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Abstract
We develop an approach to identification and estimation of a game’s primitives
when players interact repeatedly in a one-shot incomplete information game and
the only restriction on behavior is an asymptotic no regret (ANR) condition. This
property requires that the time average of the counterfactual increase in past payoffs, had different actions been played, becomes approximately zero in the long
run. Well-known algorithms for the repeated play of a one-shot incomplete information game satisfy the ANR property. Under the ANR assumption, we (partially)
identify the structural parameters of the one-shot game. We establish our result
in two steps. First, we prove that the empirical distribution of play that satisfies
ANR converges to the set of Bayes (coarse) correlated equilibrium predictions of
the underlying one-shot game. To do so, we generalize to incomplete information
environments prior results on dynamic foundations for equilibrium play in static
games of complete information. Second, we show how to use the limiting model to
obtain consistent estimates of the parameters of interest. We apply our method to
data on pricing behavior in an online platform.
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1

Introduction

When data are generated by strategic interaction, an external analyst needs to specify a
solution concept to interpret players’ outcomes and leverage the observables to perform
identification of the game’s primitives. It is common practice to assume that equilibrium
play is observed. This assumption is justified whenever players are able to form correct
expectations1 on the strategic environment and to (optimally) behave accordingly. However, for many real-world strategic environments, it is not obvious that behavior satisfies
these requirements.
In this paper, we explicitly allow for the possibility that players may need time to
adapt to the strategic environment. Instead of assuming that players choose equilibrium
strategies at each point in time, we only impose a behavioral assumption describing a
minimal optimality condition for the long-run outcome of players’ interaction. More
specifically, we model players as playing repeatedly a one-shot incomplete information
game and assume that the long-run outcome of their interaction satisfies a property
of “asymptotic no regret” (hereafter, ANR). The ANR property requires that the time
average of the counterfactual increase in past payoffs, had different actions been played,
becomes arbitrarily small in the long run. Intuitively, no matter how players are adapting,
we assume that they eventually eliminate the regret for not having played differently in
the past. After having imposed that players’ behavior satisfies the ANR property, we
derive the implications for the identification of the game’s primitives.
We show that, under the ANR assumption, it is possible to partially identify the
structural parameters of the one-shot incomplete information game. We do so in two
steps. First, we show that the empirical distribution (i.e. the time average) of actions,
signals, and states that satisfies ANR converges to the set of Bayes correlated equilibria (Bergemann and Morris (2016)), or to its coarse analog—depending on the specific
regret notion we consider—of the underlying one-shot game (although, in general, converge is not to a particular point in this set). To establish this property, we generalize
to games of incomplete information prior results on dynamic foundations for equilibrium
play in static games of complete information (Hart and Mas-Colell (2013) and references
therein). Second, we show how to use the limiting model to obtain consistent estimates of
the parameters of interest. Our empirical approach is based on a behavioral assumption
that has only implications for the predictions of a limiting model, as opposed to the full
data generating process. Our approach gives rise to non-standard econometric issues, as
it is not possible to fully characterize a single limit distribution of the observables, but
only the set it belongs to. Yet, we show that we can use the limiting model to obtain a
consistent estimator for the parameters of interest. Since behavior is not specified, our
model is incomplete in the sense of Tamer (2003).
The ANR property is satisfied by a large class of well-known algorithms for the repeated play of the underlying one-shot game, once they are appropriately extended to
1
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games of incomplete information. This class includes simple adaptive heuristics, fictitiousplay-like dynamics, more sophisticated learning rules involving active experimentation,
calibrated learning, and several equilibrium dynamics. Since we do not fully specify what
the behavior of players is or what they do to play according to this minimal long-run
requirement, we depart from the current literature on empirical dynamic games that
typically imposes the Markov perfect (or related) solution concept (for a review, see
Ackerberg, Benkard, Berry and Pakes (2007)).
The ANR property is weaker than the static no-ex post-regret property of purestrategy Nash equilibrium that is sometimes invoked to motivate the choice of modeling
cross-sectional data as equilibrium outcomes of a static game. Indeed, this descriptive
(in the sense of Pakes (2016)) interpretation of static models is often paired with the
assumptions of complete information and pure-strategy Nash equilibrium. The rationale
for these assumptions is that the no-ex post-regret property of pure-strategy Nash equilibria reflects the stable nature of long-run outcomes.2 Although appropriate for some
environments, the static notion of no-ex post regret is a strong requirement: our work is
thus complementary to standard equilibrium models of strategic interaction and provides
an alternative whenever Nash equilibrium does not represent an appropriate restriction
on behavior. In fact, Nash equilibrium of the static game is neither a natural long-run
outcome of many simple game dynamics (for a review, see Hart and Mas-Colell (2013)),
nor easy to compute in large games.
We apply our method to data on pricing behavior by sellers in an online platform.
In this environment, a large population of sellers interacts strategically over time. These
sellers may (but do not need to) display a limited degree of sophistication and rely on ANR
algorithms when setting prices. The large number of sellers in this environment generates
a severe curse of dimensionality, which makes it impossible to apply standard approaches
in the estimation of games literature. We instead reformulate the sellers’ problem as an
aggregative game (Nocke and Schutz (2018)), whereby a seller’s profits only depend on
rivals’ prices through an aggregate statistic. With this approach, we significantly reduce
the dimensionality, and can thus proceed to recover the distribution of sellers’ marginal
costs. This primitive is fundamental to investigate market-design counterfactuals.
Related Literature. Our work is related to a large and growing literature at the intersection of economics and computer science studying regret learning and regret minimization. The regret learning framework was originally developed for single-agent decision
problems. However, a series of papers have pointed out significant implications of regretbased learning procedures in strategic settings. Seminal game theory papers in which
players try to minimize regret include Hannan (1957), Foster and Vohra (1997, 1998,
1999), and Hart and Mas-Colell (2000). In particular, our work is related to Hart and
Mas-Colell (2000, 2013), whose convergence results we generalize to incomplete informa2

For instance, Ciliberto and Tamer (2009) argue as follows: “The idea behind cross-section studies is
that in each market, firms are in a long-run equilibrium.”
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tion environments. Hartline, Syrgkanis and Tardos (2015) and Caragiannis, Kaklamanis,
Kanellopoulos, Kyropoulou, Lucier, Paes Leme and Tardos (2015) offer related theoretical results from the viewpoint of computer science. In contrast to all these authors, the
emphasis of our work is on connecting learning dynamics to the inference problem of an
external observer. Moreover, because of motivation, modeling, and technical differences,
our setting is different from that studied by the computer science literature. Therefore,
our analyses of regret-based learning procedures in settings with incomplete information
are complementary, but not equivalent. We refer to Section 3 for further discussion.
Recent contributions in computer science also offers connection to empirical work
(Nekipelov, Syrgkanis and Tardos (2015) and Nisan and Noti (2017a,b)). Nekipelov
et al. (2015) are the first to suggest the regret-based approach to econometrics. In an
online auctions environment, they characterize (and perform inference on) the set of
valuations consistent with a given level of regret, but do not rely on an equilibrium
concept. Nisan and Noti (2017a,b) evaluate a similar approach in experimental data and
propose adjustments to the no regret estimation procedure. We also perform inference
on the distribution of payoff types when the path of play has an asymptotic no regret
property. In contrast to these papers, however, we do so by leveraging convergence results
to interpret the data through the lens of the static equilibrium notion of Bayes correlated
equilibrium or its coarse analog.
More broadly, regret learning and regret minimization is now the leading approach
in online learning (see Shalev-Shwartz (2011)) and in multi-armed bandit problems (see
Bubeck and Cesa-Bianchi (2012) and Lattimore and Szepesvári (2019)). These concepts
are also a cornerstone in the algorithmic game theory literature (see Nisam, Roughgarden, Tardos and Vazirani (2007), Shoam and Leyton-Brown (2008), and Roughgarden
(2016)). An excellent discussion of regret minimization from the online machine learning
perspective can be found in Cesa-Bianchi and Lugosi (2006). Regret minimization has
also been used in designing treatment rules (e.g., Manski (2004) and Stoye (2009)) and in
forecast aggregation (e.g., Arieli, Babichenko and Smorodinsky (2018) and Babichenko
and Garber (2018)).
We are not the first to leverage on results in the literature on learning in games to
perform empirical analysis. Lee and Pakes (2009) develop a learning-based procedure to
compute counterfactuals in dynamic games. Several recent advances in the estimation of
dynamic games investigate tractable and less restrictive empirical models (e.g., Doraszelski, Lewis and Pakes (2018)). Our paper proposes a valid descriptive approach that is
complementary to these structural methods.
We also develop a novel approach to deal with the curse of dimensionality inherent in
the estimation of large games. In our application, we reformulate the game in an aggregative form as in Nocke and Schutz (2018). Hence, players’ payoffs only depend on their
competitors’ actions via an aggregate statistic. We thus achieve a dramatic reduction in
the dimension of the (Bayes correlated) equilibrium distribution, without redefining the
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equilibrium concept as in Weintraub, Benkard and Van Roy (2008).
Magnolfi and Roncoroni (2019), Syrgkanis, Tamer and Ziani (2018), and Gualdani and
Sinha (2019) also consider estimation under the assumption of Bayes correlated equilibrium behavior for models of discrete games, auctions, and single-agent decision problems
respectively. Although this paper proposes the use of a similar estimation technique, the
motivation is very different. In fact, Magnolfi and Roncoroni (2019), Syrgkanis et al.
(2018) and Gualdani and Sinha (2019) exploit the link between equilibrium behavior and
information to establish that Bayes correlated equilibrium allows to estimate games under
weak assumptions on information. In this paper, instead, we motivate estimation under
Bayes correlated equilibrium when the data are generated by repeated interaction with
weak behavioral assumptions.
Road Map. In Section 2, we present the theoretical framework and formalize the notions of regret and asymptotic ε-regret for the repeated play of a one-shot incomplete
information game. In Section 3, we study the convergence properties of ε-regret dynamics to the set of Bayes (coarse) correlated ε-equilibria of the one-shot game. In Section
4, we specialize the theoretical model to study what features of the underlying economic
environment we can empirically recover, and how, under weak assumptions on behavior
when the one-shot game is played repeatedly over time. In Section 5, we present our
empirical application and outline our aggregative approach to sidestep the curse of dimensionality at the estimation stage. In Section 6, we further discuss our main theoretical
and econometric results and present extensions and robustness checks. In Section 7, we
conclude. In Appendix A, we discuss regret-minimizing algorithms for the repeated play
of the one-shot incomplete information game. Omitted proofs are in Appendix B.

2
2.1

Model
Basic Setup

One-Shot Game. There is a finite set I of I players, I := {1, . . . , I}, and a finite set
of payoff states, Θ. We write i for a typical player and θ for a typical state. A basic
game G consists of: (i) for each player i, a finite set of actions Ai , where we define
A := A1 × · · · × AI , and a payoff function ui : A × Θ → R; and (ii) a full-support common

prior ψ ∈ ∆++ (Θ). Thus, G := (Ai , ui )Ii=1 , ψ . An information structure S consists of:
(i) for each player i, a finite set of signals (or types) Ti , where we define T := T1 ×· · ·×TI ;

and (ii) a full-support signal distribution π : Θ → ∆++ (T ). Thus, S := (Ti )Ii=1 , π .
Together, the pair (G, S) defines an incomplete information game. If Θ is a singleton, the
game is one of complete information. We denote by a−i a profile of actions for players
other than i, i.e. a−i := (a1 , . . . , ai−1 , ai+1 , . . . , aI ). Analogously, t−i denotes a profile of
signals for players other than i. We refer to (G, S) as the one-shot game.
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Repeated Game. Hereafter, we assume that the one-shot game is played repeatedly
over time. Time is discrete and periods are indexed by n ∈ N := {1, 2, . . . }. We maintain
the following assumptions on the sequence of payoff states, the timing of events, and on
what players observe about the game being played.
Assumption 1. The sequence of payoff states (θn )n∈N follows a time-homogeneous, irreducible, aperiodic, and positive recurrent Markov chain with stationary distribution
ψ ∈ ∆++ (Θ). Within each period n ∈ N, the timing of events is as follows:
(i) State θn realizes (unobserved by players);
(ii) A profile of signals (tn1 , . . . , tnI ) is drawn from π(· | θn );
(iii) After observing his signal tni , each player i selects an action ani and payoffs realize;
(iv) Each player i observes his own realized payoff ui (an , θn ) (but not necessarily the
realized state θn and the profile of actions an that has been played).
We denote the infinite repetition of game (G, S) under Assumption 1 by (G, S)∞ . We
refer to (G, S)∞ as the repeated game and to ((an , tn , θn ))n∈N as a sequence of actions,
signals, and states from (G, S)∞ .
Remark 1. We only assume that each player receives as feedback his own realized payoff
at the end of each period. In particular, it is worth noting the following:
• The (one-shot or repeated) game need not be common knowledge among players;
• Players need not know what the state space Θ of process (θn )n∈N is and how the
process evolves over time (i.e. players need not know ψ);
• Players need not know the signal distribution π.
To ease exposition, we assumed that the state space of process (θn )n∈N coincides with
the set of payoff states of (G, S) and that the stationary distribution of (θn )n∈N coincides
with the common prior of (G, S). The results in this paper also hold, modulo the obvious
changes, when the state space of (θn )n∈N is some is some Θ0 with ∅ 6= Θ0 ⊂ Θ, and its
stationary distribution of is some ψ 0 ∈ ∆++ (Θ0 ).
Special instances of Assumption 1 are the case in which (θn )n∈N is an i.i.d. process
and the case in which the payoff state is perfectly persistent (i.e. θn = θ for some payoff
state θ and all periods n).

2.2

Regrets and ε-Regret Dynamics

In this section, we formalize the notions of internal regret, external regret, and ε-regret
dynamics for game (G, S)∞ . The notions of external and internal regret for the repeated
play of a one-shot complete information game are due to Hart and Mas-Colell (2000)
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(but see also Foster and Vohra (1997) and Fudenberg and Levine (1998, 1999a)).3 We
extend their notions to the repeated play of a one-shot incomplete information game in
the natural way—with each player computing his own regrets signal-by-signal.
For all i ∈ I and ti ∈ Ti , let Ui (ti , N ) be the average payoff that player i with signal
ti has obtained up to time N ; that is,
Ui (ti , N ) :=

N

1 X
ui (ani , an−i ), θn ) 1{ti } (tni ).
N n=1

Moreover, for each action k ∈ Ai , let Viext (k, ti , N ) be the average payoff player i with
signal ti would have obtained had he played k in all periods up to time N ; that is,
Viext (k, ti , N ) :=

N

1 X
ui (k, an−i ), θn ) 1{ti } (tni ).
N n=1

Definition 1 (External Regret). For all i ∈ I, ti ∈ Ti and k ∈ Ai , the external regret
Riext (k, ti , N ) for action k before play at time N + 1 is defined by

Riext (k, ti , N ) := max Viext (k, ti , N ) − Ui (ti , N ), 0 .
Now, let j be the last action played by player i with signal ti up to time N . For each action k ∈ Ai , let Viint (j, k, ti , N ) be the average payoff player i with signal ti would have obtained had he played k instead of j every time in the past that he actually played j; that is,
Viint (j, k, ti , N ) :=

N
1 X n
v (j, k, ti ),
N n=1 i

where, for all n ∈ N,
(
vin (j, k, ti )

:=


ui (k, an−i ), θn ) 1{ti } (tni )

ui (ani , an−i ), θn ) 1{ti } (tni )

if ani = j
.
if ani =
6 j

Definition 2 (Internal Regret). For all i ∈ I, ti ∈ Ti and j, k ∈ Ai , the internal regret
Riint (j, k, ti , N ) for action k with respect to action j before play at time N + 1 is defined by

Riint (j, k, ti , N ) := max Viint (j, k, ti , N ) − Ui (ti , N ), 0 .
Riext (k, ti , N ) is a measure of the time-average regret experienced by player i with
signal ti at period N for not having played action k in all past periods up to N .
Riint (j, k, ti , N ) is a measure of the time-average regret experienced by player i with signal ti at period N for not having played, every time that j was played in the past, the
different action k.
External regrets are based on the increase in the average payoff, if any, were player i
with signal ti to replace all past plays with the best fixed action in hindsight. In contrast,
internal regrets are based on the increase in the average payoff, if any, were player i with
3

Hart and Mas-Colell (2000) refer to external and internal regrets as unconditional and conditional
regrets.
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signal ti to replace all past plays of a particular action with an arbitrary different action,
separately for each of his actions. Thus, external regrets are a rougher measure of regret
than internal regrets.
Definition 3 (ε-Regret Dynamics). Let ε ≥ 0. A sequence ((an , tn , θn ))n∈N from (G, S)∞
has:
(i) Asymptotic ε-external regret (hereafter, ε-AER) if
lim sup Riext (k, ti , N ) ≤ ε
N →∞

for all i ∈ I, ti ∈ Ti , and k ∈ Ai .
(ii) Asymptotic ε-internal regret (hereafter, ε-AIR) if
lim sup Riint (j, k, ti , N ) ≤ ε
N →∞

for all i ∈ I, ti ∈ Ti , and j, k ∈ Ai .
Asymptotic ε-regret notions (either external or internal) can be interpreted as a minimal long-run optimality conditions for the play of (G, S)∞ . Under asymptotic ε-regret,
the average regret experienced by each player for any of his signals for not having played
differently in the past (i.e. according to the benchmark policy that depends on the notion
of regret under consideration) is ε-close to vanish in the long-run.
The class of algorithms that players can follow in game (G, S)∞ and that generate
a sequence of actions, signals, and states satisfying ε-AIR or ε-AER (hereafter, asymptotic ε-regret algorithms) is very large. Such class includes simple adaptive heuristics,
fictitious-play-like dynamics, more sophisticated learning rules, such as calibrated learning and Bayesian learning, and also repeated equilibrium play of the one-shot game. We
provide several examples of asymptotic ε-regret algorithms in Appendix A. For our empirical implementation, however, we do not take any stand on how players play game
(G, S)∞ . We only assume that players play (G, S)∞ sufficiently well for the sequence of
actions, signals, and states to satisfy ε-AER or ε-AIR.
Before moving to the convergence properties of ε-regret dynamics, however, it is worth
noting the following about asymptotic ε-regret algorithms. First, several asymptotic εregret algorithms are simple. In particular, though the notions of ε-AER and ε-AIR
are defined on sequences ((an , tn , θn ))n∈N from (G, S)∞ , there exist asymptotic ε-regret
algorithms that do not require players to observe ((an , θn ))n∈N . That is, there exists
asymptotic ε-regret algorithms that only require players’ own utility as an input. Such
algorithms are model-free and uncoupled. They are model-free because they do not require
players to build a model of (or develop beliefs about) their opponents’ play or to reply
optimally to such play; they are uncoupled because they do not require players to know
the payoff functions of the other players or their signals. Moreover, such algorithms
do not require players to understand how the sequence of states (θn )n∈N evolves, its
state space, and how signals are generated. Second, sophisticated asymptotic ε-regret
8

algorithms also exist. Third, there are asymptotic ε-regret algorithms which are Hannanconsistent. Hannan-consistent algorithms unilaterally assure vanishing regrets for a player
independently of what other the other players do. Thus, there is no need to impose that
players coordinate on the same asymptotic ε-regret algorithm. To sum up, assuming
that players’ play of (G, S)∞ satisfies ε-AER or ε-AIR neither requires nor excludes
sophisticated players or complex behavior.

3

Bayes Correlated ε-Equilibria and ε-Regret Dynamics

3.1

Equilibrium Notions for (G, S)

The relevant space of uncertainty in the incomplete information game (G, S) is A×T ×Θ.
We write ν for a typical element of ∆(A × T × Θ). The notions of Bayes correlated εequilibrium and Bayes coarse correlated ε-equilibrium are defined through the restrictions
we impose on ν. Such restrictions are the following.
Definition 4 (Restrictions on ν). The probability distribution ν ∈ ∆(A × T × Θ) is:
(i) Consistent for (G, S) if, for all t ∈ T and θ ∈ Θ, we have
X
ν(a, t, θ) = π(t | θ)ψ(θ).
a

(ii) ε-obedient for (G, S) if, for all i ∈ I, ti ∈ Ti , and ai ∈ Ai , we have
X 



ui (a0i , a−i ), θ − ui (ai , a−i ), θ ν (ai , a−i ), (ti , t−i ), θ ≤ ε

(1)

a−i ,t−i ,θ

for all a0i ∈ Ai .
(iii) Coarsely ε-obedient for (G, S) if, for all i ∈ I and ti ∈ Ti , we have
X 



ui (a0i , a−i ), θ − ui (a, θ) ν a, (ti , t−i ), θ ≤ ε

(2)

a,t−i ,θ

for all a0i ∈ Ai .
Consistency is a feasibility constraint which says that the marginal of distribution ν
on the exogenous variables T and Θ is consistent with the description of game (G, S).
Obedience and coarse obedience are incentive constraints. A probability distribution ν
is obedient if any player i who knows ν and is told his action-signal pair (ai , ti ) from a
realization of ν weakly prefers to play ai , given that the other players, who know their
realized action-signal pair, are going to play their part of the realized action profile. A
probability distribution ν is coarsely obedient if any player i who knows ν, is told his
signal ti , but not his action ai , from a realization of ν, and is given a choice between (a)
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committing to whatever joint action profile (ai , a−i ) has realized from ν, and (b) committing to a fixed action a0i , weakly prefers (a) to (b), given that the other players, who
know their realized signal, but not their realized action, are committed to playing their
part of whatever joint action has realized.
The form of obedience we impose on ν distinguishes the notion of Bayes correlated
ε-equilibrium from that of Bayes coarse correlated ε-equilibrium, which we can now define.
Definition 5 (Bayes Correlated ε-Equilibrium and Bayes Coarse Correlated ε-Equilibrium).
Let ε ≥ 0. The probability distribution ν ∈ ∆(A × T × Θ) is:
(i) A Bayes Correlated ε-Equilibrium (hereafter, ε-BCE) of (G, S) if it consistent and
ε-obedient for (G, S).
(ii) A Bayes Coarse Correlated ε-Equilibrium (hereafter, ε-BCCE) of (G, S) if it consistent and coarsely ε-obedient for (G, S).
We denote by BCE(G,S) (ε) the set of ε-BCE of (G, S) and by BCCE(G,S) (ε) the set of
ε-BCCE of (G, S).
For ε = 0, we have the notions of Bayes correlated equilibrium (hereafter, BCE) due
to Bergemann and Morris (2013, 2016) and that of Bayes coarse correlated equilibrium
(hereafter, BCCE). The BCE notion can be seen as an incomplete information version
of correlated equilibrium (Aumann (1974, 1987)). The BCCE notion can be seen as an
incomplete information version of coarse correlated equilibrium (Hannan (1957), Moulin
and Vial (1978), and Young (2004)). We extend Bergemann and Morris (2013, 2016)’s
notion of BCE to its coarse analog in the natural way. When Θ is a singleton, the definition of ε-BCE (resp., ε-BCCE) reduces to the definition of correlated ε-equilibrium
(resp., coarse correlated ε-equilibrium) for a complete information game. For all ε ≥ 0, it
is straightforward to show that BCE(G,S) (ε) and BCCE(G,S) (ε) are convex sets and that
BCE(G,S) (ε) ⊆ BCCE(G,S) (ε).
The distribution ν ∈ ∆(A × T × Θ) is a Bayes Nash equilibrium (hereafter, BNE)
action-signal-state distribution of (G, S) if there exists a BNE β := (β1 , . . . , βI ) of (G, S),
where βi : Ti → ∆(Ai ) for all i ∈ I, such that
ν(a, t, θ) = ψ(θ)π(t | θ)

I
Y

βi (ai | ti )

i=1

for all a ∈ A, t ∈ T , and θ ∈ Θ. It is straightforward to show that every BNE actionsignal-state distribution of (G, S) is a BCE (and so a BCCE) of (G, S). Moreover, for all
ε ≥ 0, BCE(G,S) (ε) contains the convex hull of all BNE action-signal-state distributions
of (G, S), and so does BCCE(G,S) (ε).

3.2

Convergence of ε-Regret Dynamics

Definition 6 (Empirical Distribution). Let ((an , tn , θn ))n∈N be a sequence of actions,
signals, and states from (G, S)∞ . For every N ∈ N, the empirical distribution Z N ∈
10

∆(A × T × Θ) is defined pointwise as
N
1 X
Z (a, t, θ) :=
1{a} (an )1{t} (tn )1{θ} (θn )
N n=1
N

(3)

for all (a, t, θ) ∈ A × T × Θ.
That is, Z N (a, t, θ) is the empirical frequency of the action-signal-state profile (a, t, θ)
in the first N periods.
The next theorem establishes the following facts:
(i) A necessary and sufficient condition for the sequence of empirical distributions to
converge almost surely to BCE(G,S) (ε) is that the sequence of actions, signals, and
states has ε-AIR.
(ii) A necessary and sufficient condition for the sequence of empirical distributions to
converge almost surely to BCCE(G,S) (ε) is that the sequence of actions, signals,
and states has ε-AER.
Theorem 1 (Convergence of ε-Regret Dynamics). Let ε ≥ 0. The sequence of actions,
signals, and states ((an , tn , θn ))n∈N from (G, S)∞ :
(i) Has ε-AIR almost surely if and only if, as N → ∞, the sequence of empirical
distributions (Z N )N ∈N converges almost surely to BCE(G,S) (ε).
(ii) Has ε-AER almost surely if and only if, as N → ∞, the sequence of empirical
distributions (Z N )N ∈N converges almost surely to BCCE(G,S) (ε).
Proof. We prove part (i). For the proof of part (ii), we refer to Appendix B.1.
[=⇒] Fix ε ≥ 0 and suppose ((an , tn , θn ))n∈N from (G, S)∞ has ε-AIR almost surely.


Consider any subsequence Z Nl l∈N of Z N N ∈N that converges almost surely to some
ν ∈ ∆(A × T × Θ). We need to show that ν is almost surely an ε-BCE of (G, S), i.e. that
ν is almost surely consistent and ε-obedient for (G, S).
Consistency. Pick any (t, θ) ∈ T × Θ. Note the following:
X
X
ν(a, t, θ) =
lim Z Nl (a, t, θ)
a

a

= lim

l→∞

l→∞

X

Z Nl (a, t, θ)

"aP

#
Nl
X
Z
(a,
t,
θ)
Z Nl (a, t, θ)
= lim P a N
l (a, t, θ)
l→∞
Z
a,t
a,t
P N
X
l
Z (a, t, θ)
= lim P a N
lim
Z Nl (a, t, θ)
l (a, t, θ) l→∞
l→∞
Z
a,t
a,t
PNl
PNl
n
n
1{θ} (θn )
n=1 1{t} (t )1{θ} (θ )
= lim
lim n=1
.
PNl
n
l→∞
l→∞
Nl
n=1 1{θ} (θ )
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(4)

The ratio

1{t} (tn )1{θ} (θn )
PNl
n
n=1 1{θ} (θ )

PNl

n=1

(5)

is the empirical frequency of the signal profile t when filtered at time steps where the state
P l
n
is θ. As the tn ’s are drawn from π(· | θn ), (5) is the empirical frequency of N
n=1 1{θ} (θ )
conditionally independent observations from π(· | θ). Moreover, as the Markov chain is
P l
n
recurrent, N
n=1 1{θ} (θ ) → ∞ as l → ∞ almost surely. Thus, by the strong law of large
numbers,
PNl
1{t} (tn )1{θ} (θn )
lim n=1
= π(t | θ)
a.s.
(6)
PNl
n)
l→∞
1
(θ
{θ}
n=1
Moreover, since the Markov chain is irreducible, positive recurrent, and has stationary
distribution ψ,
PNl
1{θ} (θn )
= ψ(θ)
a.s.
(7)
lim n=1
l→∞
Nl
Together, (4), (6), and (7) give
X

ν(a, t, θ) = π(t | θ)ψ(θ)

a.s.

(8)

a

As (t, θ) ∈ T × Θ was arbitrarily chosen, we conclude from (8) that ν is almost surely
consistent for (G, S).
ε-obedience. To begin, note the following:
Viint (j, k, N, ti ) − Ui (ti , N )
N


1 X
=
ui (k, an−i ), θn ) − ui (ani , an−i ), θn ) 1{j} (ani )1{ti } (tni )
N n=1
N


1 XX
ui (k, an−i ), θn ) − ui (ani , an−i ), θn ) 1{j} (ani )1{ti } (tni )1{θ} (θn )
=
N θ∈Θ n=1
X 



=
ui (k, a−i ), θ − ui (j, a−i ), θ Z N (j, a−i ), (ti , t−i ), θ .

(9)

a−i ,t−i ,θ

Now pick any i ∈ I, ti ∈ Ti , and j, k ∈ Ai . As lim supN →∞ Riint (j, k, ti , N ) ≤ ε a.s., by


definition of Riint (j, k, ti , N ), we also have lim supN →∞ Viint (j, k, ti , N ) − Ui (ti , N ) ≤ ε
a.s. But then, by (9),
X 



lim sup
ui (k, a−i ), θ − ui (j, a−i ), θ Z N (j, a−i ), (ti , t−i ), θ ≤ ε
a.s. (10)
N →∞

a−i ,t−i ,θ


Moreover, on the subsequence Z Nl l∈N we get
X 



lim
ui (k, a−i ), θ − ui (j, a−i ), θ Z Nl (j, a−i ), (ti , t−i ), θ
l→∞

=

a−i ,t−i ,θ

X
a−i ,t−i ,θ





lim ui (k, a−i ), θ − ui (j, a−i ), θ Z Nl (j, a−i ), (ti , t−i ), θ

l→∞
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(11)

X 



ui (k, a−i ), θ − ui (j, a−i ), θ ν (j, a−i ), (ti , t−i ), θ .

=

a−i ,t−i ,θ

Together, (10) and (11) give
X 



ui (k, a−i ), θ − ui (j, a−i ), θ ν (j, a−i ), (ti , t−i ), θ ≤ ε

a.s.

(12)

a−i ,t−i ,θ

As i ∈ I, ti ∈ Ti , and j, k ∈ Ai were arbitrarily chosen, we conclude from (12) that ν is
almost surely ε-obedient for (G, S).

[⇐=] Now suppose Z N N ∈N converges almost surely to BCE(G,S) (ε) for some ε ≥ 0.
Pick any i ∈ I, ti ∈ Ti , and j, k ∈ Ai . By ε-obedience,
X 



lim sup
ui (k, a−i ), θ − ui (j, a−i ), θ Z N (j, a−i ), (ti , t−i ), θ ≤ ε
a.s. (13)
N →∞

a−i ,t−i ,θ

By (9) and (13),


lim sup Viint (j, k, ti , N ) − Ui (ti , N ) ≤ ε

a.s.,

N →∞

which implies
lim sup Riint (j, k, ti , N ) ≤ ε

a.s.

N →∞

by definition of Riint (j, k, ti , N ). As i ∈ I, ti ∈ Ti , and j, k ∈ Ai were arbitrarily chosen,
the desired result follows. 
The empirical exercise in Section 4 is based on the sufficiency parts of Theorem 1. If
players’ play in (G, S)∞ satisfies the minimal long-run optimality condition captured by
ε-AIR (resp., ε-AER), Theorem 1 implies that the empirical distribution converges almost
surely to BCE(G,S) (ε) (resp., BCCE(G,S) (ε)). That is, from some time on, the empirical
distribution is almost surely close to an ε-BCE of (G, S) (resp., ε-BCCE of (G, S)). The
convergence here is to BCE(G,S) (ε) (resp., BCCE(G,S) (ε)), not necessarily to a point in
that set. Moreover, observe that it is the empirical distribution that becomes essentially
an ε-BCE (resp., ε-BCCE), not necessarily the actual play.

Remark 2. Almost sure convergence of Z N N ∈N to BCE(G,S) (ε) (resp., BCCE(G,S) (ε))

means that the sequence Z N N ∈N eventually enters any neighborhood of BCE(G,S) (ε)
(resp., BCCE(G,S) (ε)) and stays there forever. An equivalent way of stating this is
the following: given any ε0 > ε, there is a finite time N (ε0 ) after which the empirical
distribution is always a ε0 -BCE (resp., ε0 -BCCE) of (G, S) almost surely; that is, Z N ∈
BCE(G,S) (ε0 ) (resp., Z N ∈ BCCE(G,S) (ε0 )) for all N > N (ε0 ) almost surely.
Remark 3. When the payoff state is perfectly persistent (i.e. θn = θ for some payoff
state θ and all periods n), if ((an , tn , θn ))n∈N has ε-AIR (resp., ε-AER) almost surely,
then the sequence of empirical distributions (Z N )N ∈N converges almost surely to the set
of correlated ε-equilibria (resp., coarse correlated ε-equilibria) of the complete information
game with payoff state Θ = {θ}.
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Hartline et al. (2015) also study convergence properties of no-regret learning dynamics
in settings with incomplete information.4 There are (at least) three main differences
between our and their work. First, they study a setting where private information is
independent across players (independent private values) and time. In contrast, in our
setting, private information in arbitrarily correlated across players and and evolves over
time according to a Markov chain. Second, they study convergence to the coarse analog
of the agent normal form Bayes correlated equilibrium of Forges (1993). In contrast, we
study convergence notion of Bayes correlated equilibrium in Bergemann and Morris (2016)
and to its coarse analog. Third, they adopt a different definition of players’ payoffs (and,
consequently, regrets). Because of these and other technical differences, our results are
not equivalent. The additional generality of our setting is necessary for the econometric
and empirical analyses we perform in the next sections.

4

From the Model to the Data

Within the model developed in Section 2, we now turn to address the following question:
when players interact repeatedly in an incomplete information game, what features of the
underlying one-shot game can we recover under weak assumptions on behavior?
We leverage the convergence results established in Section 2 to recover features of the
underlying one-shot game under the assumption that the data are the outcomes of an ongoing interaction over time. The literature on empirical games typically maintains that
the observable actions results from equilibrium play in a cross-section of simultaneous
games (e.g., Berry (1992), Tamer (2003), and Ciliberto and Tamer (2009)) or from fully
rational dynamic equilibrium play in a panel of dynamic games (e.g., Ericson and Pakes
(1995), Benkard (2004), Jofre-Bonet and Pesendorfer (2003), and Ryan (2012)). In contrast, we do not make any strong assumption on how players play the one-shot game in
each period. We only assume that players play the one-shot game sufficiently well for the
sequence of actions, signals, and states to satisfy, in the long-run, the minimal optimality
condition captured by ε-AIR. The results of this section extend in the obvious way when
we assume that the sequence of actions, signals, and states has ε-AER instead of ε-AIR.
Empirical Model. We start by laying out the main assumptions on the empirical model
and on the observables.
Assumption 2. The empirical model and the observables are summarized by (i)–(v)
below.

(i) The structural parameters λ := λG , λS that define the one-shot incomplete infor

mation game G λG , S λS belong to a compact set Λ.

S
(ii) λ0 := λG
0 , λ0 are the true structural parameters in the data generating process.
4

Relatedly, Caragiannis et al. (2015) study convergence properties of no-regret learning dynamics in
generalized second price auctions.
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S
(iii) The game G λG
is played repeatedly over time under Assumption 1.
0 , S λ0


S ∞
(iv) The sequence of actions, signals, and states ((an , tn , θn ))n∈N from G λG
0 , S λ0
has ε-AIR.
(v) The econometrician only observes the realized sequence of actions (an )n∈N .
Although each player i observes the sequence ((an , tni , θn ))n∈N , in applied contexts
outside analysts have typically less information than players. Therefore, we assume that
the econometrician only observes the realized sequence of actions (an )n∈N . 5
In the remaining part of this section, we investigate what we can recover of λ0 , and
how, under Assumption 2.
Bayes Correlated Equilibrium and Restrictions on Parameters. To recover the
structural parameter λ0 under Assumption 2, we rely on the convergence results in Section
2, which motivate the adoption of our equilibrium restrictions. In particular, we show
that estimation under ε-BCE allows to recover valid bounds on the structural parameter.
We have already defined the notion of ε-BCE; denote by BCE(G,S) (λ; ε) the set of εBCE of the incomplete information game (G(λG ), S(λS )) with structural parameters λ :=
(λG , λS ) ∈ Λ. We now expand on the restrictions that ε-BCE implies for the structural
parameters.
Definition 7 (ε-BCE Prediction). Let ε ≥ 0. A probability distribution q ∈ ∆(A) is an
ε-BCE prediction if there exists ν ∈ BCE(G,S) (λ; ε) such that
X
q(a) =
ν(a, t, θ)
t,θ

for all a ∈ A. The set of ε-BCE predictions for the game with structural parameters λ is
denoted by Q(G,S) (λ; ε).
Definition 8 (Identified Set). Let q ∈ ∆(A) be a distribution of actions. The set of
parameters identified by q under the ε-BCE assumption, denoted by ΛI(G,S) (q; ε), is

ΛI(G,S) (q; ε) := λ ∈ Λ : q ∈ Q(G,S) (λ; ε) .
In our model, we do not observe a limiting “population” distribution of the observables, i.e. a fixed limiting q ∈ ∆(A). To see this, let the empirical distribution of actions
q N ∈ ∆(A) be defined pointwise as
N
1 X
1{a} (an )
q (a) :=
N n=1
N

for all a ∈ A. Under Assumption 2, Theorem 1 only ensures that the sequence of

empirical distributions Z N N ∈N converges almost surely to BCE(G,S) (λ; ε) as N → ∞.
5

Although this assumption is the most common in the empirical literature, it is not the only one
considered in the literature. For instance, Bergemann and Morris (2013) consider identification under
BCE behavior in a model where both actions and payoff states, i.e. ((an , θn ))n∈N , are observable to the
econometrician.
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Therefore, as q N is the marginal on A of the empirical distribution Z N for all N ∈ N, i.e.
P
q N (a) = t,θ Z N (a, t, θ) for all a ∈ A, Theorem 1 only ensures that, as the sample size gets
large, the empirical distribution of actions converges almost surely to the set Q(G,S) (λ0 ; ε),
not necessarily to a point in that set. To overcome this complication, instead of focusing
on the identified set ΛI(G,S) (q; ε), we consider the set of parameters that can be recovered
when any q ∈ Q(G,S) (λ0 ; ε) may describe the data, which leads to the next definition.
Definition 9 (Recoverable Set). The set of recoverable parameters under Assumption 2,
denoted by ΛR
(G,S) (ε), is
[
:=
ΛR
(ε)
ΛI(G,S) (q; ε).
(G,S)
q∈Q(G,S) (λ0 ;ε)
6
R
The bounds imposed by ΛR
(G,S) (ε) are valid, in the sense that λ0 ∈ Λ(G,S) (ε).

Recovering Bounds on Parameters. Consider the “plug-in” estimator


N
I
N
Λ̂N
(G,S) (ε) := λ ∈ Λ : q ∈ Q(G,S) (λ; ε) = Λ(G,S) q ; ε ,
where q N is the observed empirical distribution of N actions.
0
Theorem 2 (Properties of Λ̂N
(G,S) ). Under Assumption 2, for any ε > ε, the following
statements hold almost surely as N → ∞:
0
(i) λ0 ∈ Λ̂N
(G,S) (ε ).
0
R
(ii) Λ̂N
(G,S) (ε) ⊆ Λ(G,S) (ε ).

Theorem 2 says that a static equilibrium notion, ε-BCE, provides an adequate behavioral restriction for the estimation of dynamic interactions that satisfy the long-run
optimality condition described by the ε-AIR assumption. Part (i) of the theorem establishes that the restriction of ε-AIR leads to estimating a set of parameters which contains
the true structure of the data generating process. Part (ii) describes bounds on this
estimated set, which is contained within the (theoretical) recoverable set. The width of
the bounds, in practice, will depend on the specific model and on the informativeness of
the data. Despite data not being generated by the repetition of identical experiments,
we bound structural parameters without statistical assumptions on the sampling process
on top of the economic assumption of ε-no-internal regret in the limit.
Proof of Theorem 2. To establish part (i), fix any ε0 > ε and note that, by definition
0
of Λ̂N
(G,S) (ε ),
0
N
0
λ0 ∈ Λ̂N
(14)
(G,S) (ε ) ⇐⇒ q ∈ Q(G,S) (λ0 ; ε ).

Under Assumption 2, by Theorem 1 we have that Z N N ∈N converges almost surely to
BCE(G,S) (ε; λ) as N → ∞. Then, by Remark 2, there exists N (ε0 ) such that Z N ∈
6

R
That λ0 ∈ ΛR
(G,S) (ε) holds by construction of Λ(G,S) (ε).
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BCE(G,S) (ε0 ; λ) for all N > N (ε0 ) almost surely. As q N is the marginal on A of Z N for
all N ∈ N, it follows that q N ∈ Q(G,S) (λ0 ; ε0 ) for all N > N (ε0 ) almost surely. Combining
this fact with (14) gives the desired result.
To establish part (ii), fix any ε0 > ε and note that, by definition of ΛN (ε0 ) and of Λ̂R (ε0 ),

0
N
0
R
0
(15)
q N ∈ Q(G,S) (λ0 ; ε0 ) ⇐⇒ ΛI(G,S) q N ; ε0 ⊆ ΛR
(G,S) (ε ) ⇐⇒ Λ̂(G,S) (ε ) ⊆ Λ(G,S) (ε ).
Moreover, as ε0 > ε,
N
0
Λ̂N
(G,S) (ε) ⊆ Λ̂(G,S) (ε ).

(16)

Under Assumption 2, by Theorem 1 we have that q N ∈ Q(G,S) (λ0 ; ε0 ) for all N > N (ε0 )
almost surely (see proof of part (i)). Combining this with (15) and (16) gives the result. 

5

Empirical Application

We use our method to perform inference on the distribution of sellers’ marginal costs on
Swappa, an online marketplace for used smartphones and other consumer electronics with
around $100 million in sales in 2018. Sellers (typically individuals or small firms) can list
individual devices on Swappa for free. Listings go through an approval process whereby
the platform checks that the device is ready for activation. Whereas listing is free for
sellers, buyers pay a fee to the platform. We focus on our analysis on the larger sellers on
the platform. These are—for the vast majority—small firms that acquire used cellphones,
refurbish them, and resell them. Marginal costs for these firms are mostly the cost of
acquisition of used devices, and the costs (including labor and parts) of refurbishing them.
We consider Swappa an appealing empirical environment for our model for at least
two reasons. First, it is a good example of a decentralized platform, where pricing is a
decision of individual sellers. In this, it resembles many other platform and marketplaces,
including Amazon marketplace and eBay buy-it-now listings. Second, although the sellers we consider are the larger agents on the platform, they are still small and their level
of sophistication in pricing decisions is unclear.
Estimating sellers’ marginal costs under a minimal restriction on behavior will allow
us to consider a variety of market design questions. For instance, suppose that the platform were to offer pricing algorithms to sellers. What would be the resulting change in
sales and surplus?

5.1

Data and Empirical Environment

Data collection is still in progress.
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5.2

Empirical Model

Players in I are sellers of a differentiated good. In each period n ∈ N, a set I n ⊆ I of
sellers is called to play the following pricing game. Each seller i ∈ I n sets price pni ∈ P ,
where P is a finite set, and faces demand
g(pni , pn−i ) := m

exp(αpni )
P
,
1 + j∈I n exp(αpnj )

where m is the market size and α describes consumers’ sensitivity to price. Parameters
m and α are known to sellers. Seller i has unit marginal cost tni ∈ T , where T is a finite
set; this is seller i’s private information. Seller i’s payoff is
ũi (pni , pn−i , tni ) := g(pni , pn−i )(pni − tni ).
In each period n ∈ N, each seller i ∈ I is active with positive probability. Conditional
on being active, each seller’s unit marginal cost evolves according to an irreducible and
positive recurrent Markov chain with stationary distribution ψ(·; λ) ∈ ∆++ (T ). These
Markov chains are independent across sellers, so that, in each period, unit marginal costs
are i.i.d. across sellers. Moreover, sellers’ unit marginal costs are independent of the set
of sellers that are active in a given period.
We work with an aggregative formulation of the pricing game, which is equivalent to
the original game. This aggregative approach, which is in the spirit of Nocke and Schutz
(2018), is helpful to sidestep curse of dimensionality in large games. For all n ∈ N, I n ⊆ I,
P
n
i ∈ I n , and pni ∈ P , define fin := exp(αpni ) and f := j∈I n fjn . Note that fin ∈ F and
n
f ∈ F , where F and F are finite sets defined in the obvious way. Hereafter, we suppress
the subscript i since sellers are ex ante identical. A representative seller’s payoff becomes
"

#
n
n

f
log
f
n
u f n , f , tn = m
− tn .
n
α
1+f
Before setting f n , each seller observes tn and on := |I n | ∈ O := {1, . . . , |I|}, but not necessarily I n (i.e. each seller observes the number of sellers, but not necessarily their identity).
Hereafter, we assume that (on )n∈N evolves according to an irreducible and positive recurrent Markov chain with stationary distribution φ ∈ ∆++ (O). At the end of each period

n
n
n, each seller in I n observes his own realized payoff u f n , f , tn (but not necessarily f ).
Definition 10 (Aggregative Bayes Correlated Equilibrium). Let ε ≥ 0. The probability
distribution ν ∈ ∆(F × F × T × O) is an Aggregative Bayes Correlated ε-equilibrium
(hereafter, ε-ABCE) of the aggregative pricing game if it satisfies the following conditions:
(i) ν is consistent; that is, for all t ∈ T and o ∈ O, we have
X

ν f, f , t, o = ψ(t; λ)φ(o).
f,f
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(ii) ν is ε-obedient; that is, for all t ∈ T , f ∈ F , and o ∈ O we have
X

 

u f 0 , f + (f 0 − f ), t − u f, f , t ν f, f , t, o ≤ ε.
f

for all f 0 ∈ F.
We denote by ABCE(ε; λ) the set of ε-ABCE of the aggregative pricing game.
For all t ∈ T , denote by U (t, o, N ) the average payoff that a seller with signal t playing
the aggregative pricing game with o sellers has obtained up to time N ; that is,
U (t, o, N ) :=

N

1 X
n
u f n , f , tn ) 1{t} (tn )1{o} (on ).
N n=1

Next, let f be the last action played by the seller with signal t playing the aggregative
pricing game with o sellers up to time N . For each action f 0 ∈ F , let V int (f, f 0 , t, o, N )
be the average payoff the seller with signal t playing the aggregative pricing game with o
sellers would have obtained had he played f 0 instead of f every time in the past that he
actually played f ; that is,
V

int

N
1 X n
v (f, f 0 , t, o),
(f, f , t, o, N ) :=
N n=1
0

where, for all n ∈ N,
(
n

0

v (f, f , t, o) :=


n
u f 0 , f + (f 0 − f n ), tn 1{t} (tn )1{o} (on )

n
u f n , f , tn 1{t} (tn )1{o} (on )

if f n = f
if f n =
6 f

For all t ∈ Ti and f, f 0 ∈ F , the internal regret Rint (f, f 0 , t, o, N ) for action f 0 with
respect to action f before play at time N + 1 is defined by

Rint (f, f 0 , t, o, N ) := max V int (f, f 0 , t, o, N ) − U (t, o, N ), 0 .
n

Let ε ≥ 0. A sequence ((f n , f , tn , on ))n∈N from the aggregative pricing game has
ε-AIR if
lim sup Rint (f, f 0 , t, o, N ) ≤ ε
N →∞
0

for all t ∈ T , o ∈ O and f, f ∈ F .
For every N ∈ N, the empirical distribution Z N ∈ ∆(F × F × T × O) is defined
pointwise as
Z N (f, f , t, o) :=

N
1 X
n
1{f } (f n )1{f } (f )1{t} (tn )1{o} (on )
N n=1

for all (f, f , t, o) ∈ F × F × T × O.
n

Theorem 3. Let ε ≥ 0. If the sequence ((f n , f , tn , on ))n∈N from the aggregative pricing
game has ε-AIR almost surely, then the sequence of empirical distributions (Z N )N ∈N
19

converges almost surely to ABCE(ε; λ) as N → ∞.
The proof of Theorem 3 is similar to that of Theorem 1–(i) and is in Appendix B.2.

6

Additional Results and Discussion

6.1

Informational Robustness

There are at least two natural orderings on information structures: an “incentive ordering” and a “statistical ordering”. Roughly speaking, we have the following.7
• Incentive ordering: an information structure is more incentive constrained than
another if it gives rise to a smaller set of BCE.
• Statistical ordering: an information structure is individually sufficient for another
if there exists a combined information structure where each player’s signal from the
former information structure is a sufficient statistic for the state and other players’
signals in the latter information structure; individual sufficiency captures intuitively
when one information structure contains more information than another.
Bergemann and Morris (2016) show that one information structure is more incentive
constrained than another if and only if the former is individually sufficient for the latter.
That is, the statistical ordering is equivalent to the incentive ordering.
Building on the latter equivalence, we can provide a robustness result for our empirical exercise. Fix a basic game G. Suppose the econometrician knows that players
observe at least information structure S, but may observe more—in the sense that they
may observe information structure S 0 , for some S 0 that is individually sufficient for S,
the exact S 0 being unknown to the econometrician. Can the econometrician recover valid
bounds on the payoff structure of (G, S 0 ) under the ε-AIR assumption for the repeated
play of the misspecified model (G, S)? The answer to this question is positive. Suppose
that the sequence of actions, signals and states is generated by play in (G, S 0 )—the true
game—and has ε-AIR. Thus, by Theorem 1, the sequence of empirical distributions converges almost surely to BCE(G,S 0 ) (ε). As S 0 is individually sufficient for S, by Bergemann
and Morris (2016)’s equivalence result, S 0 is also more incentive constrained than S, and
so BCE(G,S 0 ) (ε) ⊆ BCE(G,S) (ε). But then, the sequence of empirical distributions converges almost surely also to BCE(G,S) (ε). As a result, the bounds on the payoff structure
under the ε-AIR assumption for the misspecified model remain valid for the true model,
although they might not be as sharp as those one would obtain under the correct specification of the information structure. An analogous result can be established for ε-AER
dynamics and the set of Bayes coarse correlated equilibria.
7

We refer to Bergemann and Morris (2016) for the formal definitions and the discussion of other
orderings on information structures.
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6.2

How Long to Equilibrium?

In empirical applications, the question often arises of how many observations one needs
to consistently estimate the parameters of interest. In our setting, this concern needs
to be paired with an assessment of how long it takes for the empirical distribution to
converge to BCE(G,S) (ε) (or BCCE(G,S) (ε)).
The answer to the latter question depends on the particular ε-AIR (or ε-AER) algorithm that players follow in the repetition of the one-shot game (G, S). For instance, if
players play a BNE or a BCE of (G, S) in each period, then the empirical distribution
is in BCE(G,S) (ε) since period 1. When players follow regret-based algorithms, Hart and
Mansour (2010) show that the rate of convergence to the set of correlated ε-equilibria of
the underline complete information game is polynomial in the number of players; given
our signal-by-signal extension of regret-based algorithms to incomplete information environments, one can show that the rate of convergence is longer—as each player now needs
to accumulate experiences for each of their signal—but remains of the same order when
players follow regret-based algorithms for the repeated play of (G, S).
In short, we cannot provide sharp rate-of-convergence results under weak assumptions
on behavior (i.e. without selecting a specific ε-AIR (or ε-AER) algorithm). However, it is
worth noting that converge to the set ε-BCE (or ε-BCCE) of (G, S) is, in general, faster
that convergence to Nash or Bayes Nash equilibria (or related solution concepts).

7

Concluding Remarks

We propose an estimation strategy that is valid when data on strategic interaction are
interpreted as the long-run result of a history of game plays. We model players as interacting repeatedly in a one-shot incomplete information game. We remain agnostic
on how players play the game and only impose a minimal optimality condition for the
long-run outcome of players’ interaction.
In particular, we assume that play satisfies a property of “asymptotic no regret”
(ANR). This condition requires that the time average of the counterfactual increase in
past payoffs, had different actions been played, becomes approximately zero in the long
run. A large class of dynamics, well studied both in economics and computer science,
satisfies the ANR property. For example, ANR is satisfied by regret matching algorithms,
calibrated learning, and variants of fictitious play. Moreover, the condition is trivially
satisfied if the observed outcomes are the result of equilibrium play. Under the ANR
assumption, we show partial identification of the structural parameters of the one-shot
game. Identification relies on the result that the empirical distribution of play that
satisfies ANR converges to the set of Bayes (coarse) correlated ε-equilibrium prediction
of the underlying one-shot game. Consequently, we can use the limiting model to obtain
consistent estimates of the parameters of interest.
This paper shows that no regret conditions, already a fundamental ingredient in op21

timization, machine learning, and algorithmic game theory, can allow economists to perform identification and estimation in empirical games under minimal restrictions on several aspects of the underlying interaction (notably, behavior and information). In future
work, we plan to explore further the identifying power of regret minimization and its
connections with equilibrium play in both single-agent and strategic environments.
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A

Asymptotic ε-Regret Algorithms: Examples

In this appendix, we provide some examples of algorithms that players can follow in
game (G, S)∞ and that generate a sequence of actions, signals, and states satisfying εAIR or ε-AER (hereafter, ε-AIR and ε-AER algorithms). By Theorem 1, under ε-AIR

(resp., ε-AER) algorithms the sequence of empirical distributions Z N N ∈N converges
almost surely to BCE(G,S) (ε) (resp., BCCE(G,S) (ε)). Although we only sketch here a few
examples, it is worth noting that the class of ε-regret algorithms is much larger.

A.1

Regret Matching and Generalizations

To begin with, we can generalize internal and external regret matching algorithms—due to
Hart and Mas-Colell (2000) for the infinite repetition of a one-shot complete information
game—to the incomplete information game (G, S)∞ .
Let ti be player i’s signal in period N + 1 and let j be the action played by player i
the last time in the past he observed signal ti . Internal regret matching stipulates that
each action k 6= j is played in period N + 1 with a probability that is proportional to its
internal regret Riint (j, k, ti , N ) and, with the remaining probability, the same action j is
+1,int
played in period N + 1. Formally, denote by pN
(j, k, ti , N ) the probability of playing
i
action k in period N + 1 by player i with signal ti , given that i has played action j the
last time in the past he observed signal ti . Then, internal regret matching prescribes that
(
if k 6= j
cRiint (j, k, ti , N )
N +1,int
(17)
pi
(j, k, ti , N ) =
P
int
1 − k6=j cRi (j, k, ti , N ) if k = j
for some sufficiently small constant c > 0.8 The play in the first period can be arbitrary.
In the same spirit, external regret matching stipulates that each action k is played in
period N + 1 with a probability that is directly proportional to the vector of external
+1,ext
regrets. Formally, denote by pN
(k, ti , N ) the probability of playing action k in period
i
N + 1 by player i with signal ti . Then, external regret matching prescribes that
Rext (k, ti , N )
+1,ext
pN
(k, ti , N ) = P i ext
i
j Ri (j, ti , N )
for all k ∈ Ai . Again, the play in the first period can be arbitrary, and so is play if all
external regrets are zero.
Following the logic of Hart and Mas-Colell (2000), we can show that, if all players
play according to internal (resp., external) regret matching in each period, then the
sequence of actions, signals, and states has no-AIR (resp., no-AER) almost surely. The
proof that all regrets vanish in the limit uses arguments suggested by Blackwell (1956)’s
approachability.
Instead of the switching probability being proportional to Riint (j, k, ti , N ), i.e. equal to
8

The constant c must guarantee that (17) yields a probability distribution over Ai and, moreover,
that the probability of j is strictly positive.
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cRiint (j, k, ti , N ), we may want to allow this switching probability to be given by a general
function f (Riint (j, k, ti , N )) of Riint (j, k, ti , N ). If f is sign-preserving (i.e. f (x) > 0 for
x > 0 and f (0) = 0) and Lipschitz continuous, we call the resulting algorithm generalized
internal regret matching algorithm. Similarly, generalized external regret matching algorithms exist (see Hart and Mas-Colell (2001a), Cahn (2004), and Hart (2005)). Building
on these authors’ results, we can show that, if each type of each player plays according
to a generalized internal (resp., external) regret matching algorithm in each period, then
the sequence of actions, signals, and states has no-AIR (resp., no-AER) almost surely. In
particular, different players may use different generalized regret matching algorithms.
Regret matching algorithms have some important properties, which we collect in the
next remarks.
Remark 4. Regret matching algorithms are not very sophisticated—in fact, they are
often referred to as adaptive heuristics. This is so at least on three grounds.
• Regret matching algorithms only require regrets as an input.9 Thus, to play according to a regret matching algorithm, a player does not need to know the payoff
functions of the other players or their signals (such property is called uncoupledness). In other words, regret matching algorithms achieve ε-AIR or ε-AER and
only require each player to know what other players do, not what their objectives
or private information are.
• Regret matching algorithms do not require players to build a model of (or develop
beliefs about) their opponents’ play or to reply optimally to such play. That is,
regret matching algorithms are model-free.
• To play according to regret matching algorithms, players need not know ψ and π.
That is, players need not understand how the sequence of states (θn )n∈N evolves
(and so, in particular, players need not have a prior, let alone a common one) and
how signals are generated.
Remark 5. A motivation for our work is to provide valid bounds on structural parameters
under weak assumptions on behavior (see Section 4). Bounds on parameters are less
sharp under the ε-AER assumption than under the ε-AIR assumption, as BCE(G,S) (ε) ⊆
BCCE(G,S) (ε). However, the ε-AER assumption is more robust, at least in the following
sense. Call an algorithm for the play of (G, S)∞ Hannan-consistent if it guarantees, for
any algorithms other players may follow, that all the regrets of this player vanish in the
limit with probability one.10 That is, an algorithm is Hannan-consistent if it unilaterally
assures vanishing regrets independently of what other players do. Hannan-consistent
algorithms exist for both internal and external regrets (see Blackwell (1954), Hannan
(1957), Fudenberg and Levine (1995, 1998), Foster and Vohra (1993, 1998, 1999), Freund
and Schapire (1999), Hart and Mas-Colell (2000), and Young (2004)—their extension to
9
10

This is also true for smooth variants of fictitious play, introduced in Section A.2.
Hannan consistency is often referred to as universal consistency, after Fudenberg and Levine (1995).

24

incomplete information settings is straightforward. Importantly, however, external regret
matching and its generalizations are Hannan-consistent, whereas internal regret matching
and its generalizations are not. That is, external regret matching assures vanishing
external regrets for any player who uses it irrespective of the behavior of the other players.
In contrast, if a single player uses internal regret matching, there is no assurance that
his internal regrets will vanish over time unless we assume that the other players use
the same algorithm. As the previous remark points out, regret matching algorithms only
require regrets as an input. It follows that to achieve ε-AER players need to know neither
the payoff functions of the other players and their signals nor the algorithms that other
players adopt. In contrast, to achieve ε-AIR: (i) if players do not know the payoff functions
or the signals of other players, they need to know what regret-minimizing algorithm the
other players adopt and to coordinate on this algorithm; (ii) if, instead, they do not know
what other players do, they need to design more sophisticated algorithms to assure that
their own internal regrets vanish—these algorithms requiring common knowledge of the
underlying one-shot game.
Remark 6. Under internal regret matching, as internal regrets become small, so does the
probability of switching (see (17)) to a different action. Hence, internal regret matching
leads to longer and longer stretches of time in which the action is constant, and the play
exhibits much inertia and infrequent switches (conditional on the player’s signal). In
particular, if all the regrets are zero, then a regret matching player will continue to play
the same action of the previous period.
The full class of regret-based algorithms—for which, if played by all players, the
sequence of actions, signals, and states has asymptotic ε-regret almost surely—is even
larger. We refer to Hart (2005) for an extensive survey of regret-based algorithms for the
repeated play of complete information games. Their extension to incomplete information
games mimics that for internal and external regret matching and their generalizations
outlined above. For instance, even procedures that fall in the class of some reinforcement
learning algorithms (see, for example, Roth and Erev (1995), Börgers and Sarin (1997,
2000), and Erev and Roth (1998)), broadly defined as including those procedures whereby
individuals react to past payoffs without full knowledge of the game, may lead to convergence results such as the ones we obtain in this paper. A relevant case is presented in
Hart and Mas-Colell (2001b), who develop a modified regret matching algorithm, dubbed
proxy-regret matching, for environments where each player initially knows only his own
set of actions and is informed, after each period of play, only of his own realized payoff.
However, not all regret-based algorithms are as simple as internal and external regret
matching.
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A.2

Calibrated Learning, Variants of Fictitious Play, and Other
Dynamics

Previous work has identified several dynamics for the repeated play of a one-shot complete information game that converge to the set of correlated ε-equilibria of the underlying
game. A notable example of such dynamics is calibrated learning by Foster and Vohra
(1997)). Here, each player computes calibrated forecasts on the behavior of the other players, and then plays a best reply to these forecasts. Forecasts are calibrated if, roughly
speaking, probabilistic forecasts and long-run frequencies are close: for example, an event
must occur approximately π% of the times for which the forecast was a π% chance of the
event. There are various ways to generate calibrated forecasts (see, among others, Foster
and Vohra (1997, 1998, 1999), Foster (1997), Fudenberg and Levine (1999b), and Kakade
and Foster (2008). Other notable examples are conditional smooth fictitious play eigenvector strategies (Fudenberg and Levine (1998, 1999a)) and smooth conditional fictitious
play (Cahn (2004)), where each player i plays at each period a smoothed-out best reply
to the distribution of the play of the opponents in those periods where i played the same
action j as in the previous period.
It is possible to extend such dynamics to the repeated play of the one-shot incomplete
information game (G, S) signal-by-signal, in the spirit of what we outline above for regret
matching and its generalizations. Then we can then show that such dynamics converge to
BCE(G,S) (ε) or BCCE(G,S) (ε). It follows from Theorem 1 that the sequence of actions,
signals, and states has ε-AIR or ε-AER.

A.3

Repeated Equilibrium Play of (G, S)

Suppose that, in each period, players play a BNE of (G, S)—not necessarily the same. If
so, the sequence of empirical distributions is in the convex hull of all BNE action-signalstate distributions of (G, S), which is contained in BCE(G,S) (ε), and so in BCCE(G,S) (ε).
It follows from Theorem 1 that the sequence of actions, signals, and states has no-AIR
and no-AER. Similarly, if players play a ε-BCE of (G, S) (resp., a ε-BCCE of (G, S))
in each period, then the sequence of actions, signals, and states has ε-AIR and ε-AER
(resp., ε-AER).

B
B.1

Proofs
Proof of Theorem 1–(ii)

[=⇒] Fix ε ≥ 0 and suppose ((an , tn , θn ))n∈N from (G, S)∞ has ε-AER almost surely.


Consider any subsequence Z Nl l∈N of Z N N ∈N that converges almost surely to some
ν ∈ ∆(A × T × Θ). We need to show that ν is almost surely an ε-BCCE of (G, S), i.e.
that ν is almost surely consistent and coarsely ε-obedient for (G, S).
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Consistency. The proof of consistency is the same as for part (i) of Theorem 1.
Coarse ε-obedience. To begin, note the following:
Viext (k, ti , N )

N


1 X
− Ui (ti , N ) =
ui (k, an−i ), θn ) − ui (ani , an−i ), θn ) 1{ti } (tni )
N n=1

N


1 XX
=
ui (k, an−i ), θn ) − ui (an , θn ) 1{ti } (tni )1{θ} (θn )
N θ∈Θ n=1
X 


=
ui (k, a−i ), θ − ui (a, θ Z N a, (ti , t−i ), θ).

(18)

a,t−i ,θ

Now pick any i ∈ I, ti ∈ Ti , and k ∈ Ai . As lim supN →∞ Riext (k, ti , N ) ≤ ε a.s., by


definition of Riext (k, ti , N ), we also have lim supN →∞ Viext (k, ti , N ) − Ui (ti , N ) ≤ ε a.s.
But then, by (18),
X 



lim sup
ui (k, a−i ), θ − ui (a, θ) Z N a, (ti , t−i ), θ ≤ ε
a.s.
(19)
N →∞

a,t−i ,θ


Moreover, on the subsequence Z Nl l∈N we get
X 



lim
ui (k, a−i ), θ − ui (a, θ) ZlN a, (ti , t−i ), θ
l→∞

a,t−i ,θ

X

=

a,t−i ,θ





lim ui (k, a−i ), θ − ui (a, θ) ZlN a, (ti , t−i ), θ

l→∞

X 

=

(20)



ui (k, a−i ), θ) − ui (a, θ) ν a, (ti , t−i ), θ .

a,t−i ,θ

Together, (19) and (20) give
X 



ui (k, a−i ), θ − ui (a, θ) ν a, (ti , t−i ), θ ≤ ε

a.s.

(21)

a,t−i ,θ

As i ∈ I, ti ∈ Ti , and k ∈ Ai were arbitrarily chosen, we conclude from (21) that ν is
almost surely coarsely ε-obedient for (G, S).

[⇐=] Now suppose Z N N ∈N converges almost surely to BCCE(G,S) (ε) for some ε ≥ 0.
Pick any i ∈ I, ti ∈ Ti , and k ∈ Ai . By coarse ε-obedience,
X 



lim sup
ui (k, a−i ), θ − ui (a, θ) Z N a, (ti , t−i ), θ ≤ ε
a.s.
(22)
N →∞

a,t−i ,θ

By (18) and (22),
lim sup Viext (k, ti , N ) − Ui (ti , N ) ≤ ε

a.s.,

N →∞

which implies
lim sup Riext (k, ti , N ) ≤ ε

a.s.

N →∞

by definition of Riext (k, ti , N ). As i ∈ I, ti ∈ Ti , and k ∈ Ai were arbitrarily chosen, the
desired result follows. 
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B.2

Proof of Theorem 3
n

Fix ε ≥ 0 and suppose ((f n , f , tn , on ))n∈N from the aggregative pricing game has ε-AIR


almost surely. Consider any subsequence Z Nl l∈N of Z N N ∈N that converges almost
surely to some ν ∈ ∆(F × F × T × O). We need to show that ν is almost surely
an ε-ABCE of the aggregative pricing game, i.e. that ν is almost surely consistent and
ε-obedient for the aggregative pricing game.
Consistency. Pick any (t, o) ∈ T × O. Note the following:
X
 X

ν f, f , t, o =
lim Z Nl f, f , t, o
l→∞

f,f

f,f

= lim

X

l→∞

Z Nl f, f , t, o



(23)

f,f

PNl
= lim

l→∞

n=1

1{t} (tn )1{o} (on )
Nl

.

Under the assumptions of the theorem: (i) (tn )n∈N and (on )n∈N are two irreducible and
positive recurrent Markov chains with stationary distributions ψ(·; λ) and φ; (ii) tn is
independent of on for all n. Thus,
PNl
1{t} (tn )1{o} (on )
lim n=1
= ψ(t; λ)φ(o)
a.s.
(24)
l→∞
Nl
Together, (23) and (24) give
X


ν f, f , t, o = ψ(t; λ)φ(o)

a.s.

(25)

(f,f )

As (t, o) ∈ T × O was arbitrarily chosen, we conclude from (25) that ν is almost surely
consistent for the aggregative pricing game.
ε-obedience. To begin, note the following:
V int (f, f 0 , t, o, N ) − U (t, o, N )
N

i
1 Xh
n
n
u f 0 , f + (f 0 − f n ), tn , on − u f n , f , tn , on 1{f } (f n )1{t} (tn )1{o} (on )
=
(26)
N n=1
i
Xh



u f 0 , f + (f 0 − f ), t, o − u f, f , t, o Z N f, f , t, o .
=
f

Now pick any t ∈ T , o ∈ O, and f, f 0 ∈ F . As lim supN →∞ Rint (f, f 0 , t, o, N ) ≤ ε

a.s., by definition of Rint (f, f 0 , t, o, N ), we also have lim supN →∞ V int (f, f 0 , t, o, N ) −

U (t, o, N ) ≤ ε a.s. But then, by (26),
Xh

i

lim sup
u f 0 , f + (f 0 − f ), t, o − u f, f , t, o Z N f, f , t, o ≤ ε
a.s.
(27)
N →∞

f
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Moreover, on the subsequence Z Nl l∈N we get
Xh

i N

0
0
u f , f + (f − f ), t, o − u f, f , t, o Z l f, f , t, o
lim
l→∞

f

=

X

=

X

h

0

0



i

h

0

0



i

lim u f , f + (f − f ), t, o − u f, f , t, o Z Nl f, f , t, o



(28)

a.s.

(29)

l→∞
f


lim u f , f + (f − f ), t, o − u f, f , t, o ν f, f , t, o .

l→∞
f

Together, (27) and (28) give
Xh

i

u f 0 , f + (f 0 − f ), t, o − u f, f , t, o ν f, f , t, o ≤ ε
f

As t ∈ T , o ∈ O, and f, f 0 ∈ F were arbitrarily chosen, we conclude from (29) that ν is
almost surely ε-obedient for the aggregative pricing game. 
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