The Search for Liquidity
Jose A. Carrasco∗

Lones Smith†

Department of Economics
University of Wisconsin-Madison
February 16, 2015
(in progress)

Abstract
This paper develops a dynamic model of search for liquidity. A holder of a
large position in an illiquid asset faces a stochastic flow arrival rate of buyers.
He will be afforded opportunities at random times to partially sell his position.
How much he acts on any offer reflects the endogenous option value of having
a larger position in a fully divisible asset. We solve the dynamic programming
exercise that includes an intensive margin decision and thus that accounts for his
optimal future trading behavior. By allowing a perfectly divisible asset, we can
explore how the liquidation process changes as the asset position changes; behavior
is no longer stationary in time. The value function is increasing and concave in
the asset position, and the marginal value decreasing and convex. As a result,
the seller imposes a larger purchase premium on larger trades, and the seller’s
marginal value shifts up as he unwinds his position, making him less willing to
trade. Our model yields new endogenous forward-looking notion of liquidity: The
waiting time until the next trade, whose mean and variance are decreasing and
convex in the position and fall in the interest rate. We explore the trade offs that
arise in a divisible asset world. While unwinding his position, the seller trades off
longer waiting times for higher expected price, and waiting time variance for price
variance. In our main comparative static, the seller grows more willing to trade
when arrival opportunities are less frequent, or the interest rate is higher. Lower
interest rates slow down the process of liquidation and reduces price variance while
increasing variance of waiting times. In the case of thin enough markets, increasing
the meeting rate decreases the waiting time to trade and speed up sales.
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Introduction

Unable to sufficiently rapidly liquidate its long portfolio positions, Lehman-Brothers
failed in September 2008. The same year, Harvard endowment manager was in a massive
billion dollar cash crunch in the urgent need for cash. Much earlier, in the 1990s, the
Resolution Trust Corporation (RTC) was tasked with liquidating almost $400 billion of
portfolios of 747 failed savings and loans. All cases were intrinsically an optimal search
for liquidity exercise.1 Neither the RTC in 1990 nor Harvard endowment manager or
Lehman-Brothers in 2008 were the ideal holders for their assets, since the asset dividend
was negligible relative to their discount factors. More important, there was no organized
market to sell their positions, since natural potential buyers like other banks and financial
institutions were themselves liquidating their holdings.
This paper develops a new model of the time intensive search for trading counterparties in finance. It also addresses an omission in finance, in properly accounting for
the time-intensive counterparty search, and how it evolves with the passage of time.
We characterize how a seller should optimally liquidate a long position in a divisible
but illiquid asset — lacking a formal market or a unique price. By allowing a perfectly
divisible asset, we can explore how the liquidation process changes as the asset position
changes; behavior is no longer stationary in time. Instead he faces a periodic arrival of
opportunities to partially liquidate his position; these offers are best described as limit
orders that specify a price and a maximum trade quantity.
Just like any search model, the decision maker is forced to trade off an immediate sure
payoff for an uncertain future payoff: reservation values therefore leave him indifferent
between stopping now and continuing. But in our setting, the tradeoff is richer, since
the trade is no longer binary. He no longer sets a reservation price, but instead chooses
an entire supply schedule that optimally trades off price and quantity at any moment in
time. In so doing, the seller equates the immediate marginal payoff to the expected future
marginal payoff. Liquidity is no longer an exogenous property of the market demand.
The dynamically optimal liquidity reflects the arrival rate of traders, the distribution of
limit orders and the seller’s impatience. We explore precisely all trade offs that arise
when the asset if fully divisible, and how his willingness to sell assets changes as his
position changes, or as the sales frictions adjusts.
We fully solve the seller’s discounted dynamic programming problem, completely
1

“I was on the oversight board of the RTC. . . Some of the stuff that the RTC wound up with was
perfectly liquid and salable. But a big chunk was uncompleted eight-hole golf courses, half-built office
towers, and vacant malls. Nobody wanted it. . . . Needless to say, the bids were less than 50 percent of
the original cost.” — Alan Greenspan (Leonard and Coy, 2012).
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characterizing the value function, the marginal value function and thus the seller’s optimal trading behavior. In addition to the flow dividend, each asset gives the seller the
option to sell in the future and thus the option to buy liquidity by trading away assets.
Consequently, in a meeting the seller chooses how much to sell, aware that he possesses
an equivalent position in a perpetual call option with zero strike price.
We recursively establish all properties of the value and marginal value function, which
are functions of the current asset position. Interestingly, the value function is increasing
and concave in the asset position (Theorem 1), and the marginal value decreasing and
convex (Theorem 2). As a result, the seller that is initially a risk neutral, acts as if
his position was his money holdings and he is a risk averter and prudent during the
liquidation process. Thereby, his marginal value shifts up as he liquidates his position,
becoming increasingly picky and less willing to trade. Our analysis focuses heavily on
the marginal value, since it acts as the seller’s marginal cost curve and thus governs his
optimal trading behavior at any proposed terms of trade. For instance, the supply of
assets is increasing and concave in the quantity limit of offers and increasing and log
concave in the price (Proposition 1), and the trade chance and supply function are both
increasing and log-concave functions of the asset position (Proposition 2). The former
owes to the seller’s prudence — he is less sensitive to price changes the higher the price.
In our main comparative static exercise, we also show that the marginal value is
a supermodular joint function of the search frictions and asset position (Theorem 3).
As a result, search frictions shift down the seller’s marginal cost curve, making trade
less costly since less trade opportunities are foregone when liquidating. Thus the seller
grows more willing to trade when arrival opportunities are less frequent, or the interest
rate is higher (Proposition 3). Meanwhile, turning to a dynamic measure of liquidity,
our model yields a new endogenous forward-looking notion of liquidity: The expected
waiting time until the next trade. We find that this expected time and their variance
are both decreasing and convex in assets, fall in the interest rate and when the market
is thin enough also falls in the meeting rate (Proposition 4). As the seller unwinds his
position, he optimally trades off longer waiting times for higher expected price, and
waiting time variance for price variance. In addition, lower interest rates slows down
the process of liquidation and reduces the price variance while increasing the variance
of times to trade. He also imposes larger premiums on larger trades (Proposition 5).
Our model is both a technically and substantively new venue for search theory, solving
a variable intensity search optimization, pushing it into a richer class of problems that
are not just optimal stopping exercises.2 The fundamental tradeoff the seller faces is how
2

Smith (1994) had explored how search frictions affect asset trade with indivisible goods and unit
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aggressively should he unwind his portfolio. Selling today translates into an immediate
sure gain for an unsure future gain. This is the essential trade off in any search problem.
Only now, with a variable quantity decision, there is a difference between the average
and marginal benefit of waiting. The searcher conditions his behavior on the current
asset position, and we deduce diminishing returns to optionality. Thus, this is richer
than a standard search model, because the future surplus owes not just to an exogenous
arrival rate, but a time varying optimal exploitation of options. In fact, in search
problems that require a binary continuation decision, the outside option is constant. In
our model, the opportunity cost of trading is an endogenous object. Consequently, we
leverage our understanding of the value and marginal value functions to secure insights
into trading behavior and times between trades under fairly general assumptions on the
offer distribution. In the canonical model with indivisible assets, by selling today, the
owner forgoes the possibility of selling at a higher price in the future. In contrast, by
selling more shares today, the owner only reduces the possibility of exploiting attractive
future offers. Since the asset is illiquid, the opportunity cost of selling and thus the time
between trades are both endogenous to his own decisions.
Liquid assets can be easily converted into cash with a minimal impact to the price
received. The competitive properties of the market where the asset is traded largely
determines the liquidity of the asset.3 In the case of illiquid assets, the absence of an
established market hinders quick and costless trade. Anyone willing to trade an illiquid
asset must search for prospective buyers or sellers, who are ready to buy or sell the asset
at the specified price.4
On the other hand, illiquid markets are characterized as markets that are not open
all the time and thus trades can be completed only with a delay. Market illiquidity
determines a first level of asset liquidity since determines the ability to trade at all. In
other words, a market could be illiquid (if is not open all the time) but competitive
(conditional of being open, there are many participants).
While this financial search theory model is new, there have been many important
applications of search theory in finance. Most salient is Lagos and Rocheteau (2009), who
develop a search-theoretic equilibrium model of financial intermediation in an over the
demands.
3
For instance, any real estate factory is a very illiquid assets since there is no organized market were
to trade them. But the same assets could become very liquid if traded indirectly as stock shares in a
competitive stock market.
4
IlliquidX and SecondMarket are examples of companies that have created an alternative market
for trading online exclusively illiquid assets. Barry Silbert, founder of SecondMarket got the idea “after
creditors awarded shares of debtor companies by bankruptcy courts approached him looking to sell the
shares”. New York Times - With Private Trades, Venture Capital Seeks a New Way Out. 4/22/2009.
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counter market, and study how trading frictions affect the distribution of asset holdings
and standard measures of liquidity. Each period investors could receive a preference
shocks generating the need to rebalance their asset positions. Investors do not have
access to the asset market by themselves but periodically contact dealers who trade the
asset on their behalf. Unlike our model, they assume a competitive inter dealer market
where the asset is traded and thus a liquid asset. The only illiquidity that is modeled is a
market illiquidity in that investors do not get access to the market always, but once they
get access to it they can trade any amount at a fixed equilibrium price. Implicitly, from
the investor point of view, this leads to an exogenous optionality value of assets equal to
the expected market clearing price at the time when trade is expected to happen again.
In fact, in absence of the preference shock the market clearing price is constant in time
and the optimization problem becomes trivial. Thus, the investor’s selling strategy is
independent of his asset holdings at the time of trade. The decision of how much to
trade is made solely based on the preference type at the moment of trade and taking
into account the uncertainty about future preferences. In addition, as most liquid assets,
they assume an intrinsic use value of any owned assets.
Unlike theirs, our model is a pure trading exercise; that is they have value only for
the trade opportunities they provide, which affords a laser focus on seller’s behavior
and the dynamic tradeoffs facing counterparty search. We depart from the liquid assetcompetitive asset market assumption which is a more suitable environment to model
illiquid assets trading. This is different than a periodic access to a competitive market
that actually exists, since the seller takes into account that having more assets tomorrow
allows him to take advantage of better terms of trade.
A stochastically stationary decision model also underlies equilibrium models by Lagos, Rocheteau, and Weill (2011) and earlier by Duffie, Garleanu, and Pedersen (2007).
Lagos, Rocheteau, and Weill (2011) assume a competitive inter dealer market where the
asset is traded and thus a liquid asset. In Duffie, Garleanu, and Pedersen (2007), the
authors use search frictions so that to trade agents should search. They do not study
neither trader’s nor investor’s behavior. Instead, just the effect of frictions on prices.
there is no optimization by agents and trade is exogenously determined by investors
and traders types that are assumed to follow a markow chain. Trading decision is made
trivial and hence the focus of the paper is mainly the effect of frictions on prices. We
instead focus on the seller’s optimizing behavior. Unlike us, asset holdings in their model
are either 0 or 1 and thus it is not possible a focus on the optionality and marginal value
of assets. A search and matching model underlies the equilibrium model in Krainer and
LeRoy (2002). In their paper, buyers and sellers are matched trade an indivisible asset.
5
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The Model

Time is continuous on [0, ∞). An infinitely-lived agent — called the seller — owns a
large position a < ∞ of a perfectly divisible asset. Each asset share pays him a constant
dividend k ≥ 0 per unit time, which he discounts at subjective interest rate r > 0.
The dividends might be very low, but the asset is illiquid, lacking a formal market.
The seller, however, faces a stochastic flow arrival rate of buyers, each with random
offers. Buyers arrive at a rendezvous rate ρ > 0. In a meeting, the buyer makes a limit
order (p, x) specifying the share price p > 0 and maximum purchase quantity x > 0. The
two offer dimensions are possibly dependent random variables (P, X),5 from a bounded
stationary density f (p, x). We assume P and X each have a finite mean, and that f (p, x)
is log-concave in p, and weakly falling in x. We denote expectations w.r.t. f by E.
Our paper simultaneously solves for two possible versions of the model. In the
simplest case, the buyer’s offer is take-it-or-leave-it. After receiving an offer (p, x), the
seller chooses how much to sell y ∈ [0, min{x, a}]. For instance, he cannot short sell.
Alternatively, the buyer is described by a willingness to pay π > 0 and a maximum
demand x > 0; the pair (Π, X) is random, with density f (π, x). But now the terms of
trade — price and quantity — are bargained. We posit a hybrid of a take-it-or-leave-it
offer in which the offer secures all bargaining power, and a subsequent maximization
stage that rebalances the bargaining power.6 Instead, the price p and quantity y now
arise from the Nash bargaining solution, with bargaining weights δ ∈ [0, 1] and 1 − δ on
the surplus of the seller and buyer. We will specify this more clearly in §6.
After trading, the seller continues his search with new asset position a − y. He seeks
to maximize his expected discounted present value cash flows from dividends and sales.

3

The Value Function and Selling Strategy

When meeting a buyer, the seller optimally decides whether and how much to act upon
the proposed terms of trade. In so doing, he trades off a sure immediate gain for the
option value of future trades. We exploit the recursive nature of the problem, and
characterize its solution using dynamic programming. Since the asset position a ≥ 0 is
the natural state variable for the dynamic optimization, the (Bellman) value is V (a).
5

A limit order is an order to buy or sell a stock at a specific price or better. A tender offer refers
to when an offer is publicly made to the shareholders of a publicly traded company to sell some or all
of their shares at a specified price during a specified time. In either case, sellers, individually or as a
group, can accept or reject the offer.
6
This is equivalent to a one round version of the Walrasian bargaining model of Yildiz (2003).
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Upon meeting a buyer with offer (p, x), the seller maximizes present value py + V (a − y)
over sales 0 ≤ y ≤ min{x, a}. The Bellman equation is7
ρ
ak
+
E
V (a) =
r+ρ r+ρ


max
y∈[0,min{X,a}]


[P y + V (a − y)]

(1)

Observe two special cases. If the seller has no option to sell (so that ρ = 0), his value
reduces to the discounted value of dividends V (a) = ak/r. On the other hand, when
the asset pays no dividends, the value is a pure option on meeting buyers at arrival rate
ρ, whose proposed terms of trade are acceptable. The right hand side of (1) includes a
positive probability that the offer is unacceptable, and the seller replies with zero supply.
Let B be the space of bounded and continuous functions V : [0, ∞) → R+ with the
sup norm. The right hand side of (1) defines T (V )(a), and thus an operator T on B.
Lemma 1 T is a contraction and so has a unique bounded and continuous fixed point V .
The proof in the appendix applies Blackwell’s sufficient condition for a contraction.
Theorem 1 The value function V (a) is a monotone and concave function of assets a.
Proof : Monotonicity is standard. For concavity, let the seller optimize in the post trade
position z = a−y. Define the new convex constraint set C(x) = ∪a {(z, a)| max{a−x, 0} ≤
z ≤ a}, and introduce the convex characteristic function I(x, z, a) = 0 if (z, a) ∈ C(x)
and +∞ otherwise, to eliminate the constraint. Rewriting the expression (1) for T V (a):





(r + ρ)T (V )(a) = ak + ρ aE[P ] − E min[P z − V (z) + I(X, z, a)
z≥0

(2)

Assume V is concave. Then pz − V (z) + I(x, z, a) is convex in (z, a). By Theorem 5.3 of
Rockafellar (1970), minz≥0 [pz −V (z)+I(x, z, a)] is convex in a. As expectation preserves
concavity, the right side of (2) is concave in a, and so is its fixed point T (V ) = V . 
Assets have value for the trade opportunities they confer upon the seller. But these
gains fall with the declining densities, and a concave value ensues. The value function
is thus like an increasing and concave utility function for money. As a result, the seller
—initially risk neutral in money holdings— behaves as if assets were his money holdings
7

The formula suppresses the randomness of to the exponentially-distributed arrival time T of a trader:

 T
Z
[P y + V (a − y)]
V (a) = ET E  ake−rs ds + e−rT max
y∈[0,min{X,a}]

0
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and he is risk averter. The reason for the concavity is a new force: diminishing returns
to optionality. This is by no means intuitive, since the Bellman operator involves a
maximization, and this operation preserves convexity but not generally concavity.
An equivalent interpretation for the seller’s maximization problem is that upon meeting a buyer, he minimizes the opportunity cost of keeping a larger position. Confronted
to the limit order (p, x), by keeping a post trade position a0 , he lets go pa0 from not
selling, but retains the option value V (a0 ). The opportunity cost of this decision is
pa0 − V (a0 ), now minimized by the seller, and so completely endogenous to his own decisions. Thus, our notion now formally brings time preference into the computation of
an optimal supply, asking the seller behave in a forward-looking fashion.
A concave function is almost everywhere differentiable. In fact following Benveniste
and Scheinkman (1979) ours is continuously differentiable.This allows us to write the
Ry
seller’s surplus in the form of a producer surplus σ(p, y, a) ≡ 0 [p − V 0 (a − t))]dt. At
any given price, the seller supplies assets and the marginal value function acts as his
marginal cost function. This includes all dividends and future trading options that are
given away when selling. As a result of the diminishing returns to optionality, first units
sold are less costly, and thus the marginal cost function is increasing.
Holding a position in the asset is equivalent to a position in perpetual call options
with zero strike price. Each limit order gives the right to sell at the specified price a
maximum of x assets at expiration. Options — like the one our seller holds— have
two different components embedded in their value: intrinsic value and time value. In
the case of options with infinite maturity, like real options, the decision as to when to
exercise it compares these two components. With indivisible assets the decision is trivial.
The Bellman value V01 determines a unique strike price to sell the position. When the
price exceeds this strike price, the time value is zero and the intrinsic value equals the
price. Thus, selling is the profit maximizing strategy. In our model, there is also an
intensive margin decision and the seller can optimally decide to wait more before selling
all. He waits the option to get deep enough “in the money”, but only to partially unload
his position since both the time and intrinsic value are positive. This intensive margin
decision adds complexity to the seller’s problem. The trade off is that by using more
options today (i.e acting more upon the proposed terms of trade), his position reduces,
increasing the marginal value of assets. This in turn makes less likely to exercise any of
the other call options, leading to a decrease in the value of the position. We now solve
for the optimal selling strategy if the seller were to meet any trader.
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Figure 1: Perpetual Call Option With Zero Strike Price. The value of assets is
an equivalent position in perpetual call options with zero strike price. Left: Indivisible
assets. Center and Right: The dashed line is the intrinsic value p min{x, a}. The thick
line is py ∗ + V (a − y ∗ ) equal to the intrinsic value plus the time value.
Lemma 2 (Optimal Supply) Given any position a ≥ 0, the choke price is V 0 (a) and
the supply function is

a − (V 0 )−1 (p) for p ∈ [V 0 (a), V 0 ([a − x]+ )]
y ∗ (p, x, a) =
(3)
min{x, a}
for p ≥ V 0 ([a − x]+ )
The divisibility of the asset leads to a dual truncation of the supply function: Unacceptable terms of trade specify a price is lower than the choke price, in which case holding
the entire asset position is more valuable than selling. If the price is high enough, then
complete unloading is optimal. More over, unlike the case of indivisible assets, the choke
price is not the Bellman value of the position. Instead, equals to the time value of future marginal trading opportunities V 0 (a). As the price increases, the seller continuously
sells more reflecting the value function properties: concavity leads to the interior and
increasing supply. Its formula follows from the first order condition V 0 (a−y) = p for (1).
As in consumer theory, the price equals the value of the marginal unit V 0 (a − y), and
one earns consumer surplus from the inframarginal unit sold. Eventually, if the price is
high enough, the seller will liquidate the maximum amount of assets he can min{x, a}.
As depicted in Figure 2, the selling strategy with divisible assets involves two choke
prices: One to start selling equal to V 0 (a), and another one equal to V 0 ([a − x]+ ) to act
completely to the proposed terms of trade. Notice also that not trading at all is never
an optimizing strategy since this yields only a value ak/r for the seller.
Unlike when assets are indivisible, the seller’s behavior is determined by the marginal
value function, so we now explore its shape and properties. Using Lemma 2 and differentiating (1) we find an intuitively expression for the return of the marginal value
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Figure 2: The supply and maximized surplus. For asset position a0 , k = 0 and
limit order (p0 , x). At left, the value function is increasing and concave. Its vertical
distance with the dashed line is the maximized surplus σ ∗ . The middle panel depicts the
inverse supply and surplus as a producer surplus, now as a function of the order size.
The right panel shows that supply is a piecewise linear function of the position.
function.




ρ
V 0 (a − min{X, a}
k
0
+
E max V (a), min P,
V (a) =
r+ρ r+ρ
1X≤a
0

(4)

It is clear from (4) that the value of an extra unit of asset comes from the extra dividends
and from the trade opportunities they provide. When meeting a trader whose limit order
specifies a price above the choke price, the supply increases linearly in the position.
That is, an extra asset leads to an extra unit supplied by the seller. If the demand
size is smaller than the seller’s asset position, and the price exceeds V 0 (a − x), then an
extra unit of assets does not imply an extra unit supplied by the seller. In this case,
an extra asset just increases the option value of holding the position a − x. Observe
that for very small positions, less limit orders are binding and thus as a → 0, we get
rV 0 (0+) = ρE[[P − V 0 (0+)]+ ]. Only in this case, the seller’s problem is the same as in
the indivisible assets case; he sets a unique cutoff price, above which he sells his position.
In the appendix we show that (4) defines a new contrating operator S, this time for
the marginal value function V 0 . Same as before, we confirm that there exists a unique
bounded and continuous solution for our proposed Bellman equation for the marginal
value function.
Lemma 3 S is a contraction and so has a unique bounded and continuous fixed point V 0 ,
with V 0 (a) ≥ k/r.
This is extremely useful since we can recursively derive properties of the marginal value
function. As highlighted before, the marginal value function acts as a marginal cost
10
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function for the seller. Thus their properties allow us to describe the seller’s optimal
trading behavior, namely how his behavior changes as he liquidates his asset position
Theorem 2 (Prudence) As a function of assets a, the marginal value function V 0 (a)
is decreasing and convex.
The seller not only acts as if he is a risk averter, but also is prudent in unwinding his
position. Suppose a contrafactual environment where future is certain and there is no
dividend. At rate ρ the seller will meet a buyer whose proposed terms of trade are always
the same (E[P ], E[X]). In this case, the seller’s optimizing selling strategy is to sell at a
constant rate ρ min{E[X], a}. That is, in any meeting the buyer sells the more he can.
Not selling yields zero value, whereas selling less just delays liquidation payments. In our
model, future is risky and thus the seller opts to keep units while waiting for better offers.
He would sell more the higher the price, but there is a precautionary saving in the form
of units that are not sold. Consequently sales slow down to a rate ρE[y ∗ (P, X, a)]. With
Theorem 2 we can completely characterize the seller’s derived optimal supply function.
Proposition 1 (Supply Function) The supply function y ∗ (p, x, a) is increasing and
concave in x and increasing and log concave in p.
Prudence leads to the concavity in price of the supply function when a strictly positive
amount is traded, as shown in Figure 2. For prices above the minimum to trade, the
supply function is increasing and concave in price. But, since there is a choke price, the
supply function is the product of an increasing and concave function and the indicator
function 1p≥V 0 (a) . This indicator function is increasing and log-concave in the price and
thus the supply is globally a log-concave function of the price. Observe that the survival
of the price distribution at the choke price corresponds to the endogenous trade chance,
namely χ(a) = F (V 0 (a), 0). In the indivisible assets case, the trade chance is constant
since the bellman value does not change and there is no dynamic problem faced by the
seller. In our model, if the price is higher than the the marginal value, the seller will
choose to trade and liquidate some amount of his position. As he sells, the marginal value
of assets and thus the trade change. With Theorem 2 we can completely characterize
the seller’s behavior changes as he unwinds his asset position.
Proposition 2 (Optimal Trading Behavior) Both the trade chance χ(a) and the
supply function y ∗ (p, x, a) are increasing and log concave in assets.
In light of value concavity, as the seller unwinds his position, the marginal value falls and
his marginal cost curve shifts up. Selling when holding a smaller asset position, makes
11

trade more costly since more future trade opportunities are foregone. Consequently, his
willingness to sell at any price falls. The seller can afford to be more picky when he has
to unwind a smaller position, using less any of the options to sell and reducing the trade
chance. Sales are stochastically drifting down as time transpires; not only because the
seller cannot sell higher positions, but also because he optimally decides not to do so.
That is, conditional on meeting a buyer, the seller will optimally decide to sell less units
and hold them more time, waiting for better offers.
Observe also that in expectation the first units are traded at lower prices. Conditional
on the position, the expected sales price is E[P |P ≥ V 0 (a)]. The price density function
is log concave, so the left truncated expected price increases in the lower limit price.
Since V 0 (a) falls in assets, so does the average price of successful trades. In addition,
the price variance of successful trades σ 2 (P |P ≥ V 0 (a)) falls in the lower limit price.
Consequently, it increases in the asset position. Since for higher positions, the seller is
more willing to trade and acts more upon any proposed terms of trade, the average price
is lower and the price variance is higher. Thereby, as the seller unloads his position, the
trade price becomes more predictable, increasing liquidity of the asset in the sense that
“One asset is more liquid than another one if it is more certainly convertible into money
at short notice without loss”.

4

Search Frictions and Seller’s Behavior

Without a flow dividend, the model behavior predictions only depend on the search
friction measure ψ = r/ρ. But generally, this is false. Changes in search frictions impact
both directly and indirectly the value of a position. Directly through the parameter,
holding fixed the value function, and indirectly through the value function. To carry out
comparative statics in our model we need to know how the value functions vary in the
meeting rate ρ and interest rate r. This is of great importance since the seller’s optimal
behavior, that is the supply and trade chance, will also change as search frictions adjust.
The marginal value function governs the sellers behavior and thus we characterize how
frictions affect both the value and the marginal value function.
Theorem 3 (Increasing Search Frictions) For any position a > 0, the value function V (a) falls in r, rises in ρ, is submodular in (a, r) and supermodular in (a, ρ). The
marginal value function V 0 (a) falls in r, rises in ρ, is supermodular in (a, r) and submodular in (a, ρ).
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Figure 3: How Search Frictions Affect V (a), V 0 (a), V 00 (a). When k = 0, the dynamic optimization only depends on the measure of search frictions ψ = r/ρ. From thick
to thin lines, frictions increase.We assume P ∼ Γ(1, 1) and X ∼ Γ(0.5, 1), independently.
More search frictions, either in the form of higher interest rate or smaller meeting rate,
make the optionality value of assets less valuable. Clearly in (1), in the case k = 0, both
the expected payoff and the discount factor fall with frictions and thus ψ/(1 + ψ) is the
lower bound for the absolute elasticity of the value function with respect to frictions.
The total effect will depend of course on the asset position. This lower bound for the
harm on the value of a position increase as frictions worsen. For instance, holding fixed
the meeting rate ρ, the minimum harm in the value of a position of an increase in the
interest rate from 2% to 2.2% is less than when the increase is from 5% to 5.5%.
A seller with a larger position will be more affected as frictions worsen since he
would be further away from unloading his position. Recall that the marginal value
of assets — which governs the sellers behavior — comes from the discounted surplus
of the trade opportunities they provide. As the meeting rate falls of the interest rate
increases, trade opportunities become scarcer and the seller becomes more impatience.
Consequently, the discounted surplus of the trade opportunities and the marginal value of
assets fall as friction worsen. Hence the submodularity of the value function in (a, r) and
supermodularity in (a, ρ). The higher the asset position, the seller has a higher option
value and thus his behavior changes proportionally less as frictions adjust. Since behavior
is directly related to the marginal value function, this translates to the supermodularity
in (a, r) and submodularity in (a, ρ).
Proposition 3 (Frictions and Behavior) Both the supply and the trade chance
increase in r and fall in ρ. More search frictions make the seller more willing to sell.
Worse search frictions shift down the marginal value function and consequently the
marginal cost curve for the seller. Intuitively, trading becomes less costly since the
potentially profitable opportunities foregone are scarcer or their surplus is heavily discounted due to the seller’s impatience. Not only do greater search frictions blunt one’s
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value and marginal value, they make the seller more desperate to trade. At any proposed terms of trade, the seller is willing to sell more and both the supply and trade
chance increase. As a result, the maximized surplus σ ∗ (p, x, a) also increases as frictions
worsen. The seller is selling more at a lower marginal cost, and thus any successful trade
made in worse conditions leads to higher surplus. Despite this positive effect, offers are
less frequent or heavily discounted and so the net effect is a reduction in the discounted
maximized surplus.
We use the hazard rate φ(·) = g(·)/G(·) to define the absolute elasticity of the trade

chance with respect to r and ρ as εχ,r = φ(V 0 (a)) (−Vr0 (a)) r and εχ,ρ = φ(V 0 (a)) Vρ0 (a) ρ
respectively. Each term is positive and falls in assets. The hazard rate is monotone increasing since the price density is log-concave, and since the value function is concave,
the first term falls in assets. The second one falls due to the supermodularity of V 0 (a)
in (a, r) and (a, −ρ). In other words, behavior changes proportionally less the higher
the position. For large positions, the seller has more options to trade and thus is less
sensitive to changes in frictions and his behavior is less affected. For instance, consider
an increase in the interest rate. Since the marginal value function is supermodular in
(a, r), the seller’s marginal value falls more, as the interest rate rises, the smaller his
position. Consequently, behavior and thus the trade chance change more dramatically
the smaller the position.
As the interest rate or the asset position increase, the seller’s behavior changes and
becomes more willing to trade. Consequently, sales speed up and the rate at which
the seller unloads his position ρE[y ∗ (P, X, a)] increases. When the dividend is negligible
and both the meeting rate and the interest rate increase in the same proportion (i.e
holding our measure of frictions r/ρ constant), then sales again will speed up. The
seller’s behavior will not change, but since offers arrive more often sales will speed up.
As the meeting rate increases, we have two effects. First, offers arrive more often and
thus, holding fixed behavior, sales speed up. On the other hand, the seller becomes more
picky and he optimally sells less. As a consequence, sales slows down. In the case of
high enough frictions, the first effect will dominate since the seller adjust his behavior
proportionally less than the change in the meeting rate.
Observe that due to the log concavity assumption for the price density function,
more frictions lead to lower expected price but higher price variance of successful trades
(i.e observed average price and variance). For instance, a lower interest rate make the
seller less willing to trade yielding higher expected price of successful trades. But, since
he acts less upon any proposed terms of trade, the price variance is lower.

14

1
0.8

0.6

0.6

χ(a, ψ)

p

0.8

0.4
0.2
0
0

0
−0.2

log χ(a, ψ)

1

0.4
0.2

1

2

3

y ∗ (p, x, a)

4

5

0
0

−0.4
−0.6
−0.8
−1
−1.2

2

4

a

6

8

10

−1.4
0

2

4

a

6

8

10

Figure 4: How Search Frictions Affect Supply and the Trade Chance. For
P ∼ Γ(1, 1) and X ∼ Γ(0.5, 1). From thick to thin lines, frictions increase. Left: The
supply for a = 5 and x = 4.4. Center: The trade chance as a function of the position.
Right: The log of the trade chance as a function of assets.
As we mentioned before, our value function is the value of holding a large number
of perpetual call options with zero strike price. Thus, our seller is protected against
negative changes in the dynamic value of the asset. If search frictions worsen, then the
marginal value of assets fall. But then each call option is more likely to be used providing
his with a dynamic liquidity in the case of market decline.
Now we ask how do exogenous shifts in the offer distribution change the value of
the assets. We consider both, changes in the price distribution and in the quantity
distribution. The value function is the discounted expectation of surplus and since
surplus is weakly increasing in both x and p, increments in the first order stochastic
in either of the distributions increase the value of assets. Moreover, since the marginal
value function also is an increasing function of the price and demand size, increments
in the first order stochastic in either of the distributions increase the marginal value of
assets. Intuitively, the higher the chance of getting better offers, the better for the seller.
In either case, the seller optimally decides to sell less, holding assets waiting for better
offers, now more likely. What happens with the value of assets when we increase the
risk of the distributions is a more interesting question.
Theorem 4 (Increasing Risk in Offers) The value of the assets increase when
either the distribution for quantities increases in the second order stochastic sense or
when the distribution for prices increases in the convex order.
In standard search theory, a riskier prize distribution increases the value. In this case,
risk is desired for the price distribution, but not the quantity distribution. The seller
does not like left tale risk in the quantity. Surplus σ ∗ (p, x, a) is concave in the demand
size x and thus the value function — an expectation of surplus — increases with second
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order stochastic increases in the quantity distribution. Hence, he prefers a distribution
with lower risk in the quantity X (i.e that is dominant in the second order stochastic
sense). More risk in quantity only leads to more variance in his asset position which is
undesired for the seller given his risk aversion.
For changes in the price distribution, notice that we can write surplus as the conjugate
convex of −V (a − y), which is a convex function of p. Since the surplus and payoff are
convex in price p, the seller prefers risk in prices. Thus an ideal world for a liquidation
process, from the seller point of view, is one with risk in prices and zero risk in quantity.
More risk in prices is good since offers whose price is lower can just be discarded, whereas
offers whose price is higher leads to higher surplus. The seller exploits the upper tail of
the price distribution and the lower tail of the quantity distribution.
In most search problems, changes in behavior are directly associated with changes in
the value function. In the classical job search problem, since asset (i.e time) is indivisible,
the selling strategy (i.e accepting rule to take a job) was directly related to the value of
being employed versus unemployed. Changes in the value function, directly affect the
job-accepting strategy. In our model, this is not true. Behavior is determined by how
the marginal value function changes and not just the value function. From Theorem
4 we know the value function increases with first order stochastic increases in either
distribution, with mean preserving spread in the price distribution and with second order
stochastic increases in the quantity distribution. Interestingly, these properties are not
necessarely true for the marginal value function. The fixed point for the marginal value
function can be written as

 
 V 0 (a)
ZP
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ρ  
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∗
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The function in the expectation is the price minus and increasing and convex function
of the price. Thus, falls with mean preserving spreads in the price distribution. The
second term — the running integral of the price cdf — increases with mean preserving
shifts. Consequently — despite increasing risk in price increases the value of assets —
this it is not necessarely true that also increases the marginal value. Observe that for
low asset positions, the second term in (5) vanishes and thus for a =  ≈ 0 we have
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Figure 5: Quantity Risk Lowers V (a) and V 0 (a). Price risk helps, as usual, but
quantity risk hurts. Given no dividend (k = 0), this plots the value and marginal value
with an SSD shift in the quantity distribution. We considered independent distributions
H ≡ Γ(0.5, 0.8) and H̃ ≡ Γ(1, 0.5). There is no first order dominance, but H̃ ≥SSD H.
For prices P ∼ Γ(1, 1).
This is the same recursion for the reservation wage in the job search model. Same as in
the job search model —where the reservation wage is such that the worker decides to
take the job — in our model, V 0 () acts as a reservation price, above which the seller
is willing to unload all his position. This suggests that for small positions, more risk in
prices increases the marginal value of assets and the seller optimally decides to sell less.
As the seller unwinds his position, the region of prices for which he partially unwinds
his position reduces. In the limit, for very small positions, the selling strategy consists
in a reservation price, above which he sells and otherwise holds the position.

5

Measures of Liquidity

In previous sections we completely characterized the value function and the seller’s
optimal behavior as he unwinds his position or search frictions adjust. Now we further
conclude about the endogenous liquidity that arise in our model. Unlike in finance, where
liquidity is generally assumed to be exogenous, in our model all measures of liquidity
and depth are endogenous objects and optimal choice variables derived from the seller’s
forward looking behavior. Faced upon every option to sell, he trades off liquidity today
for liquidity tomorrow. he knows he can impact the price and get better terms of trade
if he waits longer. This forward-looking behavior formally brings time preference into
the computation of an optimal liquidity.
There are different measures of liquidity. Our search for liquidity model with exponential arrivals affords three distinct dynamic liquidity measures: spread measures and
inter temporal measures of liquidity. The former is related to how the price adjust by
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more intensive sales. The latter, related to the extent the market allows to find counterparties and trade when is urgent to do so. Time related measures capture this liquidity
since they indicate how much time runs between trades.
Our model yields an endogenous expected time to trade. The next sell occurs if a
profitable offer arrives, which happens at rate ρχ(a). By standard Poisson result, the
time between trades distributes exponentially t ∼ exp(ρχ(a)). As a result, the expected
time to trade is τ (a|ψ) = 1/(ρχ(a)). In addition, the variance of the waiting times to
trade is v(a|ψ) = 1/(ρχ(a))2 .
Proposition 4 (Waiting Time) The expected time to trade and their variance are
decreasing and convex in assets a, and both fall in the interest rate r. For high enough
frictions ρ ≤ ρ̄, both fall in the meeting rate ρ.
While unloading his position the marginal cost curve shifts up, selling becomes more
costly, the seller becomes less willing to sell and sales slows down. This in turn increases
the expected time to trade. In expectation, first units are sold faster than last ones.
Moreover, as he sells, the variance of the times to trade also increases and is harder to
predict when the next trade will take place. Thereby, first units are not only sold faster,
but at a more constant pattern. Recall that the seller can get better prices and lower
price variance if he waits longer, but this comes at the additional cost of increasing the
variance of time to trade. Therefore, as he sells he trades off higher prices for longer
waiting times, and price variance for waiting time variance. Notice that, as shown in
Figure 6, as a → ∞ the variance shoots to zero and the expected time to trade converges
to 1/ρ, which corresponds to the waiting time until the next offer arrives. So for very
high amounts of assets the seller any proposed are acceptable and will lead to trade.
Lowering the interest rate increases the average price of trades since the seller acts
less upon proposed terms of trade. But this comes at the cost of slowing down sales
and thus slowing down the process of liquidation. The lower the interest rate, assets
become more valuable and so the marginal cost curve for the seller shifts up. Holding
to the asset becomes less costly relatively to selling and thus our seller optimally choose
to slow down the speed of sales. One more time, the seller optimally trades off longer
waiting times for higher prices, and also price and time to trade variances. Thereby,
lowering the interest rate not only slows down the process of liquidation, but also the
seller’s behavior adjust in such a way that he trades off price variance for waiting times
variance. It makes trading times more volatile and it becomes harder to predict when
the next trade will take place, reducing the asset liquidity.
Observe that both the expected waiting time and its variance, both change as the
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asset position changes. In fact, the absolute interest rate elasticity of the waiting time to
trade is equal to the trade chance elasticity, so ετ,r = εχ,r and the absolute interest rate
elasticity of the waiting time variance is twice that of the trade chance, so εv,r = 2εχ,r .
Since behavior changes proportionally more the smaller the position, the expected time
to trade and the variance also change proportionally more the smaller the asset position.
As ρ increases, offers arrive more often but the marginal cost curve shifts up and
thus the seller becomes more picky and less willing to trade. The first effect reduce
the expected time to trade and its variance, whereas the second one increase both.
Ultimately, which effects dominates depends on the extent behavior adjusts. In the case
of thin markets, those with low enough meeting rates, Proposition 4 states that behavior
does not adjust in the same proportion as the change in the meeting rate. Consequently,
the elasticity of the trade chance in the meeting rate is less than one and thus the waiting
time to trade and the variance of waiting time to trade both fall. Observe that if there
is no dividend, and if both the meeting rate in the interest rate were to increase in
the same proportion, our measure of search frictions would remain unchanged. For this
reason, behavior doesn’t change but offers arrive more often and thus the waiting time
to trade and the variance fall.
As ρ → 0, the trade chance collapses to one and thus the expected time to infinite.
When frictions are extremely high, then the seller will find any terms of trade acceptable.
Thus any increase in the meeting rate reduces the waiting time to trade. On the other
hand, not selling is never a best response, for any asset position and search friction
parameter. Thus, as ρ → ∞ the expected time to trade and the variance go to zero.
Since the trade chance falls in the meeting rate, the elasticity relationship between
the time to trade and the trade chance is ετ,ρ = −1 + |εχ,ρ |. Equivalently, the elasticity
relationship between the variance of the time to trade and the trade chance is εv,ρ =
−2 + 2|εχ,ρ |. Consequently, ετ,ρ ≥ −1 and εv,ρ ≥ −2 and thus an increase in 1% in the
meeting rate leads to a decrease of no more than 1% in the waiting time to trade and
no more than 2% in the variance of the waiting time to trade.
With most trades in life, larger purchasers secure a discount for their volume. In
IO, larger purchases usually command a volume discount. Here it works oppositely!
The slope p(0+, a) = V 0 (a) approximates the price of a market maker for very small
trades y ≈ 0. For any asset position, let us interpret the supply price as the non-trade
price plus a purchase premium m(y, a|r, ρ). This premium can be thought as a spread
measure of liquidity in that reflects the cost that the buyer should pay in order to buy
y units from the seller. Clearly, this premium is positive due to the concavity of the
value function. Of course, in the case when y = a this becomes a minimum purchase
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Figure 6: Purchase Premium and Time to Trade. When k = 0 and a = 5. The left
panel depicts the purchase premium for a trade of size y = 4. The right panel depicts
the expected time to trade as a function of the asset position.
premium, since there are many prices p ≥ V 0 (0+) that lead the seller to unload all of
his position.
m(y, a|r, ρ) = V 0 (a − y|r, ρ) − V 0 (a|r, ρ) ≥ 0

(7)

Proposition 5 (Premium) The purchase premium is increasing and convex in y, submodular in (a, y), decrease in asset a, falls r and increases in ρ.
This is all consequence of risk aversion and prudence of the seller. For any given trade
size y, the minimum price to sell will be V 0 (a − y). Since after larger trades the seller
remains with a smaller position, the marginal dynamic value or optionality is higher.
Thus, this mandates a higher purchase premium that increases at increasing rate is due
to prudence. The precautionary saving in this case takes the form of a higher premium
for higher trades that compensates not being able to sell that asset for higher prices in
the future. The premium also increases as the seller liquidates his position or as search
friction vanishes since in both cases the seller’s marginal cost curve shifts up. He sells
less, but charges a higher purchase premium.
Our final closely related liquidity measure is the depth of a market. This ability
to absorb large orders without impacting the asset price is best measured by the price
elasticity of supply. In our model there is no unique price for the asset and the seller is a
price taker. But we can still capture the supply depth with the price elasticity of supply
η(a, p|ψ). Higher elasticity means that in order to trade a larger amount, a buyer whose
limit order is (p, x) would need a smaller change in his offered price. Unlike in finance,
it is an optimal choice variable.
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Our model lends itself to tractable computations of the derived price elasticity of
supply. For not acceptable terms of trade with price p < V 0 (a) the supply is zero and
thus invariant to changes in the price. For binding limit orders with p > V 0 (0+) the
supply is constant and equal to min{x, a} and thus invariant to changes in the price.
Otherwise, the supply increases with the price and thus we are able to compute a price
elasticity. The fact that the elasticity falls below one, crucially depends on the seller’s
position and only happens if a ≥ a(r, ρ) = −V 0 (0+)/V 00 (0+). More formally:
Proposition 6 (Supply Depth) For a > (V 0 )−1 (p), supply depth is decreasing and
convex in assets. If a ≤ (≥)a(r, ρ), supply depth falls in price from +∞ to η ≥ (≤)1.
For fixed terms of trade (p, y ∗ ), higher interest rate and lower meeting rate increase the
supply depth.
In this environment of random search for traders, future is risky and thus holding
asset is a risky activity. The seller acts as a risk averter and thus optimally chooses not
to liquidate all his position, keeping assets in case better offers arise in the future. Of
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course, if the price is high enough he would in fact liquidate completely his position.
Noticeably, the price elasticity is inverse related with the degree of risk aversion. The
higher the risk aversion, the less sensitive he will be to price changes since he would
optimally choose to save units for the future. Notice also that the slope of the supply
function does not not change in assets, and thus he becomes more sensitive to price
changes as he unwinds his position. Consequently, as he sells, the supply is always
smaller but always more elastic. In fact, for low enough asset positions a ≤ a(r, ρ), the
supply has always elasticity higher than one. For positions higher than a(r, ρ) supply
depth falls in the price from +∞ and eventually falls below one. Of course, the buyer’s
demand size truncates the supply, causing a jump in the supply depth as depicted in
Figure 7.
Regarding frictions, there are two effects. First, holding fixed the terms of trade
(p, y ∗ ) the higher the frictions, the seller becomes more sensitive to price changes since
conditions for trade worsen and thus he has to take more advantage of scarcer profitable
offers. This increase the additional units he will optimally liquidate if the price were
to marginally increase. Second, if we let the seller re-optimize in choosing the terms of
trade, he will choose to sell more, which pushes the price elasticity down. Despite is
hard to sign the net effect, we are able to establish and prove the first one, which follows
from the supermodularity of V 0 (a) in (a, −ρ).

6

Search and Nash Bargaining

The seller is now confronted to a distribution of traders reservation values Π ∼ J(π).
Meeting occur at rate ρ > 0 and the discount rate is r > 0. Upon meeting, a buyer
specifies his maximum willingness to buy x following a bargaining stage where buyer
and seller agree the terms of trade (p∗ , ŷ ∗ ). There are no informational asymmetries and
the agreed terms of trade (p∗ , ŷ ∗ ) correspond to the Nash bargaining outcome.
(p∗ , ŷ ∗ ) ≡ argmax (py + V(a − y) − V(a))δ ((π − p)y)1−δ
The natural constraints are 0 ≤ p ≤ π and 0 ≤ y ≤ min{x, a} and py + V(a − y) ≥
V(a). That is, there are gains of trade for both the buyer and the seller. In the appendix
we derive the agreed terms of trade that correspond to
p∗ (π, x, a) = δπ + (1 − δ)((V(a) − V(a − ŷ ∗ (π, x, a))/ŷ ∗ (π, x, a))

ŷ ∗ (π, x, a) = argmax

y∈[0,min{x,a}]

[πy + V(a − y) − V(a)]
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(8)
(9)

The quantity agreed to trade is the maximum amount the seller would optimally liquidate
would he have the ability to completely extract the buyer’s surplus charging the highest
price the buyer is willing to pay. The price instead is a weighted average of the prices
each would charge would they have the ability to extract each other’s surplus. As δ → 0
the agreed price is the minimum price that yields ŷ ∗ (π, x, a). Equivalently, as δ → 1 the
price is the maximum price that yields ŷ ∗ (π, x, a).
Let V(a) be the discounted payoff of holding a units of assets, namely the expected
discounted value of payoffs. Then, the model with a Nash bargaining stage is equivalent
to one where upon meeting, the seller optimally chooses how much to liquidate at price
π, but only with chance δ he gets to set the price π, whereas with complementary chance
the buyers chooses the price (V(a)−V(a− ŷ ∗ (π, x, a)))/ŷ ∗ (π, x, a) leading to zero surplus
for the seller. We can easily derive the value function for a position of assets.
ρδ
ak
+
E
V(a) =
r + ρδ r + ρδ


max
y∈[0,min{X,a}]


[Πy + V(a − y)]

(10)

This is the payoff Bellman equation and the right hand side defines a similar operator
as in (1). The case when δ = 1 is our original model. Since in this case the bargained
price is p = π, we can treat the reservation value distribution as a price distribution. As
the seller’s bargaining power decreases, so does the value of assets. Even more, as δ → 0
the value of the position reduces to V(a) = ak/r, since he gets zero surplus every time
he meets a trader. When the dividend is zero, the value of a position vanishes to zero.
Clearly, all our results about the shape of the value and marginal value function are
robust to this new ingredient. That is, the value function is still increasing and concave
in the asset position (Theorem 1) and the marginal value function is decreasing and
convex (Theorem 2). In addition, the value function falls in r and increases both in ρ
and δ. The value function is also submodular in (a, r), (a, −ρ) and (a, δ) whereas the
marginal value function is supermodular in (a, r), (a, −ρ) and (a, −δ) (Theorem 3). How
the value of a position changes as we increase the risk in offers both in quantity and
prices (Theorem 4) also holds, since the result does not depend on the parameters.
What is new is that we can carry out comparative statics in the seller’s bargaining
power. Is easy to see that a higher seller’s bargaining power increases both the value and
the marginal value of assets. In addition, the shape of the supply — now as a function
of the reservation value π— is the same in that is increasing and log concave in π and
increasing and concave in x (Proposition 1).
The seller’s optimal trading behavior and measures of liquidity are robust to this new
ingredient since we can interpret reductions in the seller’s bargaining power as increases
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in search frictions and thus shifts down the marginal cost of trading. Upon meeting a
buyer, smaller bargaining power for the seller make his accept worse terms of trade and
thus more willing to trade and liquidate his position. Consequently, the supply and the
trade chance X(a) are increasing and log concave in the position (Proposition 2) and
increase with frictions (Proposition 3). Again, sales slow down as the seller unwinds his
position, as the interest rate fall or as the seller’s bargaining power increase. The latter
since the supply falls in the seller’s bargaining power and thus so does the rate of sales
ρE[ŷ ∗ (Π, X, a)]. As the meeting rate increases, our original result still prevails: Sales
will speed up when frictions are high enough.
The next sell occurs if a profitable offer arrives, which again happens at rate ρX(a).
The only difference is that now the trade chance corresponds to the chance that a seller
meets a buyer whose reservation value is high enough. By standard Poisson result, the
expected time to trade is still τ̂ (a) = 1/(ρX(a)) and its variance is v̂(a) = 1/(ρX(a))2 .
Consequently, the expected time to trade and its variance are both decreasing and
convex in the position, fall in the interest rate and also fall as the buyer’s bargaining
power increase. The marginal value falls in the buyer’s bargaining power and thus the
seller becomes more willing to trade. This leads to lower expected waiting time to trade
and lower variance of the time between trades.
Without bargaining, the price is exogenously drawn from a price distribution and the
only endogenous object is the size of the trade. When we allow bargaining over the terms
of trade, both the agreed price and the size of the trade are endogenous objects. We
call p∗ (y, a) the agreed price for a trade of size y and thus p(ŷ ∗ (π, X, a), a) ≡ p∗ (π, X, a).
Our model lends itself to tractable computations of the agreed price as a function of
the size of the trade. This affords an immediate characterization of all the i-th price
derivatives with respect to the size of the trade for i = 0, 1, 2, ....
(−1)i
p∗(i) (y, a) = δ(−1)i V(i+1) (a − y) + (1 − δ) i+1
y

Zy

V(i+1) (a − s)si ds

(11)

0

For trades of size 0 < y < min{x, a} there is a unique agreed price given by (11) when
i = 0. Given the dual truncation of supply, when either y = 0 or y = min{x, a}, this is
not the case. In the former case, any p ≤ V 0 (a) is part of the agreed solution, whereas
R min{x,a} 0
any p ≥ δV0 (a − min{x, a}) + (1 − δ) 0
V (a − s)ds/ min{x, a} is part of the agreed
solution in the latter case. In these two cases, (11) defines a minimum agreed price,
whose value depends on the value that takes π ≥ V0 (a − min{x, a}).
Proposition 7 (Agreed Price with Bargaining) The agreed price is increasing and
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Figure 8: Agreed Price with Bargaining. For x < a0 and π0 > 0. At left, the
agreed quantity is the seller’s supply when he charges π0 . The agreed price is the thick
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distance between the thick line and the value function, is the surplus. The middle and
right panels depict how the agreed price and supply change as bargaining power falls
from thick to thin lines respectively.

convex y, falls in the asset position and is submodular in (a, y). Also, it falls in r, rises
in ρ, rises in δ and is submodular in (y, r), (y, −ρ) and (y, −δ).
Once again, the seller becomes more willing to trade the higher his position. Not only he
agrees to sells more when meeting any buyer, but also does it at a lower price. It is still
true that the seller will ask higher prices for larger trades. Taking this into account, we
define a purchase premium m̂(y, a|r, ρ, δ) = p∗ (y, a) − p∗ (0+, a). Since the price is not
uniquely determined for y = a or y = 0, in this case is a minimum purchase premium
to unload all his position and some position respectively.
(1 − δ)
m̂(y, a|r, ρ, δ) = δ[V (a − y) − V (a)] +
y
0

0

Zy

[V0 (a − s) − V0 (a)]ds

(12)

0

This purchase premium is positive given the concavity of the value function. Both, the
tangent at a − y and the secant line that intersects the value function at a and at a − y,
exceed the tangent at a. Intuitively, with chance δ the seller charges the premium he
would charge would he have the ability to extract all surplus. With complementary
chance 1 − δ he charges the minimum premium that guarantees trade. Alternatively,
the purchase premium can be written as p∗ (y, a) − V0 (a), so we obtain similar results
regarding the purchase premium (Proposition 5), even when the price is endogenously
determined.
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Figure 9: The Purchase Premium and Time to Trade with Bargaining. When
a0 , k = 0 and y0 < a0 . At left, the purchase premium is the weighted average of the
premiums each agent would like to charge (thick and thin solid lines). The middle panel
depicts the purchase premium. The right panel shows how the waiting time to trade
falls as the bargaining power falls from thick to thin lines.

Proposition 8 (Premium with Bargaining) The purchase premium is increasing
and convex in y, submodular in (a, y) and decrease in assets a. Also, it falls in r and
rises in both ρ and δ.
The fact that the purchase premium increases in the size of the trade follows from the
monotonicity of the agreed price in the size of the trade, which in turn follows from the
concavity of the value function. The second one, that the premium falls in the position,
follows from the convexity of the marginal value function. In addition, the fact that the
purchase premium is submodular in (a, y), follows from the convexity of the marginal
value function. Finally, the supply depth is also decreasing in the position since the
seller becomes more willing to trade. Consequently, the higher the position, any buyer
(Π, X) will need a higher proportional increase in price for larger trades.

7

Conclusions

In this paper we completely characterize the optimal trading behavior of a seller in the
need for liquidity. The asset position is equivalent to an equivalent position in perpetual
call options with zero strike price. Thus, we model the value of liquidity which is a pure
optionality value. We fully solve the dynamic programming exercise that accounts for
his optimal future trading behavior. We leverage our understanding of the value and
marginal value functions and secure insights into trading behavior and times between
trades under fairly general assumptions. Regarding the seller’s behavior we show he acts
as a risk averse in the asset position and that the marginal value function is decreasing
26

and convex leading to prudence in the seller. As a result the seller’s marginal value shifts
up as he unwinds his position, making his less willing to trade and imposing a larger
purchase premium on larger trades.
As search frictions adjust, we show that the seller grows more willing to trade when
arrival opportunities are less frequent, or the interest rate is higher. We make sense of
Alan Greenspan claim that lower interest rates slow down the process of liquidation:
“Super slow interest rates can actually slow the process of liquidation, because the
cost of carrying debt is so low. That was one of the things you were criticized for by
some economists”. This insight speaks to the endogeneity of liquidity, given optimizing
behavior by the seller. It should be added that also increases the variance of the time
between trade, making harder to predict when the next will take place. When meetings
occur very infrequently, the seller behavior changes proportionally more than the meeting
rate and thus sales speed up as the latter increases. This leads to faster sales and smaller
waiting times to trade and smaller variance of waiting times to trade.
Despite our paper is about quickly unwinding like in fire sales, our paper shed light
on other applications. Tender offers typically occur when a party wishes to take over
a company or at least take a large stake in a company and is usually the first stage
of what is known as the two-step merger. So, tender offers are one of the methods
for structuring a transaction that seeks control and thus usually involves a takeover or
purchase premium. Our model explains why this takeover premium arises and how does
it change as the seller unwinds his position or frictions adjust.
The critical insight of our model is that very small trades will pay a price equal to
the slope of the Bellman value function V 0 (a). This slope reflects the interest rate and
the counterparty meeting rate. This already opens the door to an analysis of a decision
maker facing an enriched problem. Suppose that one faces an inventory management
problem. In a finance setting, this would be a market-maker MM facing an arrival of
counterparties, now on both sides of the market. This model now extends to explain the
stochastic behavior of the optimally evolving inventory given search frictions.

A

Appendix: Omitted Proofs

1. The Bellman Operator: Proof of Lemma 1. Take V (a) ∈ B and use (1)
to show T (V )(a) ≤ ak/(r + ρ) + E[P X] + V (a) < ∞. Densities are bounded and
continuous, so T :B→B. For monotonicity of T , take W ∈ B with V (a) ≤ W (a). Then
trivially T (V )(a) ≤ T (W )(a). Likewise for discounting, T (V + b)(a) < T (V )(a) + b.
Hence T satisfies Blackwell sufficient conditions for a contraction. Since B and the sup
norm is a complete metric space, by the Contraction Mapping Theorem, it has a unique
27

fixed point T (V )(a) = V (a) ∈ B.



2. Optimal Selling Strategy: Proof of Lemma 2. The value function is concave so
the f.o.c suffice for a maximum. In a meeting, the seller solves maxy∈[0,min{x,a}] [py +V (a−
y)]. The f.o.c is p − V 0 (a − y) = λ − γ, where λ and γ are the multipliers of y ≤ min{x, a}
and y ≥ 0 respectively. If p ≥ V 0 ([a − x]+ ), y ∗ (p, x, a) = min{x, a}. If p ≤ V 0 (a),
y ∗ (p, x, a) = 0. Otherwise, both multipliers are zero and so y ∗ (p, x, a) = a − (V 0 )−1 (p). 
3. The Bellman Operator for V 0 : Proof of Lemma 3. Take V 0 (a) ∈ B and use
(4) to show S(V 0 )(a) ≤ k/(r+ρ)+V 0 (a)+E[[P −V 0 (a)]+ ] ≤ k/(r+ρ)+V 0 (a)+E[P ] < ∞.
Densities are bounded and continuous, so S: B→B. For monotonicity of S, we take W ∈ B
with V 0 (a) ≤ W (a). The max and min functions are monotone, so S(V 0 )(a) ≤ S(W )(a).
For discounting, trivially S(V 0 +b)(a)< S(V 0 )(a)+b. Hence S satisfies Blackwell sufficient
conditions for a contraction. Since B with the sup norm is a complete metric space, by
the Contraction Mapping Theorem, S has a unique fixed point S(V 0 ) = V 0 ∈ B. For the
last statement, guess V 0 (a) ≥ k/r. Then S(V 0 )(a) ≥ k/(r + ρ)+ρV 0 (a)/(r + ρ) ≥ k/r. 
0
4. Prudence:
Proof of Theorem 2. Integrate by parts (4) to get (r
 + ρ)S(V )(a)=

R V 0 (a)
R∞
k + ρ E[P ] + 0
F (p, ∞)dp − 0 [1 − F (p, ∞) − F (p, y ∗ (p, a, a))]dp .Guess V 0 (a) is
convex so that the right derivative of the marginal value function exists and equals
R∞
(r + ρ)S(V 00 )(a)=ρ V 0 (a) F x (p, a − (V 0 )−1 (min{p, V 0 (0+)}))dp + V 00 (a)F (V 0 (a), ∞). Since
f (p, x) falls in x, each term in S(V 00 )(a) increases in a. This monotonicity is preserved
by S and the fixed point S(V 0 )(a) = V 0 (a) is convex in a.


5. The Supply Function: Proof of Proposition 1. Write the supply as y ∗ (p, x, a) =
min{min{x, a}, a − (V 0 )−1 (min{p, V 0 (0+)})}1p≥V 0 (a) . This is clearly increasing and concave in x due to the min functions. V 0 (a) is decreasing and convex and so is its inverse
(V 0 )−1 (p). Then, −(V 0 )−1 (min{p, V 0 (0+)}) is increasing and concave in p. The indicator
function is log concave in p, so the supply is the product of a concave and log concave
function of p. Thus log concave in p.

6. Optimal Trading Behavior: Proof of Proposition 2. Since V 0 (a) falls in a, the
R∞R∞
0
1[(p,a)∈epi(V 0 )] dF ,
trade chance χ(a)=F (V (a), 0) increases in the position. Write χ(a) =
0 0

where epi(V 0 )={(p, a)|p ≥ V 0 (a)} is a convex set due to the convexity of V 0 (a). Thus the
indicator function in the integrand is log-concave in (p, a). Since f (p, x) is log-concave
in (p, a), by Prékopa (1973), χ(a) is log-concave in a. Finally, observe that the supply is
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the product of an increasing and concave function of a and an increasing and log concave
function of a, which is increasing and long-concave in a.

7. Increasing Search Frictions: Proof of Theorem 3. Guess that both V (a) and
V 0 (a) fall in r and increase in ρ, and use T and S. Every term on the right hand side
of (1) and (4) fall in r. This monotonicity is a closed property, preserved by T and S.
Hence the fixed point V (a, r) = T (V, r)(a) is decreasing and submodular in (a, r). For
monotonicity in ρ, take ρ0 > ρ and use the selling strategy ŷ(p, x, a) = y ∗ (p, x, a|ρ) with
chance ρ/ρ0 and zero otherwise, when the meeting rate is ρ0 . This leads to rṼ (a|ρ0 ) =
ak +ρE[pŷ ∗ (p, x, a|ρ)+Ṽ (a−y ∗ (p, x, a|ρ)|ρ0 )−Ṽ (a|ρ0 )]. Using y ∗ (p, x, a|ρ0 ) leads to a policy
improvement, so Ṽ (a|ρ0 ) = V (a|ρ) ≤ V (a|ρ0 ). Now use V 0 (a, r, ρ)=S(V 0 , r, ρ)(a). By Albrecht, Holmlund, and Lang (1991), V 0 (a) is differentiable in r and ρ, and the continuous
derivatives are the unique solutions to Vr0 (a) = Sr (V 0 , r, ρ)(a) + SV 0 (V 0 , Vr0 , r, ρ)(a) and
0
0
, r, ρ)(a) respectively. Moreover, their right hand
(a) = S−ρ (V 0 , r, ρ)(a) + SV 0 (V 0 , V−ρ
V−ρ
0
0
sides define a contraction mapping R(Vr0 )(a) in Vr0 and Q(V−ρ
)(a) in V−ρ
. First guess
0
0
V−ρ
≤ 0, so Q(V−ρ
)(a) ≤ k/(r + ρ)2 − r/(r + ρ)2 V 0 (a). From Lemma 3, V 0 (a) ≥ k/r, so
0
0
0
(a) ≤ 0,
)(a) = V−ρ
)(a) ≤ k/(r + ρ)2 − k/(r + ρ)2=0. Hence, the fixed point Q(V−ρ
Q(V−ρ
and V 0 (a, ρ) is increasing in ρ and supermodular in (a, ρ). Now guess both Vr0 (a)
0
(a) increase in a. Since both Sr (V 0 , r, ρ)(a) and S−ρ (V 0 , r, ρ)(a) increase in a
and V−ρ
0
given V 00 (a) ≤ 0, it suffices to show that SV 0 (V 0 , Vr0 , r, ρ)(a) and SV 0 (V 0 , V−ρ
, r, ρ)(a) in0 −1
0
0
crease in a. Use γ(s, a) = a − (V ) (min{s, V (0+)}), so (r + ρ)SV 0 (V , Vr0 , r, ρ)(a) =
R∞
0
ρVr0 (a)[1 − F (V 0 (a), 0)] − ρ V 0 (a) Fx (p, γ(p, a))γr (p)dp) and (r + ρ)SV 0 (V 0 , V−ρ
, r, ρ)(a) =
R
∞
0
0
ρV−ρ (a)[1 − F (V (a), 0)] − ρ V 0 (a) Fx (p, γ(p, a))γ−ρ (p)dp). Use also γr (s, a), γ−ρ (s, a) ≥ 0,
0
Fxx ≤ 0. Then, (RVr0 )(a) and (QV−ρ
)(a) are both increasing in a. Hence, V 0 (a, r, ρ) is
supermodular in (a, r) and submodular in (a, ρ).

8. Frictions and Behavior: Proof of Proposition 3. V 0 (a) falls in r and increases ρ, so χ(a) increases in r and falls in ρ. By submodularity of V (a) in (a, r) and
(a, −ρ), py + V (a − y) has increasing differences in (y, r) and (y, −ρ). By Topkis (1978)
monotonicity Theorem, y ∗ (p, x, a) increases in r and falls in ρ.

R V 0 ([a−X]+ ) ∗
9. Rate of sales in the meeting rate. Compare −E[yρ∗ ] = E[ V 0 (a)
yρ (P, X, a)]
∗
and E[y ]/ρ. The first one is positive and bounded, and as ρ → 0 it shrinks to zero. The
second one falls from ∞ as ρ → 0, to zero as ρ → ∞. Then, if both terms intersect, the
first time they do, the first term crosses from below the second one. Call ρ̄ the value of
the meeting rate where both intersect. Then, high frictions ρ ≤ ρ̄, |εE[y∗ ],ρ | ≤ 1 and thus
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sales speed up. If they do not intersect, always |εE[y∗ ],ρ | ≤ 1.



10. Increasing Risk in Offers: Proof of Theorem 4. The payoff π(p, x, a) increases both in p and x, and is the conjugate convex function of −V (a − y), which
is convex in p. Define C(a) = {(y, x) ∈ R+ |y ≤ min{x, a}} and write π(p, x, a) =
− miny≥0 [−py − V (a − y) + I(x, y, a)] where I(x, y, a) = 0 if (y, x) ∈ C(a) and +∞ otherwise. The set C(a) is convex and so I(x, y, a) is convex in (y, x). The value function
is concave, so π(p, x, a) is concave in x. Take X̃ ∼ H̃ and X ∼ H with their respective
Bellman operators T̃ and T for the value function. Assume H̃(x) ≥SSD H(x). Since
π(p, x, a) is increasing and concave in x, T̃ (V )(a) ≥ T (V )(a). Consequently, at the fixed
point T̃ (Ṽ )(a)=Ṽ (a) ≥ T (V )(a)=V (a) and thus the value rises with SSD increments in
H(x). Similarly, take P ∼ G(p) and P̃ ∼ G̃(p) with G̃(p) being a MPS of G(p). Since
π(p, x, a) is increasing and convex in p, T̃ (V )(a) ≥ T (V )(a), the fixed point Ṽ (a) ≥ V (a)
and thus the value rises with MPS in the price distribution.

11. Waiting Time: Proof of Proposition 4. The marginal value function falls
in a and in r so χ(a)=F (V 0 (a), 0) increases in both a and r. Differentiating, τa (a) =
−χa (a)/[ρχ(a)2 ] and va (a)= −2χa (a)/[ρ2 χ(a)3 ]. Log-concavity implies k-concavity, so
χa (a)/[χ(a)]k falls in a for any k ≥ 2. Hence, τ (a) and v(a) are both convex in the
0
(a)ρ. V 0 (a) is
position. Now, εv,ρ = 2ετ,ρ = 2(−1 + |εχ,ρ |) and |εχ,ρ | = −φ(V 0 (a))V−ρ
0
0
supermodular in (a, −ρ), so −ρV−ρ
(a) ≤ −ρV−ρ
(0+) = (rV 0 (0+) − k)/[r + ρG(V 0 (0+))] ≤
ρE[P ]/r. Since φ is increasing, 0 ≤ |εχ,ρ | ≤ φ(V 0 (0+))ρE[P ]/r. The upper bound rises
in ρ, so there is a unique ρ̄ <∞, below which |εχ,ρ | ≤ 1 and thus ετ,ρ , εv,ρ ≤ 0.

12. Purchase Premium: Proof of Proposition 5. Take a0 > a > y 0 > y. Convexity of V 0 (a) yields V 0 (a0 −y)−V 0 (a−y) ≤ V 0 (a0 )−V 0 (a) so m(y, a0 ) ≤ m(y, a). Since
V 0 (a − y) increases in y, then m(y, a) ≤ m(y 0 , a). The convexity in y and submodularity
in (a, y) follow from the convexity of V 0 (a). The former follows trivially, and the latter
since V 0 (a0 − y) − V 0 (a − y) ≥ V 0 (a0 − y 0 ) − V 0 (a − y 0 ). For search frictions, since V 0 (a)
is supermodular in (a, r) and (a, −ρ), for any a > a − y and r0 > r or ρ0 < ρ we have
V 0 (a|r0 )−V 0 (a−y|r0 ) ≥ V 0 (a|r)−V 0 (a−y|r), V 0 (a|ρ0 )−V 0 (a−y|ρ0 ) ≤ V 0 (a|ρ)−V 0 (a−y|ρ)
and so m(y, a) falls in r and rises in ρ.

13. Depth: Proof of Proposition 6. Pick any demand size x. For p ≥ V 0 (0+),
supply is min{x, a} and zero if a ≤ (V 0 )−1 (p). For p ≤ V 0 (0+), if a ∈ [(V 0 )−1 (p), x +
(V 0 )−1 (p)] then supply is a−(V 0 )−1 (p) and depth η(a, p)=(∂y ∗ /∂p)(p/y ∗ ), so ηa=−η/y ∗ ≤
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0 ≤ ηaa = 2η/(y ∗ )2 . For a ≥ x + (V 0 )−1 (p) then y ∗ (p, x, a) = x, so price invariant. As we
change the price, ηp=∂ 2 y ∗ /∂ 2 p+η(1−η)/p. When selling, the supply is concave, so ηp ≤ 0
if η ≥ 1. Equating η(a, p)|p=V 0 (0+) = 1 and solving for a, we get a(r, ρ)= −V 0 (0+)/V 00 (0+).
If a ≤ a(r, ρ), depth is always greater than one and otherwise falls below one. Regarding


∗
∗
−yρ∗ yp∗ /y ∗ . Since p = V 0 (a −
−yr∗ yp∗ /y ∗ and ηρ = (p/y ∗ ) yp,ρ
frictions, ηr = (p/y ∗ ) yp,r
y ∗ ), then ηr = Vr00 (a−y ∗ )p/(y ∗ [V 00 (a−y ∗ )]2 ) − (y∗,r /r) (V 000 (a−y ∗ )/[V 00 (a−y ∗ )]2 + η) and
ηρ = Vρ00 (a − y ∗ )p/(y ∗ [V 00 (a − y ∗ )]2 ) + (|y∗,ρ |/r) (V 000 (a−y ∗ )/[V 00 (a−y ∗ )]2 + η). V 0 (a) is
supermodular in (a, r) and (a, −ρ), the terms of trade are fixed, so ηr ≥ 0 ≥ ηρ .

14. Value Function with Nash Bargaining. Let the seller’s surplus be σ(p, y, a) =
py+V(a−y)−V(a). The f.o.c are: y(δ(π−p)y−(1−δ)σ(p, y, a))=λσ(p, y, a)1−δ ((π − p)y)δ
and (π − p)((1−δ)σ(p, a, y)+δy(p − V0 (a−y)))=µσ(p, a, y)1−δ ((π−p)y)δ . The multipliers
λ and µ are for the restrictions p ≤ π and y ≤ min{x, a} respectively. When λ = 0,
p = δπ + (1 − δ)[V(a) − V(a − y)]/y and π − V0 (a − y) = µδ −δ (1 − δ)−(1−δ) . Hence
ŷ ∗ = argmaxy∈[0,min{x,a}] [πy + V(a − y)] and p? = δπ + (1 − δ)[V(a) − V(a − ŷ ∗ )]/ŷ ∗ . 
15. Agreed Price with Bargaining: Proof of Proposition 7. We use Vn (a −
Ry
Ry
y)y n −n 0 Vn (a−s)sn−1 ds =− 0 Vn+1 (a − s)sn ds and thus (11) follows. Then p∗(1) =
p∗ (y, a) ≥ 0 since V00 (a) ≤ 0, and p∗(2) = p∗yy (y, a) ≥ 0 since V000 (a) ≥ 0. Also, pa (y, a) =
R y 00
R y 000
V (a−s)ds ≤ 0 and pya (y, a)=−δV000 (a−y)− (1−δ)
V (a−s)sds ≤ 0.
δV00 (a−y)+ (1−δ)
y
y2
0
0
R
y
Write p(y, a)=y −1 0 [V0 (a−s)−δV00 (a−s)s]ds. Since V(a) is submodular in (a, r), (a, −ρ)
and (a, −δ), and V0 (a) is supermodular in (a, r),(a, −ρ) and (a, −δ), then p(y, a) falls
in r and rises in ρ and δ. For the submodularity in (y, r), (y, −ρ) and (y, −δ), clearly
p∗(1) =py (y, a), when r or −ρ increase, py (y, a) falls. Differentiating p∗(1) = py (y, a) in δ
and using our first equation for n = 2, we get pyδ (y, a) ≥ 0.

16. Purchase Premium with Bargaining: Proof of Proposition 8. Since
m̂(y, a) = p∗ (y, a)−V0 (a), m̂y (y, a) = p?y (y, a) ≥ 0, m̂yy (y, a) = p?yy (y, a) ≥ 0 and
m̂ya (y, a) = p?ya (y, a) ≤ 0. Now m̂a (y, a) ≤ 0 follows from V000 (a) ≥ 0.

17. Depth with Nash Bargaining. Same as with no bargaining, for a < (V0 )−1 (π)
supply is zero and min{x, a} for a > x+(V0 )−1 (π), invariant to price changes. Otherwise,
take p(ŷ ∗ (π, x, a), a) ≡ p? (π, x, a). Then η(a, π) ≡ η̂(a, π)/εp? ,π (π, a), where η(a, π) =
yp∗ p∗ /y ∗ and η̂(a, π) = ŷπ∗ π/ŷ ∗ . Then η(a, π) ≡ (π/p? (π, x, a) (δ/η̂(a, π) + 1) − 1)−1 . Both
η(a, π) and p? (π, x, a) fall in a, so η̂(a, π) also falls in assets.
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