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Changes in the extent of multi-market contact (MMC) between rms

often aect market outcomes  quantities and prices. This paper challenges the standard economic interpretation of this phenomena as an indication of tacit collusion.
We show that a strategic but purely competitive eect of changes in MMC can change
the quantity provided in a market by a rm by as much as

50%.

Moreover, changes

in demand for a rm one market may aect equilibrium quantities in markets where
the rm is not active.

1. INTRODUCTION

Large rms are often active in more than one market and commonly compete
with each other in many, but not necessarily all, markets. For example, United
Airlines and American Airlines compete on some but not all of their routes.
There is a large empirical literature on the eect of changes in the extent of
frims' multi-market contact (MMC) on market outcomes.
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While inconclusive,

most empirical work nds that increases in MMC tend to soften competition.
The standard interpretation for this nding is that of MMC as facilitating tacit
collusion (a.k.a. mutual forebearance). This paper studies a dierent mechanism
from which similar results may be obtained. Specicaly, we show how sunk transferable investments can cause rms to compete less aggresively in industries with
signicant MMC compared to industries with lesser MMC.
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Sunk transferable investments are common in many industries: WalMart may
buy a container of dolls from China and decide upon its arrival into LA what
stores to send the dolls to; GE may invest in a centralized HR department and
allocate resources from this department across its dierent divisions; American
Airlines may purchase 60 gates at O'Hare and then allocate the gates to ights
serving distinct markets. Common examples of such investments are production
facilities, overhead, and specialized inputs.
This paper shows that the allocation of these investments into dierent markets
and the initial investment decision itself are aected by the extent of MMC
between rms.
The non-commitment of investments to a specic market allows rms the

exibility

to reallocate a sunk investment. If market conditions deteriorate for

Walmart in north LA, it can sell less there and shift the stock to it's other stores
in the region. This exibility can be abused by a rival. If a rival can be aggresive
in a joint market, the rm will use its exibility to allocate the investment into
other markets in which the rival does not exist. This strategy requires the rival
to

commit

to an aggressive behavior: increase its sunk investments that will be

used in the joint market. We show that the MMC equilibrium outcome can be
dened in terms of the rms'

exibility

and

commitment power

whether rms

compete in prices or quantities.
In industries with signicant overlap, rms would compete softly as rivals
would lack the ability to reallocate sunk investments into private markets due to
their scarcity. In industries with little overlap rms would compete softly as no
rm would be able to commit the allocation of additional investments into the
overlapping market. In industries with intermediate overlap rms would compete
aggresively as rivals have the ability to reallocate investments and rms have the
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ability to commit the allocation of additional investments into the overlapping
markets. This non-monotonic relationship between competition and MMC may
explain some of the empirical evidence on MMC.
The results have important impacts on merger discussions and trade policy.
Changing the degree of multimarket contact may change how aggressive rms
behave even if the number of rms in each market remains constant. In some
recent US airline mergers rms argued heavily that their own overlap was minimal (Delta and Northwest) and thus consumers would not be harmed by the
merger. This paper shows how changes in rival carriers investment decisions as
a result of the merger could in fact hurt consumers. In a dierent example, the
US has a non-reciprocal trade agreement with Japan in which Japanesse steel
manufacturers may sell in the US but US steel manufacturers may not sell in
Japan. This treaty might in fact benet American steel manufacturers' position
in the US, as they can credibly commit their capacity to the American market
while Japannesse companies cannot.
This paper bridges together, and builds on, three strands of the literature:
mutual forebearance driven my multimarket contact, pre-emption through investments, and competition in strategic substitutes vs strategic complements.
The possibility that MMC aects tacit cooperation was formalized and studied
in detail by Bernheim and Whinston (1990).

2

The concern has been the subject

of many empirical studies. For example, considering the US domestic airlines industry, Evans and Kessides (1994), Gimeno and Woo (1999) and more recently
Ciliberto and Williams (2012) nd that an increase in MMC between carriers
reduces prices. This is considered by the authors as evidence of the mutual forbearance (anti-competitive) eect of MMC. Similar studies have been conducted

2 Bernheim

and Whinston (1990) credit Edwards (1955) with the introduction of this idea

to the academic economic discourse.
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in dierent industries. See e.g. Parker and Roller (1997), Jans and Rosenbaum
(1997), Fernandez and Marin (1998) and Pillo (1999).

Spence (1977) and Dixit (1980) formalized the economic use of committed investments in capacity or in cost reduction to deter entry and help incumbents
achieve a Stackelberg type leadership position in the market. By making committed investments in an early stage, incumbents can  push out their reaction
functions. Potential entrants that have not made such committed investments
are thus deterred to enter or to obtain signicant market share. The key dierence between the potential entrant and the incumbent relied on the committed
investments. In our framework, all rms make non-reversible investment decisions, but these are not fully committed to the markets in which rms overlap.
The size of private markets limit how much of the initial investments are truly
committed to the joint markets. As such, all rms' reaction curves are pushed
out but the amount by which they are pushed out depends on the size of the
private markets.

The terms strategic complements and strategic substitutes were coined in the
seminal work of Bulow et al. (1985), which showed how the type of competition
(complements or substitutes) and the cost structure of rms (economies of scale
or diseconomies of scale) aected how rms competed when one rm had access
to private markets. The basic model presented here extends such analysis in two
important ways. First, rms

choose

investment decisions, which determine the

extent of the diseconomies of scale. In this sense we endogenize the cost structure
of the rm. Second, we allow for both rms to have access to private markets. By
adding these extensions, some of Bulow et al. (1985)'s results regarding MMC
no longer hold and the two forms of competition (substitutes and complements)
no longer mirror each other.
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Section 2 presents and solves the model based on quantity competition. Section 3 assumes price competition. Section 4 discusses the implications for both
mergers and trade policy.

2. COURNOT MODEL

Setup

2.1.

Consider an industry with two rms, identied by
kets: an

i ∈ {A, B}

and three mar-

overlapping market in which both rms are active, and a private

market

for each rm  one market in which rm A operates but not rm B, and one in

3

which rm B operates but not rm A.
particular, we use
market,

A's

mo , mA ,

mB

and

private market, and

B 's

The three markets may vary in size. In

for the measure, or size, of the overlapping
private market.

An equivalent interpretation of the model is that there are many identical
markets where

mo , mA , and mB

are the number of markets that are respectively

overlapping and private for rm A and B. In this model,

mo

is the measure of

the markets in which both rms operate (i.e. markets that generate MMC) while

mA

and

mB

are the measures of the markets in which one of the rms does not

operate (i.e. markets that do not generate MMC).
The model has two stages. In the rst stage rms simulteanously make an
investment in capacity, denoted

4

unit of capacity.

kA , kB . Firms pay a constant marginal cost c per

To x ideas, we refer to this investment as production capacity.

However, it may be interpreted as any investment that is sunk, transferable across
markets and can be utilized to increase production.
After both capacities are xed and known, in a second stage, rms

3 The

compete

qualitative results remain if each rm faces competition from other rms in their

'private' markets.

4 The

results are qualitatively unaected when allowing for weakly convex costs and cost

asymmetries between rms.
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in quantities

subject to their installed capacity.

5

Each rm chooses how many

units to provide to the overlapping market and how many units to provide in its
private market. For simplicity we assume there is no direct cost when choosing
quantities. Nevertheless, a rm's total output across both markets cannot be
larger than its installed capacity. Markets clear accordingly.
Denote by

qA

per market size
is

and

qB

the quantity sold by each rm in the overlapping market

mo . That is, the total quantity oered in the overlapping market

mo (qA + qB ).

Similarly, denote by

q̂A

market per market size (respectively
oered in rm

i's

private market is

and

mA

and

mi · qi .

can also be assymetric. If
large for rm

the quantity sold in the private

mB )

so that the total quantity

The degree of multi-market contact

(MMC) is determined by the relative sizes of
(resp. small) relative to both

q̂B

mo , mA

and

mB . When mo

is large

mi , the degree of MMC is large (resp. small). MMC

mA  mo  mB

then MMC is small for rm

A

and

B.

The inverse demand curve for the overlapping and private markets per consumer measure are

P (qA + qB )

P (Q)

so that the market price in the overlapping market is

and the market price in each private market is

P (qi ).

The results

P (·)

and for the

below will be provided for a general inverse demand function
standard linear curve:

P (Q) = a − b · Q .

An

equilibrium (k? , q?A , q?B )

is a pair of scalars

capacity set by each rm, and two pairs

k = (kA , kB )

?
?
q?A = (qA
, q̂A
)

and

indicating the

?
?
q?B = (qB
, q̂B
)

indicating the quantity allocation chosen by each rm in each market.
The game is solved through backward induction. In the second stage, given

5 Competition

in prices is solved in the next section.
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capacities

kA

and

kB ,

rms choose quantities to be set in each market, so as to

maximize revenue:

mo qi · P (qi + q−i ) + mi · q̂i · P (q̂i )

Ri (kA , kB ) = max

(2.1)

qi ,q̂i ≥0

mo qi + mi q̂i ≤ ki

s.t.
A sub game equilibrium

(qA , qB ; k) is the set of quantity allocations that form
k. Throughout, we use ρi

an equlibrium given the rst stage capacities

and

ρ̂i

to

denote rm i's marginal revenue curve per consumer measure in the overlapping
and private markets, respectively.

6

A natural regularity assumption for the analysis is that the inverse demand
curves are such that the sub-game equilibrium for any rst stage capacities is
unique and dierentiable in

Assumption

k:

All inverse demand functions

P (·)

are strictly decreasing and log

concave in all their arguments.
This assumption allows us to describe the equilibrium strategies of the subgame
as a function of the rst stage investments, which we dene with a slight abuse
of notation as:

qi (kA , kB )

and

q̂i (kA , kB ).

The rst stage problem for each rm is given by:

max Ri (kA , kB ) − cki

(2.2)

ki ≥0

.

?

?

The rst stage prot functions determine the equilibrium capacities (kA , kB ),
which in turn map into the equilibrium second stage quantities:

2.2.

?
?
qi? = qi (kA
, kB
).

Equilibrium

The next lemma identies a basic characteristic of the equilibrium that will
be used throughout.

6 That

is

0

ρi = qi · P (qi + q−i ) + P (qi + q−i )

and

0

ρ̂i = q̂i · P (q̂i ) + P (q̂i ).
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Lemma 1

In equilibrium, in the second stage:

1. The capacity constraint binds:ki = mo qi + mi q̂i .
2. Firm i's marginal revenue is identical in both of it's markets:ρi = ρ̂i .
The rst claim is identical to those made in Spence (1977) and Dixit (1980).
Firm B's best response in the second stage depends only on A's quantity in
the overlapping market

(qA ).

Therefore, if for any rst stage decisions

expects to have excess capacity

(kA > qA + q̂A ),

same second stage quantities. Firm

A's

revenues are unaected, but

A's

B 's

it should reduce

kA

kA ,kB , A

and set the

best response is unaected and so rm

costs are strictly lower.

The reasoning behind the second claim is standard. If the marginal revenue in
one market is larger than the other (e.g.

ρi > ρˆi ),

optimality requires diverting

quantity from the market with lower marginal revenue to the market with the
larger marginal revenue.
Before characterizing the equilibrium we formalize two concepts:

exibility and

commitment power.
Definition 1

Firm

i's

exibility, φi ,

is the rm's second stage reaction to a

change in its competitor's quantity allocation:

(2.3)

φi ≡

∂qi
∂q−i

Flexibility measures

A's

best response to

B 's

second stage deviation in the

equilibrium neighbourhood. In the standard Cournot with xed marginal cost,
this is the rm's reaction curve, which we denote

7 Using

marginal revenues, the standard result is


φi = −

∂ρi ∂ρi
/
∂q−i ∂qi


.

φi .7

Flexibility diers from
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the standard best response because the economic cost of increasing
constant (i.e.

c).

qi

is not

In particular, as all production costs have been paid for in the

previous stage, the cost of an increase in quantity in the overlapping market is
the required decrease in the private market quantity. Therefore, in the second
stage, the marginal cost for rm

i

in the overlapping market is it's marginal

revenue in the private market, and vice versa. Accordingly, rm
will depend on the extent of

A's

MMC



m0
mA



i's

exibility

, amd the relative sensitivity of its

marginal revenues to quantity changes:

Lemma 2

In equilibrium,
∂ρi
∂q−i
mo ∂ ρ̂i
∂qi + mi ∂ q̂i

φi = − ∂ρi



∈ φi , 0 .

If the demand curve is linear,
mi
1
φi = − ·
2 mi + mo
As expected, exibility is negative as competition is in strategic substitutes.
When

A's extent of MMC,

mo
mA , is large,

φA → 0. In these settings, A's rst stage

investment was made primarily to serve the joint market and

A cannot protably

divert the investment to it's private market. In contrast, when

A's extent of MMC

is small, it's private market can absorb any excess capacity without eect and
as a result

φA → φA ,

the standard Cournot reaction curve.

While exibility may be protable when dealing with uncertainty, in our setting, exibility in the second stage makes the rm vulnerable to its rival's leadership. If rm

(φB → 0), B

A

is exible (φA large in absolute terms) while rm

B

is not

can make it's second stage decision in the rst stage. The result-
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ing dynamics are as if the exible rm is a Stackelberg follower and it's rival a
Stackelberg leader. However, for this to work, rm

B

needs to be able to make

a credible rst stage commitment:

Definition 2

Firm i's

commitment power, σi , is the change in the rm's second

stage overlapping market quantity following an additional unit of investment:

σi ≡ mo

∂qi
∂ki

Commitment power is simply the fraction of the additional unit of invested
capacity that would be allocated to the overlapping market. Ideally, the rm
would like to set it's investment level to the sum of the optimal investment in it's
private market, and the optimal investment in the overlapping market. However,
this is generally not possible. As lemma 1 indicates, the second stage allocation
equalizes marginal revenues across both markets for any rst stage investment.
For example, suppose

ki

is set so that

i

can set the monopoly quantity in it's

private market and the duopoly quantity in the overlapping market. With those
allocations in the second stage, i's MR is the same in both markets. If

i now tries

to take advantage of it's rival's exibility and increase quantity in the overlapping
market, this will reduce

i's

it is strictly optimal for

i

MR in the overlapping market:

ρi < ρ̂i .

As a result,

to also increase quantity a bit in it's private market.

A rm's commitment power therefore depends on the shape of the MR curves
and the extent of MMC. However, holding the rival's rst stage decision xed,
the change in the overlapping market MR will be accomodated by the rival,
depending on its exbility. Thus:
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Lemma 3

In equilibrium,

σi =

∂ ρ̂i
∂ q̂i



mi
mo

∂ρi
∂qi

+

∂ρi
∂q−i φ−i



+

∂ ρ̂i
∂ q̂i

∈ [0, 1]

If the demand curve is linear
σi =

1+
1+

mi
mo

+

m−i
mo

m−i
mo

3 mi m−i
4 mo mo

+

Both exibilty and commitment power depend only on the relative sizes of the
private markets compared to the overlapping market. In the competitive analysis,
this is the relevant measure of MMC. As an increase in any quantity reduces the

σi

marginal revenue,

8

is positive.

Without a private market



mi
mo

stage investment will be used in the overlapping market and
private market is large relative to the overlapping market
of

i's



mi
mo

capacity increase will be used in it's private market, and


→ 0 , any rst

σi → 1. If the

→ ∞ , the bulk

σi → 0.

We now characterize the equilibrium.

Proposition 1

The equilibrium of the game is characterized by the following

equation
0

c − ρi = c − ρ̂i = qi P (qi + q−i ) · φ−i · σi > 0

i ∈ {A, B} .

Firms behave more aggresively under MMC than they would have under standard
oligopoly.
If

mi
mo

→∞

and

m−i
mo

→0

, then the equilibrium in the overlapping market is

the Stackelberg equilibrium with rm i the Stackelberg follower.
8 This
that

also relies on the fact that the rival eect on MR is weaker than the own eect, and

φi ≥ −1

. Both are intuitive and proved in the appendix.
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Partial MMC provides an extra incentive for rms to be aggressive: the rival
has the exibility to accomodate aggressive behavior by hurting other markets,
in which the aggressive rm is not active. However, as MMC
rival runs out of exiblity

(φ−i → 0),

(mo )

increases, the

and the rms converge to the standard

Cournot result.
Partial MMC also aects the private - non-overlapping markets. To commit
to being more aggressive in the overlapping market, the rm must increase it's
private market quantity.
Whenever quantities in duopoly and monopoly markets are well below the
surplus maximizing level, the welfare eect is unambiguous. Total market quantity, consumer welfare and surplus are always higher in all markets as a result
of MMC, while total industry prot in equilibrium is always lower. As the result
depends on the equilibrium without MMC, we show this is the case for linear
demand:

Proposition 2

If demand is linear, consumer and total surplus is always at

least as high in industries with MMC as without. Total industry prot is always
at most as high in industries with MMC as without.
We call the dierence between cost and marginal revenue in proposition 1 rm

i0 s

strategic eect of MMC. As σi

and

φi

depend only on the ratios

mi
mo , so does

the strategic eect.
Underlying the strategic eect of MMC is the observation that the existence
of the private markets aects the rm's reaction in the second stage, and that
the rm's rival takes advantage of this. Fix rm
consider an increase in

A's

rst stage capacity,

kA

and

B 's capacity. This will imply an ε increase in it's quantity

in the overlapping market. If

A

does not have a private market, it will still sell

13

MMC AND COMPETITION

the same number of units in the overlapping market. If
suciently 'large', however,

A

B

A's

prots from

B.

qB ,

φA .

The extent of

B 's

additional prot is

multiplied by the price implication of

A's

B 's

additional

By increasing it's quantity in

accomodation, in addition to the

standard marginal revenue eect. The extent of
by

private market is

can shift some of the losses from

quantity to it's private market, accomodating
the overlapping market,

A's

A's

B 's

accomodation is captured

overlapping market quantity,

accomodation,

The nal piece in the equilibrium condition is

0

P ().

B 's ability to inuence it's over-

lapping market quantity through it's rst stage solution, captured by

σB . B

can

only commit a fraction of any rst stage additional capacity to the overlapping
market since it will always be optimal for
markets in the second stage. When
overlapping market,

σB

B 's

B 's

to equate marginal revenue across

private market is 'small' relative to the

is large. The majority of the additional capacity will be

allocated to the overlapping market.
ket quantity and so

B

B 's

rst stage decision inuences the mar-

strategic eect of MMC increases. If

B 's

private market

is 'large' relative to the ovelapping market. The majority of the additional capacity will be allocated to the private market and

B 's

rst stage capacity choice

does not credibly aect the second stage overlapping quantity. As a result,

B 's

strategic eect of MMC will be small.

The importance of the overlapping market for each rm relative to it's private
market determines the rm's strategy and the resulting equilibrium. This is
demonstrated in the equilibrium outcome with linear demand:

Proposition 3

If demand is linear, let λi =

mo
mo +mi

, then the equilibrium
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quantities are:
qi

=

q̂i

=

χi

≡

Where

a−c
3b
a−c
2b

9 + 3λi + 3λ−i − 3λi λ−i
χi
9 + λi − λ−i + 3λi λ−i
·
χi
·

2

(9 − λ−i ) (3 + λ−i ) − (λi (1 − λ−i )) + 2λi (1 + λ−i ) (3 + λ−i )
3 − λi + λ−i − λi λ−i

The fractions identify the deviation from the Cournot standard, illustrated
in gure 2.1. The use of the relative size of the overlapping and private market
for the rm ,λi , formalizes the intuition that only the relative sizes matter (and
simplies the notation). Holding

mo xed, if mA = mB → 0 (and so λi → 1) then

neither rm has exibility to accomodate in the second stage (φ−i
quantities exactly equal the standard Cournot. Similarly, if
(and so

λi → 0),

→ 0). Market

mA = mB → ∞

neither rm can commit to allocate additional investment in

the overlapping market

(σi → 0)

and again market quantities are the standard

Cournot quantities. In all other cases, however the market quantities are larger
than Cournot.
The ability to commit in the rst stage is closely related to the Stacklberg
analysis. Suppose rm
rm

B

A

mainly serves the overlapping market

mainly serves it's private market

(λB → 0).

(λA → 1)

while

This would be the case, for

example, if rm A is a local (mom and pop) rm while rm B is a 'big-box' rm
that serves many localities. Assume that rms set quantities ignoring the MMC
eects, so that in all markets marginal revenue equals marginal cost. Note that
the marginal revenue in all markets for all rms is identical

(= c).

Now suppose

that, between the rst and the second stage, the demand in the overlapping
market

mo

decreases. Both rms are stuck with over-capacity destined to the

overlapping market. Firm
capacity. However, rm

A does not have much alternative options for it's excess

B

can divert the quantity destined for the overlapping
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Figure 2.1. Firm's quantity in the overlapping market

 Strategic Substitutes 

? = qA/q̃ where q̃ = a−c .
qA
3b
mo
. Three lines are plotted for each rm: when λB = 0.1
mA +mo

* Plot shows quantities normalized by the Cournot benchmark:

λA

A's MMC: λ =
λB = 0.5 (Med), and λB = 0.9

measures

(Low),

(High).

market to any of it's other markets. As the marginal revenue in those other
markets equals marginal cost, if there are enough of these other local markets,
rm B's prot is almost uneected. This is exactly the implication of
MMC: rm

B

B 's

low

is exible and can absorb any excess capacity from the overlapping

market in it's private markets.
A low MMC implies that the rm has an alternative use to it's overlapping
quantity and as a result, the overlapping market quantity decision for the rm is
done in the second stage. In contrast, a high MMC implies that the rm chooses
its overlapping quantity in the rst stage. As

mi

decreases, it is as if rm

i moves

from being a second mover to a rst mover.
At the extreme (λA

→1

and

λB → 0),

rm A moves rst and rm

second  the Stackelberg result is obtained. As

mB

decreases, or

mA

B

moves

increases,
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A's

rst mover advantage decreases:

A's

quantity decreases and

B 's

quantity

increases.

A rm's equilibrium quantity in both markets increases with

Proposition 4

the rm's MMC and decreases with the rival's MMC9
dqi
dmi

<0

dq̂i
dmi

dqi
>0
dm−i

≤0

dq̂i
≥0
dm−i

Firm's total prots are increasing in it's own MMC and decreasing in rival's
MMC.
Propositon 4 identies three implications of the game. First, a change in MMC
has the same qualitative eect on the rm's private and overlapping market.
Second, an increase in rm

i's

MMC, makes rm

i

more aggressive in both

the overlapping market and it's private market. Finally, an increase in rm

i's

MMC makes it's rival less aggressive in both the overlapping market and it's
own private market. This last result



dq̂i
dm−i


≥0

implies that a change in one

rm's private market conditions may aect the outcome in other rms' private
market conditions. Firm

A

may decrease it's quantities in markets it is serving

as a monopolist as a result of a decrease in demand in markets monopolized by
rm

B .10

The above proposition allows for a straightforward assessment of MMC on the
welfare of the private markets:

Corollary 1

Total output and consumer surplus increase in the rm's private

market and decrease in the rival's private market in response to an increase in
the rm's MMC.
9 The inequalities are weak only if λ or λ
i
−i are exactly zero.
10 A similar result is suggested in Bulow et al. (1985). However,
private market and so the same result cannot be obtained.

there, only one rm has a
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While the eects of MMC on total output and consumer surplus are straightforward in the private markets, they are not so in the overlapping market. Proposition 4 states that rms' equilibrium strategies move in opposite direction in
the overlapping markets. This leaves open the question on what is the net eect.
Does consumer welfare increase or decrease? The next proposition answers this
question:

Proposition 5

When competition is in strategic substitutes there is a non-

monotonic relationship between total output and the extent of MMC. In particular, an increase in mo increases (resp. decreases) the overlapping market quantity
if the extent of MMC is small (resp. large) for both rms. For any mo , there are
m > 0 and m < ∞ such that
•

If maxi {mi } < m, then

dqi
dmo

≤ 0.

•

If mini {mi } > m, then

dqi
dmo

≥ 0.

The non-monotonocity can be understood under similar lines as those used
above. When MMC is very small or very large, it has no eect. When MMC is
partial, quantities are higher. Thus, an increase in MMC should initially increase
quantities and eventually decrease quantities.
It may be surprising that both rms are more agressive as a result of MMC.
To see this, suppose that

mA = mB = mo

and that rm

A

sets its rst stage

capacities so that it can exactly provide the monopoly quantity in its private
market and the Cournot quantity in the private market. Firm

B 's

best response

in the rst stage is to commit to a slightly larger capacity, knowing well that
rm

A

will be able to accomodate

B 's

additional quantity in the overlapping

market by shifting some of it's quantity intended to the overlapping market
into the private market. As the Cournot quantities are optimal holding the rival

18
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B

quantities xed, the additional prot for rm
the eect of

A's

accomodation on

B 's

prot 

from the devation is exactly
0

qB P ().

Thus, both rms deviate

from the Cournot equilbrium by increasing their capacities whenever the rms
are symmetric and there is some overlap. Proposition 5 implies that if rms
are symmetric

(mA = mB ),

quantities initially increase and then decrease in

MMC. Propostion 6 provides the explicit solution to the symmetric case for
linear demand:

Proposition 6

let λ =

mo
mi +mo

qi

If demand is linear and rm are symmetric ( mA = mB = mi ),

. Then in equilibrium:

= 23 q̂i

=

a − c 9 + 6λ − 3λ2
·
3b
9 + 4λ − λ2

.

If demand is linear, the relative eect of MMC is identical in overlapping and
private markets. That is, the rm increases quantity in all its markets by the
same percentage. The eect is monotonic and peaks to about

4%

increase when

rms' private markets are slightly smaller than the overlapping market. Figure
2.2 illustrates the change in market quantities for symmetric rms as MMC
increases.

3. PRICE COMPETITION
We now turn to the case of price competition in the second stage. Using the
same three markets as before, the only dierence is that in the second stage,
instead of choosing its quantity per market, each rm chooses it's price in each
market. The second stage problem for rm

(3.1)

Ri (kA , kB ) = max

pi ,p̂i ≥0
s.t.

i

is:

mo qi (pi , p−i ) · pi + mi · q̂i (p̂i ) · p̂i
mo qi (pi , p−i ) + mi q̂i (p̂i ) ≤ ki
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Figure 2.2. Firm's quantity in the overlapping market

 Symmetric MMC, Strategic Substititutes 

* Plot shows Firm A's quantity normalized by the Cournot benchmark:

q̃ =

a−c
. Graph is for symmetric MMC:
3b

λA = λB = λ

? = qA/q̃
qA

where

.

The second stage game is now in strategic complements rather than strategic
substitutes. The economics of capacity followed by pricing requires additional
structure. Kreps and Scheinkman (1983) and Davidson and Deneckere (1986)
show that if the second stage is a standard homogenous goods pricing game
the equilibrium depends on how the residual demand is split between rms.
The overall game may in fact be in strategic complements or substitutes. The
complication arises mainly from the discontinuity of the payo functions (see

??).

In other settings (e.g. discrete choice with no outside good), there are multiple
equilibria are unavoidable and a specic equilibrium selection rule is required.
We wish to avoid these complications and focus on the case in which price
competition qualitatively changes the game compared to quantity competition.

Assumption

Regularity assumptions for the pricing game:

1. For any rst stage choices

ki ,

the second stage equilibrium is unique
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and dierentiable in

ki

2. The own price eect on demand is at least as strong as the rival's
price eect

∂qi (·)
∂qi (·)
≥
∂pi
∂p−i
3. In the overall game, the rms equilibrium prices in the overlapping
market are strategic complements
The rst two assumptions are intuitive. Common demand functions that satisfy
these are the Dierentiated Bertrand / Hotelling / circular city models and the
discrete choice (logit) models with an outside good.
The last assumption is used only for propostion 8. To understand the need
for the last assumption, suppose rm
be associated with an increase in

A's

A

reduces it's equilibrium price. This will

rst stage capacity. The price change gen-

erates a complementing response from the

B

(price decrease), while the second

generates a substituting eect (capacity decrease). Now,

B 's

capacity decrease

drives it to increase prices. What the assumption states is that the rst order
eect dominates the second order eect.

Lemma 4

If the demand function is linear in all prices and satises the rst

two parts of the regularity assumption, the third part is also satised.
Lemma 4 implies that the Dierentiated Bertrand / Hotelling / circular city
models with linear price eects satisfy the third part of the assumption as well.
Although we cannot prove a more general result, the result of the lemma held
for any specic demand model we checked.
We will use the following Dierentiated Bertrand model to illustrate the re-
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sults.
(3.2)

qi (pi , p−i )

b
= a − bpi + p−i
2

As in the previous section, the results do not rely on the linear structure unless
this is mentioned explicitly.

3.1.

Benchmark

The combination of a pricing game following a capacity setting game already
distorts outcomes. In the quantity setting game, if markets are disconnected, the
two stage game has the same outcome as the standard one stage Cournot game in
which rms pay the production costs only when selling. However, the equilibrium
for our two stage game diers from the standard one shot dierentiated Betrand
game even if rms only compete in the overlapping market. In the standard
game, rms pay the production costs only after the quantity is determined. The
equilibrium is dened by the solution to

qi + (pi − c)

Letting

ρi

∂qi
=0
∂pi

denote the eective marginal revenue

ρi ≡ pi + qi /

∂qi
,
∂pi

the rm's equilibrium price solves

ρi = c .

Accordingly, the price reaction curves maintain the marginal revenue xed and
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are given by:

1
φi


=−

∂ρi ∂ρi
/
∂p−i ∂pi


∈ (0, 1)

In our setting, however, rms pay the production costs and then compete on
prices. When rms only compete in one, overlapping market, the rm's second
stage reactions will keep the quantity sold xed rather than the marginal revenue,
and are therefore given by

2
φi


=−

∂qi ∂qi
/
∂p−i ∂pi


∈ (0, 1)

The resulting equilibria for the two models dier. For example, in the linear case
(see eq. 3.2), market quantities are smaller by a factor of

9
10 in the two-stage

benchmark compared to the one-shot benchmark (see appendix). Intuitively, the
reaction when capacity is xed



φ

2



is stronger than when capacity can be

adjusted to the new demand conditions. As prices are strategic complements,

11

the steeper reactions curves push the equilibrium up.

Equilibrium

3.2.

The rst stage problem for each rm is formally the same as in the Cournot
case, with the revenue function

Ri

referring to the pricing game revenue 3.1

instead:

(3.3)

11 If

max Ri (kA , kB ) − cki
ki ≥0

.

demand is linear, we have that

1

φi = −

− 12
2

=

1
4

;

2

φi = −

b
2

−b

=

1
2

.
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The next lemma conrms that the basic characteristic of the equilibrium are
unaected:

Lemma 5

In the equilibrium of the pricing game:

1. The capacity constraint binds:ki = mo qi + mi q̂i .
2. Firm i's marginal revenue is identical in both of it's markets:ρi = ρ̂i .
The reasoning is exactly the same as for the quantity game. For the rm's rst
stage problem,

ρi

reects the marginal revenue from a unit of investment in the

expected second stage equilibrium.
Before characterizing the equilibrium we apply the denition of

commitment power
Definition 3

exibility

and

for pricing games

In the pricing game, rm

i's

exibility, φi ,

is the rm's second

stage reaction to a change in its competitor's overlapping market price:

(3.4)

φi ≡

∂pi
∂p−i

Flexibility measures

A's

best response to

equilibrium neighbourhood. If
reaction to

B 's

A

B 's

second stage deviation in the

does not have a private market, it's optimal

deviation must be to maintain the same quantity sold, and thus

A's exiblity is the same as in the two-stage benchmark. As
(A's private market increases),
react more protably to

A

can divert units to/from it's private market to

B 's deviation. At the extreme, if

aproaches the one-stage benchmark:

Lemma 6

In equilibrium of the price setting game,

φi = −

∂ρi
mi ∂ q̂i
mo ∂ p̂i · ∂p−i
mi ∂ q̂i ∂ρi
mo ∂ p̂i · ∂pi

+
+

A's MMC decreases

∂qi
∂ ρ̂i
∂p−i · ∂ p̂i
∂qi ∂ ρ̂i
∂pi · ∂ p̂i

h 1 2i
∈ φi , φi .

mA
mo

→ ∞, A's reaction
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If the demand curve is linear,
1
φi =
4

mi
mo
mi
mo

+2
+1

As expected, exibility is positive as competition is in strategic complements.
Moreover, when MMC is large (mA
mark (φA

→φ

2

→ 0),

exibilty is as in the two stage bench-

), when MMC is small (mo

stage benchmark

φA → φ

1

→ 0),

exibility is as in the single

. The intuition is the same as in the Cournot game.

When MMC is small the rm can divert its rst stage investment that was
planned to be used in the overlapping market to the private market at close to
marginal cost. Thus, the rm's reaction is the same as if costs are only paid in
the second stage, imitating the one stage game. Thus, we should again expect
that as one rm moves from very low MMC to very high MMC with it's rival, the equilibrium will move from the Stackelberg equivalent to the Cournot
equivalent. However, while in quantity competition, the move from Stackelberg
to Cournot implies that one rm produces less and one rm produces more, we
shall see that in price competition the eect is dierent.
The denition for commitment power also translates directly to the pricing
game:

Definition 4

In the pricing game, rm i's

commitment power, σi , is the change

in the rm's second stage overlapping market price following an additional unit
of investment:

σi ≡ mo

∂pi
∂ki

The commitment power measures the rm's ability to commit to allocating its
additional capacity in the overlapping market. In terms of the second stage game,
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this is the rm's price change in the overlapping market following a change in
it's rst stage capacity. A rm's commitment power depends on the same forces
as in the Cournot game  it's marginal revenues and the rival's exibility  as
well as the demand's reaction to price changes:

Lemma 7

In the equilibrium of the pricing game:

σi =

1
mi ∂ q̂i ∂ ρ̂i
mo ∂ p̂i / ∂ p̂i



∂ρi
∂pi

+

∂ρi
∂p−i φ−i



+



∂qi
∂pi

+

∂qi
∂p−i φ−i

As an increase in any quantity requires reducing prices,
rm has no private market



mi
mo

→0



σi

 <0

is negative. If the

, the price reduction is simply the reduc-

tion required to sell the additional quantity. If the overlapping market is small



mo
mi


→0 ,

the private market will absorb the capacity increase.

We now characterize the equilibrium.

Proposition 7

The equilibrium of the game is characterized by the following

equations
c − ρi = c − ρ̂i = pi

∂qi
· φ−i · σi < 0
∂p−i

i ∈ {A, B} .

Firms are less aggresive than in the one-shot pricing game.
Proposition 7 shows that the economics underlying the strategic eect are the
same whether rms compete in prices or quantities. Given in terms of marginal
eects, exibility and commitment, the strategic eect is exactly the same in
propositions 7 and 1. However, the economic forces themsleves change as a result
of the move from quantity to price competition. In particular, with strategic
complements, the marginal eect



∂qi
pi ∂p
−i



is positive, and thus MMC makes
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rms less aggressive.
Reducing capacity in the rst stage is a way for the rm to commit to higher
prices. As the rival reacts with higher prices as well

(φ−i > 0),

the rm gains

some 'free' marginal consumers from it's capacity decrease. Firm

eect of MMC

i0 s

strategic

is aected by exactly the same economic forces if competition in

the second stage is in prices or quantities. However, the economic forces behave
dierently.
In contrast to the Cournot game, the eect is strongest when
Here, both

φ−i

and

σi

increase in absolute terms with

mo

mo

is large.

(see appendix). If

MMC is high, the rm cannot divert quantity to it's private market in response
to a rival price decrease and so it's price adjustment

(φ)

is larger. Commitment

power increases in absolute terms with MMC because the rm must sell a larger
share of it's additional capacity in the overlapping market. Thus, in constrast to
the Cournot case, the results with

mo → 0

and

mo → ∞

are not identical.

Intuitively, while in quantity competition being a rst mover is an advantage,
in price competition the rst mover takes a small loss to encourage it's rival to
be less aggressive. Any increase in the overlap allows the rms to commit to
compete softer and prices increase.

Proposition 8

If prices in the overall game are strategic complements, then

an increase in MMC increases prices in the overlapping markets for both rms.12
dpi
dmi

<0

dpi
dm−i

dpi
≥0
dmo

≤0

If rms compete in prices, increases in MMC can only reduce competition. It is
therefore possible that the competitive eect of MMC would be confounded with
a mutual forebearance eect. Closed form solutions for prices and quantities are

12 The

inequalities are weak only if

λi

or

λ−i

are exactly zero.
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Figure 3.1. Firm's quantity and prices in the overlapping market

 Strategic Complements 

* Plots shows quantities and prices normalized by the by the appropriate benchmark:

? = qA/q̃
qA

where

invariant to

λ=

A, b ,

q̃ =
and

3
10

(2a − bc)

c.

Price plot assumes

and

mo
. Two lines are plotted for
mA +mo

p?A = pA/p̃

where

p̃ = (q̃ − A) 23 b.

Quantity plot is

A = 10, b = 1, and c = 1. λA measures A's MMC:
each rm: when λB = 0.1 (Low) and λB = 0.9 (High).
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provided in the appendix. Propostion 9 summarizes the symmetric case, which
illustrates the results most clearly:

Proposition 9

mo
mo +mi

→0

Suppose mA = mB then prices increase with MMC. When

(no MMC), the equilibrium in the overlapping market is as in one-

shot benchmark. When

mo
mo +mi

→1

(full MMC), the equilibrium in the overlap-

ping market is as in the two-stage benchmark. If demand is given by (3.2) then
the overlapping market quantity per rm is
qi = q ∗

10 10 (3 − λ) (5 + λ)
·
3 3 (5 − λ) (9 + λ)

Where q∗ is the quantity per rm in the two stage Dupoly benchmark.
As two rms increase the extent of their overlap, they become less agressive.
Figure illustrates the change in market quantities and prices for symmetric rms
as MMC increases with linear demand. The total quantity change in the market
is

10%.

As we discuss below, these numbers are consistent with the empirical

eects found for MMC in the existing literature.

4. DISCUSSION AND APPLICATIONS

4.1.

Mergers and Trade

The previous sections showed how changes in MMC may generate changes
of up to 40% of a rm's quantity and up to 20% of the overall quantity in
a competitive market. These changes are a result of a purely competitive effect. However, especially when rms compete in prices, the competitive eect of
MMC may be confounded with mutual forbearance. In this section we consider
two specic cases in which the implications of the competitive eect of MMC
may have alternative policy implications than what current thought may have.

MMC AND COMPETITION
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Figure 3.2. Firm's quantity in the overlapping market for dierent values

of MMC
 Symmetric MMC, Strategic Complements 

* Plot shows Firm A's quantity (left axis) and price (right axis) normalized by the

? = qA/q̃ where q̃ = 3 (2a − bc) and p? = pA/p̃ where
qA
A
10
2
b. Graph is for symmetric MMC: λA = λB = λ . Quantity plot is invariant to
3

appropriate benchmark:

p̃ = (q̃ − A)
A, b, and c.

Price plot assumes

A = 10, b = 1,

and

c = 1.
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Figure 4.1. Merger example: two markets (circles) and four rms (boxes). The rst
merger is between rms A and B. After the merger, rm C considers the second market as a
private market of rm 'A+B'. The second merger is between rms C and D.

Specically, we look at meger evaluation and international trade and illustrate
how the competitive eect of MMC may be confounded with mutual forebearance and/or economies of scale. We end by suggesting empirical tests that can
help distinguish between the competitive eect of MMC and alternative theories.
Mergers change the degree of MMC signicantly. The recent Delta-Northwest
merger, for example, changed the share of Delta's domestic-US routes that are
served also by American Airlines from 40% to 33%. However, the follow-up
merger between American with US Airways will likely increase the MMC between the rms to over 40%. We discuss airlines in more detail below. For now,
suppose an industry consists of two markets, each served by two dierent rms,
as in gure 4.1. For example Delta and American may be serving the rst market,
and Northwest and US Airways the second. Prior to the merger, neither rm has
a private market and all market outcomes follow the benchmark duopoly model
of choice. When Delta and Northwest merge, each market is still a duopoly 
the number of competitors in each market did not change. Moreover, the merger

MMC AND COMPETITION
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has no eect on the incentives for mutual forebearance. However, in our model,
the partial MMC aects competition. The merged rm has private markets. For
American, Northwest's market became Delta's  private market  Delta can shift
capacity from the rst market to the second. Whether competition is in strategic complements or substitutes, the smaller rms (American and US Airways)
take advantage of their rival's exibility and set a higher capacity. The merged
rm becomes a  partial Stackelberg follower in both markets. When the two
rivals merge as well, the private markets disappear and all markets return to the
standard duopoly equilibrium.
The asymmetric phase, after the rst merger and prior to the second, is
supra-competitive. The second merger reduced competition back to the standard duopoly levels. Regulators may have diculty rejecting the second merger
after approving the rst, even though the second merger reduces surplus from
the standpoint of the current analysis.
As for distinguishing between mutual forebearance and the competitive eect
of MMC, the rst merger does not change in the incentives for tacit collusion but
does change outcomes do to the competitive eect of MMC. To establish that the
merger wave facilitated tacit collusion, the correct ex-post analysis is to compare
outcomes prior to rst merger with outcomes after the second. Comparing only
outcomes before and after the second merger may confound tacit collusion with
the competitive eect.
The second main novel implication of the competitive eect of MMC is that
demand conditions in private and overlapping markets aect outcomes in all
markets. For example, suppose a rm operating in one country expands internationally. If the international market is large and competitive, from the perspective
of the rm's domestic rivals, the international market acts as a large  private
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market for the rm. As a result, the domestic rivals become more aggressive,
making the domestic market more competitive. In contrast, if the local rm is
a monopolist and the international market is an oligopoly with larger rms, the
local rm may want to be aggressive in the international market, taking advantage of its' rivals exibility. However, to commit to such aggressive behavior, the
rm must increase investments used in the local market, increasing local welfare.
Under both scenarios the competitive eect of MMC may partially explain the
perceived increase in productivity associated with opening markets to exports.

4.2.

Suggestive Evidence

Airlines are a perfect industry to apply our model of MMC. Airlines schedule
ights from spokes to their hub (or between spokes) well in advance of actually
selling tickets on the routes using these ights. Moreover, virtually all ights
serve many routes (markets). We show in the appendix that our model can be
directly extended to capture the basic airline competition model, allowing for
hub-and-spoke and spoke-to-spoke ights.
Past work on MMC has studied how prices are aected in the airline industry
with changes in MMC. Evans and Kessides (1994) looked at changes in MMC
driven by the surge in entry after deregulation. Gimeno and Woo (1999) used hub
formation as the driver of changes in MMC. They both found that higher overlap between carriers was correlated with higher prices. Park and Zhang (2000)
study the main North Atlantic alliances in the 1990's (British Airways/USAir,
Delta/Sabena/Swissair, KLM/Northwest, and Lufthansa/United Airlines). As
predicted by our model, their analysis concludes that a complementary alliance
between carriers with low network overlap (e.g., BA/USAir, KLM/NW, LH/UA)
is likely to increase total seat miles sold and consumer surplus.
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The study by Gimeno and Woo (1999) is particularly akin to our setting, as
they divided the extent of multimarket contact into two groups: multimarket
contact on markets that shared a common endpoint with the focal market

13 ,

and multimarket contact on all other markets. They dened the rst type of
multimarket contact as one on markets with

strong resource sharing

ties, while the latter was dened as one on markets with

weak resource sharing

opportunities. The study shows how MMC on markets with

ing

opportuni-

strong resource shar-

opportunities was correlated with higher yields (price per mile) but MMC

on markets with

weak resource sharing

opportunities was not. Furthermore, in-

creases in the number of rivals' non-overlapping markets with

sharing

strong resource

.

opportunities was correlated with lower yields The simple model of air-

line competition that we sketch in the appendix, in which rms commit to ight
schedules prior to selling tickets, yields the same empirical patterns as those
uncovered by Gimeno and Woo (1999). Committed ight schedules imply the
cost of a ight between two cities is sunk, but such ight can be used on multiple routes sharing a common endpoint. In such a setting, increasing MMC on
the markets in which the sunk investment is being used would result in higher
prices: we would observe a positive correlation between yields and MMC on markets with

strong resource sharing

non-overlapping markets with

opportunities. Furthermore, increases in rivals'

strong resource sharing

opportunities would be

akin to increasing rivals' private markets in our model, resulting in lower prices.

5. CONCLUSION

The paper studies the competitive eect of multi-market contact (MMC) in
oligopoly settings with sunk, transferable investments. We nd that changes in

13 A

focal market is the market under observation: i.e. the market whose price is being

regressed on other covariates.
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the extent of multi-market contact can have a signicant eect on market outcomes, where

increases

in the extent of MMC has ambigous eects on welfare.

In particular, we show that when rms compete in strategic substitutes, increasing MMC for that rm increases that rm's output in all of that rm's markets
(even its monopolistic markets). The eect on total welfare, though, is ambiguous because of how rivals react to that increase. If, however, competition is in
strategic complements, increasing a rm's MMC increases that rm's price in
all its markets and rival rms react in such a way that welfare unambiguously
decreases in markets where rms overlap.
The analysis highlighted two related forces through which MMC aects competition. The size and elasticity of a rm's private markets determine the rm's

exibility

 its ability to shift resources across markets. Firms respond to a rival's

exibility by increasing their own aggressiveness, knowing that their rival will
have the exibility to accommodate. This second force  the rm's

commitment

power, measures the extent to which a rm can commit to allocating productive
capacity to be used in rivals' markets.
Our analysis relates the most to the analysis done in Bulow et al. (1985),
with two critical dierences: we allow for all rms to have private markets and
we endogenize the diseconomies across markets that Bulow et al. (1985) take
as given. Doing so signicantly changes the conclusions. We nd that changes
in one rm's private markets aects how other rms react in their own private
markets. We also nd that by endogenizing diseconomies across markets changes
in MMC may have a non-monotonic eect on consumer welfare (when competing
in strategic substitutes).
Previous literature has focused on perceived dierences between large and
small rms in terms of productivity or mutual forbearance. The competitive
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eect of MMC can be confounded with either of the two. Thus, an important
empirical question is whether it is possible to distinguish between each. A key
dierence between the competitive eect of MMC and mutual forbearance is
that the former relies on specic physical diseconomies across the markets (i.e.,
sunk, transferable investments) while the latter does not. This opens possibilities
for future research to distinguish between the two hypothesis by separating the
eect of changes in MMC that use the same capacity (i.e., use of a common
distribution center or airline hub) and changes in MMC that do not.
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APPENDIX A: PROOFS OF PROPOSITIONS AND LEMMAS

We present the formal proofs to all Lemmas and Propositions. Throughout this section,
we denote with subscripts the following partial derivatives:

ρi,1 ≡

∂ρi
,
∂qi

ρi,2 ≡

∂ρi
,
∂q−i

ρi,12 ≡

2

∂ ρi
.
∂qi ∂q−i
We briey discuss some assumptions required in the proofs that impose structure on the
inverse demand curves and that hold true in most common inverse demand functions (all hold
trivially for linear demand).

Assumption.

At the equilibrium, marginal revenue is always aected more by an increase in

a rm's output than by a similar decrease in a rival's output:

|ρi,1 | ≥ |ρi,2 |.

In the regular Cournot game, this assumption is equivalent to requiring reaction curves to have
a slope of greater than minus one, and thus be at a stable equilibrium.

Assumption.

Inverse demand curves are such that

∂2P
∂qi ∂q−i

≤

∂2P
2 .
∂q−i
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Assumption A holds trivially for homogenous goods and is a statement on how the price drop
due to a rival adding output is larger when the rm has a lot of output than when the rival
has a lot of output.

Assumption.

∂φi
∂qi

≥ 0,

∂φi
∂q−i

≥ 0,

∂σi
∂q−i

≤0

This last assumption is a statement on the third derivatives of the demand functions. The
rst inequality states that a rm's exibility increases with its own output. This should be
expected, since increasing output in the overlapping market implies increasing output in the
private market. As quantity in the private market increases, it becomes incresingly more dicult
diverge additional output into it. The second inequality follows under the same reasoning. The
third inequality simply states that as the rival increases output in the overlapping market,
increments in capacity are allocated with a lower proportion into the overlapping market.

Lemma

1

In equilibrium, in the second stage:

1. The capacity constraint binds:ki = mo qi + mi q̂i .
2. Firm i's marginal revenue is identical in both of it's markets:ρi = ρ̂i .
Proof:



For the rst point, assume it does not bind for rm A. Firm

amount in the rst stage, saving

c

on cost. For an



A

can reduce

kA

a an

small enough, both rms can allocate

the same quantities in the second stage. Since the constraint continues to not bind for rm

A,

the second stage allocation must be an equilibrium resulting in the same revenues as in the
prior equilibrium. As rm

A

saved

c,

the prior equilibrium cannot be an equilibrium and the

constraints must bind.
The second point follows directly from the FOC of the subgame (eq. 2.1):

∂
(mo qi P (qi + q−i ) + mo q̂i P (q̂i ))
∂qi
∂
(mo qi P (qi + q−i ) + mi q̂i P (q̂i ))
∂ q̂i
where

µk

=

mo µk − µi

=

mi µk − µ̂i

is the Lagrangian multiplier on the capacity constraint and

multipliers on the non-negativity constraints. If

µi , µ̂i

are the Lagrangian

qi , q̂i > 0, these last multipliers are zero. As the

partial derivatives are simply the marginal revenue (MR) curves, the FOCs are
and

mi ρ̂i = mi µk ,

mo ρi = mo µk

giving the desired result.

In equilibrium both quantities are positive. Suppose not. If one of the quantities is zero, it
must be that of the overlapping market as MR in the private market is weakly higher than
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that of the overlapping market when both markets have zero output allocated to them. If
such an equilibrium exists, then the MR in the overlapping market must be lower than that
of the private market (else the rm -rm

A-

would benet from shifting some output into the

overlapping market) and such low MR must be caused by the rival rm -rm
large output in the overlapping market. MR in rm
than

c:

A

if it is higher,

A's

can increase capacity and use it in the private market. This would not

second stage allocation, but such increase would increase
overlapping market, at zero output, is less than

and so

c. It must be the case that B

B 's

allocating a

private market must be weakly lower

aect the zero allocation in the overlapping market and so

is below

B-

c:

B

would not change its capacity nor

A's prots. This implies the MR in the

meaning the price in the overlapping market

is selling in both markets (for reasons already described),

MR in both markets must be below

c. B

could then benet from reducing capacity

slightly and selling this in the private market while continuing to sell the same amount in the
overlapping market. This would not aect

A's

decisions but would prot

that allocating zero output to at least on market is an equilibrium.

Lemma

2

B.

So it cannot be

Q.E.D.

In equilibrium,
∂ρi
∂q−i

φi = − ∂ρ

i

∂qi

+

mo ∂ ρ̂i
mi ∂ q̂i

i
h
∈ φi , 0 .

If the demand curve is linear,
φi = −

Proof:

Dene

1
mi
·
2 mi + mo

φ̂i ≡

ρA = ρ̂A

dq̂i
. The second stage FOCs for rm
dq−i

and

A

can be characterized by

mo qA + mA q̂A = kA

Taking full derivatives of these two equations with respect to rival's quantity gives the desired
result:

ρA,1 φA + ρA,2 − ρ̂A,1 φ̂A = 0

0

=

ρA,1 φA + ρA,2 − ρ̂A,1

φA

=

−ρA,2
mo
ρA,1 + m
ρ̂A,1
A

and

mo φA + mA φ̂A = 0



mo
−
φA
mA
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and since

ρ̂A,1 ≤ 0

and

ately from substituting in

Definition 5

Lemma

Let

ρA,2
. The second result points follows immediρA,1

ρA,1 ≤ 0, φA ≥ φA =
ρA,1 = ρ̂A,1 = −2b

dq̂i
σ̂i ≡ mi dk
, ηi ≡ mo
i

and

Q.E.D.

ρA,2 = −b.

dq−i
, and
dki

η̂i ≡ m−i

dq̂−i
.
dki

In equilibrium,

3

∂ ρ̂i
∂ q̂i

σi =
mi



∂ρi
∂qi

+

∂ρi
φ
∂q−i −i



∈ [0, 1]

+ mo ∂∂ρ̂q̂i
i

If the demand curve is linear
m−i
mo
m−i
mi m−i
+ 43 m
mo
o mo

1+
σi =

Proof:

1+

mi
mo

+

The second stage FOCs for rm

ρB = ρ̂B

and

B

can be characterized by:

mo qB + mA q̂B = kB

Taking full derivatives of these two equations with respect to

A's

capacity gives that

ηA =

σA φB :
ρB,1

1
1
1
η̂A = 0
ηA + ρB,2
σA − ρ̂B,1
mo
mo
mB

ηA

− m1 σA ρB,2
o

=

1
ρ
mo B,1

+

We now take full derivatives of

ρA,1
Substituting in

from

|φB | ≤ 1

A's

ρ̂B,1

ηA = σA φB

mA
mo

FOC with respect to

and solving for

σA

and

kA :
σA + σ̂A = 1

gives the desired result:

ρ̂A,1

ρA,1 + φB ρA,2 + ρ̂A,1

σA ∈ [0, 1], note that ρ̂A,1 ≤ 0 and ρA,1 + φB ρA,2 ≤ 0, where the latter follows

and

ρA,1 ≥ ρA,2

(given by assumption A).

The last result follows from substituting in
i
− 21 m m
.
i +mo

ηA + η̂A = 0

= σA φB

σA
ηA
σ̂A
+ ρA,2
− ρ̂A,1
=0
mo
mo
mA

σA =
To show that

1
mB

and

ρ̂i,1 = ρi,1 = −2b, ρi,2 = −b,

and

φi =

Q.E.D.
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Proposition

The equilibrium of the game is characterized by the following equation

1

0

c − ρi = c − ρ̂i = qi P (qi + q−i ) · φ−i · σi > 0

i ∈ {A, B} .

Firms behave more aggresively under MMC than they would have under standard oligopoly.
If

mi
mo

→ ∞ and

→ 0 , then the equilibrium in the overlapping market is the Stackelberg

m−i
mo

equilibrium with rm i the Stackelberg follower.
The FOC in the rst stage is given by the partial derivative of equation 2.2 with

Proof:

respect to

ki :
∂Ri (ki , k−i )
−c=0
∂ki

∂Ri (ki , k−i )
∂ki

=
=

where
and

σ̂i , σi ,

and

σi + σ̂i = 1,

φ−i

dqi
∂P dq−i
dq̂i
+ mo qi
+ mi ρ̂i
dki
∂q−i dki
dki
∂P
ρi σi + qi
σi φ−i + ρ̂i σ̂i
∂q−i
mo ρi

are imputed from their denitions. Since in any equilibrium,

the FOC can be written as

c = ρi + qi

∂P
σi φ−i
∂q−i

The last term is positive as

∂P
∂q−i

mi
For the second part, when
mo

φ−i → 0

and

σ−i → 1.

c = ρi

≤0

,

φ−i ≤ 0,

→ ∞,

then

and

σi ≥ 0.

φi → φi

and

σi → 0.

2

When

m−i
mo

→ 0,

then

The FOCs of the two players are then

and

c = ρ−i + q−i

∂P
φ
∂qi i

which are exactly the same FOC as the Stackerlberg game with rm

Proposition

ρi = ρ̂i

i

as the follower.

Q.E.D.

If demand is linear, consumer and total surplus is always at least as high in

industries with MMC as without. Total industry prot is always at most as high in industries
with MMC as without.
Proof:

Consumer and total surplus are a monotonic function of total market output. It is

enough to prove that total market output in every market is larger with MMC than without it. That such holds in the private market follows from the fact that the strategic eect,
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∂P
qi ∂q
σi φ−i ,
−i

is positive. To show that is holds in the overlapping market, note that the FOC

for the linear demand has the form
eect (α

≥ 0).

Since

P (Q)

2c − Q(−b) − αi − α−i = 2P (Q).
Q=
When

2A−c+
3
b

αi = α−i = 0

function of

αi

and

∂P
c − qi ∂q
+ α = P (Q) where
i

∂P
∂qi

= −b and α is the strategic

∂P
is the same for both rms, adding up the two FOC gives:
and
∂qi
Solving for

Q

gives:

αi +α−i
2

the Cournot output is achieved. As the above function is an increasing

α−i ,

any MMC that makes at least one of the two positive results in a

higher level of total output in the overlapping market than there would have been with no
MMC (with

αi = α−i = 0).

As to the second point, as total industry prots are declining in output when output is
greater than the monopoly output, and the total output with MMC is larger than the Cournot
output, which itself is larger than the monopoly output, total industry prots are less with

Q.E.D.

MMC than without it.

Proposition

Proof:

3

If demand is linear, let λi =

mo
mo +mi

, then the equilibrium quantities are...:

Plug in the above denitions into the FOC of 1 and solve for quantities. Online

Q.E.D.

Appendix contains the Mathematica notebook we used for this proposition.

Proposition

4

A rm's equilibrium quantity in both markets increases with the rm's

MMC and decreases with the rival's MMC
dqi
dmi

<0

dq̂i
dmi

dqi
>0
dm−i

≤0

dq̂i
≥0
dm−i

Firm's total prots are increasing in it's own MMC and decreasing in rival's MMC.
Proof:

The proof proceeds in 4 steps. We rst show that you can change the variable of the

rst stage optimization from

ki

to

qi .

We then show that the FOC is decreasing in

the rival's output xed. Third, we show that the FOC is increasing in

m−i ,

mi ,

holding

holding the rival's

output xed.. Finally, we show that strategic substitution is preserved even with the dynamics.
The rst step shows that increasing

qi ,

mi

(a decrease in MMC) has a direct eect of decreasing

holding rival's outcomes xed. The second and third steps show how the rival rm reacts

by increasing output and that there are two drivers for this: the direct eect of

m−i

and the

strategic substitution eect. Since strategic substitution is preserved (step 3), all these eects
reinforce each other, proving that

dqi
dmi

<0

and that

dqi
dm−i

> 0.
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The results that output in the private market reacts in the same direction as output in the
overlapping market (

dq̂i
dmi

≤ 0 ⇐⇒

dq̂i
dm−i

≥ 0)

is shown within step one of the proof.

Step 1. Change of variables.
(qi , q̂i ) and ki , k−i . The second

The second stage equilibrium provides the mapping between

stage equilibrium is characterized by the two equations equating marginal revenue and by the
two constraints. We apply the implicit function theorem on these four equations. In doing so
we can express

ϑ−i

so that

ki , q̂i ,

and

q−i

as a function of

κi (qi , k−i ) = ki , ϑ̃i (qi , k−i ) = q̂i ,

(qi , k−i ).

and

Denote these functions by

ϑ−i (qi , k−i ) = q−i .

functions is also given by the implicit function theorem: let

4x1 vector of functions

(qi , k−i )

v =

x = (q̂i , ki , q−i , q̂−i )

and

and

The derivatives of these

G(q, q̂, k)

be a 4x1 vector that

stacks the equations charaterizing the second stage equilibrium such that
partition the variables such that

κi ,ϑ̂i ,

y = (qi , k−i )

G(q, q̂, k) = 0

and

. The Jacobian of the

(ϑ̃i , κi , q−i , q̂−i )0 , given with respect to the two input variables

is given by the solution to the system of equations:

a dierential operater, such that the

j -th

colum contains

∇x G · ∇ y v = ∇y G

, (∇x is

d
). By solving this system, one
dxj

obtains the derivatives:

dϑ̂i
mo 1 − σi dκi
mo dϑ−i
=
,
=
,
= φ−i
dqi
mi σi
dqi
σi
dqi
As

σi ≥ 0,

dϑ̂i
dqi

≥ 0.

This shows that output in the private market reacts in the same direction

as output in the overlapping market.

The objective function can now be expressed in terms of

mi ϑ̂i P (ϑ̂i ) − cκi .

qi : Fi (qi ) = mo qi P (qi +ϑ−i (qi , k−i ))+

And the FOC is

∂Fi
= Fqi
∂qi

=
=
=

dκi
∂P dϑ−i
dϑ̂i
+ mi ρ̂i
−c
∂q−i dqi
dqi
dqi
∂P
1 − σi
cmo
mo ρi + mo qi
φ−i + mo ρ̂i
−
∂q−i
σi
σi


mo
∂P
ρi − c + qi σi φ−i
σi
∂q−i
mo ρi + mo qi

where the last equality used the fact that in all subgame equilibria

To simplify on notation, let

F̃qi = 0

∂P
F̃qi = ρi − c + qi σi φ−i ∂q

−i

ρi = ρ̂i .

and know that in equilibrium,
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Step 2. The FOC is decreasing in mi when holding q−i xed.
The sign of the derivative of the FOC when holding
Within

F̃qi ,

the only function that involves

mi

is

σi ,

q−i

xed is given by the sign of

which is decreasing in

mi

∂
F̃ .
∂mi qi

(cfr. lemma 3).

∂P
As φ−i and
are negative, the whole term is negative.
∂ϑ−i

Step 2. The FOC is increasing in m−i when holding q−i xed.
The sign of the derivative of the FOC when holding
Within

F̃qi ,

the only functions involving

m−i

(cfr. lemma 2). The former is increasing in
in

m−i ).

are

m−i

σi

q−i

xed is given by the sign of

and

φ−i .

∂
F̃ .
∂m−i qi

The latter is decreasing in

as it is decreasing in

φ−i

(and

φ−i

m−i

is decreasing

Thus, the sign of the derivative stated above is given by the sign of

qi

∂P
∂ϑ−i


φ−i

∂σi
∂φ−i
+ σi
∂m−i
∂m−i



which is positive: the term outside the parenthesis is negative and both terms inside the parenthesis are negative.

Step 3. Strategic substitution is preserved:
As before, it is sucient to sign

∂
F̃q
∂q−i i

∂ 2 Fi
∂qi ∂q−i

≤0

∂
F̃ :
∂q−i qi

∂
∂q−i



∂P
σi φ−i
∂q−i

=

ρi,2 + qi

=

ρi,2 + σi φ−i qi

∂2P
∂P
+ qi
2
∂q−i
∂q−i

≤

ρi,2 + σi φ−i qi

∂2P
2
∂q−i



∂φ−i
∂σi
σi
+ φ−i
∂q−i
∂q−i

The last line followed from the fact that the term in parenthesis is positive by assumption A.
Expanding the

ρi,2

term and collecting terms gives

∂
F̃q
∂q−i i

as

φ−i ≥ φ−i ≥ −1

≤

∂P
+ qi
∂q−i

≤

∂P
+ qi
∂q−i

and

σi ≤ 1.

Since

!
∂2P
∂2P
+ σi φ−i 2
∂q−i ∂qi
∂q−i
!
∂2P
∂2P
− (1) ·
2
∂q−i ∂qi
∂q−i
∂P
is negative and so is the term in parentheses by
∂q−i

assumption A, the whole term is negative.
This concludes the proof.

Q.E.D.

