method and
balanced growth assumptions. That is, I solve for the depreciation rate which
implies a capital stock that is consistent with the depreciation rate computed
from balanced growth. This method maintains consistency with the modeling
assumptions.
Empirically measured investment is defined as Φ(x)k, that is, measured investment includes adjustment costs. This definition means that depreciation is
independent of the adjustment cost and allows for the fixed point measurement
of depreciation. Defining measured investment as the more traditional xk does
not significantly affect the results.
Measured investment is real and per capita, and is defined in a broad sense.
Measured investment is durable consumption plus private investment in structures, equipment, and residences, plus government fixed investment. This broad
definition is consistent with the use of a representative firm: in principle the output and inputs of this firm represents all sectors of the economy. Excluding government or residential investment does not materially affect the results. Using
Compustat investment does have a quantitative effect, but preserves the main
message. This alternative approach is examined in Section 4.3.
The IST state µt is unobserved. In many models, µt is identified by the relative price of investment goods (Greenwood, Hercowitz, and Krusell (1997)), however, it is not difficult to write down a model in which µt deviates from this relative price (Justiniano, Primiceri, and Tambalotti (2011)). I assume that µt follows
∆ log µt = g µ +

σµ
σ(∆ log i t )

[∆ log i t − E(∆ log i t )]

(8)

where σµ is a parameter which controls the volatility of IST shocks and g µ adjusts for Jensen’s inequality. Specifically, I use a numerical solver to find g µ that
satisfies E[µt ] = µ0 . This process means that IST shocks are perfectly correlated with investment growth, consistent with theoretical predictions (Justiniano, Primiceri, and Tambalotti (2011)). I initialize µ0 = 1.
These remaining parameters are capital’s share of output α, the capital adjustment cost parameter φ, and the volatility of IST shocks µt . These parameters
are restricted using equations (5) and (6).
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3.3.

The Main Results: Restrictions on Production Technologies

This section provides technological restrictions on the broad set of models
nested in Section 3.1. I proceed in two cases. Section 3.3.1 considers the special
case with no investment specific technology (IST) shocks since many models do
not have this feature. Section 3.3.2 turns on the IST shocks to extend the set of
restricted models.
Throughout this section I use very loose bounds imposed by asset prices. I
assume that the data indicate that the expected stock return should be between
4 and 12%, and that the volatility of stock returns should be between 10 and 30%.
These loose bounds are meant to accommodate a variety of choices that the literature makes in mapping the model to data. For example, some papers adjust
the aggregate stock market return for financial leverage. I avoid precise measurement of these bounds in order to focus on the investment return moments.
3.3.1.

Case 1: No Investment-Specific Shocks

Here I shut down IST volatility (σµ = 0) and examine restrictions on the capital share α and adjustment cost φ.
Figure 2 shows mean investment returns as a function of the capital share and
the adjustment cost. Mean investment returns monotonically increase in both
the capital share and adjustment costs, though the relationship with adjustment
costs is mild. The shaded region represents restrictions implied by firm optimality and stock market data. The figure shows that the expected investment return
restricts capital’s share of output to about 0.36, consistent with the capital share
implied by measurement of labor income (Cooley and Prescott (1995)). On the
other hand, since adjustment costs have little relationship with the mean investment return, the mean investment return places little restriction on adjustment
costs.
[Figure 2 about here]
Figure 3 shows the volatility of investment returns as a function of the capital
share and adjustment cost. The capital share has no effect on investment return
volatility, while investment return volatility is monotonically increasing in the
adjustment cost. Once again, the shaded region shows restrictions implied by
stock market data. The restriction is quite severe, despite the fact that the bounds
13

entertain stock return volatility of as low as 10% per year. To satisfy this loose
bound, the adjustment cost parameter φ must be at least 2, implying an elasticity
of the investment rate with respect to Tobin’s Q of 1/φ = 0.5. This value is much
lower than the value used in the literature, which is on the order of 30 (i.e. Whited
(1992)). And though these adjustment costs are written in terms of elasticities,
the result applies to quadratic cost models.
[Figure 3 about here]
Both the mean and volatility restrictions are necessary for consistency with
basic asset price moments. Thus the admissible capital share and adjustment
cost but lie in the intersection of the previous figures as shown in Figure 4. The
figure shows that capital share must about 0.35, while the adjustment cost must
be at least 2. This restriction applies regardless of the completeness of markets,
preferences, beliefs, or the stochastic structure of shocks. As a result, the figure
provides a quick interpretation of the literature. Models which fit the equity premium are shown in green, while models which cannot are shown in red. The
production based restrictions cleanly separate the two groups, despite the fact
that these models use a broad array of mechanisms from time-varying disaster
risk (Gourio (2012)) to limited participation (Guvenen (2009)).
[Figure 4 about here]
The role of adjustment costs can be seen in the following approximation of
the investment return (see Appendix A.4 for the derivation)
log R t +1 ≈ log R tI+1
¶
µ
y t +1
−δ
≈ α
k t +1
+ (E[i t +1 /k t +1 ] − δ)
+

(9)

φ
(i t +1 /k t +1 − E[i t +1 /k t +1 ])
E[i t +1 /k t +1 ]

φ
[∆(i t +1 /k t +1 )]
E[i t +1 /k t +1 ]

where y t /k t is the output to capital ratio, i t /k t is the investment rate, ∆(i t /k t ) is
its first difference, α is the capital share, and φ is the adjustment cost parameter.
Note that in the absence of adjustment costs, this expression boils down the the
first parenthesis, the marginal product of capital less depreciation.
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The trouble with satisfying this equation is that stock return volatility is much
higher than the volatility of the components of the investment return. Table 1
shows summary statistics on these variables. While the stock return has a huge
volatility of about 17% per year, the output-to-capital ratio has a tiny volatility of
1% per year. The investment rate and its first difference have even tinier volatilities of about 0.5%. Since α must be within (0, 1), it can have only a limited role in
amplifying these volatilities, in addition to the fact that it is pinned down by the
mean investment return. Capital adjustment costs, on the other hand are not so
restricted and amplify the volatilities of both the growth in the investment rate
and the investment rate itself.
There are a number of ways to interpret the link between adjustment costs
and volatility. The standard Q-theoretical interpretation is that capital adjustment costs mean that installed capital has value. The higher the adjustment cost,
the more “stuck” is this capital and the more it is exposed to shocks. An alternative interpretation is that adjustment costs drive a wedge between stock prices
and investment, and in particular make investment more sluggish. Yet another
interpretation is that the firm would like to minimize the amount of discounting
suffered by its dividends. Allocating production in a way which minimizes the
volatility of its stock price would be one way to achieve this goal. The production
technology, and in particular, adjustment costs restrict the firm’s ability to minimization its risk. These multiple interpretations suggest that capital adjustment
costs are a robust way of understanding the disconnect between asset price and
investment volatility.
3.3.2.

Case 2: Investment-Specific Shocks

This section extends the set of models being restricted by considering IST
shocks. Here I fix the capital share at α = 0.36 to be consistent with the expected
stock return under no IST shocks as well as the measured labor share of income.
I then examine restrictions on the volatility of the IST shock and the adjustment
cost.
Figure 5 shows the mean investment return as a function of IST volatility and
adjustment costs. The figure shows that neither IST vol nor adjustment costs has
much effect on the expected investment return. The shaded region is admissible
according to loose bounds implied by expected stock returns. The entire figure
is shaded in, and expected stock returns do not restrict either parameter.
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[Figure 5 about here]
Figure 6 shows the volatility of investment returns. Both parameters affect
investment return volatility. Higher adjustment costs or high IST volatility imply higher investment return volatility, with level curves radiating out from the
origin. A striking aspect of the figure is the magnitudes. The volatility of stock
returns restricts IST volatility or adjustment costs to be very high. It is not until
an IST vol of 10% or an adjustment cost of 2 that we reach an admissible investment return volatility of 10% per year. To place the IST volatility in perspective, the volatility of the relative price of investment is only about 5% per year
(Fernández-Villaverde and Rubio-Ramírez (2007)). Moderate IST volatility close
does not help relax the requirement on adjustment costs. Indeed, since the level
curves are circular, an IST volatility of 5% means that adjustment costs need to
be even larger than in the no IST shock case.
[Figure 6 about here]
Intersecting the mean and volatility figures produces the figure from the introduction, Figure 1. Since expected returns do not restrict these parameter values, the admissible region is the same as that from the volatility figure. Once
again, a broad range of models must be in this admissible region. The inclusion of IST volatility allows this figure to include an additional, important paper
in the field of asset pricing. Papanikolaou (2011) is one of the few asset pricing
production economy papers which can match the equity premium, and we see
from Figure 1 that his success can also be placed neatly into this structure. Papanikolaou (2011) succeeds on the equity premium because he uses a very large
volatility of IST shocks.
IST shocks differ from other kinds of productivity shocks because they are
less restricted by the data. This “invisibility” can be seen in an approximation of
the investment return (see Appendix A.4 for the derivation)
¶
¸
·
µ
1
n t +1 1−α
−
δ
log R t +1 ≈ log R tI+1 ≈ αz t +1
k t +1
µt +1
·
¸
φ
1 i t +1
1 it
− ∆µt +1 +
−
E[i t +1 /k t +1 ] µt +1 k t +1 µt k t

(10)
(11)

There are a lot of terms here, but they key is to note that the IST shock ∆µt +1 has
a direct effect on the investment return. Intuitively, a high IST state tomorrow
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means that capital is cheap to produce tomorrow. Cheap capital means that the
firm is replaceable, firm value is low, and so is the realized stock return.
A key aspect of the IST shock is that it is not directly limited by observables.
In some models, µt is equal to the relative price of investment goods (Greenwood, Hercowitz, and Krusell (1997)). In general, however, it is not observable (Justiniano, Primiceri, and Tambalotti (2011)). This contrasts with shocks
that ³affect
´ neutral productivity z t +1 . The firm’s revenue function means that
z t +1

n t +1 1−α
k t +1

= y t +1 /k t +1 , and the RHS is pinned down by the data. This ob-

servability strongly limits the effect of many mechanisms, including the standard
RBC TFP shock, time-varying disaster productivity shocks (Gourio (2012)), longrun productivity risk (Croce (2014)), and uncertainty shocks (Bloom (2009)).
Equation (10) also shows that, in this class of models, investor preferences,
investor beliefs, and operating leverage only affect stock returns indirectly. To
be more explicit, these features can only increase stock return volatility to the
extent that they allow for more volatile IST shocks or higher adjustment costs.
This invariance is related to the perfect corporate control assumed by the firm’s
objective (1). This perfect corporate control means that the investment return
shares the same preference / belief distortions as that of the stock return.
These production-based restrictions neatly complement the consumptionbased restrictions of Hansen and Jagannathan (1991). Hansen and Jagannathan
(1991) provide an upper bound for the Sharpe ratio
f

E[R t +1 − R t +1 ]
σ(R t +1 )

≤ σ(log M t +1 )

(12)

while this paper restricts the volatility of returns
σ(R t +1 ) ≈ σ(R tI+1 )

(13)

Both of these restrictions are necessary in a broad range of models. The consumption-based restriction is silent on the volatility of stock returns. Meanwhile
the production-based restrictions are silent on the risk-free rate.
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4.

Robustness and Extensions
This section examines the robustness of the main results. Section 4.1 uses nu-

merical solutions to evaluate the approximate equalities used in the main results.
Section 4.2 extends the results and shows that the technological restrictions implied by asset prices require a low EIS. Lastly, Section 4.3 shows that the main
ideas are retained if one uses Compustat data, although the magnitudes change.

4.1.

Robustness: Accuracy of the Approximate Identity

This section uses numerical solutions to show that the approximations used
in the main results are valid for reasonable parameter values of a representative
firm. We’ll see that even under strong decreasing returns of 0.8, the investment
return volatility remains within a couple percentage points of the stock return
volatility.
Numerical evaluation requires a more specific model. I begin with the model
from Section 3.1 and fill out the model until it is solvable. I add Epstein-Zin preferences, rational expectations, and AR1 processes for neutral and investmentspecific technology. For simplicity I assume no disasters with certainty.
Parameter values are summarized in Table 2. Parameters not shown are chosen as in the main results (Section 3.2). Patience is chosen to match the mean
output-to-capital ratio of 0.10 per quarter. Risk aversion is chosen for comparability with Kaltenbrunner and Lochstoer (2010) and Gourio (2012). The elasticity
of intertemporal substitution (EIS) is chosen to match the relative volatility of
consumption growth. The persistence of neutral productivity is chosen to match
the persistence of the Solow residual, and its volatility is chosen to match the
volatility of HP-filtered GDP. The IST process is AR1 with a persistence chosen
for comparability with Greenwood, Hercowitz, and Huffman (1988).
I solve the model for various values of IST volatility and adjustment costs and
simulate investment returns and stock returns. Each time the IST volatility or adjustment costs are changed, the EIS is chosen such that the relative volatility of
consumption growth is 0.5. The technology shocks are discretized with Rouwehorst, and the laws of motion are approximated with Chebyshev polynomials in
the capital direction. The model is solved using projection methods (Caldara,
Fernandez-Villaverde, Rubio-Ramirez, and Yao (2012)) and simulated for 2000
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quarters. To check the accuracy of the solution, I calculate Euler equation errors |Et [M t +1 R I ,t +1 ] − 1| in the simulation. The maximum error in 2000 periods
of simulation is about 1.0E-7.
Figure 7 shows the results. The top panel shows investment return and stock
return volatilities as a function of adjustment costs. IST volatility is fixed at zero.
The left panel shows results where returns to scale are 1, and as predicted by Q
theory, stock return and investment return volatility are exactly equal. The middle panel shows returns to scale of 0.9 and we some some deviation between
the two volatilities, but investment return volatility deviates from stock return
volatility at most 1% per year. At severe decreasing returns of 0.8, the same pattern exists, and the volatility deviation maxes out at about 2%. The bottom panel
shows return volatilities as a function of IST volatility, with adjustment costs fixed
at a low level. As before, with decreasing returns on 0.9, the deviation between
investment and stock return volatilities is small, less than 0.5% per year. Even at
severe decreasing returns of 0.8, the maximum deviation is 1.0% per year. Results
with expected returns are similar.
[Figure 7 about here]
These results show that the admissible regions produced in the restrictions
of Section 3.3 are robust. Even under severe decreasing returns, investment returns approximately equal stock returns. If one is very concerned about severe
decreasing returns, he can increase the bounds from Section 3.3 by 2%. Even in
this case, adjustment costs must be very high or IST costs must be very volatile.

4.2.

Additional Restrictions on the Elasticity of Intertemporal
Substitution

The previous sections show that, for a broad class of models, security prices
imply that either adjustment costs are very high or the volatility of IST shocks
must be very high. Not all models are consistent with high adjustment costs
or high IST volatility, however. In other words, these technological restrictions
place restrictions on other aspects of the model, such as preferences. Placing
restrictions on preferences once again requires more structure than the semiparametric model. I use the same additional structure from the previous subsection: Epstein-Zin preferences, rational expectations, AR1 technology processes,
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and no disasters with certainty. Parameter values are once again from Table 2
and Section 3.2.
The exercise of this section is as follows. I’ll solve the model for various values
of adjustment cost, IST volatility, and EIS. I then simulate the model and check
if the predicted consumption volatility is close to the data. For simplicity, I make
the loose requirement that the volatility of consumption growth / volatility of
GDP growth should be between 0.4 and 0.5.
Figure 8 shows the simulation results as a contour plot. This plot fixes IST
volatility at zero and examining how the EIS and adjustment costs jointly affect
consumption volatility. We see that both the EIS and adjustment costs have a
strong effect on consumption volatility, and only a small region of the plot is consistent with the data on consumption volatility. A low adjustment cost implies a
high EIS, and for adjustment costs larger than 0.5, the EIS is strongly restricted
and must be less than 0.5. Recall that if the model has no IST shocks, stock return
volatility restricts adjustment costs to be greater than 2 (Figure 3). This technological restriction then implies that the EIS must be very low, less than 0.1.
[Figure 8 about here]
Figure 9 shows results where adjustment costs are fixed and IST volatility
varies. Adjustment costs are fixed at a low value of φ = 1/10 (elasticity of the investment rate with respect to Q is 10). Once again, both parameters have a strong
effect on consumption volatility, and consumption data restricts the parameter
values to be within a small band. Low IST volatility implies a high EIS and vice
versa. IST volatility required by the stock return data is quite high, and the result
is again that the EIS must be low, less than 0.5.
[Figure 9 about here]
Figures 8 and 9 show the well-behaved relationship between consumption
volatility and EIS. This smooth relationship allows me to solve for a single EIS for
each set of technological parameter values. The result is shown in Figure 10 as a
contour plot. The contour plot shows implied EIS as a function of IST volatility
and adjustment costs. The implied EIS is found by a numerical solver which sets
the relative volatility of consumption growth at 0.5. For ease of viewing, the plot
is zoomed in on relatively low IST volatility and adjustment costs. We see that
even at these mild parameter values (IST vol < 0.06 and adjustment costs < 0.5)
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the EIS must be very low. For the extreme parameter values capable of hitting
stock return volatility, we would need even lower EIS. It is only near the origin
with no IST shocks and no adjustment costs that we can reach an EIS > 1.
Though this EIS restriction is derived in a special case, it is consistent with
results from the literature on a broader set of models. Long run risk and disaster
models require a large EIS. These models have had trouble matching the volatility of stock returns and have low adjustment costs (Kaltenbrunner and Lochstoer
(2010), Croce (2014), Gourio (2012), Kung and Schmid (2011)). Habit models and
limited participation models imply a low EIS, do a good job matching stock return volatility, and also have very high adjustment costs (Jermann (1998), Guvenen (2009), Chen (2012)).

4.3.

Restrictions using Compustat Data

The previous analysis assumes that the value of the CRSP index corresponds
to a claim on the entire capital stock of the United States. This simplifying assumption makes models tractable, but a more refined analysis should account
for the fact that owning the CRSP index provides dividends only from publicly
traded firms. I perform this analysis in here. The main results remain though
some magnitudes are changed.
The model from Section 3 does not take a stand on the number of firms in the
rest of the economy. That is, the previous analysis applies if one considers the explicitly modeled firm as representing all publicly traded firms. The remainder of
the firms in the economy are accounted for by the abstract aggregate state. Thus,
I go ahead and use the theoretical framework from before and simply replace
BEA with Compustat data.
Measured investment for this aggregated public firm is the sum of capital expenditures across all firms in Compustat. Output is the sum of sales less cost of
goods sold across firms. This value-added approach for output is intended to
reduce double-counting: some sales of Compustat firms are the inputs of other
firms, and output should be the final output of this aggregated firm. Capital,
depreciation, and IST shocks are accounted for as before (see Section 3.2). The
sample period is 1964-1996 to avoid disasters.
Figure 11 shows expected investment returns under no IST shocks. The basic
patterns from the BEA results remain, though the magnitudes are different. The
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expected return increases strongly in the capital share and has a mild relationship with adjustment costs. The figure restricts the capital share to be roughly
0.2, consistent with Imrohoroglu and Tüzel (2014).
[Figure 11 about here]
Since the results are similar to before, I’ll skip to the key plot: restrictions due
to stock return volatility with IST shocks. The capital share is set to 0.2 to be consistent with expected returns. Figure 12 shows the result. Once again the basic
patterns remain. IST shocks must be very volatile, greater than 10% per year,
or adjustment costs must be high. The magnitude of adjustment cost requirement is significantly changed, however. Adjustment costs must be greater than
0.3, much lower than the BEA requirement of 2.0, though still much greater than
values typically used in the literature.
[Figure 12 about here]
This looser requirement on adjustment costs is the result of more volatile fundamentals. The volatility of Y /K is 12% of its mean, almost 5× the figure from
BEA data. The volatility of I /K is about 20% of its level, almost 4× the BEA figure.
This higher fundamental volatility means that it’s much easier to reconcile the
two sides of the investment return - stock return equality (9).

5.

Conclusion
Asset prices place restrictions on production technologies. The high volatil-

ity of stock returns implies that the volatility of investment returns must be very
high. This result provides intuition for the failure of standard models. In order
to match basic asset price facts, the technology must have very large adjustment
costs or volatile IST shocks. This restriction applies to a broad range of models, including habit, long-run risk, disasters, extrapolative expectations, limited
participation, and more.
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A.

Appendix

A.1.

Theoretical Results with Multiple Capital Stocks

Proposition 1 and Corollary 2 have straightforward analogues in the case of
multiple capital stocks. Suppose that there are n types of capital: k 0 ∈ Rn . As in
the single capital case, factorability means that there exist real valued functions
r (k 0 ) and q(s 0 ) s.t. V (k 0 , s 0 ) = r (k 0 )q(s 0 ).
The stock return can be boiled down to a function of s, s 0 , as before:
V (k 0 , s 0 )
r (k 0 )q(s 0 )
=
Es [M 0V (k 0 , s 0 )] Es [M 0 r (k 0 )q(s 0 )]
q(s 0 )
r (k 0 )q(s 0 )
=
=
r (k 0 )Es [M 0 q(s 0 )] Es [M 0 q(s 0 )]

R(k, s, s 0 ) =

Now define the investment return as
R I (k, s, s 0 ) ≡

V1 (k 0 , s 0 )T k 0
Es [M 0V1 (k 0 , s 0 )T k 0 ]

where V1 (k 0 , s 0 )T is a column vector composed of partial derivatives of V (k 0 , s 0 )
with respect to the different capital stocks. Some simple algebra shows that the
above expression is equal to the stock return:

R I (k, s, s 0 ) ≡
=

r 1 (k 0 )T q(s 0 )k 0
V1 (k 0 , s 0 )T k 0
=
Es [M 0V1 (k 0 , s 0 )T k 0 ] Es [M 0 r 1 (k 0 )T q(s 0 )k 0 ]
r 1 (k 0 )T k 0 q(s 0 )
q(s 0 )
=
r 1 (k 0 )T k 0 Es [M 0 q(s 0 )] Es [M 0 q(s 0 )]

This generalized investment return can be measured by using the envelope and
first order conditions for each capital stock.
Corollary 2 follows easily. Let v(k, s) ≡ logV (k, s), and suppose a 1st order
expansion of v(k, s) is a good approximation:
v(k, s) ≈ v(k̄, s̄) +

X ∂v(k̄, s̄)
i

∂k i

(k i − k̄) +

X ∂v(k̄, s̄)
j
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∂s j

(s j − s̄)

Taking exponentials we see that V (k, s) can be factored
"
V (k, s) ≈ exp v(k̄, s̄) +

X ∂v(k̄, s̄)
∂k i

i

|

A.2.

#

"

(k i − k̄) exp +

X ∂v(k̄, s̄)
∂s j
{z

j

{z

}|

p(k)

#
(s j − s̄)

q(s)

}

Analyzing the Empirical Model

This section does the algebra for the model of Section 3. For ease of notation
I drop time subscripts and indicate t + 1 with a prime.
A.2.1.

Mapping Empirical Model to Theory Model

The basic problem is that the empirical model’s profit function (2 is a function
of the investment rate x instead of next period’s capital k 0 . The following profit
function is a function of k 0 and is equivalent to that of the empirical model
¶
k0
Π(k, n, k , s) = z(s)(d (s)k) n − w(s)n − µ(s) ψ
d (s)k
d (s)k

(14)

µ
¶¸1/(1−φ)
¶ ·
k0
k0
1−φ
− 1 + δ − a1
ψ
=
d (s)k
a 2 d (s)k

(15)

α ν

0

−1

µ

where
µ

To see the equivalence, begin with the empirical model’s capital adjustment
cost (3) and solve for x
½

1−φ
[Φ(x) − a 1 ]
a2

¾1/(1−φ)
=x

(16)

Use capital accumulation (4) to replace Φ(x)
·
¸¾1/(1−φ)
1−φ
k0
− 1 + δ − a1
x=
a 2 d (s)k
½

Now call the LHS ψ(k 0 /(d (s)k)), and replace x with ψ in the profit function (2)
and we’re done.
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A.2.2.

Mapping the Empirical Model to Gourio 2013

Gourio’s model looks different in that the capital destruction state enters into
only the capital accumulation equation and not in the profit function. This
model is equivalent and just focuses on a different point in the timing cycle. To
see this, note that Gourio’s timing is
1. Value function point
2. Choose capital and labor
3. Disaster shocks and productivity shocks realized
4. back to 1.
This model has, instead,
1. Choose capital and labor
2. Value function point
3. Disaster shocks and productivity shocks realized
4. back to 1.
Both models in essence just cycle between choose factors and shocks realized.
So it should really be a circle. You can stick in the value function point anywhere.
The key issue is: what does the model imply that you know when you make
your choices? To see this, consider a very simple disaster model
V (k) = max k α − k̄ 0 + (1 − δ)k + EMV (k̄ 0 z 0 )
So when you choose k̄ you know k but don’t know z 0 . Change this model by
defining k = z k̄
J (k̄, z) = max(z k̄)α − k̄ 0 + (1 − δ)(z k̄) + EM J (k̄ 0 , z 0 )
Once again, when you choose k̄ you know k = z k̄ but don’t know z 0 . The two
value functions have a very simple relationship, that is
V (k̄z) = J (k̄, z)
25

It’s basically, “you can make the value function more complicated if you want to,”
and in this case it turns out to be useful to do so.
A.2.3.

Deriving Investment Returns in the Empirical Model

To get investment returns, just crunch out derivatives of equation (14)
µ
¶
µ
¶
y
k0
−k 0
k0
−1
D 1 Π(k, n, k , s) = α
− µ(s) [Dψ
(
)+ψ
d (s)]
d (s)k
d (s)k
k
d (s)k
"
#
µ
0 ¶
y
1
k
+ µ(s)−1
d (s)
=α
(k 0 /k) − ψ
k0
d (s)k
d (s)k
Dφ[ψ( d (s)k
)]
"
#
µ
µ µ
¶¶
¶
µ
¶
y
k0
k0
1
−1
=α
+ µ(s)
(1 − δ)d (s) + φ ψ
d (s) − ψ
d (s)
k0
d (s)k
d (s)k
d (s)k
Dφ[ψ( d (s)k
)]
"
¶¶¶
µ
¶#
µ
µ µ
d (s)
1
y
k0
k0
+
=α
−ψ
(1 − δ) + φ ψ
d (s)k µ(s) Dφ[ψ( k 0 )]
d (s)k
d (s)k
d (s)k
µ
¶
k0
D 3 Π(k, n, k 0 , s) = −µ(s)−1 Dψ
d (s)k
1
³ 0 ´
= −µ(s)−1
k
Dφ(ψ d (s)k
)
0

Where y ≡ zk α n ν is output in the no destruction state. Note that in D 1 Π the
depreciation shock acts much like an IST shock. The difference is that the depreciation shock also affects capital accumulation through the denominator of the
term in ψ(k 0 /(d (s)k)). In other words, depreciation shock also affects existing
capital.
Using the definition of investment returns,

R I0 =

h
io
n 0
y
1
0
0
(1
−
δ
+
φ(x
))
−
x
d (s 0 ) α k 0 + µ(s1 0 ) Dφ[x
0]
1
1
µ(s) Dφ(x)

where I’ve used the definition x = ψ(k 0 /(d (s)k)).

A.3.

Empirical Method Details

A.3.1.

Constructing the Capital Stock

Depreciation is computed from balanced growth assumptions. That is, depreciation is estimated as the mean growth rate of output less the mean invest26

ment rate. The steady state investment rate used in the adjustment cost formulation is the mean investment rate.
This calculation is based off of two equations:
k 0 = (1 − δ)k + Φ(x)k
y = k α A 1−α
where A is labor augmenting long run technical change. Combine this with constant growth in k, y, and a, then the second equation implies that y 0 /y = k 0 /k
and the first equation implies that
δ = Φ(x) + k 0 /k − 1 = Φ(x) + y 0 /y − 1
Now to map the above equation to the data, I assume that
Φ(x)k = Empirically measured investment

(17)

This mapping has the advantage that a number of variables are independent of
the adjustment cost: the capital stock series, the steady state investment rate,
and the implied depreciation rate. To compute investment returns, one needs x.
To obtain this, use equation (16).
This mapping is not the one typically used in the literature, however, the results do not change much if one uses the traditional mapping.

A.4.

Approximations of the Investment Return

This section shows derivations of the approximations of the investment return shown in Section 3.3.1 and 3.3.2. The derivation is easier to show using the
equivalent adjustment cost formulation from Appendix A.2. With this formulation, the firm’s problem is written as
V (k, s) = max

n,x,k 0

zk α n 1−α − wn −

1
xk
µ

+Q[(1 − δ)k + Φ(x)k − k 0 ] + Es [M (s, s 0 )V (k 0 , s 0 )]
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where x is the investment rate and Φ(x) captures the adjustment cost. It’s easy to
show that the investment return is
R I0 =

V1 (k 0 , s 0 )
Q

where
Q=

1 1
µ Φ1 (x)

V1 (k, s) = αy/k −

1
x +Q[1 − δ + Φ(x)]
µ

The investment return is a complicated nonlinear functions of the investment
rate x, and it’s thus hard to get any intuition out of these equations. To get some
intuition, I’ll use the following approximation:
log R I0 = log(V10 ) − logQ ≈ (V10 − 1) − (Q − 1) = V1 −Q
To justify this approximation, note that the adjustment costs are chosen so that
near the steady state, the dynamics of the model are similar to a zero adjustment
cost model. The zero adjustment cost model has
Q =1
y
V1 (k, s) = α + 1 − δ ≈ 1
k
so this is a reasonable approximation close to the steady state (or at least good
enough for intuition).
Now to linearize Q and V1 make the following approximations regarding the
adjustment cost
1
1
Φ11 (x̄)
≈
−
x̄ x̂
Φ1 (x) Φ1 (x̄) [Φ1 (x̄)]2
= 1 + φx̂
½
¾
Φ(x)
Φ(x̄)
Φ1 (x̄)
Φ11 (x̄)
≈
+
x̄ −
x̄ x̂
Φ1 (x) Φ1 (x̄)
Φ1 (x̄)
[Φ1 (x̄)]2
= x̄[1 + x̂ + φx̂]
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where
x̂ ≡ log(x/x̄)
Finally we can crunch out the approximation
R I0 = V10 −Q
1 1
1 0
x +Q 0 [1 − δ + Φ] −
0
µ
µ Φ1
µ 0
¶
1 Φ
1 1
1 1
0
= αy 0 /k 0 + 0
0 − x + (1 − δ) 0 0 −
µ Φ1
µ Φ1 µ Φ1
¢
1 ¡
1
1
≈ αy 0 /k 0 + 0 x̄(1 + x̂ 0 + φx̂ 0 ) − x̄(1 + x̂ 0 ) + (1 − δ) 0 (1 + φx̂ 0 ) − (1 + φx̂)
µ
µ
µ
1
1
1
= αy 0 /k 0 + 0 x̄φx̂ 0 + (1 − δ) 0 (1 + φx̂ 0 ) − (1 + φx̂)
µ
µ
µ
1
1
1
1
= αy 0 /k 0 − 0 δ + 0 (x̄ − δ)φx̂ 0 + 0 (1 + φx̂ 0 ) − (1 + φx̂)
µ
µ
µ
µ
= αy 0 /k 0 −

In the case of no IST shocks, µ = µ0 = 1, and we have the following
¡
¢
φ
φ
R I0 ≈ αy 0 /k 0 − δ + (x̄ − δ) (x 0 − x̄) + ∆x 0
x̄
x̄
where I’ve made the approximation x̂ 0 ≈
x 0 −x
x

≈

∆x 0
x̄ .

x 0 −x̄
x̄

and the rough approximation ∆x̂ 0 ≈

For the case with IST shocks, make the rough approximation that

(x̄ − δ) ≈ 0, and collect terms:
R I0

µ
¶ µ
¶
µ
¶
1
1 1
φ x0 x
0
0
= αy /k − 0 δ + 0 −
−
+
µ
µ µ
x̄ µ0 µ

A.5.

Parametric Model Details

A.5.1.

The Model

The model comes down to finding consumption policy and household value
c(k, µi , z i )
V (k, µi , z i )
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which satisfy the Euler equation and household Bellman equation
£
¤
1 = Eµi ,zi M 0 R I0
©
ª1/(1−1/ψ)
V = (1 − β)c 1−1/ψ + βW 1−1/ψ
where the household stuff is defined as
c0
M =β
c
0

µ

¶−1/ψ µ

V0
W

¶1/ψ−γ

W = [Eµi ,zi V 0(1−γ) ]1/(1−γ)
and the investment return is
R I0 = J 10 /q
¸
·
1
y0 1
0
0
= αη 0 + 0
(1 − δ + Φ(x )) − x
k
µ Φ1 (x 0 )
1 1
q=
µ Φ1 (x)

J 10

and the following production equations are
y = zk αη
µ(Azk αη − c)
k
a 2 1−φ
Φ(x) = a 1 +
x
1−φ
x=

k 0 = (1 − δ)k + Φ(x)k
The exogenous processes z and µ are Rouwenhorst approximations of AR1 processes.
For firm valuation you need the expression for dividends
d = (1 − η(1 − α))Azk αη −
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xk
µ
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Figure 2: Expected Investment Return: No Investment-Specific Technology
Shocks. Figures are annualized. This contour plot shows mean investment returns as a function of capital share α and adjustment cost φ. The adjustment
costs are constant elasticity with 1/φ = the elasticity of the investment rate with
respect to marginal Q. The shaded area shows the admissible region implied by
expected stock returns.
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Figure 3: Volatility of Investment Return: No Investment-Specific Technology
Shocks. Figures are annualized. This contour plot shows the standard deviation of investment returns as a function of capital share α and adjustment cost
φ. The adjustment costs are constant elasticity with 1/φ = the elasticity of the investment rate with respect to marginal Q. The shaded area shows the admissible
region implied by stock return volatility.
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Figure 4: Admissible Region: No Investment-Specific Technology Shocks. The
shaded region shows admissible regions for the capital share α and adjustment
cost φ restricted by the mean and volatility of stock returns. The adjustment
costs are constant elasticity with 1/φ = the elasticity of the investment rate with
respect to marginal Q. x’s and literature references represent parameter values
used in the respective papers. Models in green are able to fit the equity premium.
KL ’10 represents the benchmark permanent shock model from Kaltenbrunner
and Lochstoer (2010). Gourio ’13 represents the unlevered equity return from his
model.
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Figure 5: Expected Investment Return: Investment-Specific Technology
Shocks. Figures are annualized. This contour plot shows mean investment returns as a function of the volatility of the investment-specific technology shock
σµ and the adjustment cost φ. The adjustment costs are constant elasticity with
1/φ = the elasticity of the investment rate with respect to marginal Q. The shaded
area shows the admissible region implied by expected stock returns.
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Figure 6: Volatility of the Investment Return: Investment-Specific Technology
Shocks. Figures are annualized. This contour plot shows the volatility of investment returns as a function of the volatility of the investment-specific technology
shock σµ and the adjustment cost φ. The adjustment costs are constant elasticity with 1/φ = the elasticity of the investment rate with respect to marginal Q.
The shaded area shows the admissible region implied by the volatility of stock
returns.
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Figure 7: Investment Return and Stock Return Volatility Under Decreasing Returns. Figures are annualized. Model is solved and simulated for many parameter values. In panel (a), adjustment costs vary and IST volatility is fixed at zero.
In panel (b), IST vol varies and adjustment costs are fixed at 1/10. EIS is chosen
so that relative consumption vol is 0.5.

(a) Adjustment Cost Only

(b) IST Volatility Only
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Figure 8: Restrictions on the EIS: no IST shocks. The contour plot shows the
relative volatility of consumption growth as a function of the EIS and adjustment
cost. IST volatility is set to zero. Results are for the fully parametric model (Section 4.2). Admissible region is consistent with data on consumption growth.
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Figure 9: Restrictions on the EIS: IST shocks. The contour plot shows the relative volatility of consumption growth as a function of the EIS and IST volatility.
Adjustment costs are fixed at 1/50 . Results are for the fully parametric model
(Section 4.2). Admissible region is consistent with data on consumption growth.
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Figure 10: Restrictions on the EIS: IST shocks and adjustment costs This contour plot shows required EIS as a function of the volatility of IST shocks and adjustment costs. Required EIS is the EIS the produces a relative volatility of consumption growth of 0.5. Results are for the fully parametric model (Section 4.2).
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Figure 11: Compustat Data: Expected Investment Return: No InvestmentSpecific Technology Shocks. Figures are annualized. This contour plot shows
mean investment returns as a function of capital share α and adjustment cost φ.
The adjustment costs are constant elasticity with 1/φ = the elasticity of the investment rate with respect to marginal Q. The shaded area shows the admissible
region implied by expected stock returns.
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Figure 12: Compustat Data: Volatility of Investment Return: InvestmentSpecific Technology Shocks. This contour plot shows the volatility of investment
returns as a function of the volatility of the investment-specific technology shock
σµ and the adjustment cost φ. The adjustment costs are constant elasticity with
1/φ = the elasticity of the investment rate with respect to marginal Q. The shaded
area shows the admissible region implied by the volatility of stock returns.
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Table 1: Summary Statistics of Stock Returns and Components of the Investment Return
Figures are annual. R t is the return on the value-weighted CRSP index. y t /k t is the output to capital ratio. i t /k t is the investment to capital ratio, and ∆(i t /k t ) is its first difference.

Rt
y t /k t
i t /k t
∆(i t /k t )

mean

stdev

0.083
0.405
0.093
1.3E-4

0.177
0.011
0.005
0.005

Table 2: Parameter Values for Parameterized Model
Model and parameters are quarterly.

Parameter

Value

Preferences
Patience
Risk Aversion
EIS

Epstein-Zin
0.985
4.5
allowed to vary

Neutral technology process
persistence
conditional vol
IST process
persistence
conditional vol

AR1
0.95
0.014
AR1
0.84
allowed to vary

Disaster process

no disasters
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