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Abstract
This paper studies a principal-agent model in which the principal and agent are risk-neutral,
there are two actions, adverse selection, moral hazard and limited liability. When the two
actions are subject to moral hazard, there is no distortion at the top, the optimal action
profile is downward distorted for everyone else and the optimal menu of contract exhibits
the one-size-fits-all property; that is, each ability type receives the same contract. The
optimal contract pays a bonus when the outcome with the highest likelihood ratio is observed
and the limited liability otherwise. When one of the actions is contractible and the other
is subject to moral hazard, there is no distortion at the top, the non-contractible action
is downward distorted for everyone else, the contractible action can be either upward or
downward distorted. The optimal contract no longer exhibits the one-size-fits-all property.
The one-size-fits-all property sheds light why we rarely observe menus of contracts in market
that use franchising, credit and labor markets, and in regulated industries.
Keywords: Moral Hazard, Adverse Selection, Multiple Tasks, Limited Liability.
JEL-Classification: D82, D86, J33.
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Introduction

The theory of incentives predicts that optimal contracts are highly complex and their terms
should respond to differences in agents’ characteristics. However, empirical and casual observation (see, for instance, Baker et al. (1994) and Sugato and Lafontaine (1995)) show that
this is not usually the case. For instance, in markets that use franchising (for details see
Lafontaine and Slade (1997, 2001)), franchisors instead of offering contracts tailored to the
characteristics of each franchisee, most of them employ a limited set of contracts, often just
two: a business-format franchising and an integrated contract.1 Within the first category,
different franchisors choose different contract terms, different royalty rates and franchise fees,
but a given franchisor offers the same terms to all potential franchisees at a given point in
time. Salanié (2005, p. 474) concludes the following: "The recent literature provides very
strong evidence that contractual forms have large effects on behavior. As the notion that
incentive matters is one of the central tenets of economists of every persuasion, this should
be comforting to the community. On the other hand, it raises an old puzzle: if contractual
form matters so much, why do we observe such a prevalence of fairly simple contracts?"
Thus, the observed prevalence of simple contracts remains a challenge to incentive theory
when one does not resort to things such as legal restrictions, transaction costs and/or fairness
considerations.
This paper rationalizes the optimality of simple contracts in the sense that contracts
are not tailored to agents’ characteristics and the optimal allocation is implemented via
a simple bonus-type contract. Crucial to the result is the fact that agents are subject to
limited liability, which limits a principal’s ability to punish agents for bad performance.
This is usually the case in financial and labor market contracts; an employer is not free
to punish poor performance with negative wages and an entrepreneur cannot be asked to
re-paid more than what his venture returns. Mainly, the paper considers a model where two
(weakly) complementary actions must be undertaken, there is an aggregated performance
1

Balmaceda (2009) provides a rationale for the emergence of pay-for-performance contracts and self-

selection in a competitive labor market setting, where workers are risk averse, firms are risk neutral and
unaware of workers’ abilities. He shows that under certain parameterization the second-best menu has more
than one contract, and under others the menu contains one contract only.
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measure that can take more than two outcomes and the probability distribution satisfies the
monotone likelihood ratio property (MLRP) in each input (i.e., actions and ability). The
principal and the agent are risk neutral, the agent privately learns her type/ability before
signing the contract. In addition, the cost of effort function as well as the reservation utility
are type independent.
Within this model two different scenarios are considered: (i) moral hazard with regard to
both actions, incomplete information with respect to the agent’s ability type and limited liability; and (ii) moral hazard with regard to one of the two actions (the other is contractible),
incomplete information with respect to the agent’s ability type and limited liability. The
results are as follows: (i) when both actions are subject to moral hazard, there is no distortion at the top and the optimal action profile is downward distorted for everyone else. The
optimal action profile is implemented by a bonus-type contract that pays a bonus when the
outcome with the highest likelihood ratio is observed and pays the limited liability otherwise.
The optimal menu of contracts exhibits what I call the one-size-fits-all property; that is, all
workers are offered the same bonus-type contract regardless of their ability type. In spite
of the optimality of the one-size-fits-all property, agents’ equilibrium behavior is such that
more talented agents choose a higher action profile, are more productive and have a higher
average compensation than less talented agents; and (ii) when there is moral hazard with
regard to one of the two actions only, there is no distortion at the top and for all other ability
types, the optimal non-observable action is downward distorted, while the contractible action could be either upward or downward distorted. The optimal contract no longer exhibits
the one-size-fits-all property, yet the bonus type structure of the optimal compensation contract holds. As before, workers’ equilibrium behavior is such that more talented agents are
in equilibrium more productive and have a higher average compensation than less talented
agents.
The main incentive problem is that an agent may wish to understate his type to convince
the principal that higher outcomes are harder to achieve. If payments were not restricted
by limited liability, the principal would mitigate the agent’s underreporting incentives in the
standard fashion; by promising a stepper payment scheme as the agent reports a higher type.
This would work because MLRP with respect to the agent’s ability type implies that higher
2

ability types benefit more from a steeper contract. Thus, higher ability agents would bear
more responsibility for their actions. If higher payments are more sensitive to the agent’s
ability type, it does not pay to an agent with low ability to claim to be more skillful than
he really is since he is penalized with a contract that is more sensitive to higher outputs
and these are less likely to be produced by a low-ability agent. Thus, his output will be
lower and therefore his compensation will be lower too. The same logic explains why highability agents do not claim to have a lower ability than the one they really have. However,
limited liability precludes low payments when low outcomes are observed. This implies that
the incentive compatibility constraint requiring that the power of incentives increases with
the agent’s ability type cannot be satisfied without given sizeable informational rents. In
order to induce truthful revelation and to minimize informational rents, the optimal contract
exhibits the one-size-fits-all property; that is, the optimal menu of contracts has one contract
only. This pays a bonus when the outcome with highest likelihood ratio (here the highest
outcome) is realized and pays the limited liability L otherwise. The reason is that limited
liability imposes a lower bound on punishments and therefore each ability type faced with a
menu of contracts with at least two different contracts that pay the limited liability in some
state would prefer the one with a steeper wage profile. To reduce the informational rent, the
principal sets the payment in each state different from that for which the likelihood ratio
is the highest equal to the limited liability and, in order to stop agents from overstating
their ability type, the principal is forced to offer the same bonus to each ability type. This
means that the moral hazard problem is more important than the adverse selection problem
in the sense that the principal designs optimal contracts to deal only with the moral hazard
issue and relinquishes the right to customize the contract to each ability type. However, the
action profile chosen is in general different from that under pure moral hazard since incentive
compatibility with respect to ability types imposes constraints on the contract through both
the first- and second-order conditions.
When one of the two actions is contractible and the other action is subject to moral
hazard, the principal no longer needs to give up the right to customize the contract to each
ability type in order to minimize the informational rent. The reason stands for the fact that
the principal can use the contractible action as an instrument to achieve truthful revelation
3

of private information when bonuses are allowed to vary with the agent’s ability type. A
varying bonus with the agent’s ability type allows the principal to provide different incentives
to different ability types, holding the limited liability as well as the informational rent as
low as possible. In order to counteract the agent’s incentives to misreport his type created
by a menu of contracts with type-dependant bonuses, the principal asks different ability
types to choose different contractible action levels. This action is downward distorted when
the relative informativeness of the signal (output) with regard to the agent’s ability and the
non-contractible action is increasing with the contractible action, while the opposite happens
when the relative informativeness is decreasing. Thus, the use of the contractible action as a
screening device is determined by its impact on the principal’s quality of the relative inference
process with regard to the agent’s ability type and the unobservable action. The one-sizefits-all property is recovered under fairly restrictive conditions. Mainly, when the relative
informativeness of the signal with regard to the agent’s ability and the non-contractible action
is independent of the contractible action, and actions and ability are neither substitutes nor
complements.
The provision of incentives in organizations is at the crux of the organizational design
problem. A long standing literature studies the question of how optimal incentive contracts
look like in different situations. The literature on optimal contracting under pure moral
hazard is vast and that under pure adverse selection is also huge. For the sake of brevity I
will not review them here. I will focus on the most closely related strand that deals with
optimal contracting under both, moral hazard and adverse selection, risk neutrality and
unlimited liability. Demougin (1989), Guesnerie et al. (1989), Caillaud et al. (1992), McAfee
and McMillan (1986, 1987), Laffont and Tirole (1986) and Melumad and Reichelstein (1989)
study the value of information in agency when there is unlimited liability. These papers
study under what conditions an incentive compatible and individually rational allocation
can be implemented by a contract that is type independent and there is no efficiency loss
from adding noise to the production technology. The first three papers consider the moving
support case, while the fourth studies the case of fixed support. The main assumption in
these papers is that the noise in the production technology is independent of the agent’s
type; that is, the models are just noisy hidden information models. The main result of
4

this literature is that in most such models the principal can reach the same utility as in the
absence of noise. One can, however, easily come up with examples of economically interesting
situations where the production technology is such that the uncertainty and the type interact
with each other.
Lewis and Sappington (2000, 2001) consider some situations of this sort. They study
a principal-agent model with adverse selection, moral hazard and limited liability. They
use this setting to study how wealth constraints affect the optimal mechanism for selling
a project to different bidders. Lewis and Sappington (2000) do so when wealth is publicly
observed and Lewis and Sappington (2001) do so when wealth is private knowledge. In Lewis
and Sappington’s (2001) model, which is closest to our setting, the outcome is dichotomic
and they allow the agent to post a bond before output is realized. Hence the principal has
two instruments to achieve his goal which are: the payment after success (failure leads to
zero outcome in their model) and the bond posted by the agent that results from the agent’s
announced initial wealth. This payment cannot exceed the agent’s wealth. When ability
and wealth are private information, they show that an agent requires both higher ability and
greater wealth to secure a more powerful compensation scheme: more of either of them does
not suffice. When wealth is observable they show that for low-ability agents the payment
after success rises with the ability level, while for high-ability agents, this is independent of
the ability level.
The rest of the paper is organized as follows. In Section 2, I introduce the model and
the main assumptions. Section 3 presents the full information case. In Section 4, the
optimal contract with adverse selection, moral hazard and limited liability is derived. In
the next Section, I study the case in which one action is contractible and the other remains
unobservable. Section 6 concludes with some remarks. All proofs can be found in the
appendix as well as the case of pure moral hazard with observable ability. There the validity
of the first-order approach is demonstrated.
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The Model

Consider a relationship between a risk-neutral principal (P) and a risk-neutral agent (A). The
agent is characterized by his type (e.g., ability level) indexed by θ. This is privately known
by the agent before signing a contract. There is a continuum of types θ ∈ Θ ≡ [θ, θ], and
the principal knows that types are distritbuted according to the continuously differentiable
distribution function F (θ) with associated density function f (θ) and full support. The full
support assumption ensures that all outcomes can be realized no matter what the agent’s
type is. This is meant to avoid the inference that for some outputs, the principal will be able
to rule out some types after observing a given outcome. As is standard in the literature, the
inverse of the hazard function H(θ) ≡

1−F (θ)
f (θ)

is assumed to be bounded and monotonically

decreasing. The principal hires the agent to work in a project that requires two actions: a
non-observable strategy, denoted by s ∈ S ≡ [0, s̄], and a non-observable effort, denoted by
e ∈ E ≡ [0, ē]. Later I consider the case in which one of the two action is contractible.
The project’s return is denoted by yh for h = 1, . . . , n with yh+1 > yh , ∀h. The probability
that outcome yh occurs depends on the agent’s action profile a ≡ (e, s) ∈ A ≡ E × S and
the agent’s type θ in the following way: Pr(y = yh |θ, a) ≡ ph (θ, a) for h ∈ {1, . . . , n}, with
Pn
h=1 ph (θ, a) = 1, ∀ (a, θ) ∈ A × Θ.

The agent’s private cost of action profile a ∈ A is c(a) = c · (e + s). Thus, the agent’s

private cost of actions is the same regardless of the agent’s type and actions are neither
substitutes nor complements in the cost function.2
I shall define the following likelihood ratios: (i) ℓhs (θ) ≡
(iii) ℓhθ (a) ≡

phs (θ,a)
;
ph (θ,a)

(ii) ℓhe (θ) ≡

phe (θ,a)
;
ph (θ,a)

and

phθ (θ,a)
.
ph (θ,a)

Hereinafter I assume the following:
[MLRP] (i) ℓhs (θ, a) is increasing in h for all (a, θ) ∈ A × Θ and bounded above; (ii)
ℓhe (θ, a) is increasing in h for all (a, θ) ∈ A × Θ and bounded above; and (iii) ℓhθ (θ, a)
is increasing in h for all (a, θ) ∈ A × Θ and bounded above.
2

The results holds if: (i) c(·) is a twice continuously differentiable and strictly convex function; and (ii)

ca (0) = c(0) = 0 and ces (a) ≤ 0 for any a ∈ A. Yet, the expression for the optimal contract becomes more
cumbersome and the algebra messier without further gain in intuition.
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Parts (i) and (ii) are the standard MLRP for one dimension moral hazard problems. Part
(iii) is the MLRP with respect to the agent’s type guaranteeing that higher outcomes are
more likely to come from distributions parameterized by higher ability.3 Assuming MLRP
with respect to the agent’s type implies that for any given effort level, the distribution of
output for a more talented agent first-order stochastic dominates (FOSD) that for a less
talented agent.4 Thus, MLRP ensures that any principal who has a payoff function that is
increasing in the project’s outcome prefers the stochastic distribution of returns induced by
higher actions and ability.
The next assumption, together with MLRP, validates the use of the first-order approach
and ensures that the optimal action profile belongs to the interior of A.
[CP] (i) The upper cumulative probability distributions

P

h>h′

ph (θ, a) are increasing and

strictly concave in (a, θ) ∈ A × Θ, ∀h′ ; (ii) ph (θ, a) is thrice continuously differentiable
for all (a, θ) ∈ A × Θ, and ph (θ, a) > 0, ∀(a, θ) ∈ A × Θ and ∀h ∈ {1, . . . , n}; and (iii)
P
P
lims→0 h>h′ phs (θ, a)yh → ∞ and lime→0 h>h′ phe (θ, a)yh → ∞;

Finally, I will assume the following complementarity property of the cumulative distribution functions in A × Θ.
[SC] (i)

P

h>h′

phθa (θ, a) ≥ 0 for all h′ ; and (ii)

and for all h′ .

P

h>h′

phes (θ, a) ≥ 0 for all (a, θ) ∈ A × Θ

Part (i) says that the distribution of the marginal return to actions rise in the sense of
FOSD with the agent’s ability. In short, ability and actions are complements. Part (ii) says
that the distribution of marginal return to e rises in the sense of FOSD with s. In short,
effort and strategy are complements.
Since there are n possible contractible outcomes to the principal, a contract is given by
3

See, Balmaceda (2009) for a use of this MLRP to derive the optimal contract under pure adverse

selection, risk aversion and labor market competition.
4
The expectation of ℓhθ (θ, a) is zero, and because ℓhθ (θ, a) is increasing in h, the covariance between
ℓhθ (θ, a) and yh is positive; hence
X

h

ph (θ, a)ℓhθ yh > 0 for all a ∈ A.

.
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a wage schedule: W = {wh }nh=1 , where wh is the wage paid when yh is realized. A direct
consequence of the SC property is that for any monotone increasing wage schedule, greater
actions lead to a higher expected wage the greater the agent’s ability. A menu of contracts
is defined as a function (W (·), a(·)) : Θ → ℜn × A that considers a contract for each ability
type.
Payments are restricted by a limited liability constraint that prevents the principal from
paying the agent a wage in any state lower than L ≥ 0; that is,5
[LL] wh ≥ L, ∀h.

(1)

Finally, each ability type has an outside option given by Uθ , with Uθ = U ≤ L for all θ ∈ Θ.
That is, the outside option is type independent. Furthermore, U ≤ L implies that I am
focusing on the case in which under limited liability the first-best cannot be implemented
without paying an extra cost.

3

Benchmark: The Complete Information Case

In this section I study the case in which actions are contractible and ability is common
knowledge. In appendix B, I consider the pure moral hazard case in which the action profile
is subject to moral hazard, the ability type is common knowledge and the agent is subject
to the limited liability constraint in equation (1).6
The action profile a that maximizes joint welfare is given by the solution to the following
problem
max S(θ, a),
a∈A

5

When L = 0, this constraint can be thought of as the case in which the agent owns no assets at the time

of contracting.
6
There is another possible benchmark which is the one where actions are contractible, ability is private
information and there is limited liability. This case however has a trivial solution which is to offer a fixed
wage contract that pays wh (θ) = L + c(a∗ (θ)) in each state, where a∗ (θ) is the first-best efficient action
profile. It is easy to check that this contract implements the first-best and induce truthful revelation of
information (each type is indifferent between his type and any other type). The reason stands for the fact
that neither the cost function nor the outside utility depend on the agent’s type θ.
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where
S(θ, a) ≡

X

ph (θ, a)yh − c(a).

h

The first-order conditions that determine the efficient action profile, denoted by a∗ (θ),
are:
Se (θ, a) = 0
and
Ss (θ, a) = 0.
Because of assumption CP, the first-order conditions are necessary and sufficient and the
first-best efficient action profile belongs to the interior. Thus, the first-best surplus is given
by S(θ, a∗ (θ)).
Assumption SC implies that for any θ′ > θ, a∗ (θ′ ) ≥ a∗ (θ) and S(θ′ , a∗ (θ′ )) ≥ S(θ, a∗ (θ)).
Thus, the first-best efficient action profile is non-decreasing with the agent’s type and total
welfare rises with the agent’s type.
The implementation is simple. The principal promises to pay the agent c(a∗ (θ)) + L if
he delivers a∗ (θ) and pays L otherwise. The agent weakly prefers to deliver a∗ (θ) in this
setting, and so the principal’s ideal outcome is ensured.

4

Moral Hazard, Adverse Selection and Limited Liability

In this section I study the environment in which the two actions are subject to moral hazard.
The principal’s goal here is twofold: on the one hand, she has to provide the agent with
incentives to choose the desired action profile and, on the other hand, she has to induce
the agent to truthfully reveal his type. In short any offer (W (θ), a(θ)) must be incentive
compatible; i.e., a θ-type agent prefers contract W (θ) to any other contract and is obedient
in the sense he chooses the action profile prescribed by the principal for an agent of type θ,
a(θ).
Lets suppose that an agent of ability θ ∈ Θ is faced with a wage schedule W ≡ {wh }nh=1 ∈
ℜn and chooses the action profile a ∈ A, then his expected utility is given by:
U(W, a, θ) ≡

X

h

ph (θ, a)wh − c(a).

9

(2)

By the extended revelation principle, the direct mechanism (W (θ), a(θ)) is incentive
compatible if and only if
U(W (θ), a(θ), θ) ≥ U(W (θ′ ), a(θ, θ′ ), θ), ∀θ, θ′ ∈ Θ,

(3)

a(θ, θ′ ) ≡ arg max U(W (θ′ ), a, θ), ∀θ, θ′ ∈ Θ.

(4)

a(θ) ≡ arg max U(W (θ), a, θ), ∀θ ∈ Θ.7

(5)

where
a∈A

and
a∈A

The mechanism satisfies individual rationality if and only if
U(W (θ), a(θ), θ) ≥ U, ∀θ ∈ Θ.

(6)

Constraint (3) is the incentive-compatibility constraint and states that the agent is better
off announcing his true type, receiving the allocation W (θ) and choosing a(θ) than announcing a different type θ′ when his true type is θ and receiving the allocation W (θ) and choosing
a(θ, θ′ ). Constraint (6) is the standard individual rationality constraint establishing that
each ability type prefers to participate to staying out.8
The problem faced by the principal is as follows
Z X
max n
ph (θ, a(θ))(yh − wh (θ))f (θ)dθ
(W (θ),a(θ))∈ℜ ×A

h

subject to

(1), (3) and (6).
Let

da(θ,θ ′ )
dθ ′

≡

∂a(θ,θ ′ ) dwh (θ ′ )
h ∂wh (θ ′ ) dθ ′ .

P

The following is formally proven in appendix A as well as

all the forthcoming results.
7

I use the notation a(θ, θ′ ) introduced in equation (4) as refereing to a(W (θ′ ), θ) and a(θ) introduced in

equation (5) as refereing to a(W (θ), θ).
8
Later I will informally discuss the case in which the principal may shut down some ability types.
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Proposition 1 Suppose the first-order approach is valid. The following conditions are sufficient for a differentiable contract W (θ) to be implementable:9
X

h

ph (θ, a(θ, θ′ ))

dwh (θ′ )
= 0, ∀θ ∈ Θ
dθ′

(7)

and
X

′
dwh (θ′ ) X X
′
′ da(θ, θ )
+
≥ 0, ∀θ, θ′ ∈ Θ, (8)
phaθ (θ, a(θ, θ ))wh (θ )
phθ (θ, a(θ, θ ))
′
′
h
a
h
dθ
dθ
′

where a(θ, θ′ ) is defined by (4).

Equations (7) and (8) holding for θ′ = θ constitute necessary conditions for implementability.
The proof is based on the fact that one can eliminate the agency relationship from the
problem by solving for the agent’s action profile as a function of the mechanism. This
procedure depends on the validity of the first-order approach. Equation (7) is the first-order
condition for the agent’s revelation of information problem taking into account that the
agent chooses the action profile that maximizes his expected utility, and (8) is the equivalent
to the second-order condition to the agent’s revelation problem. This explains why this is
required to hold for all θ, θ′ ∈ Θ. This constraint restricts the kind of mechanisms that the
principal can use. This is equivalent to what the literature calls the monotonicity constraint.
For instance, in Laffont and Tirole’s (1986) model this entails a rising quantity and transfer
with the agent’s type. In fact, if actions and types are neither complements nor substitutes
(that is, phaθ (θ, a) = 0, ∀h), sufficiency boils down to payoff monotonicity. However, the
condition here is in general weaker since it allows decreasing actions with the agent’s type
as long as the compensation rises with the agent’s type at a sufficiently fast rate. Thus,
imposing monotonicity while it yields sufficiency, it rules out a large class of implementable
mechanisms.
9

The restriction to differentiable mechanisms is not without loss of generality. The statement should be

said that is differentiable for almost all θ ∈ Θ; i.e., all point were the mechanism is differentiable. The
required condition is that U (θ) is non-decreasing and convex in θ. Furthermore, the sufficient condition does
not require the mechanism to be monotonic and thus almost everywhere differentiability is not implied by
the sufficient condition.
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Using the sufficient condition in equation (7) and the envelope theorem to obtain U ′ (θ)
and ignoring, as usually done in the literature, the global incentive compatibility constraint
stated in equation (8), the principal’s problem can be written as the following optimal control
problem
max

(W (θ),U (θ))∈ℜn+1

Z

(S(θ, a(θ)) − U(θ))f (θ)dθ

P-AML

subject to
U ′ (θ) =

X

h

(9)

phθ (θ, a(θ))wh (θ)

U(θ) ≥ L, ∀θ ∈ Θ

(10)

wh (θ) ≥ L, ∀h ∈ {1, . . . , n}, ∀θ ∈ Θ.

(11)

In this optimization problem the control variables are the payments, the state variable is
U, the co-state variable is µ, the Hamiltonian is
X

H(U, W, a, µ, θ) = S(θ, a(θ)) − U(θ) f (θ) + µ(θ)
phθ (θ, a(θ))wh (θ)
h

(12)

and the Lagrangean is

L(U, W, a, µ, θ, λ) = H(U, W, a, µ, θ) + γ(θ)(U(θ) − L) +

X

h

λh (θ)(wh (θ) − L),

(13)

where γ(θ) is the multiplier for the participation constraint and λh (θ) ≥ 0 is the multiplier
corresponding to the limited liability constraint for wh .
The following is proven in the appendix.
Proposition 2
i) The principal’s relaxed problem P-AML has a unique solution given by: whAM L (θ) = L
for all h < n and θ ∈ Θ and
wnAM L (θ) =

c(a(θ))
+ L, ∀θ ∈ Θ.
pn (θ, a(θ))

ii) The optimal action profile aAM L (θ) satisfies the following first-order conditions:
pne (θ, aAM L (θ))(wnAM L (θ) − L) − c = 0,
and
pns (θ, aAM L (θ))(wnAM L (θ) − L) − c = 0.
12

(14)

iii) aAM L (θ) is non-decreasing with θ.
This shows that the optimal menu of contracts exhibits what I call the one-size-fits-all
property; that is, the menu contains one and only one contract. The optimal contract is
a bonus contract of the pass/fail type. It can be described by a non-contingent transfer
w AM L (θ) and a bonus equal to wnAM L (θ) − w AM L (θ) paid to the agent when yn is observed.
The value of the non-contingent transfer w AM L (θ) is fully determined by the limited liability
constraint and the bonus is determined by the lowest ability type’s limited-liability rent.
Thus, the bonus is independent of the agent’s type. However, this does not imply that the
expected output is the same for each ability type. The second-best optimal action profile
rises with the agent’s type θ and therefore the greater the type, the greater the expected
output and the agent’s expected compensation.
Because H(θ) = 0, there is no distortion at the top, actions are downward distorted for
all other types and the lowest ability type gets a utility level U(θ) = L. Thus, the lowest
type gets no informational rent and a positive limited-liability rent equal to L − U, while
all other types get an informational rent. The reason for the inefficient action profile is
that the principal’s cost-the cost of the incentive compatibility constraint-, which is given
P
by H(θ) h phθ (θ, aAM L (θ))whAM L (θ), is an increasing function of the action level whenever

the optimal contract is non-decreasing. Thus, by downward distorting the optimal action
profile, the principal captures part of the informational rent.
To better understand this result it is useful to take a closer look at how the informational
rent changes as wh (θ) varies. This is the principal’s marginal cost of varying wh (θ). Observe
that the informational rent changes with wh (θ) as follows
X

h

phθe (θ, a(θ))wh (θ)

X
∂e(θ)
∂s(θ)
+
+ phθ (θ, a(θ)).
phθs (θ, a(θ))wh (θ)
h
∂wh (θ)
∂wh (θ)

The first two terms comprise the variation on the informational rent due to the change in
the chosen action profile as the result of an increase in wh (θ), and the third term is the direct
effect of a change in the payment wh (θ). Because of MLRP with respect to θ, the direct
effect is negative for small values of h and positive for large values of it. It also follows from
MLRP with respect to a, contract monotonicity (i.e., wh (θ) ≥ wh′ (θ), ∀h > h′ ) and the
complementarity between actions and θ, that the informational rent falls with wh (θ) when
13

h is small and rises with it when this is large. Hence, in order to reduce the informational
rent, the principal should pay little when the outcome is high and pay a lot when this is low,
yet this will destroy the agent’s incentives to choose a positive action profile.
The principal’s marginal benefit of varying the wage wh (θ) is given by
Se (θ, a(θ))

∂e(θ)
∂s(θ)
+ Ss (θ, a(θ))
.
∂wh (θ)
∂wh (θ)

It follows from MLRP with respect to a and the assumption that the contract is monotonic
on the outcome and that actions are lower than the first-best efficient action profile that the
surplus falls with wh (θ) when h is small and rises with it when this is large. Hence, in
order to get a higher surplus, the principal should pay little in low state and pay a lot in
high states. This is exactly the opposite of what is required to reduce the informational
rent. Hence, the principal must balance the positive incentive effect of paying more in good
states against the increased informational rent that results from that. As a result of this
when the wage is not restricted to be higher than a given level, the principal will downward
distort the action profile in order to minimize the informational rent provided that the agent
reveals his type truthfully. There is no need to provide the agent with a limited-liability rent
since the "punishments" are unbounded below. The optimal contract that implements the
principal’s preferred action profile is monotonic with the output and is such that it provides
more powerful incentives to higher types.
When a limited liability is imposed, the solution to the trade-off described above is no
longer feasible since the principal is restricted to pay after any output a wage greater than
or equal to L. The principal could increase the payment in each state in order to satisfy
the limited liability constraint, however this will result in a sizeable limited-liability rent.
Thus, the principal is better-off giving up on this and choosing a contract that provides no
informational rent and downward distorting the choice of the action profile in order to reduce
the informational rent.
The payment in the highest state cannot increase with the agent’s ability type so as
to provide stronger incentives to better types. The reason is that all agents will have an
incentive to claim to be the highest type since this will provide them with the highest
reward in the case that the highest outcome is observed and the same punishment when any
14

other outcome is observed. This strategy yields a higher expected payoff to all types. The
reason is twofold: first, each type can adjust his effort according to the optimal contract for
the highest type; and second, an agent that chooses the action profile that maximizes his
utility when he truthfully reveals his type, but claims to be the highest type possible, obtain
a higher expected payoff since the bonus when the highest outcome is realized is higher
when he lies than when he is honest. The principal, aware of this and restricted in the use
of penalties for low outputs by the limited liability constraint, is forced to offer the same
contract to each type so that it can induce the agent to truthfully revel his type at no extra
cost (each ability type is indifferent between reveling his type truthfully and lying about it).
It is interesting to notice that despite the fact that the moral hazard problem overcomes
the adverse selection problem, the action profile chosen under both, moral and adverse
selection is different from that under pure moral hazard (derived in appendix B). The
reason stands for the incentive compatibility with regard to the agent’s type.
Let me finish this section by briefly discussing the consequences of considering different
assumptions. In particular, I will focus on three of them which are: (i) type-independent outside utility; (ii) fixed support vs. moving support; (iii) task complementarities and MLRP
in each dimension.
First, lets consider the case of type-dependent outside utility. The most plausible case
is the one in which U increases with θ, since the opportunity cost of working in any given
firm should be higher for an agent with a higher ability type. One can easily show that
this would not change the result as long as the growth rate of U with respect to θ does
not exceed U ′ (θ) = pnθ (θ, aAM L (θ))(wnAM L (θ) − L). The reason stands for the fact that the
optimal contract provides each type with a utility higher than his outside option. If this is
not the case, things get more complicated. On the one hand, the principal could not offer
higher types a contract that promises a higher expected compensation since this will induce
lower types to claim to have a higher ability level. So the solution will be to shutdown part
of the type distribution. Which types will be shut down depend on the details of the model
and it is hard to predict what would happen. However, complementarity between actions
and types suggests that there is a force towards shutting down lower ability types unless the
growth rate of U with θ is too high. However, as shown by Lewis and Sappington (1989),
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this would also depend on whether the outside option is convex or concave in θ. In other
words, how strong are the countervailing forces coming from the outside option.
Second, lets consider the case of moving support. We know from the literature without
limited liability that moving support facilitates implementation. However, under limited
liability it is hard to see how this would help since as shown by Mirrlees (1975) the moving
support assumption coupled with unbounded utility almost solve the implementation problem. With limited liability, the principal is restricted in her capacity to punish the agent for
outcomes that cannot come from other combinations of ability and actions. Hence, despite
the fact that there are outcomes that are observable only if certain actions are taken, which
will facilitate the inference problem, the principal would not be able to punish the agent in
such a way to deter the agent’s misbehavior when outcomes that are not consistent with the
desired action profile are observed.
Third, lets consider the case of task complementarity. This assumption as well as that
of MLRP are needed to ensure that the local approach with respect to action profile as
well as types can be applied. It is my conjecture that MLRP with respect to one action
only will do the job as long as MLRP with respect to θ holds since this ensures that the
single-crossing property holds in the (wh , wh′ ) space. However, showing that the first-order
approach is valid is harder to accomplish since I need to show that the optimal wage scheme
is non-decreasing and this will require that a linear combination between ℓhe and ℓhs , where
the weights are the Langrange multipliers for each of the incentive compatible constraints,
is increasing with h.
Finally, the fact that actions are complements is needed to satisfy the global incentive
compatible constraint ensuring that
X

If

P

h>h′

 da(θ′ )
pnaθ (θ, a(θ′ )) wn (θ′ ) − L
≥ 0, ∀θ, θ′ ∈ Θ.
′
a
dθ

phaθ (θ, a(θ′ )) < 0, the assumptions with regard to the relationship between

and a should be such that a(θ) falls with θ.

P

h>h′

ph (θ, a(θ′ ))

It is known by now that the assumptions under which the results here are derived are
demanding, one could dispense of some of them either by using the approach proposed
by Poblete and Spulber (2012) or by using the less stringent conditions based on Monotone
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Ratio assumptions proposed by Wang et al. (2011), which would allow me to characterize the
optimal contracts without using the first-order approach. Yet this is not as straightforward
since their techniques are developed only for the one action pure moral hazard case.

5

Limited Liability and Contractible Actions

In this section I study the same environment as in the preceding section with the modification
that one of the two actions is contractible, while the other remains unobserved. Without
loss of generality, I will assume that e is contractible and s is subject to moral hazard.
Lets define s(θ, θ′ ) ∈ arg maxs∈S U(W (θ′ ), s, e(θ′ ), θ), ∀θ, θ′ ∈ Θ. Hence,
ds(θ,θ ′ )

P

h dwh (θ ′ )

(θ ′ )

dwh
dθ ′

+

∂s(θ,θ ′ )

de(θ ′ )

∂e(θ ′ )

dθ ′

∂s(θ,θ ′ )
∂θ ′

≡

. Then, the following is shown in the appendix.

Proposition 3 Suppose the first-order approach is valid. The following conditions are sufficient for a differentiable contract (W (θ), e(θ)) to be implementable:
 de(θ′ )
X
dwh (θ′ )  X
′
′
′
ph (θ, e(θ′ ), s(θ, θ′))
+
= 0, ∀θ ∈ Θ,
p
(θ,
e(θ
),
s(θ,
θ
))w
(θ
)
−
c
he
h
h
h
dθ′
dθ′
(15)
and
′
dwh (θ′ ) X
′
′
′ de(θ )
+
+
p
(θ,
e(θ
),
s(θ,
θ
))w
(θ
)
heθ
h
h
h
dθ′
dθ′
X
ds(θ, θ′ )
≥ 0, ∀θ, θ′ ∈ Θ.
phsθ (θ, e(θ′ ), s(θ, θ′ ))wh (θ′ )
h
dθ′

X

phθ (θ, e(θ′ ), s(θ, θ′ ))

(16)

Equations (15) and (16) holding for θ′ = θ constitute necessary conditions for implementability.
Equation (15) is the first-order condition for the agent’s revelation of information problem, while (16) is the equivalent to the second-order condition to the agent’s revelation
problem. This explains why this is required to hold for all θ, θ′ ∈ Θ.
In contrast to proposition (1), the necessary condition in equation (15) does not require
dwn (θ ′ )
dθ ′

= 0 when wh (θ′ ) = L. The reason stands for the fact that the principal can use the

contractible action e(θ′ ) as another instrument to induce truth-telling at a lower informational cost and to deter low ability types from claiming to be high types when the power of
incentives is higher for contracts tailored to high-ability types.
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Using the sufficient condition in equation (15) and the envelope theorem to obtain U ′ (θ)
and ignoring, as usually done in the literature, the global incentive compatibility constraint
stated in equation (16), the principal’s problem is as follows
Z
(S(θ, a(θ)) − U(θ))f (θ)dθ
max n+1
(W (θ),U (θ),e(θ))∈ℜ

×E

P-AMC

subject to
U ′ (θ) =

X

h

(17)

phθ (θ, a(θ))wh (θ)

U(θ) ≥ L, ∀θ ∈ Θ

(18)

wh (θ) ≥ L, ∀h ∈ {1, . . . , n}, ∀θ ∈ Θ.

(19)

The control variables are the payments and the action e(θ), the state variable is U, the
co-state variable is µ, the Hamiltonian is
X

H(U, W, a, µ, θ) = S(θ, a(θ)) − U(θ) f (θ) + µ(θ)
phθ (θ, a(θ))wh (θ)
h

and the Lagrangean is

L(U, W, a, µ, θ, λ) = H(U, W, a, µ, θ) + γ(θ)(U(θ) − L) +

X

h

λh (θ)(wh (θ) − L),

(20)

where γ(θ) is the multiplier for the participation constraint and λh (θ) ≥ 0 is the multiplier
corresponding to the limited liability constraint for the wage when outcome yh is observed.
The following is proven in the appendix.
Proposition 4 (Limited Liability and Contractible Action) Suppose H(U, W, a, µ, θ)
is concave in a. Then,
i) The principal’s relaxed problem P-AMC has a unique solution given by: whAM C (θ) = L
for all h < n and θ ∈ Θ and
wnAM C (θ) =

c
+ L, ∀θ ∈ Θ.
pns (θ, aAM C (θ))

(21)

ii) The optimal action profile aAM C (θ) is given by the solution to the following equations:

∂ pnθ (θ, aAM C (θ))/pns (θ, aAM C (θ))
AM C
c
Ss (θ, a
(θ)) = H(θ)
∂s(θ)
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and
AM C

Se (θ, a


∂ pnθ (θ, aAM C (θ))/pns (θ, aAM C (θ))
(θ)) = H(θ)
c.
∂e(θ)

This proposition shows that the optimal action profile is such that there is no distortion at
the top, the non-contractible action is downward distorted and the contractible action could
be either upward or downward distorted. The former holds if and only if

∂ pnθ (θ, a)/pns (θ, a)
> 0.
∂e
Notice that if the probability distribution is such that the ratio pnθ (θ, a)/pns (θ, a), which can
be interpreted as the rate of information substitution, is independent of action e, then the
optimal contractible effort is the first-best efficient effort level. The reason is that for any
given outcome different effort levels result in the same relative informativeness with regard
to θ and s. In contrast when this ratio is increasing with e; i.e., the relative informativeness
with regard to θ and s of the highest outcome increases with e, the effort is downward
distorted. The reason is that more effort worsens the informativeness of the signal yn with
respect to the action s, while if the ratio is decreasing with e, the informativeness of the
signal yn with respect to the action s improves. In either case, the effort is distorted in order
to keep the informational rent as low as possible.
This is somewhat reminiscent of Holmström and Milgrom (1991). They show in a multitasking model in which there is one performance measure per task that if the noise in the
performance measure for a particular task is high, it might be optimal to make the agent’s
pay less sensitive to performance in other tasks. This is to prevent the agent from allocating
too much effort in the well-measured tasks, which may harm the principal. Here, it is not the
sensitivity of payment to performance what is adjusted to avoid the misallocation of effort
across tasks, but the amount of contractible effort requested. This is to keep the relative
informativeness of the aggregate performance measure between the non-contractible action
and ability type as informative as possible, which helps to keep the informational rent low.
This result also highlights that the one-size-fits-all property of optimal contracts is due
to the fact that when there is moral-hazard in each task, limited-liability restricts the set
of incentive compatible contracts in such a way that the principal only focus on the moral
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hazard issue. In contrast, when the principal has an instrument different from payments to
induce the agent to truthfully reveal his type, limited liability restrictions to the space of
incentive compatible contracts has much less byte since the principal can use the contractible
action to escape from the need to make payments identical for each ability type.
In fact, the necessary condition for incentive compatibility in equation (15) requires that
pne (θ, e(θ), s(θ))wn (θ) − c de(θ)
dwn (θ)
=−
, ∀θ ∈ Θ.
dθ
pn (θ, e(θ), s(θ))
dθ
Thus, if

de(θ)
dθ

(22)

6= 0, the one-size-fits-all property does not hold. This leads to the following

corollary.
Corollary 5 Suppose that


∂ 2 pnθ (θ, a)/pns (θ, a)
∂ pnθ (θ, a)/pns (θ, a)
= 0,
= 0 and Saθ = 0 for a ∈ {e, s}.
∂e
∂s∂θ
Then

dwn (θ)
dθ

= 0, ∀θ ∈ Θ.

This corollary establishes that if (i) actions and ability are not complements; and (ii) the
relative informativeness of the performance with regard to θ and s is independent of the
contractible action e, the optimal contract exhibits the one-size-fits-all property. The reason
stands for the fact that the inference problem faced by the principal is not affected by e and
thus this action is set to the efficient level, which is independent of the ability type since
effort and ability are neither complements nor substitutes, and the interaction of the moral
hazard and adverse selection problem remains unchanged.
One can interpret the contractibility of an action as the principal investing in monitoring
to make some actions contractible. This shows that if the cost of doing so is small, the
principal will do so. This is in contrast to the result in Zhao (2008) who shows that despite the
fact that a principal can observe effort in all but one task and knows which action is optimal
for each task, the principal would prefer to use only-output based incentive contracts. In their
model the result follows from the fact that using a single bonus, the principal can motivate
the agent to work hard in each task. This saves on the limited-liability rent compared to the
case in which he contracts on effort in each task but one, which is non-contractible. This
result is consistent with those encounter on the post-contractual private information such as
20

Baker (1992), Raith (2008) and Balmaceda (2010). The latter shows that it is optimal to use
both output and input based measure of performance when there are contractible inputs.
However, the reason is rather different, here the use of the input and output measure is due
to the fact that it allows the principal to offer each ability type a lower informational rent
and escape to the curse of limited liability.
The result here will be the same as that in Zhao (2008) if actions were contractible in each
task since in this case it is optimal to contract only on actions and ignore the output measure.
Here one can show the same, in fact, it is optimal to ask each type to exert the first-best
efficient action in each task, pay each type a fixed wage equal to the cost c(a∗ (θ)) + L. It is
easy to check that this will induce the agent to truthfully reveal his type.
Although proposition (4) has significantly simplified the problem, the ignored constraint
in equation (16) is still potentially binding. One could take this constraint into account
explicitly, for instance, using the ironing procedure in Maskin and Riley (1984) and Mussa
and Rosen (1978). I have adopted the standard approach in the literature of ignoring this
constraint. However, this might be important here since in principle this constraint allows
for non-monotonic mechanisms. In fact, if e(θ) raises sufficiently fast with θ, the optimal
bonus is allowed to fall with it and vice-versa. Furthermore, as shown in the appendix,
a non-decreasing mechanism is sufficient for (16) to hold.10 Thus allowing the principal
to contract on e enlarges the set of mechanisms that are implementable in relation to the
standard model and to the model with no contractible actions. Thus, since the main results
here are statements of existence or lack of it of certain properties, I do not gain in generality
by dealing explicitly with constraint (16).
The main difference between the contractible action case and the non-contractible action
case is that in the former the principal uses two instruments, the effort and the bonus, to
screen agents, while under non-contractibility he uses only the bonus. Thus, in the later
10

García (2005) provides necessary conditions for implementability that closely resemble the ones in propo-

sition 3. However, the comparison is not as straightforward since Garcia considers only adverse selection
while the model here consider both adverse selection and moral hazard. The main difference stands for the
fact that in Garcia’s paper the main constraint is on ds(θ′ )/dθ′ whereas here is on ds(θ, θ′ )/dθ′ . Hence,
the necessary condition here places restriction on the agent’s on- and off-the-path behavior whereas Garcia
requires restrictions on-the-path only.
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case, the agent has more room for opportunistic behavior than in the former. This limits
the principal’s ability to choose the menu of contracts as he has to take into account the onand off-path deviations as captured by da(θ′ )/dθ′ and da(θ, θ′ )/dθ′ for all θ′ , θ ∈ Θ instead of
only the on-path deviations as captured by da(θ′ )/dθ′ for all θ′ ∈ Θ. This constraint result
in the one-size-fits all feature of optimal contracts.
Let me end this section by a sufficient condition on the information technology under
which the sufficient condition in equation (16) holds. This says that for any (θ, e, s) ∈ Θ × A,
pneθ (θ, e, s)pn (θ, e, s)−pnθ (θ, e, s)pne (θ, e, s) ≥ 0 and pnes (θ, e, s)pn (θ, e, s)−pns (θ, e, s)pne (θ, e, s) ≥
0.
A well known technology used in all papers I am aware off satisfying this sufficient
conditions is the weakly separable in (θ, a) ∈ Θ × A technology; that is, the probability
PH
P
distribution satisfies the following: take H
h=1 zh , with H ∈ {1, . . . , n}, to be
h=1 xh and
two different cumulative distribution functions, where the former dominates the latter in
the sense of first-order stochastic dominance. Then the probability of outcome h occurring
must be given by: ph (θ, a) = p(θ, a)xh + (1 − p(θ, a))zh , where p(θ, a) ≡ x(θ)b(e)d(s) is
chosen so that all the assumptions made are satisfied. The following example p(θ, a) =
θeγ sβ , with γ, β ∈ [0, 1]2 and γ + β < 1, satisfies separability in each dimension and all
the assumptions already made. This formulation was used by Lewis and Sappington (2000,
2001) to obtain their results for the particular case in which β = 0 and n = 2. Separability
always holds in the case of two outcomes as well as for the standard additively separable
technology.11 Also as discussed at length by Faynzilberg and Praveen (1997, 2000), the
optimal contracting problem with moral hazard, adverse selection and risk averse agents is
extremely difficult when the technology is non-separable. In fact, Faynzilberg and Praveen
(1997) and Faynzilberg and Praveen’s (2000) existence result requires separability. Hence,
asking for separability while restrictive does not a priori seems to be asking too much.12
11

Separability in each dimension was also assumed by McAfee and McMillan (1986, 1987), Baron and

Besanko (1984, 1987) and Laffont and Tirole (1986) to name a few and separability with respect to the
uncertainty was assumed by Melumad and Reichelstein (1989).
12
Observe that separability makes the principal’s inference about the agent’s private information (θ, a)
harder since the informational content of each output is the same.
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6

Conclusions

This paper shows that the optimal menu of contracts in the presence of limited liability,
risk neutrality, moral hazard and adverse selection has three highly empirically observed
properties: (i) each contract lying in the optimal menu is of the bonus type; (ii) the optimal
menu of contracts exhibits the one-size-fits-all property; that is, contracts are not customized
to the agent’s privately know ability; and (iii) better agents work harder and have a higher
productivity (see, for instance, Lazear (2000), Paarsch and Shearer (2000) and Seiler (1984)).
The fact that the optimal menu of contracts is such that contract are type independent
has an important practical consequence. Mainly, it relieves an econometrician studying the
consequence of optimal contracting from controlling for unobserved heterogeneity. In fact,
Chiappori and Salanié (2002) argue that the main concern about testing contract theory is
the necessity of controlling adequately for unobserved heterogeneity. They argue that if this
"is not done properly, then the combination of unobserved heterogeneity and of endogenous
matching of agents to contracts is bound to create selection biases on the parameters of
interest." While this concern is valid in many settings, specially in those where risk-aversion
plays a role, my result shows that this is not necessarily the main concern in a setting
with risk-neutrality and limited liability such as financial contracting. Thus, when studying
whether observed contracts have the properties predicted by contract theory in a setting
likely to satisfy the assumptions above, the need of estimating fixed effect models is of less
importance than suggested by Chiappori and Salanié (2002). Furthermore, the one-size-fitsall property provides some theoretical justification for studies that are concerned with the
consequences of optimal contracting on performance and make use of aggregate data.
Finally, the results in this paper can shed light on why many financial institutions offer
one-size-fits-all

debt contracts, tax systems do not offer menus of tax schedules where

agents are free to choose the schedule that best suits them, and regulatory agencies do not
use menu of contracts of the form predicted by the optimal regulation theory as developed
by Laffont and Tirole (1986). This however must be taken with caution since the one-sizefits-all

property of optimal contracts depends on several assumptions; one of particular

importance is the co-existence of contractible and non-contractible actions. Hence, the sole
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observation of the one-size-fits-all property cannot be taken as evidence backing the model
here without further investigation on the details of the particular environment where this
particular feature is observed.
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Appendix
A

Proofs of the Results in the Main Text
The agent’s problem in terms of his revelation of type θ′ , or

Proof of Proposition 1.

equivalent in terms of his choice from the menu of contracts offered by the principal, is
max
U(W (θ′ ), a(θ, θ′ ), θ).
′
θ ∈Θ

The first-order condition is given by:
X

h

ph (θ, a(θ, θ′ ))

 da(θ, θ′ )
dwh (θ′ ) X  X
′
′
+
= 0, ∀θ ∈ Θ.
p
(θ,
a(θ,
θ
))w
(θ
)
−
c
ha
h
a
h
dθ′
dθ′
(A.1)

Using the first-order condition for the action profile this can be re-writen as follows
X

h

ph (θ, a(θ, θ′ ))

dwh (θ′ )
= 0, ∀θ ∈ Θ.
dθ′

(A.2)

This shows that equation (A.2) evaluated at θ′ = θ is necessary for implementability.
Because equation (A.2) holds as an identity in θ, one can total differentiate to find
∂2
∂2
′
′
U(W
(θ
),
a(θ,
θ
),
θ)
+
U(W (θ′ ), a(θ, θ′ ), θ) = 0.
∂θ′ ∂θ′
∂θ′ ∂θ

(A.3)

Because the second-order condition requires that the first term to be non-positive, this
implies that
X

h

phθ (θ, a(θ, θ′ ))

′
dwh (θ′ ) X X
′
′ da(θ, θ )
+
≥ 0,
p
(θ,
a(θ,
θ
))w
(θ
)
haθ
h
a
h
dθ′
dθ′

evaluated at θ′ = θ is necessary for the second-order condition to be satisfied.
The same arguments show that equations
X
X

h

phθ (θ, a(θ, θ′ ))

h

ph (θ, a(θ, θ′ ))

dwh (θ′ )
=0
dθ′

′
dwh (θ′ ) X X
′
′ da(θ, θ )
+
≥0
p
(θ,
a(θ,
θ
))w
(θ
)
haθ
h
a
h
dθ′
dθ′

holding for all θ, θ′ ∈ Θ are sufficient conditions for implementability.
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(A.4)

(A.5)


Proof of Proposition 2.

The first-order conditions for the Hamiltonian in equation

(12) are as follows
∂L
= f (θ) − γ(θ), ∀θ ∈ Θ
µ′ (θ) = −
∂U
X
X
 ∂a(θ)
+
Sa (θ, a(θ))f (θ) + µ(θ)
phθa (θ, a(θ))wh (θ)
a
h
∂wh (θ)
µ(θ)phθ (θ, a(θ)) + λh (θ) = 0

(A.7)

γ(θ)(U(θ) − U) = 0, γ(θ) ≥ 0, U(θ) ≥ U, ∀θ ∈ Θ

(A.8)

µ(θ)(U(θ) − L) = 0, µ(θ) ≤ 0, µ(θ)(U(θ) − L) = 0, µ(θ) ≥ 0

(A.9)

(A.6)

λh (θ)(wh (θ) − L) = 0, λh (θ) ≥ 0, wh (θ) ≥ L, ∀h = {1, . . . , n}, ∀θ ∈ Θ (A.10)
Solving the differential equation for µ′ (θ) in equation (A.6) as done before one can show as
before that
µ(θ) = −(1 − F (θ)).
Let me guess a non-decreasing wage profile as the solution to the optimal control problem;
that is, for all ∀ θ and any pair (h′ , h) with h′ > h, wh′ (θ) ≥ wh (θ).
Recall that
X

X

h
h

phe (θ, a(θ))wh (θ) = c

(A.11)

phs (θ, a(θ))wh (θ) = c

(A.12)

It readily follows from these first-order conditions that
−pha (θ, a(θ))Ua′ a′ (W, a, θ) + pha′ (θ, a(θ))Ues (W, a, θ)
∂a(θ)
=
, ∀a, a′ ∈ {e, s}, a 6= a′
2
∂wh (θ)
Uee (W, a, θ)Uss (W, a, θ) − Ues (W, a, θ)
It readily follows from this, MLRP with respect to a and the fact that the wage profile is
monotone in h that

∂a(θ)
1
ph (θ,a(θ)) ∂wh (θ)

increases with h.

Multiplying both sides of the first-order condition for wh (θ) by wh (θ) − L and using the
complementary-slackness condition for the limited liability constraint, I get that
(wh (θ) − L)

X

a

Sa (θ, a(θ)) − H(θ)



X

H(θ)phθ (θ, a(θ)) = 0, ∀h ∈ {1, . . . , n}.
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h

phθa (θ, a(θ))wh (θ)

 ∂a(θ)
−
∂wh (θ)

Summing over all these constraints and using the first-order conditions for actions, one
gets that
X

a

Sa (θ, a(θ)) − H(θ)

X

h

phθa (θ, a(θ))wh (θ)

Observe that the RHS can be written as
H(θ)

X

h

X
 Ues − Ua′ a′
c
=
H(θ)
phθ (θ, a(θ))(wh (θ) − L).
2
h
Uee Uss − Ues

ℓhθ (θ, a(θ))ph (θ, a(θ))wh (θ),

which is the covariance between wh (θ) and ℓhθ (θ, a(θ)).
Because MLRP implies that ℓh′ θ (θ, a) > ℓhθ (θ, a), ∀h′ > h, the mean of ℓhθ (θ, a) is zero
and I am guessing that the optimal wage profile is monotone in h, the RHS is positive. Thus,
the term on the LHS is positive.
It readily follows from this, MLRP with respect to θ and equation (A.7) that if λh = 0 for
any h ∈ {2, . . . , n − 1}, then λh′ < 0 for all h′ > h, which is a contradiction since λh ≥ 0, ∀h.
If λ1 ≥ 0, then either λh > 0 for all h > 1, which implies that only a zero effort can be
implemented, or there exists a threshold ĥ < n such that λh > 0, ∀h < ĥ and λh < 0, ∀h > ĥ.
Thus, the only possible solution entails λn = 0 and λh > 0, ∀h ∈ {1, . . . , n−1}. This implies
that wh (θ) = L, ∀h ∈ {1, . . . , n − 1}, ∀θ ∈ Θ and wn (θ) > L, ∀θ ∈ Θ.
Recall that a necessary condition for implementability requires that
X

h

ph (θ, aAM L (θ))

dwh (θ)
=0
dθ

Because wh (θ) = L, ∀h ∈ {1, . . . , n − 1}, ∀θ ∈ Θ and pn (θ, aAM L (θ)) > 0, this becomes
dwn (θ)
= 0.
dθ
Thus, integrating both sides one gets that wn (θ) = wn (θ)
Using the transversality condition for θ in equation (A.9), one gets that U(θ) = L (since
L ≥ U and µ(θ) < 0). Thus,
wn (θ)) =
Because

dwn (θ)
dθ

c(a(θ))
+ L.
pn (θ, a(θ))

(A.13)

= 0, this together with wn (θ) yields the result in equation (21). Hence, the

optimal contract as guessed is monotonic in h and type independent.
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Before ending the proof I need to check that this solution satisfies the second-order
condition in equation (A.5), which requires the following
X

 da(θ′ )
dwh (θ′ ) X
′
′
+
≥ 0, ∀θ, θ′ ∈ Θ.
pnaθ (θ, a(θ )) wn (θ ) − L
phθ (θ, a(θ ))
′
′
a
h
dθ
dθ

Because

′

dwh (θ ′ )
dθ ′

= 0 for all θ′ ∈ Θ, then a(θ, θ′ ) = a(θ) for all θ′ ∈ Θ. This together with

the fact that wn (θ′ ) > L for all θ′ ∈ Θ implies that the global condition becomes
X

 da(θ′ )
pnaθ (θ, a(θ′ )) wn (θ′ ) − L
≥ 0, ∀θ, θ′ ∈ Θ.
a
dθ′

Observe that this holds since pnaθ (θ, a(θ′ )) ≥ 0 for all a ∈ A, wn (θ′ ) > L and
a = e, s. The latter follows from the fact that

dwn (θ)
dθ

da(θ ′ )
dθ ′

≥ 0 for

= 0 and from partially differentiating

the agent’s first-order conditions
− c = 0,
pne (θ, a(θ)) pnc(a(θ))
(θ,a(θ))
pns (θ, a(θ)) pnc(a(θ))
− c = 0.
(θ,a(θ))
This leads to
−pnss (θ, a)pneθ (θ, a) + pnes (θ, a)pnsθ (θ, a)
de(θ)
=
≥0
dθ
pnss (θ, a)pnee (θ, a) − pnes (θ, a)2
and
ds(θ)
−pnee (θ, a)pnsθ (θ, a) + pnes (θ, a)pneθ (θ, a)
=
≥0
dθ
pnss (θ, a)pnee (θ, a) − pnes (θ, a)2
Finally, I need to show that the first-order approach. To this end notice recall that
X
Let Ph (θ, a) be

P

h′ ≥h

X

h
h

phe (θ, aAM U (θ))wh (θ) = c > 0,
phs (θ, aAM U (θ))wh (θ) = c > 0.

ph′ (θ, a) and △wh be wh − wh−1 for h ≥ 1 and △wh = w1 for h = 1.

Then note that applying the summation by parts formula to the first-order conditions for
actions one gets that this re-writes as follows
X

X

h
h

Phe (θ, aAM U (θ))△wh (θ) = c

(A.14)

Phs (θ, aAM U (θ))△wh (θ) = c

(A.15)
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Hence,
Uaa (W, a, θ) =
and

X

h

△wh Phaa (θ, a) for a ∈ {e, s}.

Ues (W, a, θ) =

X

h

△wh Phes (θ, a).

Note that Uaa (W, a, θ) ≤ 0 by CP and △wh ≥ 0 for all h. Thus, the agent’s second order
condition is satisfied if and only if for all a ∈ A
X

h

△wh Phee (θ, a)

 X

h



△wh Phss (θ, a) −

X

h

△wh Phes (θ, a)

2

≥ 0.

Assumption CP together with the fact △wh ≥ 0 guarantees that this term is positive. To
see this note that
X
2
X
△wh Phee (θ, a)
△wh Phss (θ, a) −
△wh Phes (θ, a)
h
h
h
2  X
2
X
p
p
△wh Phes (θ, a)
≥
△wh Phee (θ, a) Phss (θ, a) −
X

h

h

where the inequality follows from the Cauchy-Schwartz inequality.
It follows then that the agent’s utility function is concave in a for any a ∈ A if
X

h

△wh

p

Phee (θ, a)

p


Phss (θ, a) − Phes (θ, a) ≥ 0.

Observe that assumption CP ensures that the term in square brackets is positive for all h.
This together with the fact that △wh ≥ 0 for all h yields the desired result. Thus, U(W, a, θ)
is concave in a whenever △wh ≥ 0 holds.
Because concavity of the agent’s problem requires that wh′ (θ) ≥ wh (θ), ∀h, h′ ∈ {1, . . . , n}, h′ >
h. This is a necessary condition for optimality.


Proof of Proposition 3. The agent’s problem in terms of his revelation of type θ′ , or
equivalent in terms of his choice from the menu of contracts offered by the principal, is
max
U(W (θ′ ), a(θ′ ), θ).
′
θ ∈Θ
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The first-order condition is given by:
X
 ds(θ, θ′ )
dwh (θ′ )
′
′
′
+
+ (A.16)
p
(θ,
e(θ
),
s(θ,
θ
))w
(θ
)
−
c
hs
h
h
h
dθ′
dθ′
X
 de(θ′ )
= 0, ∀θ ∈ Θ.
phe (θ, e(θ′ ), s(θ, θ′ ))wh (θ′ ) − c
h
dθ′

X

ph (θ, e(θ′ ), s(θ, θ′))

Using the first-order condition for the action profile this can be re-written as follows
X

h

ph (θ, e(θ′ ), s(θ, θ′ ))

X
 de(θ′ )
dwh (θ′ )
′
′
′
+
= 0, ∀θ ∈ Θ.
p
(θ,
e(θ
),
s(θ,
θ
))w
(θ
)
−
c
he
h
h
dθ′
dθ′
(A.17)

This shows that equation (A.17) evaluated at θ′ = θ is necessary for implementability.
Because this holds as an identity in θ, I can total differentiate to find
∂U(W (θ′ ), a(θ′ ), θ) ∂U(W (θ′ ), a(θ′ ), θ)
+
=0
∂θ′ ∂θ′
∂θ′ ∂θ

(A.18)

Because the second-order condition requires that the first term to be non-positive, this
implies that
′
dwh (θ′ ) X
′
′
′ de(θ )
+
+
p
(θ,
e(θ
),
s(θ,
θ
))w
(θ
)
heθ
h
h
h
dθ′
dθ′
X
ds(θ, θ′ )
≥ 0,
phsθ (θ, e(θ′ ), s(θ, θ′ ))wh (θ′ )
h
dθ′

X

phθ (θ, e(θ′ ), s(θ, θ′))

(A.19)

evaluated at θ′ = θ is necessary for the second-order condition to be satisfied.

The same arguments show that equations (A.16) and (A.19) holding for all θ, θ′ ∈ Θ are
sufficient conditions for implementability.


Proof of Proposition 4.

The first-order conditions for the Hamiltonian in equation

30

(13) are as follows
∂L
= f (θ) − γ(θ), ∀θ ∈ Θ
∂U
X
 ∂s(θ)
+
Ss (θ, a(θ))f (θ) + µ(θ)
phθs (θ, a(θ))wh (θ)
h
∂wh (θ)
µ(θ)phθ (θ, a(θ)) + λh (θ) = 0
X
Se (θ, a(θ))f (θ) + µ(θ)
phθe (θ, a(θ))wh (θ) +
h
X
 ∂s(θ)
=0
Ss (θ, a(θ))f (θ) + µ(θ)
phθs (θ, a(θ))wh (θ)
h
∂e(θ)
γ(θ)(U(θ) − U) = 0, γ(θ) ≥ 0, U(θ) ≥ U, ∀θ ∈ Θ
µ′ (θ) = −

µ(θ)(U(θ) − L) = 0, µ(θ) ≤ 0, µ(θ)(U(θ) − L) = 0, µ(θ) ≥ 0

(A.20)

(A.21)
(A.22)

(A.23)
(A.24)

λh (θ)(wh (θ) − L) = 0, λh (θ) ≥ 0, wh (θ) ≥ L, ∀h = {1, . . . , n}, ∀θ ∈ Θ (A.25)
Solving the differential equation for µ′ (θ) in equation (A.6) as done before one can show
as before that
µ(θ) = −(1 − F (θ)).
Recall that s(θ) satisfies
X

h

phs (θ, a(θ))wh (θ) = c

It readily follows from this that
∂s(θ)
phs (θ, a(θ))
=−
,
∂wh (θ)
Uss (W, a, θ)
and
∂s(θ)
Ues (W, a, θ)
=−
≥ 0.
∂e(θ)
Uss (W, a, θ)
Using the same argument as that in proposition 2, one can show that wh (θ) = L, ∀h ∈
{1, . . . , n − 1} and wn (θ) > L.
Multiplying both sides of the first-order condition for wh (θ) by wh (θ) − L and using
the complementary-slackness condition for the limited liability constraint, summing over all
these equations and using the first-order conditions for actions, one gets that
Ss (θ, a(θ)) − H(θ)

X

h

phθs (θ, a(θ))wh (θ)
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X
 c
= H(θ)
phθ (θ, a(θ))wh (θ).
h
Uss

Substituting this into the first-order condition for e(θ) one gets that
X 
Ues (W (θ), a(θ), θ) 
wh (θ) = 0
Se (θ, a(θ)) − H(θ)
phθe (θ, a(θ)) − phθ (θ, a(θ))
h
c

Using the fact that wh (θ) = L, ∀h ∈ {1, . . . , n − 1} and the first-order condition for action
s, this rewrites as follows

pnes (θ, a(θ)) 
Se (θ, a(θ)) − H(θ) pnθe (θ, a(θ)) − pnθ (θ, a(θ))
(wn (θ) − L) = 0.
pns (θ, a(θ))

(A.26)

This re-writes as follows


∂ pnθ (θ, a(θ))/pns (θ, a(θ))
Se (θ, a(θ)) − H(θ)
c = 0.
∂e(θ)
Thus, there is no effort distortion at the top
 since H(θ) = 0 and the optimal effort is
∂ pnθ (θ,a(θ))/pns (θ,a(θ))
downward distorted when
> 0 and upward distorted otherwise.
∂e(θ)

It readily follows from equation (A.26) and wh (θ) = L, ∀h ∈ {1, . . . , n − 1} that the

optimal strategy sAM C (θ) and the optimal wage are determined by the following equations
pns (θ, aAM C (θ))ŵn (θ) = c
and

AM C
AM C
∂
p
(θ,
a
(θ))/p
(θ,
a
(θ))
nθ
ns
c > 0.
Ss (θ, aAM C (θ)) = H(θ)
∂s(θ)
The global condition in equation (A.19) requires the following
′
de(θ′ )
′
′ dwn (θ )
+
p
(θ,
e(θ
),
s(θ,
θ
))
+
nθ
dθ′
dθ′
ds(θ, θ′ )
≥ 0.
pnsθ (θ, e(θ′ ), s(θ, θ′))(wn (θ′ ) − L)
dθ′
P ∂s(θ,θ′ ) dwh (θ′ ) ∂s(θ,θ′ ) de(θ′ )
′)
≡ h ∂w
+ ∂e(θ′ ) dθ′ and pnss (θ, e(θ′ ), s(θ, θ′ )) < 0, the
Using the fact that ds(θ,θ
′
dθ ′
dθ ′
h (θ )

pneθ (θ, e(θ′ ), s(θ, θ′ ))(wn (θ′ ) − L)

sufficient condition re-writes as follows ∀ θ, θ′ ∈ Θ,


de(θ′ )
pneθ (θ, e(θ′ ), s(θ, θ′ ))pnss (θ, e(θ′ ), s(θ, θ′ )) − pnsθ (θ, e(θ′ ), s(θ, θ′ ))pnes (θ, e(θ′ ), s(θ, θ′)) ŵn (θ′ )
+
dθ′

 dw (θ′ )
n
≤ 0.
pnθ (θ, e(θ′ ), s(θ, θ′ ))pnss (θ, e(θ′ ), s(θ, θ′ )) − pns (θ, e(θ′ ), s(θ, θ′))pnsθ (θ, e(θ′ ), s(θ, θ′ ))
dθ′
Notice that a sufficient condition but not a necessary condition for this to hold is that

both, e(θ) and wn (θ) are both non-decreasing with θ. However, as we will show below, this
is restrict the set of implementable mechanisms too much.
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Lets define J(θ, a(θ)) as S(θ, a(θ)) − H(θ) pnθ (θ, a(θ))/pns (θ, a(θ)) . It is easy to check

that


−1
de(θ)
2
= − Jee (θ, a(θ))Jss (θ, a(θ)) − Jes (θ, e(θ))
dθ


Jeθ (θ, a(θ))Jss (θ, a(θ)) − Jes (θ, a(θ))Jsθ (θ, a(θ)) ,

−1
ds(θ)
2
= − Jee (θ, a(θ))Jss (θ, a(θ)) − Jes (θ, a(θ))
dθ


Jsθ (θ, a(θ))Jee (θ, a(θ)) − Jes (θ, a(θ))Jeθ (θ, a(θ))

and


dwn (θ)
ds(θ)
ŵ(θ) 
de(θ)
pnss (θ, a(θ))
=−
+ pnse (θ, a(θ))
+ pnsθ (θ, a(θ))
dθ
pns (θ, a(θ))
dθ
dθ

(A.27)

(A.28)

(A.29)

Observe that for any a, a′ ∈ {e, s}
J

aa′

(θ, e(θ)) = S

and for any a ∈ {e, s}

aa′


∂ 
pnθ (θ, a(θ))/pns (θ, a(θ))
(θ, a(θ)) − H(θ)
∂a∂a′


∂ 
Jaθ (θ, e(θ)) =Saθ (θ, a(θ)) − H ′ (θ)
pnθ (θ, a(θ))/pns (θ, a(θ)) −
∂a

∂ 
pnθ (θ, a(θ))/pns (θ, a(θ)) .
H(θ)
∂a∂θ

Using the necessary condition in equation (A.17) and the first-order condition for s(θ, θ′ ),
this re-writes as follows
pneθ (θ, e(θ′ ), s(θ, θ′))pnss (θ, e(θ′ ), s(θ, θ′ )) − pnsθ (θ, e(θ′ ), s(θ, θ′ ))pnes (θ, e(θ′ ), s(θ, θ′ ))+


′
′
′
′
′
′
′
′
pns (θ, e(θ ), s(θ, θ ))pnsθ (θ, e(θ ), s(θ, θ )) − pnθ (θ, e(θ ), s(θ, θ ))pnss (θ, e(θ ), s(θ, θ ))
!
pne (θ, e(θ′ ), s(θ, θ′ )) − pns (θ, e(θ′ ), s(θ, θ′ )) de(θ′ )
≤ 0, ∀θ, θ′ ∈ Θ.
pn (θ, e(θ′ ), s(θ, θ′ ))
dθ′
Rearing terms this can be written as

1
′
′
pnss (θ, e(θ ), s(θ, θ )) pneθ (θ, e(θ′ ), s(θ, θ′ ))pn (θ, e(θ′ ), s(θ, θ′ ))−
pn (θ, e(θ′ ), s(θ, θ′ ))

pnθ (θ, e(θ′ ), s(θ, θ′ ))pne (θ, e(θ′ ), s(θ, θ′ )) + pnθ (θ, e(θ′ ), s(θ, θ′ ))pns (θ, e(θ′ ), s(θ, θ′ )) −

pnsθ (θ, e(θ′ ), s(θ, θ′ )) pnes (θ, e(θ′ ), s(θ, θ′ ))pn (θ, e(θ′ ), s(θ, θ′ )) − pns (θ, e(θ′ ), s(θ, θ′ ))pne (θ, e(θ′ ), s(θ, θ′ ))+
!
 de(θ′ )
2
′
′
pns (θ, e(θ ), s(θ, θ ))
≤ 0, ∀θ, θ′ ∈ Θ.
′
dθ
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A sufficient condition for this to hold is the following: for any (θ, e, s) ∈ Θ × A,
pneθ (θ, e, s)pn (θ, e, s)−pnθ (θ, e, s)pne (θ, e, s) ≥ 0 and pnes (θ, e, s)pn (θ, e, s)−pns (θ, e, s)pne (θ, e, s) ≥
0. Furthermore, this also ensures that

de(θ ′ )
dθ ′

≥ 0.

In particular, separability with respect to each input ensures that this sufficient condition holds. Separability requires that the probability distribution satisfies the followPH
PH
ing: take
h=1 xh and
h=1 zh , with H ∈ {1, . . . , n}, to be two different cumulative

distribution functions, where the former dominates the latter in the sense of first-order
stochastic dominance. Then the probability of outcome h occurring must be given by:
ph (θ, a) = p(θ, a)xh + (1 − p(θ, a))zh , where p(θ, a) ≡ x(θ)b(e)d(s) is chosen so that all the assumptions made are satisfied. The following example p(θ, a) = θeγ sβ , with γ, β ∈ [0, 1]2 and
γ +β < 1, satisfies separability in each dimension and all the assumptions already made. The
reason is that for any (θ, e, s) ∈ Θ × A, pneθ (θ, e, s(θ, )pn (θ, e, s) − pnθ (θ, e, s)pne (θ, e, s) = 0
and pnes (θ, e, s(θ, )pn (θ, e, s) − pns (θ, e, s)pne (θ, e, s) = 0. Furthermore, this also ensures that
de(θ ′ )
dθ ′

≥ 0.

Finally, one can show following the same steps as above that the first-order approach is


valid.

B

Moral Hazard, Multiple Tasks and Limited Liability

In this section, I analyze the case in which the agent’s ability is known to the principal and
the agent before signing the contract, but the action profile is subject to moral hazard.
Lets suppose that an agent of ability θ ∈ Θ is faced with wage schedule W ≡ {wh }nh=1
and chooses the action profile a ∈ A, then his expected utility is given by:
U(W, a, θ) ≡

X

h

ph (θ, a)wh − c(a).

(B.1)

Observe that the linearity of the agent’s payoff function in equation (B.1) with respect to
wages implies that if the principal could offer a contract in which payments are unbounded,
the first-best efficient action profile could be implemented by offering a contract with a
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sufficiently harsh punishment to the agent. This however is prevented by the limited-liability
constraint.
The literature on optimal contracting under moral hazard is vast. In the multitasking
case, this article is more closely related to the contributions of Ratto and Schnedler (2008)
and Dewatripont and Tirole (1999). Ratto and Schnedler (2008) study a situation where
production requires two non-conflicting tasks, and the manager wants to direct production
to achieve a preferred allocation of effort across tasks. However, aggregated production is
the only indicator of agent activity. The main result is that the principal cannot implement
the preferred allocation with a single agent, yet he is able to do so by inducing a game
among two agents. These results complement those in Dewatripont and Tirole (1999), who
also found that under multitasking there are implementation problems, but based on direct
conflicts between tasks. They show that it always better to split the task of finding evidence
in favor and against a decision between two agents. The reason stands for the fact that the
optimal compensation can be based only on an aggregated measure of the task and this is
increasing in the outcome of one task and decreasing in the outcome of the other task. This
implies that it is impossible to induce one agent to exert more effort in both tasks and thus
it is optimal to split the task between two different agents to avoid conflict of interest in job
design.13
There is a less closely related strand which deals with moral hazard only under risk
aversion.14 While this is less related to the paper here, I will mentioned for the sake of
completeness. One strand of this literature focuses on noisy performance measures and
risk averse workers. The cornerstone of this literature is the existence of a negative tradeoff between risk and incentives; that is, the more noisy the performance measure, the less
power the incentives. However, as Prendergast (2002b) and Prendergast (2002a) point out,
the data do not confirm the existence of such trade-off. Another strand focuses on the
issue of how to reward a given task without harming other tasks and how the number
of tasks affects the risk and incentives trade-off within the effort substitution approach.
13

Conflicting tasks also provides incentives for sabotage and collusion is unavoidable, which is not the case

with non-conflicting tasks.
14
See Gibbons (1998) for an extensive review of the incentive contracting literature.
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Understanding this dimension of incentive contracting is at the core of the multi-tasking
literature as developed by Holmstrom and Milgrom (1987), Holmström and Milgrom (1991),
Baker (2002), Itoh (1991, 1992, 1994), Dewatripont et al. (1999) and MacDonald and Marx
(2001). The main result of this literature is that firms reduce the power of incentives to
avoid rewarding the wrong behavior. The driving force behind this is the existence of noisy
or distorted performance measures coupled with effort substitution that result in distorted
incentives.
It readily follows from the agent’s payoff in equation (B.1) that a contract W satisfying
the limited liability constraint LL induces an agent with ability θ to choose the action profile
a ∈ A if and only if the following incentive-compatibility constraint holds
U(W, a, θ) ≥ U(W, a′ , θ), ∀a′ ∈ A

(B.2)

and it induces the agent to participate if the following individually rationality constraint
holds,
U(W, a, θ) ≥ U.

(B.3)

Thus the principal’s problem consists on choosing a contract (W, a) that maximizes his
expected payoff subject to these constraints and the LL constraint. Thus, the principal must
solve the following unrelaxed program
maxn

(W,a)∈ℜ ×A

subject to

X

h

ph (θ, a)(yh − wh )

(1), (B.2) and (B.3).
Let the solution to this program be (W m , am ).
Assumption 1
i) A solution to the unrelaxed program exists with e ∈ (0, ē) and s ∈ (0, s̄).
ii)

P

h

ph (θ, am )(yh − whm ) > 0.
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Making use of the first-order approach, which entails to enlarging the constraint set,
the incentive compatibility constraints in equation (B.2) can be replaced by the first- and
second-order conditions for the agent’s problem, which are:




≤ 0 if e = 0



X
phe (θ, a)wh − c = 0 if e ∈ (0, ē)
h





≥ 0 if e = ē




≤0



X
phs (θ, a)wh − c = 0
h





≥ 0

and
X

h

phss (θ, a)wh

X

h

phee (θ, a)wh −

X

h

(B.4)

if s = 0
(B.5)

if s ∈ (0, s̄)
if s = s̄

phes (θ, a)wh

2

≥ 0 for any a ∈ A.

(B.6)

Then the principal’s relaxed problem becomes
X

maxn

h

(W,a)∈ℜ ×A

subject to

P-MH

ph (θ, a)(yh − wh )

(1), (B.3), (B.4), (B.5) and (B.6).
The Lagrangean for this problem when the second-order condition for the agent’s problme
in equation (B.6) is ignored is as follows

µs

X

X

X



L(W, µe , µs , γ, λ) =
ph (θ, a)(yh − wh ) + µe
phe (θ, a)wh − c +
h
h

X
 X

phs (θ, a)wh − c + γ
ph (θ, a)wh − c(a) − U +
λh w h − L ,

h

h

(B.7)

h

where µa is the Lagrange multiplier for the first-order condition with regard to action a ∈
{e, s}, γ is the multiplier for the agent’s participation constraint and λh is the multiplier for
the limited liability constraint with regard to the compensation in state h.
The following is proven in the appendix.
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Proposition B.1 Suppose MLRP, CP and SC hold and (W, a) is a solution to the relaxed
program. Then, (W, a) is a solution to the unrelaxed program.
Proof of Proposition B.1.
Lemma 1 If (W, a) solves the relaxed program, there exists real numbers γ, µe , µs and
λh , h = 1, . . . , n such that

e:

s:

and

wh : − ph (θ, a) + µe phe (θ, a) + µs phs (θ, a) + γph (θ, a) + λh = 0,

(B.8)

X

(B.9)

phe (θ, a)(yh − wh ) + µe

X

phee (θ, a)wh +




≤0





X
X
µs
phse (θ, a)wh + γ
phe (θ, a)wh − c
=0
h
h





≥ 0
X

h

phs (θ, a)(yh − wh ) + µe

X

h

phes (θ, a)wh +




≤ 0

X

X
µs
phss (θ, a)wh + γ
phs (θ, a)wh − c
=0
h
h





≥ 0
h

if e = 0
if e ∈ (0, ē)
if e = ē

(B.10)

h

if s = 0
if s ∈ (0, s̄)
if s = s̄

µe T 0, µs R 0, λh ≥ 0 and γ ≥ 0.
Proof. These are the Khun-Tucker necessary conditions for optimality.

(B.11)



Lemma 2 If (W, a) solves the relaxed program and a ∈ (0, ā for a = e, s, then wh =

L, ∀h = 1, . . . , n − 1 and wn > L. If a = 0, then wn = L.

Proof. Summing up the first-order conditions in equation (B) over h, one gets that
P
h λh = 1 − γ ≥ 0, since
h pha (θ, a) = 0 for all a. Thus, if the participation constraint

P
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does not bind, the LL constraint binds for at least one outcome. Multiplying both sides of
the FOC by wh (θ) − L and summing over h one gets that
−

X

h

ph (θ, a)(wh − L) + µe

X

X
phe (θ, a)(wh − L) + µs
phs (θ, a)(wh − L)+
h
h
X
X
γ
ph (θ, a)(wh − L) +
λh (wh − L) = 0.
h

h

Using the incentive constraint for actions, the complementarity slackness constraint for the
agent’s participation decision and complementarity slackness constraint for wh , this can be
written as follows
X

X
ph (θ, a)(wh − L) = µe
phe (θ, a)(wh − L)+
h
h
X

µs
phs (θ, a)(wh − L) + γ U + c(a) − L .

(B.12)

h

In what follows I will assume that the participation constraint does not bind and then I will
show that at the optimal contract this is always satisfied.
Suppose that µe and µs are such that µe phe (θ, a) + µs phs (θ, a) is strictly decreasing in h.
Then it follows from the FOC in equation (B) that if the wage is greater than L for two
different outcomes, say yh and yh′ , then λh = λh′ = 0. Because µe phe (θ, a) + µs phs (θ, a) falls
with h, it follows from the FOC in equation (B) that
γ − 1 + ℓe phe (θ, a) + ℓs phs (θ, a) = γ − 1 + ℓe ph′ e (θ, a) + ℓs ph′ s (θ, a)

(B.13)

which contradicts the hypothesis that µe phe (θ, a) + µs phs (θ, a) falls with h. It follows from
this that λh ≥ 0 for h = 1 and λh > 0 for all h > 1.
This implies that wh ≥ wh+1 for all h = 1, . . . , n − 1 and thus the agent’s first order
condition for effort e and that for s in equations (B.4) and (B.5) are respectively such taht
Ue (W, a, θ) < 0 and Us (W, a, θ) < 0. This implies that e = 0 and s = 0 and thus the optimal
contract cannot implement a positive effort in either task.
Suppose now µe = 0 and µs = 0 and therefore µe phe (θ, a) + µs phs (θ, a) = 0 for all
h = 1, . . . , n. Then it follows from that λh > 0, ∀h and therefore wh = L, ∀h. This implies
that Ue (W, a, θ) < 0 and Us (W, a, θ) < 0. This implies that e = 0 and s = 0 and thus the
optimal contract cannot implement a positive effort in either task. Thus, µe or µs must be
such that µe phe (θ, a) + µs phs (θ, a) rises with h.
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Let define the set Ψ as the set of outcomes for which the LL constraint is non-binding;
i.e., Ψ = {h ∈ {1, ..., n} | λh = 0}. This implies that wh = L for all h ∈ Ψc , where Ψc is the
complement of Ψ.
The first-order condition for all h ∈ Ψ becomes
(B.14)

−ph (θ, a) + µe phe (θ, a) + µs phs (θ, a) + γph (θ, a) = 0.

Let the wage be greater than L for two different outcomes, say yh and yh′ . This implies that
λh = λh′ = 0 and therefore the following must hold,
(B.15)

µe ℓhe + µs ℓhs + γ − 1 = µe ℓh′ e + µs ℓh′ s + γ − 1.

Then because µe phe (θ, a) + µs phs (θ, a) rises with h, this results in a contradiction. Thus, the
payment after only one outcome, say outcome h, is greater than L. In particular, for this
outcome λh = 0 and thus the following holds
γ + µe ℓhe + µs ℓhs = 1.
Because µe phe (θ, a) + µs phs (θ, a) rises with h, if this holds for any h′ < n, then λh < 0 for
all h > h′ , which is a contradiction, since λh ≥ 0 for all h. Thus, only the wage when the
highest outcome is realized is greater than L.
It follows now from the fact that wh = L for all h ≤ n − 1 and wn > L, Ue (W, a, θ) ≥ 0
and Us (W, a, θ) ≥ 0 and that U < L that the participation constraint is always satisfied.


Lemma 3 If (W, a) solve the relaxed program, then the agent’s expected utility at W is
concave in the action profile a for any a > 0.
Proof.
Recall that
Xn

h=0

fh gh = f0

Xn

h=0

gh +

Xn−1
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j=0

(fj+1 − fj )

Xn

h=j+1

gh .

(B.16)

Let Ph (θ, a) be

P

h′ ≥h

ph′ (θ, a) and △wh be wh − wh−1 for h ≥ 1 and △wh = w1M for

h = 1. Then note that applying the summation by parts formula in equation (B.16)
U(W, a, θ) ≡

X

h

△wh Ph (θ, a) − c(a).

Hence,
Uaa (W, a, θ) =
and

X

h

△wh Phaa (θ, a) for a ∈ {e, s}.

Ues (W, a, θ) =

X

h

△wh Phes (θ, a).

Note that the first equation is negative by CP and △wh ≥ 0 for all h. Thus, the agent’s
second order condition is satisfied if and only if for all a ∈ A
X

h

△wh Phee (θ, a)

 X

h

 X
2
△wh Phss (θ, a) −
△wh Phes (θ, a) ≥ 0.
h

Assumption CP together with the fact △wh ≥ 0 guarantees that this term is positive. To
see this note that
X
2
X
△wh Phee (θ, a)
△wh Phss (θ, a) −
△wh Phes (θ, a)
h
h
h
2  X
2
X
p
p
△wh Phes (θ, a)
≥
△wh Phee (θ, a) Phss (θ, a) −
X

h

h

where the inequality follows from the Cauchy-Schwartz inequality. It follows then that the
agent’s utility function is concave in a for any a ∈ A if
X

h

△wh

p

Phee (θ, a)

p


Phss (θ, a) − Phes (θ, a) ≥ 0.

Observe that assumption CP ensures that the term in square brackets is positive for all h.
This together with the fact that △wh ≥ 0 for all h yields the desired result. Thus, U(W, a, θ)
is concave in a for any a ∈ A and this proves that condition (B.6) holds.

Part (i) follows from 3. If (W, a) solves the relaxed program, then the following holds

Uaa (W, a, θ) ≤ 0, ∀a ∈ 0, ā for a = e, s,

Ua (W, a, θ) ≥ 0, ∀a ∈ (0, ā for a = e, s
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These conditions imply that the agent’s action profile is global maximum and (W, a) is an
element of the unrelaxed constraint set. Since (W, a) maximize the principal’s utility over
the relaxed constraint set, it maximizes the principal’s utility over the unrelaxed constraint
set since it was assume that the unrelaxed program has a positive solution (assumption 1).


The next result characterizes the optimal contract and the optimal effort.
Proposition B.2 (Pure Moral Hazard) Suppose pnaaa′ (θ, aM (θ) ≤ 0 , ∀a, a′ ∈ {e, s}, ∀θ ∈
Θ. Then
i) The optimal contract is as follows: for all h < n,
whM (θ) = L, ∀θ ∈ Θ

(B.17)

and
wnM (θ) = Se (θ, aM (θ))ℓne (θ, aM (θ))

2pnse (θ, aM (θ)) − pnee (θ, aM (θ)) − pnss (θ, aM (θ))
+L, ∀θ ∈ Θ.
pnee (θ, aM (θ))pnss (θ, aM (θ)) − p2nes (θ, aM (θ))

ii) The optimal action profile for a type θ-agent, denoted by aM (θ), is determined by the
unique solution to the following equations
pne (θ, aM (θ))(wnM (θ) − L) − c = 0,
and
pns (θ, aM (θ))(wnM (θ) − L) − c = 0.
Proof of Proposition B.2. Let ŵh be wh − L. Then, using the first-order conditions
for action a, the agent’s incentive constraint, the FOC for e can be written as follows
e:

X

s:

X

and that for s

h

h

phe (θ, a)yh − c + µe pnee (θ, a)ŵn + µs pnse (θ, a)ŵn = 0

(B.18)

phs (θ, a)yh − c + µe pnes (θ, a)ŵn + µs pnss (θ, a)ŵn = 0.

(B.19)
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Furthermore, the first-order condition for wn is given by:
µe pne + µs pns = pn

(B.20)

Solving for µe and µs from equations (B.18) and (B.19), one gets that
µs =

Se (θ, a)pnse (θ, a) − Ss (θ, a)pnee (θ, a)
ŵn (pnee (θ, a)pnss (θ, a) − p2nes (θ, a))

(B.21)

µe =

Ss (θ, a)pnse (θ, a) − Se (θ, a)pnss (θ, a)
.
ŵn (pnee (θ, a)pnss (θ, a) − p2nes (θ, a))

(B.22)

and

Substituting this into equation (B.20) and solving for wnM one gets that the optimal wage is
given by:
ŵnM (θ) =

pne (θ, a)(Ss (θ, a)pnse (θ, a) − Se (θ, a)pnss (θ, a)) + pns (θ, a)(Se (θ, a)pnse (θ, a) − Ss (θ, a)pnee (θ, a))
pn (θ, a)(pnee (θ, a)pnss (θ, a) − p2nes (θ, a))
(B.23)

Using the FOC for the agent’s effort choice, one gets the optimal effort profile aM (θ) is
determined as the unique solution to the following equations
pne θ, aM (θ))(wnM (θ) − L) − c = 0, ∀θ ∈ Θ,

(B.24)

pns θ, aM (θ))(wnM (θ) − L) − c = 0, ∀θ ∈ Θ.

(B.25)

and

It follows from this that the equilibrium effort profile must be such that: ℓne (θ, aM (θ)) =
ℓns (θ, aM (θ)). Substituting this into the optimal wage one gets that

ŵnM (θ) =

Ss (θ, a)(pnse (θ, a)pne (θ, a) − pnee (θ, a)pns (θ, a)) + Se (θ, a)(pnse (θ, a)pns (θ, a) − pnss (θ, a)pne (θ, a))
.
pn (θ, a)(pnee (θ, a)pnss (θ, a) − p2nes (θ, a))
(B.26)

Substituting this into the first-order conditions in equations (B.18) and (B.20) one gets
that
X

!

pn θ, a
pnee (θ, a)pnss (θ, a) − p2nes (θ, a)

c
phe (θ, a)yh − c = 2
h
pne θ, a 2pnse (θ, a) − pnee (θ, a) − pnss (θ, a)
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and
X

!

pn θ, a
pnee (θ, a)pnss (θ, a) − p2nes (θ, a)

c
phs (θ, a)yh − c = 2
h
pns θ, a 2pnse (θ, a) − pnee (θ, a) − pnss (θ, a)



P
It readily follows from this and the fact that p2ne θ, a(θ) = p2ne θ, a(θ) that h phs yh −
P
c = h phe yh − c > 0, µe > 0, µs > 0. This together with the fact that pnse (θ, a) ≥ 0 implies
that aM (θ) ≤ a∗ (θ) and aM (θ) 6= a∗ (θ), ∀θ ∈ Θ.

Substituting the fact that Se (θ, aM (θ)) = Ss (θ, aM (θ)) into the (B.26) one gets that
ŵnM (θ) = Se (θ, aM (θ))ℓne (θ, aM (θ))

2pnse (θ, aM (θ)) − pnee (θ, aM (θ)) − pnss (θ, aM (θ))
.
pnee (θ, aM (θ)pnss (θ, aM (θ)) − p2nes (θ, aM (θ)
(B.27)

Notice that in order for the following FOCs
pne (θ, aM (θ))ŵnM (θ) − c = 0
pns (θ, aM (θ))ŵnM (θ) − c = 0

to be concave and therefore to have a unique solution, since the objective function is concave
requires that paa′ a′′ (θ, aM (θ)) ≤ 0, ∀(a, a′ , a′′ ) ∈ {e, s}3 . It is easy to check that this ensures
that
pnssa pnee + pneea pnss − 2pnes pnesa ≥ 0.
Furthermore it is easy to check that This leads to
∂e(θ)
−pnss (θ, a)pneθ (θ, a) + pnes (θ, a)pnsθ (θ, a) c(a(θ))
=
>0
∂θ
pnss (θ, a)pnee (θ, a) − pnes (θ, a)2
pn (θ, a(θ))
and
−pnee (θ, a)pnsθ (θ, a) + pnes (θ, a)pneθ (θ, a) c(a(θ))
∂s(θ)
=
>0
∂θ
pnss (θ, a)pnee (θ, a) − pnes (θ, a)2
pn (θ, a(θ))


The optimal contract is a bonus contract of the pass/fail type. It can be described by a
non-contingent transfer w M (θ) and a bonus equal to wnM (θ) − w M (θ) paid to the agent when
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yh = yn is observed. The value of the non-contingent transfer w M (θ) is fully determined by
the limited liability constraint and therefore w M (θ) = L.15 The cost to the principal is that
the agent earns a limited-liability rent equal to L + pn (θ, a(θ))(wnM (θ) − L) − c(aM (θ)) − U
First, notice that MLRP implies that the partition of the set of signals on which payments are conditioned does not depend on the action implemented (nor does it depend on the
agent’s liability limit or on his cost function). This says that from the principal’s viewpoint
most of the relevant information provided by the performance measure is irrelevant in the
sense that the optimal contract would be feasible even if the principal were able to observe
only a binary performance measure.16
Second, observe that there is a multitasking problem which is of a different nature from
that in Holmström and Milgrom (1991). Mainly, the multitasking problem here is one of
implementation. That is, the set of effort pairs that is implementable is restricted to effort
pairs that yield the same marginal utility of effort. In fact, it readily follows from the agent’s
incentive compatibility constraints that the only action profiles that are implementable under
a contract W (θ) are those satisfying the following
X

h


ℓhe (θ, a(θ)) − ℓhs (θ, a(θ)) wh (θ)ph (θ, a(θ)) = 0.

The reason for this result is twofold: first, the performance measure is aggregated and
confounds the efforts of two non-conflicting tasks; and second, the performance measure and
the agents’ costs are such that for any incentive intensity, the agent has no preferences over
either task. Thus, if a contract induces the agent to choose a positive action in one task,
he will choose a positive action in the other task. Furthermore, the stronger the incentives
in one task, the higher are those in the other task. This means that the principal cannot
implement very different actions in each task. In fact, he can never implement a positive
15

If U were such that the limited liability does not bind, then wM (θ) would be set to satisfy the participation

constraint. In this case the contract leaves no rent to the agent.
16
Demougin and Fluet (1998) shows that having multiple signals has no added value in the single-task
case. However, given the results here and those in Holmström and Milgrom (1991), I conjecture that result
does not hold for the multi-task case since the principal could use one signal to provide more incentives in
one task and the other to do the same in the other task. Thus, having more signals would in general increase
the set of implementable action profiles.
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action in one task and zero action in the other task. Hence, the incentive compatibility
constraint for each task implies that if it is optimal for the principal to induce the agent to
exert effort in one task, then it is optimal to induce him to exert effort in both tasks.
It is easy to see that the optimal action profile aM (θ) satisfies the following
Se (θ, aM (θ)) = Ss (θ, aM (θ)).
The reason for this result is twofold: first, the performance measure is aggregated and
confounds the efforts of two non-conflicting tasks; and second, the performance measure and
the agent’s cost are such that for any incentive intensity, the agent has no preferences over
either task. Because the least costly contract compensates the agent only after the highest
outcome is realized and actions are complements, the incentive compatibility constraint for
each task implies that if it is optimal for the principal to induce the agent to exert higher
effort in one task, then it is optimal to induce him to exert higher effort in both tasks. To
better understand this observe that the ratio phe (θ, a)/phs (θ, a) can be interpreted as the
rate of information substitution. Suppose this is large for larger outputs. Then, a large
output may turn out to be so informative about the agent’s action e that the principal,
upon observing this output, can confidently attribute it to e rather than s. Given this, the
principal may not want to pay a bonus only when the highest outcome is realized (due to
MLRP) since this may induce too much action s. When the ratio is independent of output,
any given output results in the same relative informativeness with regard to e and s and
thus the principal’s inference process is the same regardless of the output. This would lead
to a less distorted effort profile in the sense that the ratio eM (θ)/sM (θ) = e∗ (θ)/s∗ (θ). This
however makes the inference problem more difficult since output does not allow the principal
to discriminate well ex-post between e and s. When phe (θ, a)/phs (θ, a) varies with output,
the inference problem is easier, but in order to reduce the agent’s limited liability and use
this extra information, the principal distorts more the effort allocation in the sense that in
general eM (θ)/sM (θ) 6= e∗ (θ)/s∗ (θ).
Third, notice that the pure moral hazard action profile is downward distorted for all
θ ∈ Θ.
Corollary B.3 Suppose the agent’s type is common knowledge. Then, aM (θ) ≤ a∗ (θ), ∀θ ∈
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Θ.
It is interesting to note that the distortion of the action profile with respect to the firstbest is not due to incongruence of the information system with the contribution of the agent’s
P
action to the expected firm value h ph (θ, a(θ))yh . It is the result of the following things:
(i) the use of an aggregated performance measure (i.e,. the one-signal-per-task assumption

made by Holmstrom and Milgrom (1987) is not satisfied); (ii) the principal’s incentive to
reduce the agent’s limited-liability rent by mean of making an efficient use of the information
system; (iii) the effort complementarity across tasks; and (iv) MLRP holds for both actions
and therefore the wage profile implementing any positive action profile must be increasing.
Finally, it is instructive to study how the limited-liability rent changes with the agent’s
ability type. It is easy to check that incentive compatibility with respect to actions implies
that the rent varies with θ as follows
pnθ (θ, a(θ))(wnM (θ)

∂wnM (θ)
− L) + pn (θ, a(θ))
.
∂θ

The first term comprises the increases in the limited-liability rent due to an increase in
the agent’s type when the contract is held constant. This effect is positive since the return
distribution satisfies MLRP with respect to the agent’s ability parameter θ. The second
term consist of the effect of θ on the optimal contract. This cannot be signed without
further assumptions. The reason stands for the following. On the one hand, an increase in θ
rises the marginal productivity of actions and therefore, holding the wage constant, actions
increase with the ability type. This induces the principal to offer a higher bonus to agents
with a higher ability type since the marginal benefit of bonus from the principal’s viewpoint
increases (recall that actions are downward distorted). On the other hand, a higher θ,
holding the bonus and actions constant, increases the limited-liability rent and this provides
the principal with incentives to lower the wage. Thus, when the first effect dominates it is
optimal to increase the wage as θ rises.17
This result is similar to the one derived by Demougin and Fluet (1998) in the one action
moral hazard model with a risk-neutral principal and agent and limited liability and to
17

Which effects dominates is difficult to determine since it depends on the sign of the following derivatives

paa′ θ (θ, a), ∀a, a′ ∈ {e, s}).
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the one obtained by Laux (2001) in the multiple action moral hazard model with limited
liability.18
18

Laux (2001) assumes that the agent’s reservation utility is non-binding, there is an observable outcome

for each possible task and the effort level in each task is binary.
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