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Abstract
This paper analyzes the adoption and diffusion of a product innovation in a
duopoly market. Firms are horizontally and vertically differentiated, and learning about innovation quality is endogenously determined by the volume of consumer purchases (i.e. market experimentation). In equilibrium, both high- and
low-quality firms may lead adoption, and the first mover is often uniquely determined by initial beliefs. To maximize efficiency, a social planner prefers sequential
adoption over a wider range of beliefs than occurs in equilibrium. A change in
market structure, specifically a merger to monopoly, unambiguously improves the
efficiency of initial adoption; but the rate of learning via market experimentation
may become more or less efficient.
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In many sectors of the economy, firms are presented with frequent opportunities to
adopt new technologies to improve their product and service offerings. Economists have
long been interested in studying these adoption decisions, as they appear closely connected to economic growth, industrial competitiveness, and consumer welfare.1 Specifically, the academic literature has directed significant effort toward understanding which
factors promote the rapid adoption and diffusion of new innovations. Particular attention has been paid to the role of firm characteristics and market structure.
Despite this longstanding interest, the theoretical literature on new technology adoption has struggled to obtain a general theory to explain the plethora of empirical patterns observed in practice (Baker, 1995). With respect to product innovation, in particular, there is surprisingly little evidence of a consistent relationship between firm
characteristics, such as size or market dominance, and the timing of innovation adoption. For example, in a study of post-World War II product innovations, Chandy and
Tellis (2000) find that established industry leaders are no less likely than fringe firms to
lead in commercializing major product innovations.2 Nevertheless, when fringe firms
do lead in commercializing innovations, the speed at which industry leaders follow is
often excruciatingly slow (Henderson and Clark, 1990). Thus, dominant firms are neither incompetent nor unwilling to embrace new technologies; but they are much less
likely to do so in a timely fashion as second-movers. A primary challenge in developing a compelling model of innovation adoption comes in explaining such inconsistent
patterns of innovative performance by dominant firms.
In this paper, I contribute to this puzzle by developing a continuous-time model of
innovation adoption which explains these seemingly inconsistent empirical findings. In
the model, consumers and firms are initially uncertain about the quality of a newly
discovered product innovation. Early adoption of the innovation confers a valuable
1

See, for example Comin and Hobijn (2010), Fagerberg et al. (2009), and overall Trajtenberg (1989).
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This stands in contrast to theory of the “incumbent’s curse” which argues that incumbents are system-

atically less innovative than new entrants. Many empirical studies in this vein, however, are qualitative
in nature (Rosen, 1991). For a recent exception to this trend, see Igami (2017).
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first-mover advantage; however, this comes at the price of greater uncertainty, since the
innovation’s quality can only be learned by observing its market performance. Firms,
therefore, face a trade-off between information acquisition and strategic preemption.
While such a trade-off is theoretically intuitive, there are, in principle, many reasons
why a firm may prefer to delay adoption; for example, expected reductions in cost (e.g.
Fudenberg and Tirole, 1985; Reinganum, 1983) or improvements in quality (e.g. Dutta
et al., 1995; Riordan and Salant, 1994). To justify economic analysis, it is important
to understand whether the trade-off between information acquisition and strategic preemption actually matters for the timing of firms’ innovation adoption decisions.
To empirically investigate firms’ motivations for specific investment-timing strategies, Klingebiel and Joseph (2016) studied competitors in the German mobile phone
industry between 2004 and 2008, when the introduction of new hardware features
(product innovations) was at an all-time high. Industry representatives in their study
frequently cited the trade-off between information acquisition and strategic preemption
as a primary motivation for early- or late-adoption of new hardware features. One firm
in the industry generally known for early-adoption described the trade-off as follows:
“[Our firm] now tries to be an innovator . . . we have emphasized speed [and risk taking].”
Another, more cautious firm, described the motivation for late-adoption as follows: “The
longer we wait, the easier it is for us to gauge success. . . . [W]e kept monitoring forecasts
while Samsung, Sony Ericsson, and a few others tried their luck at development. And the
picture became clearer.” Klingebiel and Joseph’s (2016) study illustrates that, in many
cases, delayed adoption timing was not driven by an inability to access key technological
inputs; rather it was a deliberate choice to wait for more information.
In my model, the trade-off between adoption timing and information acquisition
is endogenously determined by the volume of consumer purchases, which generate
additional information about innovation quality. Firms must, therefore, balance their
desire to maximize current profits with their desire to generate additional information.
In equilibrium, firms set prices to balance these two considerations and engage a form
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of market experimentation. Under zero discounting, I obtain closed-form expressions for
first-mover and second-mover prices as a function of the (expected) quality differential
between firms. Since learning is endogenously determined by the volume of consumer
purchases, so is the rate of innovation diffusion. In equilibrium, I show that a fringe
(i.e. low quality) firm attracts fewer customers than a dominant (i.e. high-quality)
firm; hence, learning and innovation diffusion is slowest when adoption is led by fringe
firms.
Regarding the question of initial adoption, I show that each firm’s initial adoption
incentives are succinctly described by two threshold beliefs above and below which immediate and delayed adoption is optimal, respectively. Under minimal assumptions,
these thresholds have a unique configuration, and equilibrium adoption timing is characterized by a simple dichotomy: dominant firms prioritize early adoption of highly
promising innovations which diffuse rapidly to other firms, while fringe firms prioritize early adoption of less promising innovations which diffuse more slowly. Thus, my
model predicts (i) both dominant and fringe firms may be natural first-movers in equilibrium, and (ii) adoption timing will depend on observable innovation characteristics,
namely expected quality.
In addition to delivering precise equilibrium predictions, the tractability of my model
lends itself well to welfare analysis. By comparing equilibrium adoption timing to a
socially efficient benchmark, I find that equilibrium market experimentation may be socially excessive or insufficient. Thus, innovations may diffusion faster or slower than is
socially optimal. Regarding initial adoption timing, I find that a social planner prefers to
have adoption occur sequentially over a strictly wider range of initial beliefs than occurs
in equilibrium. The key intuition for this result lies in the fact that sequential adoption
generates valuable information for both consumers and second-movers, a benefit which
first-movers do not internalize. As a result, firms are too willing (too reluctant) to adopt
innovations with high (low) expected quality.
In addition to welfare analysis, I also consider the impact of a changing market
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structure; in particular, a merger to monopoly. While such a merger significantly reduces consumer surplus through higher prices, total efficiency of initial adoption timing
nevertheless improves. Specifically, a monopolist always chooses the efficient order of
adoption, and the range of beliefs over which sequential adoption occurs is a strict improvement over the duopoly case. Monopoly experimentation, however, may become
more or less efficient than duopoly experimentation. Market experimentation under
monopoly is most efficient for both low and high beliefs, while duopoly experimentation is most efficient for intermediate beliefs. At the heart of the efficiency gains from
monopoly is the (partial) internalization of business-stealing effects and information
externalities in adoption timing. However, because the monopolist cannot perfectly
price discriminate, these effects are not fully internalized. So even a monopoly fails to
achieve full efficiency.
The remainder of this paper is organized as follows. Section 1 describes related literature. Section 2 introduces the model. Section 3 characterizes equilibrium adoption
timing and innovation diffusion. Section 4 describes the model’s main empirical implications. Section 5 investigates the efficiency of equilibrium adoption timing and the
effect of changing market structure. Section 6 concludes with an extended discussion.
Appendix A contains all proofs of the main results, while auxiliary proofs and lengthy
calculations are relegated to Appendix B.

1

Related Literature

This paper belongs primarily to the literatures on new technology adoption and the
timing of innovation.3 Broadly speaking, I contribute to these literatures by providing
a novel theoretical explanation for several commonly observed empirical phenomena
related the adoption and diffusion of innovations, all within a framework that is flexible
enough to accommodate (i) asymmetric market structures, and (ii) normative analysis
3

A reader can find excellent, comprehensive surveys in Reinganum (1989) and Hoppe (2002).
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of market dynamics, competition policy, and welfare.
In line with existing literature, I view technology adoption as an inherently dynamic problem. The early seminal works, Reinganum (1981) and Fudenberg and Tirole
(1985), illustrated how strategic timing considerations can explain why innovations
tend to diffuse gradually across firms. Both papers model adoption as a pure game of
timing in which profits depend only on the date and order of adoption. Each assumes a
rich, continuous-time environment; however, to ensure a tractable analysis, they restrict
attention to the case of ex-ante identical firms and to an innovation whose profitability
is known with certainty. In contrast, my model focuses primarily on the case when firms
are asymmetric and innovation profitability is uncertain.
By no means is this paper the first to study the implications of uncertainty on innovation adoption timing. Early papers which studied the role of uncertainty in adoption
timing include Mamer and McCardle (1987) and Jensen (1982) in the context of a symmetric duopoly and Reinganum (1983) in an asymmetric (but static) Cournot duopoly.
More recent papers have sought to include various additional elements of uncertainty
into adoption timing, such as information spillovers (e.g. Décamps and Mariotti, 2004;
Hoppe, 2000), social learning (e.g. Frick and Ishii, 2015; Wagner, 2018), and reputations (e.g. Hendricks, 1992). Each of these papers, however, assume players are ex-ante
identical. So it is impossible to study the implications of firm asymmetry, specifically
market dominance, on innovation adoption timing.
A central feature of my model is that innovation diffusion and learning is endogenously determined by the volume of consumer purchases. This captures the idea that
uncertainty regarding an innovation’s true value takes time to be resolved, as is frequently the case when there is two-sided learning in markets (e.g. Aghion et al., 1991;
Bergemann and Välimäki, 1997; Judd and Riordan, 1994). In my main specification,
consumers and firms observe the frequency at which the new technology generates a
good-news signal of innovation quality, and they use this information to update beliefs
in real time. This makes my learning environment similar to Keller and Rady (2010)
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who study strategic experimentation with Poisson bandits.4
The technical features of my model are closely related to Bergemann and Välimäki
(1997). In their paper, an established incumbent faces off against an entrant of unknown quality. As in my model, learning is endogenously determined by the volume of
consumer purchases of the entrant’s product, and prices continuously adjust to reflect
market beliefs. The focus of our two papers, however, is fundamentally different. The
focus of Bergemann and Välimäki (1997) is on characterizing price experimentation
and learning dynamics when a new product becomes available to consumers. I, on the
other hand, am mostly interested in characterizing the adoption and diffusion of a new
innovation when it becomes available to firms. By including innovation adoption decisions, my model extends the scope of Bergemann and Valimaki’s analysis by allowing
firms to compete along two dimensions: price and product design. As a result, I am able
to investigate a much broader set of questions related to market structure and welfare.
Another related work is a recent paper by Awaya and Krishna (2019) who study the
role of asymmetric information on entry-timing decisions into an R&D race. In their
paper, firms are identical except for private information about the arrival rate of innovations. They establish the existence of an “upstart equilibrium” in which a less informed
start-up is (i) more likely to enter (and win) an R&D race, and (ii) receives a higher
payoff than a more informed incumbent. The key difference between our models is the
mechanism through which asymmetric investment incentives are generated. In Awaya
and Krishna’s model, incentives are generated by differences in initial information. In
my model, incentives are generated by differences in initial product quality.
4

In the Appendix B, I consider two alternative learning process: (i) Brownian diffusion, as in Berge-

mann and Välimäki (1997) and Bolton and Harris (1999), and (ii) Poisson bad news, as in Keller and
Rady (2015).
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2

Model Description

Two firms, 1 and 2, compete to supply a product to an interval (i.e. unit measure)
of consumers. Time is continuous and advances over an infinite horizon. Each firm’s
product is differentiated along horizontal and vertical dimensions. Vertical differentiation is captured by a firm-specific expected quality qi , while horizontal differentiation is
captured by consumer-specific tastes θ ∈ [0, 1]. A consumer has with taste θ receives
utility

(1)

uθ (qi ; i) =


q + h(1 − θ )
i

if i = 1,

q + hθ
i

if i = 2,

from consuming Firm i’s product. Here, the parameter h > 0 measures the degree of
horizontal differentiation between firms. With this utility specification, consumers with
higher values of θ have a naturally stronger preference for Firm 2’s product, holding expected quality fixed. For simplicity, I will assume θ is uniformly distributed along [0, 1]
and that consumers have unit demands at every moment in time. (These assumptions
can easily be relaxed.)
At the beginning of the game (t = 0), a product innovation is discovered and made
available for adoption. To adopt the innovation, Firm i must incur a one-time fixed cost
of installation, denoted Ci ≥ 0. Once adopted, the innovation contributes an uncertain
amount q̃ to a firm’s expected quality. For simplicity, I assume q̃ can take two possible
values; it can either be low (q L ) or high (qH ), where qH > 0 > q L . Thus, adoption
of a high-quality innovation increases demand by raising a product’s expected quality,
while a low-quality innovation is disliked by consumers and lowers product’s expected
quality. To highlight the role of uncertainty in motivating adoption-timing decisions, I
will make the stylized assumption that adoption is irreversible.
All available information about innovation quality at time 0 is summarized by an
initial belief, α0 = P(q̃ = qH ). Neither firms nor consumers have private means of
obtaining additional information about the innovation. Thus, α0 serves as a common
8

prior held by all agents. Over time, consumer purchases of the innovation (assuming at
least one firm has adopted) generate publicly observable signals of innovation quality.
I assume these signals arrive according to a Poisson process, the arrival rate of which
depends on innovation quality, q̃, and the volume of consumer purchases, n t . Specifically, a high-quality (low-quality) innovation generates signals at rate λH n t (λ L n t ). For
simplicity, I will assume λH = λ > 0 = λ L , so that signal realizations are conclusive
good news about innovation quality.
A large body of research across economics, marketing, and psychology indicate that
timing advantages exist in a variety of contexts. (see Gilbert and Birnbaum-More, 1996)
First-mover advantages frequently arise when pioneering firms are able to, for example, secure exclusive access to high-quality inputs, establish product standards, or cultivate brand loyalty. On the other hand, second-mover advantages may arise due to a
firm’s ability to improve upon a pioneering technology. To ensure a non-trivial tradeoff between adoption timing and information acquisition, I assume that early adoption
confers a first-mover advantage5 as follows: (i) if Firm i adopts the innovation as a
first-mover, then Firm i’s quality simply becomes qi + q̃; (ii) if Firm i adopts the innovation as a second-mover, then Firm i’s post-adoption quality becomes qi + q̃ − x,
where x ∈ [0, qH ] is a reduced-form measure of second-mover disadvantage. Finally, if
simultaneous adoption occurs, then I assume both firms are considered first-movers.
Throughout the paper, I maintain the following assumption:
Assumption 1. qi − q j < h + max{qH , −q L }.
Assumption 1 is a necessary and sufficient condition to ensure that (i) both firms receive positive market share in equilibrium, and (ii) both firms receiving positive market
share is efficient. This assumption simplifies my analysis by ensuring prices and market
shares are given by standard first-order conditions.
5

With a second-mover advantage, there is no strategic trade-off between adoption-timing and infor-

mation acquisition, because a late adopter has access to both more information and a higher-quality
innoation.
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The solution concept I consider is Markov-perfect equilibrium (henceforth, equilibrium), where current market beliefs, α t , serve as a state variable. In such an equilibrium, Firm i’s strategy is a triple (pi , φi , τiF ). The first component, pi (α t ), is the price
charged by Firm i as a function of current market beliefs and, implicitly, the stage of
the game. The second component, φi ∈ [0, 1], is a (constant) rate at which Firm i
adopts the innovation, assuming Firm j has not yet adopted. The third component, τiF ,
is a stopping time that describes when Firm i adopts the innovation as a second-mover
(i.e. after Firm j has adopted). The definition of an equilibrium in this environment is
standard; the strategy (pi , φi , τiF ) must maximize, at every time t, the expected presentdiscounted value of Firm i’s profits given Firm j’s strategy, and vice versa for (p j , φ j , τ Fj ).

3

Equilibrium Analysis

3.1

Pricing

Begin by taking (φ1 , τ1F ) and (φ2 , τ2F ) as given; I refer to these as adoption strategies.
For i = 1, 2, let Ti denote the actual date at which Firm i adopts the innovation.6 We
can then divide the game into three stages:
• Stage 1 (Neither firm has adopted): t < min{T1 , T2 }
• Stage 2 (One firm has adopted): min{T1 , T2 } ≤ t < max{T1 , T2 }
• Stage 3 (Both firms have adoped): t ≥ max{T1 , T2 }
In Stages 1 and 3, the quality differential between Firms 1 and 2 does not depend on
market beliefs; hence, equilibrium prices are computable via routine flow-profit maximization. (See Appendix A.) In Stage 2, when just one firm has adopted the innovation,
the quality differential between firms depends non-trivially on market beliefs. In particular, if Firm j is the first-mover in Stage 2, then the quality differential is qi − q j − q e (α),
6

For example, if φ1 > 0 and φ2 = 0, then T1 = 0 and T2 = τ2 .
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where q e (α) ≡ αqH + (1 − α)q L denotes expected innovation quality. Given prices pi (α)
and p j (α), the respective market shares Firm i and Firm j receive are

e
(q
−
p
(α))
−
q
+
q
(α)
−
p
(α)
+h
i
i
j
j
(0,1)
(1,0)
(0,1)
ni (α) ≡
and
n j (α) ≡ 1 − ni (α).
2h
(0,1)

Since ni

(1,0)

and n j

affect both profits and the evolution of beliefs, equilibrium

prices in Stage 2 are found via dynamic programming. Standard arguments show the
value functions Vi F (α) and VjL (α) satisfy a pair of HJB equations:



 pi (α)n(0,1) (α) + αλn(1,0) (α) V F (1) − V F (α) 
i
j
i
i
(2) ρVi F (α) = max
,
(1,0)
pi (α) 
F 0

− λn j (α)α(1 − α)(Vi ) (α)

(3)

ρVjL (α) = max
p j (α)




 p j (α)n(1,0) (α) + αλn(1,0) (α) V L (1) − V L (α) 
j

j

(1,0)

− λn j



j

j

(α)α(1 − α)(VjL )0 (α)

.



Each firm’s discounted value is the sum of three terms: (i) flow profit, (ii) the expected gain/loss resulting from good news arrival, and (iii) the value of information.
In an ideal setting, we would compute equilibrium prices by first solving (2) and (3)
and then maximizing Vi F (·) and VjL (·) by choice of pi (·) and p j (·), respectively. Unfortunately, closed-form solutions to non-linear differential equations of this type do not
(0,1)

exist. So pi

(1,0)

(α) and p j

(α) are computable only through numerical methods. Fol-

lowing Bergemann and Välimäki (1997), I bypass this technical limitation by analyzing
equilibrium prices as the discount rate, ρ, approaches zero.7
In undiscounted dynamic programming, there is ambiguity about which optimality
criterion should be used. This is especially true in an infinite-horizon model such as
mine, because any pricing policy that generates positive flow profits will result in infinite
lifetime value. In light of this, a commonly used alternative optimality criterion in
undiscounted problems is the maximization of long-run average profit, defined as
«
¨
Z T
1
Π(α t )d t .
ν(α0 ) = sup Eα0 lim
T →∞ T
p(·)
0
7

See Bolton and Harris (2000) for an analysis of strategic experimentation under zero discounting.
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This optimality condition meaningfully refines the set of optimal pricing policies to a
non-trivial set of possibilities. However, there is no guarantee that a long-run average
optimal pricing policy will be a fair approximation of an optimal pricing policy under
positive discounting.8 Without such continuity, we cannot guarantee that qualitative
conclusions obtained from studying the zero-discounting game will remain valid under
small but positive discounting.
To solve this problem of potential discontinuity in the zero-discounting limit, Dutta
(1991) proposes a refinement of the long-run average optimality criterion, which he
refers to as strong long-run average optimality. Using this optimality criterion, firms
seek to maximize their expected lifetime deviation from the long-run average:
¨
«
Z T
V (α0 ; 0) = sup Eα0
p(·)

[Π(α t ) − ν(α t )] d t .

lim

T →∞

0

By scaling flow payoffs by the long-run average νi (α), the strong long-run average
remains finite; hence, we may apply standard dynamic programming techniques. Furthermore, the strong-long run average is continuous in ρ, in the sense that any strong
long-run average pricing policy is a limit point of optimal pricing policies under positive
discounting as ρ → 0. (See Dutta (1991) and Krylov (1980) for more detail.)
Using the strong long-run average criterion, I recover analytical solutions for each
firm’s equilibrium pricing policy under zero discounting.
Lemma 3.1 (Dynamic Equilibrium Pricing). In Stage 2, Firm i’s equilibrium price and
market share is:
• First-mover:
(1,0)

pi
8

2
1
(α) = α(qH − x) + (qi − q j + q e (α)) + h,
3
3

(1,0)

ni

(α) =

v
u (1,0)
t νi (α)
2h

.

In other words, there is no guarantee that a long-run average optimal pricing policy is the limit of a

sequence of discounted-value optimal pricing policies as ρ → 0.
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• Second-mover
(0,1)

pi

 q
2
2
(α) = α(qH −x)− qi − q j + q e (α) + 2hνiL (α),
3
3

(0,1)

ni

(α) = 1−

v
u (1,0)
t ν j (α)
2h

The dynamics of equilibrium pricing are not a central focus of this paper; however, it
is worth commenting on the basic incentives at work, as they generate the market shares
which I utilize extensively in later sections. When learning is endogenous, a first-mover
has a strong incentive to increase its market share, in order to accelerate the arrival
of good news. A first-mover effectively subsidizes market experimentation by setting
lower prices than is myopically optimal. For a comprehensive analysis of equilibrium
price dynamics under market experimentation, the reader is referred to Bergemann and
Välimäki (1997).

3.2

Equilibrium Diffusion: The Second-Mover’s Problem

Next I turn to the study innovation diffusion by solving the second-mover’s problem.
Formally, Firm i as a second-mover faces an optimal stopping problem. In the waiting
stage, the quality differential remains qi − q j − q e (α), and Firm i receives flow profit
(0,1)

Πi

(α) (caculated using Lemma 3.1). In the stopping stage, the quality differential
(1,1),F

becomes qi − q j − x, and Firm i receives a constant flow profit, denoted νi
Then the value from stopping is:
Z∞
Vi

(1,1),F

(1,1),F

=

e−ρt νi

(1,1),F

d t − Ci = ρ −1 νi

, forever.

− Ci .

0

By comparison, the value from waiting at time t is:
Vi

(0,1)

(0,1)

(α(t)) = Πi

(α(t))d t + (1 − ρd t)E t [Vi F (α(t + d t))],

where Vi F (α) denotes Firm i’s value from optimal stopping. Clearly, Vi F (α) satisfies the
functional equation
 (1,1),F (0,1)
Vi F (α) = max Vi
, Vi (α) .
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.

Because qi − q j − q e (α) is decreasing in α, the solution to Firm i stopping problem
is described by a threshold α∗i ∈ [0, 1] above which immediate adoption is optimal.
Expressed as a free-boundary problem, the value function Vi F (·) and α∗i satisfy

ρVi (α) =
F




Π(0,1) (α) + αλ L (α) V F (1) − V F (α) − λ L (α)α(1 − α)(V F )0 (α)
i
j
i
i
j
i

if α < α∗ ,

V (1,1),F

if α ≥ α∗ .

i

along with a value-matching condition ρVi F (α∗ −) = Vi

(1,1),F

.

Similar to Keller and Rady (2015), smooth pasting does not hold at α∗i .9 Without
this additional boundary condition, it is impossible to analytically characterize α∗i . Nevertheless, I am able to fully characterize the rate of innovation diffusion with one simple
observation:
Lemma 3.2. There is no equilibrium in which Firm i is a second-mover whenever α0 > α∗i .
Lemma 3.2 follows from there being a first-mover advantage in adoption timing.
If α0 ≥ α∗i , then Firm i prefers immediate adoption as a second-mover. With a firstmover advantage, this payoff is strictly less than the payoff attained from simultaneous
adoption. Thus, Firm i is willing to be a second-mover in equilibrium only if α0 < α∗i
(i.e. immediate adoption is not optimal). Since no news is bad news, market beliefs
become more pessimistic over time absent a good-news signal realization. Thus, an
immediate implication of Lemma 3.2 is that second-movers will always wait for the
arrival of good news.
Corollary 3.1 (Waiting for good news). Conditional on being a second-mover in equilibrium, Firm i adopts at date τiF = inf {t > 0 : α(t) = 1} .
9

To see why, consider the case when α(t) = α∗i . By definition, it is optimal for Firm i to adopt the

innovation; however, if Firm i delays adoption is delayed by a small amount of time d t, then Firm i
continues to receive the same profit (by value matching) and α(t) will almost surely fall to below α∗i ,
in which case Firm i will strictly prefer waiting. For such a delay to be strictly sub-optimal,
must be negative; hence, ViF (·) has a convex kink exactly at α∗i .
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d
F
∗
dα Vi (αi −)

For a high-quality innovation, the CDF of τiF is:


Z t
(1,0)

FτiF (t) = 1 − exp −λ

nj

(α(s))ds .

0
(1,0)

This CDF is strictly decreasing in n j

(·). Hence, to obtain a stochastic comparison of
(1,0)

τiF to τ Fj , it suffices to obtain a point-wise comparison of ni

(1,0)

(α) to n j

(α).

Lemma 3.3 (First-mover market shares). Suppose qi > q j . Then, under zero discounting,
(1,0)

ni

(1,0)

(α) > n j

(α) for all α ∈ [0, 1].

This comparison leads directly to my first main result.
Theorem 3.1 (Innovation diffusion). All else equal, a high-quality innovation will diffuse
more slowly (on average) when adoption is lead by a fringe firm. In particular, for all
α0 ∈ (0, 1), we have qi > q j ⇐⇒ τiF > τ Fj in the sense of first-order stochastic dominance.
Theorem 3.1 provides an informational explanation for why the diffusion rate of a
given innovation depend on the characteristics of a first-mover. Holding all else equal,
an innovation that is adopted by a fringe firm has less mass-market appeal and is consumed by a relatively small subset of consumers. Hence, new product performance
reveals less information about innovation quality, and it takes longer (on average) for
a second-mover to become confident enough to justify adoption.
It is important to emphasize that expected innovation quality is held fixed in the
statement of Theorem 3.1. So the above comparison of dominant-led and fringe-led innovation diffusion implicitly assumes there are no systematic differences between firms
with respect to initial adoption. Currently, there is no guarantee that such an assumption will be true. So, to fully characterize equilibrium innovation diffusion and how it
compares between firms, I must also characterize Stage 1 initial adoption incentives.

3.3

Initial Adoption: The First-Mover’s Problem

Next, I turn to the question of initial adoption. In Stage 1, so long as neither firm has
adopted, each firm chooses a rate φi ∈ [0, 1] at which to adopt as a first-mover. Under
15

Table 1: Notation Summary (Long-Run Average Profits from Adoption Timing)
High Quality (q̃ = qH )
Lead
(1,1)

ν1

Lead
Follow

(1,1)

, ν2

(1,1),F
,
ν1

Low Quality (q̃ = q L )

Follow
(1,1),L

ν1

(1,1),L
ν2

Lead

(1,1),F

, ν2

(0,0)
ν1 ,

(0,0)
ν2

(1,1)

Lead

ν1

Follow

(0,1)
ν1 (0),

Follow

(1,1)

, ν2

(1,0)

ν1

(1,0)
ν2 (0)

(0,1)

(0), ν2

(0,0)
ν1 ,

(0)

(0,0)
ν2

zero discounting, Firm i will choose φi to maximize its expected long-run average profit.
There are three possible long-run average values:
1. First-mover value:
(1,1),L

+ (1 − α)νi

(1,1),F

+ (1 − α)νi

νiL (α0 ) = α0 νi

(1,0)

(0)

(0,1)

(0)

2. Second-mover value:
νiF (α0 ) = α0 νi
3. Simultaneous/Non-adoption value:
(1,1)
νi

=

(0,0)
νi

=

1
3 (qi

− qj) + h

2

2h

See Table 1 for a summary of notation; formulas are located in Appendix A.
Suppose Firm j chooses φ j = 0. Then Firm i can receive νiL (α0 ) by choosing φi = 1
(0,0)

or receive νi
(4)

by choosing φi = 0. Choosing φi = 1 is optimal if and only if
(0,0)

L i (α0 ) := νiL (α0 ) − νi

is positive; I refer to L i (α0 ) as Firm i’s “leader curve”. Now suppose Firm j chooses
(1,1)

φ j = 1. Then Firm i can either receive νiF (α0 ) by choosing φi = 0 or receive νi
choosing φi = 1. In this case, choosing φi = 0 is optimal if and only if
(5)

(1,1)

Fi (α0 ) := νiF (α0 ) − νi

is positive; I refer to Fi (α0 ) as Firm i’s “follower curve”.
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by

The leader and follower curves, L i (α0 ) and Fi (α0 ), characterize Firm i’s relative
incentive to be a first-mover or second-mover in adoption. As we should expect, these
incentives are monotonic with respect to initial beliefs.
Lemma 3.4. L i (α0 ) is increasing in α0 ; Fi (α0 ) is decreasing in α0 .
It is easy to verify that L i (0) < 0 < L i (1) and Fi (1) < 0 < Fi (0). Hence, the threshold values αiL = inf{α : L i (α) ≥ 0} and αiF = sup{α : Fi (α) ≥ 0} are well-defined; I
refer to αiL as Firm i’s “leader threshold” and to αiF as Firm i’s “follower threshold”.
Intuitively, αiL is the lowest initial belief at which Firm i is willing to be a first-mover
(i.e. choose φi = 1); while αiF is the highest initial belief at which Firm i is willing to
be a second-mover (i.e. choose φi = 0). Taken together, leader and follower thresholds
fully characterize initial adoption incentives.
Lemma 3.5 (Leader and Follower Thresholds).
1. (1, τiF ) ∈ BR i (0, τ Fj ) ⇐⇒ α0 ≥ αiL .
2. (0, τiF ) ∈ BR i (1, τ Fj ) ⇐⇒ α0 ≤ αiF .
The implication of Lemma 3.5 is that equilibrium adoption timing in Stage 1 is
completely determined the comparison of initial beliefs, α0 , to the adoption thresholds
α1L , α2L , α1F , and α2F . More precisely, we have:
Corollary 3.2. There is an equilibrium in which Firm i is a first-mover and Firm j is a
second-mover if and only if αiL ≤ α0 ≤ α Fj ; there is an equilibrium in which firms adopt
simultaneously if and only if α0 ≥ max{α1F , α2F }; and there is an equilibrium in which firms
never adopt if and only if α0 ≤ min{α1L , α2L }.
For Corollary 3.2 to be of practical use, we must find a way to compare leader and
follower thresholds between the two firms. To do this, it suffices to perform comparative
statics on αiL and αiF with respect to the quality differential qi − q j . Direct simplification
yields the following expressions for L i (α0 ) and Fi (α0 ):


3h + qi − q j
1
(6) L i (α0 ) =
Ξ(α0 ) +
ζ(α0 ),
9h
18h
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(7)

Fi (α0 ) = −



3h + qi − q j
9h



Ξ(α0 ) +

1
ζ(α0 ),
18h

where Ξ(α) = αx + αq L and ζ(α) = αx 2 + (1 − α)q2L . By differentiating (6) and (7) with
respect to qi , we obtain:
(8)

∂ L i (α0 )
∂ Fi (α0 )
1
Ξ(α0 ) = −
=
.
∂ qi
9h
∂ qi

Hence, an increase in a firm’s own quality results in a stronger (weaker) incentive to
be a first-mover (second-mover) if and only if Ξ(α0 ) > 0. By letting α̂ = −q L /(x − q L )
denote the belief which solves Ξ(α) = 0, the following comparison is immediate.
Lemma 3.6 (Rotation Property). Suppose qi > q j , and let α̂ = x/(x − q L ). Then:



< L j (α0 )



L i (α0 ) = L j (α0 )




< L j (α0 )

if α0 < α̂,
if α0 = α̂,

and

if α0 > α̂,




> F j (α0 )



Fi (α0 ) = F j (α0 )




< F j (α0 )

if α0 < α̂,
if α0 = α̂,
if α0 > α̂.

The above rotation property illustrates that a firm’s leader and follower curves become steeper as own quality increases – see Figure 1. This effect is driven by the convexity of long-run average profit (see Appendix A). As qi increases, Firm i’s profit becomes
more sensitive to changes in α0 . Hence, Firm i experiences greater gains from adopting a high-quality innovation, but also suffers worse losses from adopting a low-quality
innovation. Depending on initial beliefs, the incentive to be a first- or second-mover
in adoption may, therefore, be increasing or decreasing as a firm becomes more dominant. Lemma 3.6 shows that the relative incentive to be a first-mover (second-mover)
in adoption is stronger for a more dominant firm if, and only if, α0 > α̂ (α0 < α̂).
To develop intuition for the rotation point α̂, notice that Ξ(α) = αx + (1 − α)q L
is exactly the (long-run) quality advantage gained by being a first-mover in adoption.
When beliefs are α0 > α̂, a first-mover expects its quality advantage will increase by
leading adoption. Since long-run average profits are convex, the expected gains from
being a first-mover are greater for a more dominant firm. On the other hand, if α0 < α̂,
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Figure 1: Rotation Property (qi > q j )
then a first-mover expects its quality will decrease with adoption. In this case, adoption
entails a relatively large downside risk, which a fringe firm is most willing to tolerate.
In addition to threshold comparative statics, Equations (6) and (7) gives us the sign
of L i (α) and Fi (α) at the rotation point α̂. In particular, we have:
L i (α̂) = L j (α̂) = Fi (α̂) = F j (α̂) =

1
ζ(α̂) > 0.
9h

Therefore, leader and follower thresholds have just one possible configuration.
Lemma 3.7. If qi > q j , then 0 < α Lj < αiL < α̂ < αiF < α Fj < 1.
Lemma 3.7, taken together with Corollary 3.2, directly implies the following characterization of initial adoption.
Theorem 3.2 (Initial Adoption). Suppose qi > q j . With the exception of boundary cases,
there is a unique equilibrium for all α0 ∈ [0, 1] \ [αiL , αiF ]:
1. α0 ∈ [0, α Lj ) → Non-adoption
2. α0 ∈ (α Lj , αiL ) → Firm j adopts, Firm i waits
3. α0 ∈ (αiF , α Fj ) → Firm i adopts, Firm j waits
4. α0 ∈ (α Fj , 1] → Simultaneous adoption
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Figure 2: Structure of Equilibrium Adoption Regions (qi > q j )
For intermediate beliefs α0 ∈ [αiL , αiF ], there are two asymmetric pure-strategy equilibria
(i.e. Firm i adopts, Firm j waits) and one mixed-strategy equilibrium in which Firm i
adopts at rate φi∗ = L j (α0 )/(L j (α0 ) + F j (α0 )).
Theorem 3.2 highlights the central role uncertainty plays in firms’ adoption-timing
decisions. Rather than adoption-timing being always led by a dominant or fringe firm,
our equilibrium predicts that self-selection will occur into different adoption-timing
strategies, based on current position in the market (dominant or fringe) and on excepted innovation quality – see Figure 2. By Lemma 3.6, dominant firms have (i) the
strongest incentive to lead when α0 > α̂, and (ii) the strongest incentive to follow when
α0 < α̂. Intuitively, this reversal is due to how firm profits are affected by changes in
own-quality. As a firm’s quality increases, long-run average profit becomes more variable to changes in market beliefs. A dominant firm is, therefore, exposed to more risk
as a first-mover. In equilibrium, dominant firms offset this extra risk by forgoing early
adoption of less promising innovations.
For a fringe firm, the logic of adoption incentives is exactly reversed. As a firm’s
quality advantage over its rival decreases, profits become less variable in expected innovation quality. A fringe firm, therefore, faces less risk as a first-mover, which implies
a stronger relative incentives to lead adoption when α0 is low, because the downside
risk is low. At the same time, however, a fringe firm has a weaker relative incentive to
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lead adoption when α0 is high, because upside risk is also low. The result is that, in
equilibrium, fringe firms tend to forgo early adoption of highly promising innovations.

4

Empirical Implications

Theorems 3.1 and 3.2 illustrate the close connection between market beliefs, firm characteristics, and innovation adoption timing. In this section, I further discuss these results and describe several of their main empirical implications, some of which are supported by existing data and others which may provide directions for future work.
A first implication of my results is that dominant and fringe firms prioritize early
adoption of qualitatively different technologies in equilibrium. Dominant firms prioritize early adoption of highly promising innovations which diffuse rapidly. Fringe firms,
on the other hand, prioritize early adoption of less promising innovations which diffuse more slowly. As a result, we should expect to find that, on average, dominant
firms (i) wait longer before adopting as second-movers, and (ii) are more successful as
first-movers.10 Elements of this first prediction have been widely documented in the
management literature on firms’ responsiveness to technological change, in particular
the failure of dominant firms to adequately respond to so-called disruptive innovation
(e.g. Christensen, 1993; Cooper and Schendel, 1976; Henderson and Clark, 1990).11
In contrast to existing theories, however, my model provides an explanation of this
phenomenon, commonly referred to as the Innovator’s dilemma, without making any
assumptions about dominant firms’ inherent ability or willingness to adopt new innovations. Rather, systematic differences in innovation diffusion between firms is driven
10

More precisely, these empirical patterns should exist whenever equilibrium adoption timing is unique.

Whenever there are multiple equilibria, it is possible that firms will play a mixed-strategy equilibrium in
which these comparative statics are reversed.
11

An common heuristic for identifying disruptive innovation is to look for poor initial market perfor-

mance followed by rapid improvements in quality (see Christensen, 1997). In my model, this is consistent
with a high-quality innovation having low initial expected quality before generating good news.
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by differences in initial adoption timing and subsequent market experimentation.
Second, Theorem 3.2 shows that both dominant and fringe firms can be natural leaders of innovation adoption, depending on initial market beliefs. This adds an element of
nuance to an empirical literature which has largely focused on a binary paradigm – are
dominant industry leaders more or less innovative than the competitive fringe?12 General conclusions in this area have been historically elusive, and many results appear
sensitive to industry characteristics (Gilbert, 2006; Motta, 2004). My results suggest
that empirical inconsistencies in adoption timing across industries may be driven by
unobserved heterogeneity in initial market beliefs about innovation quality. A promising direction for future empirical work would be in developing measures of (ex-ante)
expected innovation quality and correlating them with firms’ adoption timing decisions.
Third, my results suggest that increasing dominance may be an inevitable feature of
innovative industries. In equilibrium, dominant firms lead adoption of the most promising innovations which, on average, increase its advantage over fringe rivals, while fringe
firms lead adoption of innovations which, on average, decrease own-product quality. We
have known for some time that increasing dominance may emerge when firms can engage in product or process innovation.13 In most existing studies, however, increasing
dominance is generated by dominant firms investing more aggressively into innovation.
My results complement this existing work by showing that increasing dominance may
also arise from already dominant firms making systematically more productive decisions
regarding which innovations to adopt.
12

Cohen (2010) provides a comprehensive survey of this literature.

13

See, for example, Athey and Schmutzler (2001); Bagwell and Ramey (1994); Cabral (2018); Klepper

(1996); Riordan and Salant (1994).
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5

Market Structure and Efficiency

In this section, I investigate the potential for government regulation and changes in
market structure to increase or decrease the efficiency of equilibrium adoption timing.
Specifically, I compare equilibrium adoption timing to that which would occur in two
cases: (i) if a benevolent social planner were to control firms’ adoption-timing decisions,
and (ii) if the two firms were to merge and become a single joint-profit-maximizing
monopolist.
In my analysis of efficient and monopoly experimentation, I will routinely impose
the following additional assumption.
Assumption 2 (Contestability). qi − q j < max{qH , −q L }.
Assumption 2 strengthens Assumption 1 to require firm qualities to be sufficiently
close in the sense that (i) a fringe first-mover becomes dominant if q̃ = qH , and (ii)
a dominant first-mover becomes fringe if q̃ = q L . Thus, adoption timing always has
the potential to reverse market dominance. This assumption is mainly for expositional
simplicity and is relaxed in Appendix B.

5.1

Social Planner

Consider first the problem of a social planner who seeks to maximize expected total
surplus by regulating market shares and the timing of adoption.
5.1.1

Efficient Experimentation

Given expected qualities q1e (α), q2e (α) and market shares n1 (α), n2 (α), flow total surplus
equals
T S(α) =



q1e (α) + h



2 − n1 (α)
2



n1 (α) +



q2e (α) + h



1 + n1 (α)
2



n2 (α) .

I consider only the case of zero-discounting, where the social planner uses the strong
long-run average criterion. The notation used for long-run average total surplus is
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analogous to the notation from Section 3.1, and so is the derivation of socially efficient
market shares. The following proposition summarizes the relevant information needed
to conduct welfare analysis. Full details are relegated to Appendix B.
Proposition 5.1 (Efficient Experimentation). The efficient market share for Firm i as a
first-mover in Stage 2 is
(1,0)

ni,S (α) =
(1,1),L

L
where νi,S
(α) = ανi,S

v
u L
t νi,S (α) − q j − 2h
h

,

(1,0)

(1) + (1 − α)νi,S (0) is long-run average total surplus.

As a second-mover, the planner’s optimal adoption date for Firm j is τ Fj,S = inf{t ≥
0 : α(t) = 1}. Conditional on q̃ = qH , this stopping time has CDF

Z t

(1,0)

Fτ j,S (t) = 1 − exp −λ

ni,S (αs )ds .

0
(1,0)

(1,0)

Thus, a key efficiency question is whether ni,S (α) − ni

(α) is positive or negative.

(1,0)

(1,0)

Proposition 5.2. Under Assumption 2, the difference ni,S (α) − ni

(α) is strictly in-

creasing and crosses zero once. Thus, there is a (unique) market belief α̃ ∈ (0, 1) such that
equilibrium experimentation is (i) excessive if α < α̃ and (ii) insufficient if α > α̃.
Intuitively, as α increases, the first-mover’s market share in both equilibrium and
efficient regimes increases. However, because the planner internalizes more of the in(1,0)

(1,0)

novation’s expected social benefit, we find that ni,S (α) increases more than ni

(α).

To provide intuition for the crossing itself, consider a first-mover’s incentive in each
case. When α is low, it is socially optimal for a first-mover to receive a relatively low
market share, because both its expected quality and the value of information are low.
The firm, however, only values expected profit. So it is privately optimal to continue
generating a relatively high volume of sales, in hopes that good news will arrive. When
α is high, the intuition is reversed. In this case, it is socially efficient for a first-mover to
cultivate a high market share in order to accelerate learning and innovation diffusion.
A private firm, however, strictly prefers reducing its volume of sales in order to charge
a higher price and increase profits.
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Figure 3: Equilibrium and Efficient Market Shares
5.1.2

Efficient Initial Adoption

Next, I turn to the question of efficient initial adoption. To do this, I define social leader
and follower curves using long-run average total surplus. The social leader curve for
(0,0)

L
Firm i is L i,S (α0 ) = νi,S
(α0 ) − νi,S ; the social follower curve for Firm i is Fi,S (α0 ) =
(1,1)

F
νi,S
(α0 ) − νi,S (α0 ). (See Appendix A for exact formulas.) Upon simplification, these

curves can be expressed as:


h + qi − q j
1
(9) L i,S (α0 ) =
Ξ(α0 ) +
ζ(α0 ) + α(qH − x)
2h
4h
and
(10) Fi,S (α0 ) = −



h + qi − q j
2h



Ξ(α0 ) +

1
ζ(α0 ).
4h

The functions L i,S (·) and Fi,S (·) fully characterize efficient adoption timing in equilibrium. Specifically, Firm i is an efficient first-mover if and only if:
1. Firm i leading is preferred to non-adoption: L i,S (α0 ) ≥ 0.
2. Firm j following is preferred to simultaneous adoption: F j,S (α0 ) ≥ 0.
3. Firm i leading is preferred to Firm j leading: L i,S (α0 ) ≥ Fi,S (α0 ).
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Regarding initial adoption, there are two possible sources of inefficiency: order and
timing. The order of adoption is inefficient whenever Firm i leads adoption but Firm
j is a more efficient first-mover (i.e. L i,S (α0 ) < L j,S (α0 )). The timing of adoption is
inefficient whenever Firm i adopts as a first-mover and either non-adoption or simultaneous adoption is optimal (i.e. L i,S (α0 ) < 0 or F j,S (α0 ) < 0, respectively). To study
the former type of inefficiency, note that L i,S (α0 ) and Fi,S (α0 ) both satisfy a rotation
property around α̂ = −q L /(x − q L ). From this, we easily determine the efficient order
of sequential adoption:
Lemma 5.1. Suppose qi > q j . Then:



< L j,S (α0 )



L i,S (α0 ) = L j,S (α0 )




> L j,S (α0 )

if α0 < α̂,
if α0 = α̂,

and

if α0 > α̂,




> F j,S (α0 )



Fi,S (α0 ) = F j,S (α0 )




< F j,S (α0 )

if α0 < α̂,
if α0 = α̂, .
if α0 > α̂,

Thus, Firm i is an efficient first-mover if and only if α0 ≥ α̂.
An interesting feature of efficient sequential adoption is that the preferred firstmover is (i) always unique, and (ii) changes depending on whether α0 is above or
below the pivotal belief α̂. For beliefs α0 < α̂, the socially preferred first-mover is the
low-quality firm; the high-quality firm is the preferred for beliefs α0 > α̂. Intuitively,
when deciding the order of initial adoption, the social planner faces a dynamic tradeoff. On one hand, initial adoption by the high-quality firm ensures the most consumers
get early access to the innovation and begin receiving its expected benefit. On the other
hand, such early adoption is risky, because the innovation may be low quality. To resolve
this trade-off, the social planner prefers the high-quality firm lead adoption if and only
if initial beliefs about innovation quality are sufficiently high – namely, above α̂.
L
To determine efficient initial adoption timing, define αi,S
= inf{α : L i,S (α0 ) ≥ 0} and
F
αi,S
= sup{α : Fi,S (α) ≥ 0}, respectively. By comparing these social leader and follower

thresholds, we obtain the following characterization of efficient initial adoption.
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Figure 4: Efficient Initial Adoption (qi > q j )
Proposition 5.3 (Efficient Initial Adoption). Suppose qi > q j . With the exception of
boundary cases, there is a unique socially efficient adoption regime for all α0 ∈ [0, 1]:
1. α0 < α Lj,S → Neither firm adopts
2) α0 ∈ (α Lj,S , α̂) → Firm j adopts, Firm i waits
3) α0 ∈ (α̂, α Fj,S ) → Firm i adopts, Firm j waits
4) α0 > α Fj,S → Both firms adopt
As in equilibrium, sequential adoption occurs in the planner’s optimum for a range
of intermediate beliefs. An important efficiency question is whether sequential adoption
is more or less common under in the efficient regime. Through direct calculation, we
obtain:
Lemma 5.2. Suppose qi > q j . Then α Lj,S < α Lj < α Fj < α Fj,S .
Thus, a social planner prefers sequential adoption over a strictly wider range of
initial beliefs than occurs in equilibrium. Intuitively, this is because a social planner
fully internalizes the information externality generated by sequential adoption. For
low beliefs, firms have insufficient incentives to lead adoption, because they do not
internalize the benefit of initial adoption for the second-mover. For high beliefs, firms
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have excessive incentives to lead adoption, because they do not internalize the potential
risk to consumers from adopting a low-quality innovation.

5.2

Monopoly

To analyze the effect of changing market structure on equilibrium adoption, suppose
the two firms are allowed to merge and behave as a monopolist. Once again, we need to
consider the efficiency of market experimentation in Stage 2 and as well as the efficiency
of initial adoption in Stage 1. Begin with monopoly experimentation.
Proposition 5.4 (Monopoly Experimentation). Under zero discounting, the monopolist’s
optimal market shares for a first-mover in Stage 2 is
v
u L
t νi,M (α) − q j
(1,0)
ni,M (α) =
,
2h
(1,1),L

L
where νi,M
(α) = ανi,M

(1,0)

(1) + (1 − α)νi,M (0) is long-run average monopoly profit.

Relative efficiency of monopoly versus duopoly experimentation is then determined
by comparing market-share differences.
Lemma 5.3. Consider the following three market-share differences:
(1,0)

(1,0)

ni,S (α) − ni

(α),

(1,0)

(1,0)

ni,S (α) − ni,M (α),

(1,0)

(1,0)

ni,M (α) − ni

(α).

Under Assumption 2, each of these differences are strictly increasing and cross zero once.
An immediate implication of Lemma 5.3 is:
Theorem 5.1 (Monopoly vs. Duopoly Experimentation). Under Assumption 2, there
is an interval (α, α) ⊂ (0, 1) such that duopoly experimentation is more efficient than
monopoly experimentation if and only if α ∈ (α, α).
Theorem 5.1 shows that despite appropriating a larger share of the returns to innovation adoption, a monopolist may nevertheless engage in less efficient experimentation compared to a duopoly firm. To provide intuition for this somewhat surprising
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Figure 5: Monopoly vs. Private Experimentation
result, it is helpful to note that both monopoly and social planner take into account
the value of first-mover and second-mover adoption. So, for extreme beliefs, it is no
surprise that agree about whether equilibrium experimentation is excessive or insufficient. For intermediate beliefs, however, it is possible for monopoly and social planner
to disagree about whether equilibrium experimentation is excessive or insufficient. This
is because a monopolist’s objective is to maximize joint-profits, while a social planner
seeks to maximize social surplus. This disagreement generates a range of interior beliefs
in which monopoly and social planner prefer opposite changes to equilibrium experimentation. Within this range, monopoly experimentation is less efficient than duopoly
experimentation – see Figure 5.
Turning to initial adoption, we can construct the monopoly leader and follower
(0,0)

L
curves just as before; define L i,M (α0 ) = νi,M
(α0 ) − νi,M and Fi,M (α0 ) = ν Lj,M (α0 ) −
(1,1)

νi,M (α0 ). (See Appendix A for exact formulas.) Monopoly leader and follower curves
simplify as follows:


2h + qi − q j
1
(11) L i,M (α0 ) =
Ξ(α0 ) +
ζ(α0 ) + α(qH − x)
4h
8h
and
(12) Fi,M (α0 ) = −



2h + qi − q j
4h



Ξ(α0 ) +

1
ζ(α0 ).
8h
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The monopolist’s ideal order of adoption is determined by comparing L i,M (α0 ) to
L j,M (α0 ). From (11) and (12), it is easy to see that L i,M and Fi,M satisfy the now-familiar
rotation property around α̂. Thus, a monopolist will always choose the efficient firstmover.
Proposition 5.5. Suppose qi > q j . Then L i,S (α0 ) ≥ L j,S (α0 ) ⇐⇒ α0 ≥ α̂. Thus, the
order of sequential adoption under monopoly is always socially efficient.
Because the order of sequential adoption is always efficient under monopoly, the
only possible source of inefficiency is the extent to which sequential adoption occurs
under monopoly. Thus, a key efficiency question is how monopoly initial adoption
L
F
thresholds, αi,M
= inf{α : L i,M (α) ≥ 0} and αi,M
= sup{α : Fi,M (α) ≥ 0}, compare to

their efficient and private counterparts.
Proposition 5.6 (Monopoly Threshold Comparisons). Suppose qi > q j . Then α Lj,S <
α Lj,M < α Lj and α Fj < α Fj,M < α Fj,S .
Thus, the efficiency of initial adoption unambiguously increases under monopoly.
The intuition for this result lies in increased appropriability of the surplus generated
by adoption. Duopoly firms, due to intense price competition, internalize very little of
this surplus. By relaxing this price competition, a monopolist is able to capture a larger
share of total surplus which leads to a preference for sequential adoption over a strictly
wider range of beliefs. Full efficiency is not achieved, however, because the monopolist
does not capture the full surplus from adoption – the social planner prefers sequential
adoption over an even wider range of initial beliefs.

6

Discussion and Concluding Remarks

In this paper, I consider the adoption and diffusion of a product innovation within a
duopoly market. Uncertainty exists regarding the quality of this innovation, and this
generates a unique trade-off between adoption timing and information acquisition. I
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find that dominant and fringe firms choose qualitatively different strategies in resolving
this trade-off, thus providing an explanation for several empirical phenomena. Specifically, dominant firms prioritize early adoption of highly promising innovations which
diffuse rapidly to other firms, while fringe firms prioritize early adoption of less promising innovations which diffuse more slowly.
Equilibrium adoption timing may be inefficient along several dimensions. First, sequential adoption is socially desirable over a strictly wider range of initial beliefs than
occurs in equilibrium. Thus, an efficient technology policy would encourage the adoption of relatively low expected quality innovations by fringe firms, but also discourage
simultaneous adoption of more highly promising innovations.14 Second, for intermediate beliefs, equilibrium multiplicity admits the possibility that firms may coordinate
on an inefficient order of adoption. To correct this inefficiency, a government may wish
to design subsidies or taxes to facilitate greater coordination on the socially preferred
equilibrium. Third, the rate of market experimentation may be higher or lower than is
socially optimal. Hence, a government may wish to engage in a policy of selective information provision to facilitate more efficient learning; for example, by more rigorously
testing certain classes of innovations.
By explicitly comparing the monopoly and duopoly solutions, I have identified a
novel consideration for antitrust analysis in industries characterized by frequent innovation. Specifically, my results suggest that certain horizontal mergers have the potential
to generate significant welfare gains by increasing the efficiency of innovation adoption
timing. The mechanism through which these efficiency gains are realized is greater
internalization of (i) the social value of innovation adoption, and (ii) the information
externality generated by sequential adoption. A key question from the standpoint of an14

A policy to encourage adoption by fringe firms would likely resemble recent government

programs aimed at promoting firm modernization.

An example of such a program is In-

dia’s Credit Linked Capital Subsidy Scheme (CLCSS) for Technology Upgradation which is designed expand small businesses’ access to capital for workplace modernization.

http://www.dcmsme.gov.in/schemes/Credit_link_Scheme.htm.
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For detail, see

titrust is whether consumer welfare increases or decreases under a monopoly regime.
While I do not consider this question directly, my results suggest that it is possible for
consumer welfare to increase under a monopoly regime, provided that prices increases
are not significant enough to offset the welfare gains realized through more efficient
adoption timing.
In my model, consumers and firms make their decisions based upon the Poisson
arrival of good news about innovation quality. It is natural to ask how the analysis of
this paper would be adapted to other learning environments. In Appendix B, I consider
alternative specifications in which news arrives via Brownian diffusion or Poisson bad
news, as in Bolton and Harris (1999) and Keller and Rady (2015), respectively. In each
case, Assumption 1 guarantees that α(t) converges to 0 or 1 almost surely as t → ∞
in Stage 2. Learning is thus complete, and all long-run average values (duopoly profit,
monopoly profit, and total surplus) remain identical to my original specification. Hence,
all results pertaining to initial adoption timing under zero discounting go through without change.
The only complication that arises when considering alternative learning processes
is with respect to the second-mover’s problem in Stage 2. Specifically, it now becomes
possible for market beliefs to hit the second-mover’s adoption threshold in finite time.
(1,0)

Innovation diffusion then depends on both the rate of market experimentation, ni

(α),

and the adoption threshold, α∗i . In such a situation, it no longer appropriate to consider
the zero discounting limit, since α∗i converges to 1 under zero discounting. In other
words, sufficiently patient second-movers are willing to wait arbitrarily long lengths of
time before adopting an innovation.
It would be useful to extend my analysis in several directions. By focusing on the
case of just a single innovation, I implicitly assume the expected rate of technological
change is zero. In reality, we may be interested in how the possibility of follow-up
innovation affect firms’ incentives to adopt innovations within a given technological
generation. Another way to add further richness to my model would be to endogenize
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the source of first-mover advantage. A promising direction for future work may be
found by connecting first-mover advantage to learning-by-doing, whereby an adopting
firm becomes better at producing a high-quality innovation over time; for example,
by having more experience or information about consumers’ preferences. This would
certainly complicate analysis of innovation diffusion and the second-mover’s problem;
but such an extension seems feasible given the simplicity and tractability of the base
model.
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A

Appendix

A.1

Glossary of Long-run Values

Long-run duopoly profit
(0,0)

νi

(1,0)

νi

( 13 (qi −q j )+h)

2

=

(1,1)

νi

2h

( 31 (qi −q j +q L )+h)

2

(0) =

2h

(1,1),F

νi

( 13 (qi −q j )+h)

2

=

(1,1),L

νi

2h

( 31 (qi −q j −x)+h)

2

=

2h

(0,1)

νi

( 31 (qi −q j +x)+h)

2

=

2h

( 31 (qi −q j −q L )+h)

2

(0) =

2h

Long-run total surplus
2h(qi +q j )+(qi −q j )2 +3h2
4h
2h(qi +q j +2qH −x)+(qi −q j +x)2 +3h2
(1,1),L
νi,S
=
4h
2h(qi +q j +2qH −x)+(qi −q j −x)2 +3h2
(1,1),F
=
νi,S
4h
(0,0)

νi,S =

(1,1)

νi,S (α) =
(1,0)

νi,S (0) =
(0,1)

νi,S (0) =

2h(qi +q j +q e (α))+(qi −q j )2 +3h2
4h
2h(qi +q j +q L )+(qi −q j +q L )2 +3h2
4h
2h(qi +q j +q L )+(qi −q j −q L )2 +3h2
4h

Long-run monopoly profit
4h(qi +q j )+(qi −q j )2 +4h2
8h
4h(qi +q j +2qH −x)+(qi −q j +x)2 +4h2
(1,1),L
νi,M =
8h
4h(qi +q j +2qH −x)+(qi −q j −x)2 +4h2
(1,1),F
νi,M =
8h
(0,0)

νi,M =

A.2

(1,1)

νi,M (α) =
(1,0)

νi,M (0) =
(0,1)

νi,M (0) =

4h(qi +q j +q e (α))+(qi −q j )2 +4h2
8h
4h(qi +q j +q L )+(qi −q j +q L )2 +4h2
8h
4h(qi +q j +q L )+(qi −q j −q L )2 +4h2
8h

Proofs

Proof of Proposition 3.1. Assuming Firm i is the first-mover, the rate of learning is λiL (α) =


νiL (α)
p (α)ni (α)−νiL (α)
1
p
(α)
−
λni (α). Under zero discounting, pi (α) maximizes i λn
=
i
λ
ni (α) .
i (α)
Æ
Upon simplification, the first-order condition yields ni (α) =
νiL (α)/2h. Likewise,


L
p j (α)n j (α)−ν Fj (α)
1 p j (α)n j (α)−νi (α)
=
. Upon simplification, the first-order
p j (α) maximizes
λni (α)
λ
ni (α)
Æ
condition becomes p j (α) = 2hni (α)n j (α)+ν Fj (α). Use this along with ni (α) = νiL (α)/2h
Æ
to obtain p j (α) = 2hνiL (α) + ν Fj (α) − νiF (α).
Æ
Æ
To complete the proof, observe that 2hνiL (α) = 2hni (α) implies 2hνiL (α) =
p j (α)− pi (α)+qie (α)−q j +h. Using Firm j’s first-order condition, it follows that ν Fj (α)−
νiL (α) = pi (α) + q j − qie (α) − h. Hence, pi (α) = qie (α) − q j + ν Fj (α) − νiL (α) + h.
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Proof of Lemma 3.2. If α0 > α∗i , then beliefs immediately enter stopping region if Firm
(1,1),F

i chooses to wait, and Firm i therefore receives payoff ρ −1 νi

− Ci from waiting at

time 0. This is less than ρ −1 νSim
− Ci , which Firm i can get from adopting at time 0.
i
(1,0)

Proof of Lemma 3.3. Under Assumption 1,

∂ ni (α)
∂ (qi −q j )

=

3h+qi −q j +αx+(1−α)q L

2
(1,0)
6hni (α)

> 0.




Proof of Theorem 3.1. High-quality innovations generate good news with intensity Λi (t) =
R t (1,0)
(1,0)
(1,0)
λ 0 ni (α(s))ds when Firm i leads adoption. Lemma 3.3 implies ni (·) > n j (·).
Thus, Λi (t) > Λ j (t) for all t > 0; hence, τiF > F OSD τ Fj for fixed α0 .



Proof of Lemma 3.4. Follows immediately from monotonicity of νiL (α) and νiF (α).



Proof of Lemma 3.5. (1) α0 ≥ αiL ⇐⇒ νiL (α) ≥ νNi on ⇐⇒ (1, τ∗i ) ∈ BR i (0, τ∗j ).
(2) α0 ≤ αiF ⇐⇒ νiF (α) ≥ νSim
⇐⇒ (0, τ∗i ) ∈ BR i (1, τ∗j ).
i



Proof of Corollary 3.2. Follows directly from Lemma 3.5.



Proof of Lemma 3.6. Derived in text.



Proof of Proposition 3.7. L i , L j , Fi , and F j are positive at α̂. Monotonicity of these curves
implies αiL , α Lj < α̂ < αiF , α Fj . Using the rotation property, we have L i (α Lj ) < L j (α Lj ) = 0
and F j (αiF ) > Fi (αiF ) = 0. Therefore, α Lj < αiL and αiF < α Fj .



Proof of Theorem 3.2. The characterization of pure strategy equilibria follows directly
from Corollary 3.2 and Proposition 3.7. The mixed-strategy equilibrium is determined
by the indifference condition φ j νSim
+ (1 − φ j )νiL (α0 ) = φ j νiF (α0 ) + (1 − φ j )νNi on , which
i
simplifies to give φ j = L i (α0 )/(L i (α0 ) + Fi (α0 )). Observe that φ j ∈ [0, 1] if and only
if α0 ∈ [αiL , αiF ]. Thus, for qi > q j , the mixed-strategy equilibrium exists if and only if
α0 ∈ [αiL , αiF ].



Proof of Proposition 5.1. Similar to Proposition 3.1. For full details, see Appendix B.



(1,0)

(1,0)

Proof of Lemma 5.2. First establish that the difference ni,S (α)−ni (α) is single-crossing.
0
0
L
 (1,0)

(νi,S
) (α)
(ν L ) (α)
(1,0)
d
− i(1,0) > 0 holds whenever
It suffices to prove dα ni,S (α) − ni (α) =
(1,0)
2hni,S (α)
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4hni

(α)

(1,0)

(1,0)

ni,S (α) = ni

0
L 0
(α). Thus, it suffices to prove 2(νi,S
) (α) − νiL (α) > 0. Using the ex-

L
pressions for νi,S
(α) and νiL (α), it is straightforward to show this condition holds under

Assumption 2.
(1,0)

(1,0)

For ni,S (α) − ni

(1,0)

(1,0)

(1,0)

Simplification yields ni,S (0) < ni
(1,0)

(1,0)

Thus, ni,S (α) − ni

(1,0)

(α) to be increasing, it suffices to prove ni,S (0) − ni

(0) ⇐⇒ (qi − q j + q L )[3h + 2(qi − q j + q L )] < 0.

(α) is strictly increasing under Assumption 2.
(1,0)

(1,0)

Direct verification shows that Assumption 1 guarantees ni,S (0) < ni
(1,0)

(1,0)

ni,S (1) > ni

(0) < 0.

(1,0)

(0) and

(1,0)

(1). Thus, Assumption 2 is sufficient to imply ni,S (α) − ni

(α) is

increasing and crosses zero.



Proof of Lemma 5.1. Similar to Lemma 3.6.



Proof of Proposition 5.3. Similar to Theorem 3.2.



Proof of Lemma 5.2. To compare the private and social thresholds, note that
L i,S (α) =

9
1
L i (α) − Ξ(α) + α(qH − x)
2
2

and

Fi,S (α) =

9
1
L i (α) + Ξ(α).
2
2

L
< αiL .
Observe that L i,S (αiL ) = − 12 Ξ(αiL ) + αiL (qH − x) > 0, since αiL < α̂. Therefore, αi,S
F
Likewise, observe that Fi,S (αiF ) = 21 Ξ(αiF ) > 0, since αiF > α̂. Therefore, αi,S
> αiF .



Proof of Proposition 5.4. Similar to Proposition 3.1. For full details, see Appendix B.



Proof of Lemma 5.3. Similar to Proposition 5.2. For full details, see Appendix B.



(1,0)

(1,0)

(1,0)

Proof of Theorem 5.1. For α sufficiently low, we have ni,S (α) < ni,M (α) < ni
(1,0)

(1,0)

(1,0)

For α is sufficiently high, then we have ni,S (α) > ni,M (α) > ni

(α).

(α). Thus, monopoly

experimentation is more efficient than private experimentation for extreme beliefs.
For intermediate beliefs, it is possible that monopoly experimentation is less effi (1,0)
  (1,0)

(1,0)
(1,0)
(1,0)
cient. To see this, note that ni,S (α) − ni (α) − ni,S (α) − ni,M (α) = ni,M (α) −
(1,0)

ni

(1,0)

(1,0)

(α) is strictly increasing. Let ᾱS equal the solution to ni,S (α) − ni
(1,0)

(1,0)

let ᾱ M equal the solution to ni,M (α) − ni

(α) = 0. Examine two cases:

39

(α) = 0; and

(1,0)

Case 1: If ᾱS < ᾱ M , then ni
(1,0)

(1,0)

(1,0)

(α) < ni,S (α) < ni,M (α) holds for all α ∈ (ᾱS , ᾱ M ).

(1,0)

(1,0)

(1,0)

Because ni,M (α) − ni,S (α) decreasing and ni,S (α) − ni
(1,0)

(α) is increasing, there is a

(1,0)

range of beliefs in (ᾱS , ᾱ M ) over which 0 < ni,S (α) − ni

(1,0)

(1,0)

(α) < ni,M (α) − ni,S (α).

Over this range, private experimentation is more efficient.
(1,0)

(1,0)

(1,0)

Case 2: If ᾱ M < ᾱS , then ni,M (α) < ni,S (α) < ni
(1,0)

(1,0)

(1,0)

Because ni,S (α) − ni,M (α) is increasing and ni

(α) holds for all α ∈ (ᾱ M , ᾱS ).
(1,0)

(α) − ni,S (α) is decreasing, there is

(1,0)

(1,0)

(1,0)

a range of beliefs in (ᾱ M , ᾱS ) over which ni,M (α) − ni,S (α) < ni

(1,0)

(α) − ni,S (α) < 0.

Over this range, private experimentation is more efficient.
In both cases, private experimentation is most efficient for an interior range of α. 
Proof of Proposition 5.5. Follows directly from the rotation property.



Proof of Proposition 5.6. Similar to Lemma 5.2. For full details, see Appendix B.



B
B.1

Supplementary Appendix (for Online Publication)
Monopoly Pricing and Long-Run Values

Suppose firms 1 and 2 merge to become a joint-profit maximizing monopolist. We need
to know (i) whether the monopoly continues to sell the two products, and (ii) whether
the monopoly continues to serve the entire market.
Given qualities q1 , q2 and prices p1 , p2 , A consumer purchases good 1 iff
ª
§
(q1 − p1 ) − (q2 − p2 ) + h q1 − p1 + h
,
.
q1 +h(1−θ )−p1 ≥ max{q2 +hθ −p2 , 0} ⇐⇒ θ ≤ min
2h
h
Let this threshold be denoted by θ1 . Likewise, a consumer purchases good 2 iff
§
ª
(q1 − p1 ) − (q2 − p2 ) + h p2 − q2
q2 +hθ −p2 ≥ max{q1 +h(1−θ )−p1 , 0} ⇐⇒ θ ≥ max
,
.
2h
h
Let this threshold be denoted by θ2 . Straightforward calculation establishes that
θ1 =

1
1
[(q1 − p1 ) − (q2 − p2 ) + h] ⇐⇒ θ2 =
[(q1 − p1 ) − (q2 − p2 ) + h] .
2h
2h

Thus, there are only two cases to consider:
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Case 1: (Serve the entire market)
θ1 =

(q1 − p1 ) + (q2 − p2 ) + h
= θ2 .
2h

Case 2: (Exclude the middle)
θ1 =

q1 − p1 + h
p − q2
< 2
= θ2 .
h
h

To prove that Case 2: (Exclude the middle) never arises, assume by way of contradiction
that θ1∗ < θ2∗ at the monopoly solution. Then p1∗ and p2∗ solve the following maximization
problem:


q1 − p1 + h
p − q2 
+p2 · 1 − 2
max p1 ·
p1 ,p2
h
|
{z h }
{z
}
|


subject to

θ1 ≤ θ2 .

1 − θ2

θ1

Our hypothesis is that the inequality constraint will be slack at the optimum. So we can
disregard it in the first-order conditions, and the optimal prices are easily computed as
p1∗ =

q1 + h
2

and

p2∗ =

q2 + h
.
2

We must now verify that the constraint θ1 ≤ θ2 is satisfied at these prices. Plug p1∗
and p2∗ into the formulas for θ1 and θ2 to obtain
θ1∗

=

q1 − p1∗ + h
h

q1 + h
=
2h

and

θ2∗

=

p2∗ − q2
h

=

h − q2
.
2h

With this solution, however, the condition θ1∗ ≥ θ2∗ holds only if q1 + q2 ≤ 0, which I
rule out by assumption.
Having established the monopolist never excludes the middle, I next wish to show
that the monopolist continues to supply both products. Note the monopolist serves
the entire market (so θ1 = θ2 = θ̄ ) only if the marginal type θ̄ receives zero utility;
otherwise, the monopolist could raise both p1 and p2 by some small amount " > 0 to
increase profits. Therefore, the marginal type θ̄ satisfies
q1 + h(1 − θ̄ ) − p1 = q2 + hθ̄ − p2 = 0,
41

and the prices p1 and p2 can be written as functions of θ̄ :
p1 = q1 + h(1 − θ̄ )

and

p2 = q2 + hθ̄ .

The monopolist’s profit maximization problem then becomes


max q1 + h(1 − θ̄ ) · θ̄ + q2 + hθ̄ · (1 − θ̄ )
θ̄

subject to

0 ≤ θ̄ ≤ 1.

The first-order condition when ignoring the marginal type constraint gives
θ̄ ∗ =

1
1
+
(q1 − q2 ) ,
2 4h

which is interior if and only if |q1 − q2 | < 2h. Hence, Assumption 1 is sufficient to
guarantee the monopolist supplies both products in equilibrium. Upon simplification,
the monopolist’s flow profit with product qualities q1 and q2 becomes:
Π M (q1 , q2 ) =

4h(q1 + q2 ) + (q1 − q2 )2 + 4h2
.
8h
(1,1)

(0,0)

F
L
(α), νi,M (α), and νi,M .
(α), νi,M
Using this, it is straightforward to calculate νi,M

B.2

Relaxing Assumption 2

There are two ways Assumption 2 can fail:
1. qi −q j > q L , i.e. Firm i remains dominant after adopting a low-quality innovation.
2. qi − q j < qH , i.e. Firm i remains fringe after adopting a high-quality innovation.
To investigate the implications of how an unbalanced market structures affects the efficiency of equilibrium experimentation, it suffices to note that Assumption 2 is used in
the proofs of Lemma 5.3. The first place Assumption 2 is when establishing the market
share differences
(1,0)

(1,0)

ni,S (α) − ni

(α),

(1,0)

(1,0)

ni,S (α) − ni,M (α),

(1,0)

(1,0)

ni,M (α) − ni

(α)

are strictly increasing. Without Assumption 2, we can only guarantee they are (strictly)
single crossing.
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Lemma B.1. Under Assumption 1, the market share differences
(1,0)

(1,0)

ni,S (α) − ni

(1,0)

(α),

(1,0)

(1,0)

ni,S (α) − ni,M (α),

(1,0)

ni,M (α) − ni

(α)

are strictly single crossing.
The second place Assumption 2 gets used is in the verification that market shares
cross zero. Direct simplification shows that qi − q j + q L < 0 is a necessary and sufficient
condition for
(1,0)

(1,0)

ni,S (α) − ni

(1,0)

(α),

(1,0)

(1,0)

ni,S (α) − ni,M (α),

(1,0)

ni,M (α) − ni

(α)

to each be negative at α = 0. Thus, if Assumption 2 fails due to qi − q j + q L > 0, it
(1,0)

(1,0)

(1,0)

follows from Lemma B.1 that ni,S (α) > ni,M (α) > ni

(α) for all α ∈ [0, 1]. Hence,

we have:
Proposition B.1. Suppose qi − q j + q L > 0. Then private and monopoly experimentation
is always insufficient, but the latter is always more efficient.
If Assumption 2 fails due to qi − q j + qH < 0, then it follows that
(1,0)

(1,0)

ni,S (α) − ni

(α),

(1,0)

(1,0)

ni,S (α) − ni,M (α),

(1,0)

(1,0)

ni,M (α) − ni

(α)

are strictly increasing, but they do not necessarily cross zero. In general, there are two
possibilities for each difference:
Lemma B.2. Suppose qi − q j + qH < 0. For each difference
 (1,0)
(1,0)
(1,0)
(1,0)
(1,0)
(1,0)
D(α) ∈ ni,S (α) − ni (α), ni,M (α) − ni (α), ni,S (α) − ni,M (α) ,
there are two possibilities: (i) D(α) is negative for all α ∈ [0, 1], or (ii) D(α) is strictly
increasing and crosses zero once.
Corollary B.1. Suppose qi − q j + qH < 0. Then market experimentation in Stage 2 with
Firm i as a first-mover is either (i) always excessive, or (ii) excessive for low values of α
and insufficient for high values of α.
Thus, it remains possible to compare the efficiency of monopoly and duopoly experimentation; but results will depend on the choice of parameter values.
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B.3
B.3.1

Alternative Learning Processes
Learning from negative customer experiences.

Suppose a low-quality innovation produces a negative customer experience at rate λn(t),
where n(t) is the number of consumers purchasing the innovation. Suppose further
that a high-quality innovation never generates a negative customer experience. Then
beliefs absent bad news gradually evolve upward over time according to the law of
motion α0 (t) = λn(t)α(t)(1 − α(t)).
Stage 2 pricing

In a bad-news environment, if Firm j is a first-mover and Firm i is a

second-mover in Stage 2, then the HJB equations are:
(0,1)



0
(α) + (1 − α)λ Lj (α) Vi F (0) − Vi F (α) + λ Lj (α)α(1 − α) Vi F (α)

(1,0)



 0
(α) + (1 − α)λ Lj (α) VjL (0) − VjL (α) + λ Lj α(1 − α) VjL (α).

ρVi F (α) = Πi
and

ρVjL (α) = Π j

Under zero discounting using the strong long-run average criterion, equilibrium prices
and market shares are identical to the good-news case.
Proposition B.2. In a bad-news learning environment, equilibrium prices and market
shares under zero discounting have the same formulas as in Proposition 3.1.
The reason why prices and market shares are invariant to whether learning occurs
via good news or bad news is due to the fact that learning, whether it be from good
news or bad news, is complete. Thus, the exact manner in which learning occurs is
irrelevant when firms become infinitely patient. All that matters is the current belief
α(t) and the firm’s long-run value given that belief, neither of which depends on the
learning process directly.
The second-mover’s problem

Once again, Firm i’s optimal stopping problem is char-

acterized by a threshold belief α∗i above which adoption is optimal. In the bad news
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case, α∗i is pinned down by value-matching and smooth-pasting conditions. The date of
Firm i’s adoption as a second-mover is denoted τiF = inf{t ≥ 0 : α(t) = α∗i }. The analysis of innovation is more complicated in the case of bad news, because τiF now directly
depends on α∗i and, hence, the discount rate ρ. Since τiF → ∞ as ρ → 0, it is no longer
appropriate to consider the zero discounting limit, and we must use numerical solution
techniques to obtain plausible comparative statics.
Initial adoption Despite the technical complications that arise in analyzing the secondmover’s problem, the analysis of initial adoption in equilibrium remains identical to the
good-news case. Because learning is complete, the long-run average value to Firm i as
a leader and as a follower remain identical to the good-news case. So we obtain an
identical characterization of initial adoption.
Proposition B.3. In a bad-news learning environment, initial adoption has the same structure as described in Proposition 3.2.
B.3.2

Learning from Brownian news

In good-news and bad-news learning environments, certain customer experiences conclusively reveal an innovation to be high- or low-quality. We may think that such rapid
learning is impossible in certain situations. To capture the possibility that learning may
instead be gradual, consider the specification of Bergemann and Välimäki (1997), where
news about innovation quality is arrives according to a Brownian diffusion process
dX (t) = q̃n(t)d t + σ

Æ

n(t)dWt ,

where W (t) is standard Brownian motion.15 Thus, consumers and firms gradually infer
innovation quality from the evolution of X (t) over time. On average, X (t) will be increasing (decreasing) over time whenever the innovation is high-quality (low-quality).
15

See Bergemann and Välimäki (1997) for a detailed discussion of the micro-foundation of X (t).
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Ito’s lemma implies that posterior beliefs α(t) in this setting satisfy the law of motion
dα(t) =

Æ

i
hq − q
H
L
α(t)(1 − α(t)) d W̄ (t),
n(t)
σ

where W̄ (t) is standard Brownian motion.
B.3.3

Stage 2 pricing.

Firm i’s HJB equation as a first-mover and as a second-mover is
(α) +

i
00
1 h qH − q L
(1,0)
α(1 − α) n j (α)] Vi F (α)
2
σ

(1,0)
Π j (α) +

i
 00
1 h qH − q L
(1,0)
α(1 − α) n j (α) VjL (α),
2
σ

(0,1)

ρVi F (α) = Πi
and
ρVi (α) =
L

respectively. Since news is never conclusive, these HJB equations consists of just two
terms: (i) flow payoffs, and (ii) the value of information. Learning is nevertheless
complete, because both firms receive positive market share. Since market share is linear
in the value of information term, each firm’s first-order condition under zero discounting
remains identical to the good-news case.
Proposition B.4. In a Brownian-news learning environment, equilibrium prices and market shares under zero discounting have the same formulas as in Proposition 3.1.
B.3.4

Second-mover’s problem and initial adoption.

Similar to Poisson bad-news case, the second-mover’s problem with Brownian news is
characterized by a threshold belief α∗i above which adoption is optimal. Both valuematching and smooth-pasting boundary conditions apply, but numerical solution techniques must be applied for positive discounting to obtain realistic comparative statics.
Despite this, long-run average profits and, hence, initial adoption is identical to the
good-news case.
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Proposition B.5. In a Brownian-news learning environment, initial adoption has the same
structure described in Proposition 3.2.
In general, initial adoption timing under zero discounting is robust to any choice of
complete learning process.

B.4

Appendix B Proofs

Proof of Lemma B.1. It suffices to prove

d
dα



(1,0)

(1,0)

ni,S (α) − ni


(1,0)
(α) > 0 whenever ni,S (α) =

(1,0)

(α). Differentiating the difference yields:
 0

L
L 0
νi,S
(α)

(α)
ν
d  (1,0)
i
(1,0)
ni,S (α) − ni (α) =
−
.
(1,0)
(1,0)
dα
2hni,S (α) 4hni (α)
 0
0
(1,0)
(1,0)
L
If ni,S (α) = ni (α), we require 2 νi,S
(α) − νiL (α) > 0. Upon simplification, the
ni

long-run average total surplus under efficient experimentation is given by

3
h
q
+
q
+
α(2q
−
x)
+
(1
−
α)q
+
(qi − q j + q L )2
(qi − q j + x)2
i
j
H
L
2
L
+(1−α)
+α
.
νi,S (α) =
2
4h
4h
The long-run average for equilibrium experimentation is given by
2
2
1
1
(q
−
q
+
x)
+
h
(q
−
q
+
q
)
+
h
i
j
i
j
L
3
3
νiL (α) = α
+ (1 − α)
.
2h
2h
(1,0)

(1,0)

Therefore, ni,S (α) − ni

(α) is single-crossing if and only if

(qi − q j + x)2 (qi − q j + q L )2
−
>
2(qH −x)+(x−q L )+
2h
2h

1
3 (qi

2
− q j + x) + h
2h

−

1
3 (qi

− q j + qL ) + h
2h

which in turn is equivalent to
(3h + 4(qi − q j ) + 2q L + 2x)
2
2(qH − x) + (x − q L )
> 0.
9
h
Under Assumption 1, the left-hand side of this inequality is strictly decreasing in x.
Hence, a sufficient condition for the above is
(3h + 4(qi − q j ) + 2q L + 2q L )
2
> 0 ⇐⇒ 2(qH − q L ) > 0,
2(qH − q L ) + (q L − q L )
9
h
(1,0)

(1,0)

which is true. Thus, ni,S (α) − ni

(α) is single-crossing under Assumption 1.
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2

Proof of Lemma B.2. Suppose qi − q j < −qH . Since q L < 0 < qH , we have qi − q j < −q L .
Thus, each difference
(1,0)

(1,0)

ni,S (α) − ni

(1,0)

(1,0)

(α), ni,M (α) − ni

(1,0)

(1,0)

(α), ni,S (α) − ni,M (α)

is increasing. Moreover, each difference negative for all α ∈ [0, 1] if negative at α = 1;
otherwise, the it crosses zero.



Proof of Proposition B.1. Through simplification, we have:
(1,0)

(1,0)

ni,M (0) < ni

(0) ⇐⇒

(qi − q j + q L )(12h + 5(qi − q j + q L ))
72h

< 0 ⇐⇒ qi − q j + q L < 0

and
(1,0)
ni,S (0) −

(1,0)
ni,M (0)
(1,0)

< 0 ⇐⇒
(1,0)

qi − q j + q L
2

+

3(qi − q j + q L )2

(1,0)

8h
(1,0)

Therefore, ni,S − ni,M (0) > 0 and ni,M (0) − ni

< 0 ⇐⇒ qi − q j + q L < 0.

(0) > 0 whenever qi − q j + q L > 0. By

Lemma B.1, these market share differences are single-crossing, so they must be positive
for all α ∈ [0, 1].



Proof of Proposition B.3. The profit maximization problem for Firm i (as a follower)
under zero discounting using the strong long-run average is
)
(
(0,1)
 F


Πi (α) − νiF (α)
F
F 0
+
(1
−
α)λ
V
(0)
−
V
(α)
+
λα(1
−
α)
V
(α),
0 = max
i
i
i
(1,0)
(1,0)
pi (α)
n j (α)
where Vi F (·) denotes Firm i’s strong long-run average value as a follower. The profit
maximization problem for Firm i (as a leader) under zero discounting using the strong
long-run average is
¨ (1,0)
«
 L


Πi (α) − νiL (α)
L
L 0
0 = max
+
(1
−
α)λ
V
(0)
−
V
(α)
+
λα(1
−
α)
V
(α),
i
i
i
(1,0)
(1,0)
pi (α)
ni (α)
where Vi L (·) denotes Firm i’s strong long-run average value as a leader. Thus, equilibrium prices and market shares are identical to the original model.
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Proof of Proposition B.4. The profit maximization problem for Firm i (as a follower)
under zero discounting using the strong long-run average is
)
(
(0,1)
i
00
Πi (α) − νiF (α)
1 h qH − q L
+
α(1
−
α)
Vi F (α).
0 = max
(1,0)
(0,1)
2
σ
pi (α)
n (α)
j

Likewise, the profit maximization problem for Firm i (as a leader) under zero discounting using the strong long-run average is
¨ (1,0)
«
i

Πi (α) − νiL (α)
1 h qH − q L
L 00
(α; 0).
0 = max
α(1
−
α)
V
+
i
(1,0)
(1,0)
2
σ
pi (α)
n (α)
i

Thus, equilibrium prices and market shares are identical to the original model.

B.5



Proofs Omitted from Appendix A

Proof of Proposition 5.1. Suppose Firm i is a first-mover and Firm j is a second-mover.
Under zero discounting, the planner’s objective in Stage 2 is to choose ni (α) to solve
¨ L
«
L
T Si (α) − νi,S
(α)
max
,
ni (α)
ni (α)
(1,1),L

L
where νi,S
(α) = ανi,S

(1,0)

(1) + (1 − α)νi,S (0) is long-run average total surplus. Upon

simplification, the objective function becomes


1
h
e
L
+ h(1 − ni (α)).
qi − q j + q (α) − νi,S (α) − q j −
2 ni (α)
Ç
L
The first-order condition simplifies to become ni (α) = (νi,S
(α) − q j − 2h )/h, as desired.

Proof of Proposition 5.4. Suppose the monopoly chooses Firm i to be the first-mover in
Stage 2. The HJB equation for the monopolist is
L
ρV1,M
(α)

=

(1,0)
Π1,M (α) + αλ1L (α)



(1,1),L
V1,M (1) −



L
V1,M
(α)

L
− λ1L (α)α(1 − α)(V1,M
)0 (α).

Under Assumption 2, the entire market is served. Therefore, the marginal consumer
type, θ̄ , satisfies q1 + h(1 − θ̄ ) − p1 = q2e (α) + hθ̄ − p2 = 0. Hence, p1 = q1 + h(1 − n1 (α))
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and p2 = q2e (α) + hn1 (α), and the monopolist’s flow profit is


(1,0)
Πi,M (α) = qie (α) + h(1 − ni (α)) ni (α) + q j + hni (α) (1 − ni (α)).
Using the strong long-run average criterion, the HJB equation under zero discounting
becomes
(
0 = max
ni (α)

(1,0)

L
Πi,M (α) − νi,M
(α)

ni (α)

)
(1,1),L

+ λα[Vi,M


0
L
L
(α).
(1) − Vi,M
(α; 0)] − λα(1 − α) Vi,M
(1,0)

Upon simplification, the first-order condition yields ni

(α) =

q

L
(νi,M
(α) − q j )/(2h),

as desired.


(1,0)

(1,0)

Proof of Lemma 5.3. From Proposition 5.2, the market share difference ni,S (α)−ni

(α)

is strictly increasing and crosses zero once under Assumption 2. Consider the other two
differences:
1. Monopoly vs. Private experimentation
The monopoly and equilibrium experimentation policies are
v
v
u L
t ν L (α)
t
ν
(α)
−
q
j
i,M
(1,0)
(1,0)
i
ni,M (α) =
and
ni (α) =
,
2h
2h
(1,0)

(1,0)

respectively. To establish that ni,M (α) − ni

(α) is strictly increasing, it suffices

(1,0)

(1,0)

L
to prove that (νi,M
)0 (α) > (νiL )0 (α) and ni,M (0) < ni

(0). The first condition is

equivalent to
(qi − q j + q L )
2qH − x − q L (qi − q j + x)
+
−
2
8h
8h
2
2
1
1
(q
−
q
+
x)
+
h
(q
−
q
+
q
)
+
h
i
j
i
j
L
3
3
>
−
2h
2h
2

2

which, in turn, is equivalent to:
(qH − x) +

12h + 10(qi − q j ) + q L + x
1
(x − q L )
> 0.
72
h

This holds under Assumption 1. The second condition holds if and only if
(qi − q j + q L )[12h + 5(qi − q j + q L )]
72h
(1,0)

< 0 ⇐⇒ qi − q j + q L < 0.
(1,0)

This holds under Assumption 2. Thus, ni,M (α) − ni
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(α) is strictly increasing.

2. Efficient vs. Monopoly experimentation
The efficient and monopoly experimentation policies are
v
v
u L
u L
t 2νi,S (α) − 2q j − h
t νi,M (α) − q j
(1,0)
(1,0)
ni,S (α) =
and
ni,M (α) =
,
2h
2h
(1,0)

(1,0)

respectively. To establish that ni,S (α) − ni,M (α) is strictly increasing, it suffices
(1,0)

(1,0)

L 0
L
to prove that 2(νi,S
) (α) > (νi,M
)0 (α) and ni,S (0) < ni,M (0). The first condition

is equivalent to
2(qH − x) + (x − q L ) +

(qi − q j + x)2

−

(qi − q j + q L )2

2h
2h
2
(qi − q j + q L )2
2(qH − x) + (x − q L ) (qi − q j + x)
>
+
−
2
8h
8h

which in turn is equivalent to
qH − x +

12h + 10(qi − q j ) + 5q L + 5x
1
(x − q L )
> 0.
72
h

This holds under Assumption 1. The second condition is equivalent to
qi − q j + q L
2

+

3(qi − q j + q L )2
8h

< 0 ⇐⇒ qi − q j + q L < 0.
(1,0)

(1,0)

This holds under Assumption 2. Thus, ni,S (α) − ni,M (α) is strictly increasing.
Finally, for these differences to cross zero, we must have:
2
1
5 (qi − q j + x)
5
(qH − x) + (qi − q j + qH ) +
>0
6
6
72
h
qi − q j + qH + (qH − x) 3 (qi − q j + x)2
(1,0)
(1,0)
ni,S (1) − ni,M (1) > 0 ⇐⇒
+
> 0.
2
8
h
(1,0)

(1,0)

ni,M (1) − ni

(1) > 0 ⇐⇒

Assumption 2 is sufficient for each of these inequalities to hold.



Proof of Proposition 5.6. We already know the comparison between private and social
thresholds. To compare the private and monopoly leader thresholds, note that
L i,M (α) =

9
1
L i (α) − Ξ(α) + α(qH − x).
4
4
51

L
Observe that L i,M (αiL ) = − 41 Ξ(αiL ) + αiL (qH − x) > 0, since αiL < α̂. Therefore, αi,M
< αiL .

To compare the private and monopoly follower thresholds, note that
1
9
Fi (α) + Ξ(α).
4
4

Fi,M (α) =

F
Observe that Fi,M (αiF ) = 14 Ξ(αiF ) > 0, since αiF > α̂. Therefore, αi,M
> αiF .

To compare the monopoly and social follower thresholds, note that
Fi,M (α) =

1
1
Fi,S (α) − Ξ(α).
2
4

F
F
Observe that Fi,M (αiF ) = − 41 Ξ(αiF ) < 0, since αiF > α̂. Therefore, αi,M
< αi,M
.

The final comparison between monopoly and social leader thresholds is more involved. First observe that L i,M (α̂) < L i,S (α̂). Upon simplification, we have
0
0
L i,S
(α) − L i,M
(α) =

qi − q j
4h

(x − q L ) +

1 2
(x − q2L ) > 0 ⇐⇒ 2(qi − q j ) + x + q L > 0.
8h

L
L
Therefore, αi,S
< αi,M
whenever qi > q j . If qi − q j < 0, then
L
L i,S (αi,M
)=

qi − q j
2h

L
Ξ(αi,M
)+

L
L
Therefore, αi,S
< αi,M
whenever qi < q j , as well.
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1
L
ζ(αi,M
) > 0.
8h


