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Introduction

Causal mediation analysis aims at disentangling a total treatment effect into an
indirect effect operating through an intermediate variable – commonly referred to as
mediator – as well as the direct effect. The latter includes any causal mechanisms
not operating through the mediator of interest. Even when the treatment is random,
direct and indirect effects are generally not identified by simply controlling for the
mediator without accounting for its potential endogeneity, as this likely introduces
selection bias, see Robins and Greenland (1992).
This paper suggests a novel identification strategy for causal mediation analysis
based on changes-in-changes (CiC) as suggested by Athey and Imbens (2006) for
evaluating total average and quantile treatment effects. We adapt the approach
to the identification of the direct effect and the indirect effects running through
a binary mediator. Outcomes are required to be observed both prior and after
treatment and mediator assignment as it is the case in repeated cross sections or
panel data. The key identifying assumptions imply that the outcome is strictly
monotonic in unobserved heterogeneity and that the distribution of heterogeneity
does not change over time conditional on the treatment and the mediator. Given
appropriate common support conditions, this permits identifying direct effects on
subpopulations conditional on the treatment and the mediator states, even if both
treatment and mediator assignment are endogenous.
Augmenting the assumptions by random treatment assignment and weak monotonicity of the mediator in the treatment allows for causal mediation analysis in
subpopulations defined upon how/whether the mediator reacts to the treatment.
Specifically, we show the identification of direct effects among those whose mediator is always one, (always takers in the denomination of Angrist et al., 1996)
or never one (never takers) irrespective of treatment assignment. Furthermore, we
identify the total, direct, and indirect treatment effects on those whose mediator
value complies with treatment assignment (compliers). If appropriately weighted,
the respective average effects of these populations add up to the average direct and
1

indirect effects in the population.
Identification in the earlier mediation literature typically relied on linear models
for the mediator and outcome equations and often neglected endogeneity issues, see
for instance Cochran (1957), Judd and Kenny (1981), and Baron and Kenny (1986).
More recent contributions use more general identification approaches based on the
potential outcome framework and take endogeneity issues explicitly into consideration. Examples include Robins and Greenland (1992), Pearl (2001), Robins (2003),
Petersen et al. (2006), VanderWeele (2009), Imai et al. (2010), Hong (2010), Albert
and Nelson (2011), Imai and Yamamoto (2013), Tchetgen Tchetgen and Shpitser
(2012), Vansteelandt et al. (2012), and Huber (2014). The vast majority of the
literature assumes that the covariates observed in the data are sufficiently rich to
control for treatment and mediator endogeneity. Also in empirical economics, there
has been an increase in the application of such selection on observables approaches,
see for instance Simonsen and Skipper (2006), Flores and Flores-Lagunes (2009),
Heckman et al. (2013), Huber (2015), Keele et al. (2015), Conti et al. (2016), Huber
et al. (2017), Bijwaard and Jones (2018), Bellani and Bia (2018), and Huber et al.
(2018). Comparably few studies in economics develop or apply instrumental variable approaches for disentangling direct and indirect effects, see for instance Frölich
and Huber (2017), Powdthavee et al. (2013), Brunello et al. (2016) and Chen et al.
(2017). Our paper provides another, CiC-based identification strategy that neither
rests on selection on observables assumptions nor on instrumental variables.
While most studies aim at evaluating direct and indirect effects in the total population, a smaller strand of the literature uses the principal stratification framework
of Frangakis and Rubin (2002a) to investigate effects in subpopulations (or principal
strata) defined upon how/whether the mediator reacts to the treatment, see Rubin
(2004). This approach has been criticized for typically focussing on direct effects on
populations whose mediator is constant (i.e. always and never takers) rather than
decomposing direct and indirect effects on compliers and for focussing on subpopulations rather than the population, see VanderWeele (2008) and VanderWeele (2012).
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Deuchert et al. (2017) suggest a difference-in-differences (DiD) strategy that alleviates such criticisms. Identification relies on a randomized treatment, monotonicity
of the (binary) mediator in the treatment, and particular common trend assumptions
on mean potential outcomes across principal strata. The latter imply that mean potential outcomes under specific treatment and mediator states change by the same
amount over time across specific subpopulations. Depending on the strength of common trend and effect homogeneity assumptions across principal strata, direct and
indirect effects are identified for different subpopulations and under the strongest
set of assumptions even for the total population.
Our paper contributes to this literature on principal strata effects, but relies on
different identifying assumptions than Deuchert et al. (2017). While differential time
trends across subpopulations are permitted, our approach restricts the conditional
distribution of unobserved heterogeneiy over time. The two sets of assumptions are
not nested and their appropriateness is to be judged in the empirical context at
hand. However, both approaches could be used simultaneously for testing the joint
validity of the identifying assumptions of either method, in which case both CiC
and DiD converge to the same, true average direct and indirect effects. As a further
distinction to Deuchert et al. (2017), our proposed method also permits assessing
quantile treatment effects rather than mean effects only.
We provide a simulation study in which we compare the CiC to the DiD approach
to illustrate our identification results. We also consider an empirical application to...
The remainder of this study is organized as follows. Section 2 introduces the
notation and defines the direct and indirect effects of interest. Section 3 presents
the assumptions underlying our CiC approach as well as the identification results.
Section 3 provides a simulation study. In Section 5, we apply our method to...
Section 6 concludes.
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Notation and effects

For each individual i = 1, ..., N , let Di denote a binary treatment (e.g., having two
children with the same gender) and Mi a binary intermediate variable or mediator
that may be a function of Di (e.g., giving birth to a third child). Furthermore, let
T indicate a particular time period: T = 0 denotes the baseline period prior to the
realisation of Di and Mi , T = 1 the follow up period after measuring Di and Mi
in which the effect of the outcome is evaluated. Finally, let Yit denote the outcome
of interest (e.g., income of mother) in period T = t. Indexing the outcome by the
time period t ∈ {0, 1} implies that it is measured both in the baseline period and
after the realisation of Di and Mi . To define the parameters of interest, we make
use of the potential outcome notation, see for instance Rubin (1974), and denote
by Yit (d, m) the potential outcome for treatment state Di = d and mediator state
Mi = m in time T = t, with d, m, t, ∈ {0, 1}. Furthermore, let Mi (d) denote the
potential mediator as a function of the treatment state d ∈ {0, 1}. For notational
ease, we will not use any time index for Di and Mi , because either is assumed to be
measured at a single point in time between T = 0 and T = 1, albeit not necessarily
at the same point, as Di causally precedes Mi . Therefore, Di and Mi correspond
to the actual treatment and mediator status in T = 1, while it is assumed that no
treatment or mediation takes place in T = 0.
Using this notation, the average treatment effect (ATE) in the ex-post period is
defined as ∆1 = E[Yi1 (1, Mi (1)) − Yi1 (0, Mi (0))]. That is, the ATE corresponds to
the effect of Di on the outcome that either affects the latter directly (net of any effect
on the mediator) or indirectly through an effect on Mi . Indeed, the total ATE can be
disentangled into the direct and indirect effects, denoted by θ1 (d) = E[Yi1 (1, Mi (d))−
Yi1 (0, Mi (d))] and δ1 (d) = E[Yi1 (d, Mi (1))−Yi1 (d, Mi (0))], by adding and subtracting
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Yi1 (1, Mi (0)) or Yi1 (0, Mi (1)), respectively:

∆1 = E[Yi1 (1, Mi (1)) − Yi1 (0, Mi (0))],
= E[Yi1 (1, Mi (1)) − Yi1 (1, Mi (0))] + E[Yi1 (1, Mi (0)) − Yi1 (0, Mi (0))],
{z
} |
{z
}
|
=δ1 (1)

=θ1 (0)

= E[Yi1 (1, Mi (1)) − Yi1 (0, Mi (1))] + E[Yi1 (0, Mi (1)) − Yi1 (0, Mi (0))] .
|
{z
} |
{z
}
=θ1 (1)

=δ1 (0)

Distinguishing between θ1 (1) and θ1 (0) or δ1 (1) and δ1 (0), respectively, implies the
possibility of interaction effects between Di and Mi such that the effects could be
heterogeneous across values d = 1 and d = 0.
In our approach we consider the concepts of direct and indirect effects within
specific subpopulations. The latter are either defined conditional on the treatment
and mediator values or conditional on potential mediator values under either treatment states, which matches the so-called principal stratum framework of Frangakis
and Rubin (2002b). As outlined in Angrist et al. (1996) in the context of instrumental variable-based identification, any individual i in the population belongs to one
of four strata, henceforth denoted by τ , according to their potential mediator status
under either treatment state: Mi (1) = Mi (0) = 1) whose mediator is always one,
compliers (c: Mi (1) = 1, Mi (0) = 0) whose mediator corresponds to the treatment
value, defiers (de: Mi (1) = 0, Mi (0) = 1) whose mediator opposes the treatment
value, and never-takers (n: Mi (1) = Mi (0) = 0) whose mediator is never one. Note
that τ cannot be pinned down for any individual, because either Mi (1) or Mi (0) is
observed, but never both.
Let ∆τ1 = E[Yi1 (1, Mi (1)) − Yi1 (0, Mi (0))|τi ] denote the ATE conditional on
τ ∈ {a, c, de, n}; θ1τ (d) and δ1τ (d) denote the corresponding direct and indirect
effects. Because Mi (1) = Mi (0) = 0 for any never-taker, the indirect effect for
this group is by definition zero (δ1n (d) = E[Yi1 (d, 0) − Yi1 (d, 0)|τi = n] = 0) and
∆n1 = E[Yi1 (1, 0) − Yi1 (0, 0)|τi = n] = θ1n (1) = θ1n (0) = θ1n equals the direct effect.
Correspondingly, because Mi (1) = Mi (0) = 1 for any always-taker, the indirect ef-
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fect for this group is by definition zero (δ1a (d) = E[Yi1 (d, 0) − Yi1 (d, 0)|τi = a] = 0)
and ∆a1 = E[Yi1 (1, 1) − Yi1 (0, 1)|τi = a] = θ1a (1) = θ1a (0) = θ1a equals the direct effect.
For the compliers, both direct and indirect effects may exist. Note that Mi (d) = d
due to the definition of compliers. Therefore, θ1c (d) = E[Yi1 (1, d) − Yi1 (0, d)|τi = c]
and δ1c (d) = E[Yi1 (d, 1) − Yi1 (d, 0)|τi = c], while ∆c1 = E[Yi1 (1, 1) − Yi1 (0, 0)|τi = c].
In the absence of any direct effect, the indirect effects on the compliers are homogeneous, δ1c (1) = δ1c (0) = δ1c , and correspond to the local average treatment effects
(LATE, e.g., Angrist et al., 1996). Analogous results hold for the defiers.
As already mentioned, we will also consider direct effects conditional on specific
values Di = d and mediator states Mi = Mi (d) = m, which are denoted by θ1d,m (d) =
E[Yi1 (1, m) − Yi1 (0, m)|Di = d, Mi (d) = m]. These parameters are identified under
weaker assumptions than strata-specific effects, but are also less straightforward to
interpret, as they refer to mixtures of two strata. For instance, θ11,0 (1) = E[Yi1 (1, 0)−
Yi1 (0, 0)|Di = 1, Mi (1) = 0] is the effect on a mixture of never takers and defiers,
as these two groups satisfy Mi (1) = 0. Likewhise, θ10,0 (0) refers to never takers
and compliers (satisfying Mi (0) = 0), θ10,1 (0) to always takers and defiers (satisfying
Mi (0) = 1), and θ11,1 (1) to always takers and compliers (satisfying Mi (1) = 1).
We denote by FYt (d,m) (y) = P r(Yit (d, m) ≤ y) the cumulative distribution function of Yit (d, m) at outcome level y. Its inverse, FY−1
(q) = inf{y : FYit (d,m) (y) ≥
t (d,m)
q}, is the quantile function of Yit (d, m) at rank q. The conditional distribution
function by type τi is FYt (d,m)|τ (y) = P r(Yit (d, m) ≤ y|τi ) and the corresponding conditional quantile function is FY−1
(q) = inf{y : FYt (d,m)|τi (y) ≥ q} for
it (d,m)|τ
τi ∈ {a, c, d, n}. The conditional distribution function by treatment d and mediator
status m is FYt |D=d,M =m (y) = P r(Yit ≤ y|Di = d, Mi = m) and the corresponding
conditional quantile function is FY−1
(q) = inf{y : FYit |Di =d,Mi =m (y) ≥ q} for
t |D=d,M =m
d, m ∈ {0, 1}. Define Qdm (y) := FY−1
◦FY0 |D=d,M =m (y) = FY−1
(FY0 |D=d,M =m (y))
1 |D=d,M =m
1 |D=d,M =m
to be the quantile-quantile transform of the conditional outcome from period 0 to
1 given treatment d and mediator status m. This transform maps y at rank q in
period 0 into the corresponding y 0 at rank q in period 1.
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3

Identification

We subsequently discuss the identifying assumptions along with the identification
results for the various direct and indirect effects. We note that our assumptions
could be adjusted to only hold conditional on a vector of observed covariates. In
this case, the identification results would hold within cells defined upon covariate
values. In our discussion, however, covariates are not considered for the sake of ease
of notation. Our first assumption implies that potential outcomes are characterized
by a nonparametric function, denoted by h, that is strictly monotonic in a scalar Ui
that reflects unobserved heterogeneity.
Assumption 1: Strict monotonicity of potential outcomes in ubobserved heterogeneity.
The potential outcomes satisfy the following model: Yit (d, m) = h(d, m, t, Ui ), with
the general function h being strictly increasing in the scalar unobservable Ui for all
d, m, t ∈ {0, 1}.
Assumption 1 implies that individuals with identical unobserved characteristics Ui
have the same potential outcomes Yit (d, m), while higher values of Ui correspond
to strictly higher potential outcomes Yit (d, m). Strict monotonicity is automatically satisfied in additively separable models, but Assumption 1 also allows for more
flexible non-additive structures that arise in nonparametric economic models.
The next assumption rules out anticipation effects of the treatment or the mediator on the outcome in the baseline period. This assumption is plausible if assignment
to the treatment or the mediator cannot be foreseen in the baseline period, such that
behavioral changes affecting the pre-treatment outcome are ruled out.
Assumption 2: No anticipation effect of M and D in the baseline period.
Yi0 (d, m) − Yi0 (d0 , m0 ) = 0, for d, d0 , m, m0 {1, 0}.
Similarly, Athey and Imbens (2006) and Chaisemartin and D’Haultfeuille (2018) assume the assignment to the treatment group does not affect the potential outcomes
as long as the actual treatment status does not change.
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Furthermore, we assume conditional independence between the unobserved heterogeneity and the time period given the treatment and non-mediator.
Assumption 3: Conditional independence of Ui and T given Di = 1, Mi = 0 or
Di = 0, Mi = 0.
(a) Ui ⊥⊥ T |Di = 1, Mi = 0,
(b) Ui ⊥⊥ T |Di = 0, Mi = 0.
Under Assumption 3a, the distribution of Ui is allowed to vary by treatment and
mediator group, but not over time conditional on Di = 1, Mi = 0. Assumption
3b imposes the same restriction conditional on Di = 0, Mi = 0. We may interpret
Assumption 3 as stationarity of Ui within groups defined on Di and Mi . This assumption is weaker than (and thus implied by) requiring that Ui is constant across T
for each individual i. For example, Assumption 3 is satisfied in the fixed effect model
Ui = ηi + vit , with ηi being a time-invariant individual-specific unobservable (fixed
effect) and vit an idiosyncratic time-varying unobservable with the same distribution
in both time periods.
Athey and Imbens (2006) and Chaisemartin and D’Haultfeuille (2018) impose
time invariance conditional on the treatment status, Ui ⊥⊥ T |Di = d, to identify the
average treatment effect on the treated, ϕ1 = E[Yi1 (1, Mi (1)) − Yi1 (0, Mi (0))|Di =
1] or local average treatment effect, ϕ1 = E[Yi1 (1, Mi (1)) − Yi1 (0, Mi (0))|τi = c],
respectively. We aditionally condition on the mediator status to identify direct and
indirect effects.
For our next assumption, we introduce some further notation. Let FU |d,m (u)) =
P r(Ui ≤ u|Di = d, Mi = m) be the conditional distribution of Ui with support Udm .

Assumption 4: Common support given Mi = 0.
(a) U10 ⊆ U00 ,
(b) U00 ⊆ U10 .
Assumptions 4a is a common support assumption, implying that any possible value
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of Ui in the population with Di = 1, Mi = 0 is also contained in the population with
Di = 0, Mi = 0. Assumptions 4b imposes the opposite, namely that any value of
Ui conditional on Di = 0, Mi = 0 also exists conditional on Di = 0, Mi = 0. Both
assumptions together imply that the support of Ui is the same in both populations,
albeit the distributions may generally differ.
Assumptions 1 to 3 permit identifying direct effects on mixed populations of never
takers and defiers as well as never takers and compliers, respectively, as formally
stated in Theorem 1.
Theorem 1: Under Assumptions 1–3,
(a) and Assumption 4a, the average direct effect under d = 1 conditional on Di = 1
and Mi (1) = 0 is identified:
θ11,0 (1) = E[Yi1 − Q00 (Yi0 )|Di = 1, Mi = 0].

(b) and Assumption 4b, the average direct effect under d = 0 conditional on Di = 0
and Mi (0) = 0 is identified:
θ10,0 (0) = E[Q10 (Yi0 ) − Yi1 |Di = 0, Mi = 0].

Proof. See Appendix A.
To identify direct effects on further populations, we invoke a conditional independence assumption that is in the spirit of Assumption 3, but refers to different
combinations of the treatment and the mediator.
Assumption 5: Conditional independence of Ui and T given Di = 0, Mi = 1 or
Di = 1, Mi = 1. (a) Ui ⊥⊥ T |Di = 0, Mi = 1,
(b) Ui ⊥⊥ T |Di = 1, Mi = 1.
Under Assumption 5a, the distribution of Ui is allowed to vary by treatment and
mediator group, but not over time conditional on Di = 0, Mi = 1. Assumption 5b
imposes the same restriction conditional on Di = 1, Mi = 1.
9

Assumption 6 is similar to Assumption 4, but imposes common support conditional on Mi = 1 rather than Mi = 0.
Assumption 6: Common support given Mi = 1.
(a) U01 ⊆ U11 ,
(b) U11 ⊆ U01 .
Assumptions 6a implies that any possible value of Ui in the population with Di =
0, Mi = 1 is also contained in the population with Di = 1, Mi = 1. Assumptions
6b states that any value of Ui conditional on Di = 1, Mi = 1 exists conditional on
Di = 0, Mi = 1.
Theorem 2 shows the identification of the direct effects on mixed populations of
always takers and defiers as well as always takers and compliers.
Theorem 2: Under Assumptions 1-2, 5,
(a) and Assumption 6a, the average direct effect under d = 0 conditional on Di = 0
and Mi (0) = 1 is identified:
θ10,1 (0) = E[Yi1 − Q11 (Yi0 )|Di = 0, Mi = 1].

(b) and Assumption 6b, the average direct effect under d = 1 is identified conditional on Di = 1 and Mi (1) = 1:
θ11,1 (1) = E[Q01 (Yi0 ) − Yi1 |Di = 1, Mi = 1].

In the instrumental variable framework, any direct effects of the instrument are
typically ruled out by imposing the exclusion restriction, in order to identify the
causal effect of an endogenous regressor on the outcome, see for instance Imbens and
Angrist (1994). By considering Di as instrument and Mi as endogenous regressor,
θ11,0 (1) = θ10,0 (0) = θ10,1 (0) = θ11,1 (1) = 0 yield testable implications of the exclusion
restriction under Assumptions 1-6.
Our next assumption imposes independence between the treatment and the po10

tential post-treatment variables.
Assumption 7: Independence of the treatment and potential mediators/outcomes.
{Yit (d, m), Mi (d)} ⊥⊥ Di , for all d, m, t, ∈ {0, 1}.
Assumption 7 implies that there are no confounders jointly affecting the treatment
and the mediator and/or outcome and is satisfied under treatment randomization as in successfully conducted experiments. This allows identifying the ATE:
∆1 = E[Y1 |D = 1] − E[Y1 |D = 0].
Furthermore, we assume the mediator to be weakly monotonic in the treatment.
Assumption 8: Weak monotonicity of the mediator in the treatment.
P r(Mi (1) ≥ Mi (0)) = 1.
Assumption 8 is standard in the instrumental variable literature on local average
treatment effects when denoting by Di the instrument and by Mi the endogenous
regressor, see Imbens and Angrist (1994) and Angrist et al. (1996). It rules out the
existence of defiers.
As discussed in the appendix, Assumptions 7 and 8 yield the strata proportions,
denoted by pτi = P r(τi ), as functions of the conditional mediator probabilities given
the treatment, which we denote by p(m|d) = P r(Mi = m|Di = d) for d, m ∈ {0, 1}:

pa = p1|0 , pc = p1|1 − p1|0 = p0|0 − p0|1 , pn = p0|1 .

Furthermore, Assumptions 2, 7, and 8 imply that ∆0,c = E[Yi0 (1, 1) − Yi0 (0, 0)|c] =
E[Yi0 |Di = 1] − E[Yi0 |Di = 0] = 0. Therefore, a rejection of the testable implication E[Yi0 |Di = 1] − E[Yi0 |Di = 0] = 0 in the data would point to a violation of
these assumptions. Furthermore and as pointed out in Deuchert et al. (2017), the
assumptions imply that the differences in average baseline outcomes across always
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or never-takers and compliers are given by

E[Yi0 (0, 0)|n] − E[Yi0 (0, 0)|c] =

p n + pc
[E(Yi0 |Di = 1, Mi = 0) − E(Yi0 |Di = 0, Mi = 0)],
pc
(1)

E[Yi0 (0, 0)|a] − E[Yi0 (0, 0)|c] =

pa + pc
[E(Yi0 |Di = 0, Mi = 1) − E(Yi0 |Di = 1, Mi = 1)],
pc
(2)

see Appendix A.3.
The additional assumptions of treatment randomization and mediator monotonicity permit identifying total, direct, and indirect effects on compliers, nevertakers, and always-takers as shown in Theorems 3 to 5. This follows from the fact
that defiers are ruled out and that the proportions and potential outcome distributions of the various principal strata are not selective w.r.t. the treatment.
Theorem 3: Under Assumptions 1–3, 7-8,
a) and Assumption 4a, the average direct effect on the never-takers is identified
by:
θ1n = θ11,0 (1).
b) and Assumption 4, the average direct effect under d = 0 on compliers is
identified by:

θ1c (0) =

p0|1
p0|0
θ10,0 (0) −
θ11,0 (1).
p0|0 − p0|1
p0|0 − p0|1

Theorem 4: Under Assumptions 1–3, 5, 7-8,
a) and Assumption 6a, the average direct effect on the always-takers is identified
by:
θ1a = θ10,1 (0).
b) and Assumption 6, the average direct effect under d = 1 on compliers is
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identified by:

θ1c (1) =

p1|1
p1|0
θ11,1 (1) −
θ10,1 (0).
p1|1 − p1|0
p1|1 − p1|0

Theorem 5: Under Assumptions 1-4, 5, 7-8,
a) and Assumptions 4a, 6a, the average treatment effect on the compliers is identified by:

∆c1 =

p1|1
p1|0
E[Y1 |D = 1, M = 1] −
E[Q11 (Y0 )|D = 0, M = 1]
p1|1 − p1|0
p1|1 − p1|0
p0|0
p0|1
−
E[Y1 |D = 0, M = 0] +
E[Q00 (Y0 )|D = 1, M = 0],
p1|1 − p1|0
p1|1 − p1|0

b) and Assumptions 4a, 6b, the average indirect effect under d = 0 on compliers
is identified by:

δ1c (0) =

p1|0
p1|1
E[Q11 (Y0 )|D = 1, M = 1] −
E[Y1 |D = 0, M = 1]
p1|1 − p1|0
p1|1 − p1|0
p0|0
p0|1
−
E[Y1 |D = 0, M = 0] +
E[Q00 (Y0 )|D = 1, M = 0].
p1|1 − p1|0
p1|1 − p1|0

c) and Assumptions 4b, 6a, the average indirect effect under d = 1 on compliers
is identified by:

δ1c (1) =

p1|1
p1|0
E[Y1 |D = 1, M = 1] −
E[Q11 (Y0 )|D = 0, M = 1]
p1|1 − p1|0
p1|1 − p1|0
p0|0
p0|1
−
E[Q00 (Y0 )|D = 0, M = 0] +
E[Y1 |D = 1, M = 0].
p1|1 − p1|0
p1|1 − p1|0

To be added: Identification of quantile direct and indirect treatment effects
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4

Simulations

To shape the intution for our identification results, this section presents a brief
simulation based on the following data generating process (DGP):

T ∼ Binom(0.5), D ∼ Binom(0.5), U ∼ U nif (−1, 1), V ∼ N (0, 1) independent of each other,
M = I{D + U + V > 0},

YT = Λ((1 + D + M + D · M ) · T + U ).

(3)

Treatment D as well as the observed time period T are randomized, while the
mediator-outcome association is confounded due to the unobserved time constant
confounder U . The potential outcome in period 1 is given by Y1 (d, M (d0 )) = Λ((1 +
d+M (d0 )+d·M (d0 ))+U ), where Λ denotes a link function. If the latter corresponds
to the identity function, our model is linear and implies a homogeneous time trend
T equal to 1. If Λ is nonlinear, the time trend is heterogeneous. M is not only a
function of D and U , but also of the unobserved random term V , which guarantees
common support w.r.t. U , see Assumption 6. Compliers, always takers and never
takers satisfy, respectively: c = I{U + V ≤ 0, 1 + U + V > 0}, a = I{U + V >
0}, n = I{1 + U + V ≤ 0}.
Table 1: Linear model with random treatment
Changes-in-Changes
ˆc
∆
θ̂1c (1) θ̂1c (0)

δ̂1c (1)

-0.00
0.08
0.08
2.00
0.04

-0.01
0.23
0.23
3.00
0.08

-0.01
0.10
0.10
2.00
0.05

-0.01
0.13
0.13
1.00
0.13

-0.00
0.27
0.27
2.00
0.14

-0.00
0.04
0.04
2.00
0.02

0.00
0.12
0.12
3.00
0.04

-0.00
0.05
0.05
2.00
0.02

-0.01
0.07
0.07
1.00
0.07

0.01
0.14
0.14
2.00
0.07

θ̂1n

θ̂1a

bias
sd
rmse
true
relr

0.00
0.11
0.11
1.00
0.11

bias
sd
rmse
true
relr

-0.00
0.06
0.06
1.00
0.06

θ̂1n
δ̂1c (0)
n=1000
-0.01 0.01
0.27
0.11
0.27
0.11
1.00
1.00
0.27
0.11
n=4000
0.01 -0.00
0.14
0.06
0.14
0.06
1.00
1.00
0.14
0.06

θ̂1a

Difference-in-Differences
ˆc
∆
θ̂1c (1) θ̂1c (0) δ̂1c (1)

-0.00
0.09
0.09
2.00
0.04

-0.01
0.14
0.14
3.00
0.05

-0.01
0.14
0.14
2.00
0.07

0.00
0.12
0.12
1.00
0.12

-0.02
0.19
0.19
2.00
0.10

0.00
0.10
0.10
1.00
0.10

-0.00
0.04
0.04
2.00
0.02

0.00
0.07
0.07
3.00
0.02

-0.00
0.07
0.07
2.00
0.04

-0.00
0.06
0.06
1.00
0.06

0.00
0.10
0.10
2.00
0.05

0.00
0.05
0.05
1.00
0.05

Note: ‘bias’, ‘sd’, and ‘rmse’ provide the bias, standard deviation, and root mean squared error of
the respective estimator. ‘true’ and ‘relr’ are the respective true effect as well as the root mean
squared error relative to the true effect.
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In our 1000 simulations, we consider two sample sizes (n = 1000, 4000) and investigate the behaviour of our CiC methods as well as the DiD approach of Deuchert
et al. (2017) in both a linear (Λ equal to identity function) and nonlinear outcome
model, with Λ being equal to the exponential function. To implement the CiC estimators, we make use of the ‘CiC’ command in the ‘qte’ package by Callaway (2016)
for the statistical software ‘R’ with its default values. Table 1 reports the bias, standard deviation (‘sd’), root mean squared error (‘rmse’), true effect (‘true’), and the
relative root mean squared error as percent of the true effect (‘relr’) of the respective
estimators of θ1n , θ1a , ∆c , θ1c (1), θ1c (0), δ1c (1), and δ1c (0) for the linear model. In this
case, the identifying assumptions underlying both the CiC and DiD estimators are
satisfied. Specifically, the homogeneous time trend on the individual level satisfies
any of the common trend assumptions in Deuchert et al. (2017), while the monotonicity of Y in U and the independence of T and U satisfies the key assumptions of
this paper. For this reason any of the estimates in Table 1 are close to being unbiased
and appear to converge to the true effect at the parametric rate when comparing
the results for the two different sample sizes.
Table 2: Nonlinear model with random treatment
Changes-in-Changes
ˆc
∆
θ̂1c (1) θ̂1c (0)

δ̂1c (1)

-0.14
5.08
5.08
68.09
0.07

-0.48
8.47
8.48
52.42
0.16

-0.35
6.20
6.21
47.70
0.13

-0.11
1.16
1.17
4.72
0.25

-0.37
8.64
8.65
47.70
0.18

0.01
2.63
2.63
68.09
0.04

-0.00
4.37
4.37
52.45
0.08

-0.11
3.20
3.20
47.73
0.07

-0.07
0.66
0.66
4.72
0.14

0.07
4.44
4.44
47.73
0.09

θ̂1n

θ̂1a

bias
sd
rmse
true
relr

0.01
0.48
0.48
3.49
0.14

bias
sd
rmse
true
relr

-0.01
0.25
0.25
3.49
0.07

θ̂1n
δ̂1c (0)
n=1000
-0.13 -0.27
4.23
0.46
4.23
0.53
4.72
3.49
0.90
0.15
n=4000
0.11 -0.28
2.04
0.24
2.04
0.37
4.72
3.49
0.43
0.11

θ̂1a

Difference-in-Differences
ˆc
∆
θ̂1c (1) θ̂1c (0) δ̂1c (1)

-8.91
2.62
9.29
68.09
0.14

14.42
2.58
14.65
52.42
0.28

11.46
2.62
11.76
47.70
0.25

-1.49
0.47
1.56
4.72
0.33

15.91
2.61
16.12
47.70
0.34

2.96
0.47
2.99
4.72
0.63

-8.79
1.28
8.88
68.09
0.13

14.51
1.26
14.57
52.45
0.28

11.57
1.28
11.64
47.73
0.24

-1.51
0.25
1.53
4.72
0.32

16.02
1.27
16.07
47.73
0.34

2.94
0.23
2.95
4.72
0.62

Note: ‘bias’, ‘sd’, and ‘rmse’ provide the bias, standard deviation, and root mean squared error of
the respective estimator. ‘true’ and ‘relr’ are the respective true effect as well as the root mean
squared error relative to the true effect.

Table 2 provides the results for the exponential outcome model, in which the time
trend is heterogeneous and interacts with U through nonlinear link function. While
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the CiC assumptions hold, average common time trends are heterogeneous across
complier types such that the DiD approach of Deuchert et al. (2017) is inconsistent.
Accordingly, the biases of the CiC estimates generally approach zero as the sample
size increases, while this is not the case for the DiD estimates. CiC yields a lower root
mean squared error than the respective DiD estimator in all but one case (namely
δ̂1c (0) with n = 1000) and its relative attractiveness increases in the sample size due
to its lower bias.
In our final simulation design, we maintain the exponential outcome model but
assume D to be selective w.r.t. U rather than random. To this end, the treatment
model in (3) is replaced by:

D = I{U + Q > 0}, Q ∼ N (0, 1) independent of T and any unobservable,

(4)

where Q is an unobserved term. Under this violation of Assumption 7, complier
shares and effects are no longer identified, which is confirmed by the simulation
results presented in Table 3. While CiC consistently estimates the direct effects on
always and never takers, the bias in the CiC-based total, direct, and indirect effects
on compliers do not vanish as the sample size increases.
Table 3: Nonlinear model with non-random treatment
Changes-in-Changes
ˆc
∆
θ̂1c (1) θ̂1c (0)

δ̂1c (1)

0.13
4.56
4.56
54.19
0.08

47.21
5.45
47.52
52.42
0.91

40.19
4.11
40.40
47.70
0.85

-1.44
0.75
1.62
4.72
0.34

48.64
5.53
48.96
47.70
1.03

0.06
2.35
2.35
54.18
0.04

47.38
2.84
47.47
52.45
0.90

40.13
2.04
40.18
47.73
0.84

-1.53
0.38
1.57
4.72
0.33

48.91
2.86
48.99
47.73
1.03

θ̂1n

θ̂1a

bias
sd
rmse
true
relr

0.02
0.71
0.71
4.41
0.16

bias
sd
rmse
true
relr

-0.00
0.38
0.38
4.40
0.09

θ̂1n
δ̂1c (0)
n=1000
7.02 0.35
2.92 0.67
7.60 0.75
4.72 4.41
1.61 0.17
n=4000
7.25 0.34
1.51 0.35
7.40 0.49
4.72 4.40
1.57 0.11

θ̂1a

Difference-in-Differences
ˆc
∆
θ̂1c (1) θ̂1c (0) δ̂1c (1)

19.98
2.48
20.14
54.19
0.37

29.00
2.46
29.11
52.42
0.56

27.65
2.48
27.76
47.70
0.58

0.04
0.67
0.67
4.72
0.14

28.96
2.51
29.07
47.70
0.61

1.35
0.45
1.43
4.72
0.30

20.02
1.22
20.06
54.18
0.37

28.98
1.19
29.01
52.45
0.55

27.65
1.22
27.68
47.73
0.58

0.02
0.35
0.35
4.72
0.07

28.96
1.24
28.99
47.73
0.61

1.33
0.23
1.35
4.72
0.29

Note: ‘bias’, ‘sd’, and ‘rmse’ provide the bias, standard deviation, and root mean squared error of
the respective estimator. ‘true’ and ‘relr’ are the respective true effect as well as the root mean
squared error relative to the true effect.
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5

Application

To be added soon

6

Conclusion

We proposed a novel identification strategy for causal mediation analysis with repeated cross sections or panel data based on changes-in-changes (CiC) assumptions
that are related but yet different to Athey and Imbens (2006) considering total
treatment effects. Strict monotonicity of outcomes in unobserved heterogeneity
and distributional time invariance of the latter within groups defined on treatment
and mediator states are key assumptions for identifying direct effects within these
groups. Additionally assuming random treatment assignment and weak monotonicity of the mediator in the treatment permits identfying direct effects on never-takers
and always-takers as well as total, direct, and indirect effects on compliers. We also
provided a brief simulation study and an empirical application.

References
Albert, J. M. and S. Nelson, “Generalized causal mediation analysis,” Biometrics, 2011, 67, 1028–1038.
Angrist, Joshua D., Guido W. Imbens, and Donald B. Rubin, “Identification of Causal Effects Using Instrumental Variables,” Journal of the American
Statistical Association, 1996, 91(434), 444–472.
Athey, Susan and Guido W. Imbens, “Identification and Inference in Nonlinear
Difference-In-Difference Models,” Econometrica, 2006, 74(2), 431–497.
Baron, Reuben M and David A Kenny, “The Moderator-Mediator Variable
Distinction in Social Psychological Research: Conceptual, Strategic, and Statis-

17

tical Considerations,” Journal of Personality and Social Psychology, 1986, 51,
1173–1182.
Bellani, Luna and Michela Bia, “The long-run effect of childhood poverty and the
mediating role of education,” forthcoming in the Journal of the Royal Statistical
Society: Series A (Statistics in Society), 2018.
Bijwaard, G. E. and A. M. Jones, “An IPW estimator for mediation effects in
hazard models: with an application to schooling, cognitive ability and mortality,”
Empirical Economics, 2018, pp. 1–47.
Brunello, Giorgio, Margherita Fort, Nicole Schneeweis, and Rudolf
Winter-Ebmer, “The Causal Effect of Education on Health: What is the Role
of Health Behaviors?,” Health Economics, 2016, 25, 314–336.
Callaway, Brantly, “Quantile Treatment Effects in R: The qte Package,” working
paper, Temple University, Philadelphia, 2016.
Chaisemartin, C. and X. D’Haultfeuille, “Fuzzy Differences-in-Differences,”
Review of Economic Studies, 2018, 85(2), 999–1028.
Chen, S. H., Y. C. Chen, and J. T. Liu, “The impact of family composition on
educational achievement,” Journal of Human Resources, 2017, 0915-7401R1.
Cochran, William G., “Analysis of Covariance: Its Nature and Uses,” Biometrics,
1957, 13, 261–281.
Conti, Gabriella, James J. Heckman, and Rodrigo Pinto, “The Effects of
Two Influential Early Childhood Interventions on Health and Healthy Behaviour,”
The Economic Journal, 2016, 126, F28–F65.
Deuchert, E, M Huber, and M Schelker, “Direct and indirect effects based
on difference-in-differences with an application to political preferences following
the Vietnam draft lottery,” forthcoming in the Journal of Business & Economic
Statistics, 2017.
18

Flores, Carlos A. and A. Flores-Lagunes, “Identification and Estimation of
Causal Mechanisms and Net Effects of a Treatment under Unconfoundedness,”
IZA DP No. 4237, 2009.
Frangakis, C. and D. Rubin, “Principal Stratification in Causal Inference,” Biometrics, 2002, 58, 21–29.
and Donald B. Rubin, “Principle Stratification in Causal Inference,” Biometrics, 2002, 58(1), 21–29.
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Appendices
A

Proofs

A.1

Proof of Theorem 1

A.1.1

Direct effect under d = 1 conditional on Di = 1 and Mi (1) = 0

In the following, we proof that θ110 (1) = E[Yi1 (1, 0) − Yi1 (0, 0)|Di = 1, Mi (1) =
0] = E[Yi1 − Q00 (Yi0 )|Di = 1, Mi = 0]. Using the observational rule, we obtain
E[Yi1 (1, 0)|Di = 1, Mi (1) = 0] = E[Yi1 |Di = 1, Mi = 0]. Accordingly, we have to
show that E[Yi1 (0, 0)|Di = 1, Mi (1) = 0] = E[Q00 (Yi0 )|Di = 1, Mi = 0] to finish the
proof.
Denote the inverse of h(d, m, t, u) by h−1 (d, m, t; y), which exists because of the
strict monotonicity required in Assumption 1. Under Assumptions 1 and 3a, the
conditional potential outcome distribution function equals
A1

FYt (d,0)|D=1,M =0 (y) = P r(h(d, m, t, U ) ≤ y|Di = 1, Mi = 0, T = t),
= P r(U ≤ h−1 (d, m, t; y)|Di = 1, Mi = 0, T = t),
A3a

(5)

−1

= P r(U ≤ h (d, m, t; y)|Di = 1, Mi = 0),

= FU |10 (h−1 (d, m, t; y)),
for d, d0 ∈ {0, 1}. We use these quantities in the following.
First, evaluating FY1 (0,0)|D=1,M =0 (y) at h(0, 0, 1, u) gives
FY1 (0,0)|D=1,M =0 (h(0, 0, 1, u)) = FU |10 (h−1 (0, 0, 1; h(0, 0, 1, u))) = FU |10 (u).
Applying FY−1
(q) to both sides, we have
1 (0,0)|Di =1,Mi =0
h(0, 0, 1, u) = FY−1
(FU |10 (u)).
1 (0,0)|D=1,M =0
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(6)

Second, for FY0 (0,0)|D=1,M =0 (y) we have
FU−1|D=1,M =0 (FY0 (0,0)|D=1,M =0 (y)) = h−1 (0, 0, 0; y).

(7)

Combining (6) and (7) yields,

h(0, 0, 1, h−1 (0, 0, 0; y)) = FY−1
◦ FY0 (0,0)|D=1,M =0 (y).
1 (0,0)|D=1,M =0

(8)

Note that h(0, 0, 1, h−1 (0, 0, 0; y)) maps the period 1 (potential) outcome of an individual with the outcome y in period 0 under non-treatment without the mediator. Accordingly, E[FY−1
◦ FY0 (0,0)|D=1,M =0 (Yi0 )|Di = 1, Mi = 0] =
1 (0,0)|D=1,M =0
E[Yi1 (0, 0)|Di = 1, Mi = 0]. We could identify FY0 (0,0)|D=1,M =0 (y) under Assumption 2, but we cannot identify FY1 (0,0)|D=1,M =0 (y). However, we show in the following that we can identify the overall quantile-quantile transform FY−1
◦
1 (0,0)|D=1,M =0
FY0 (0,0)|D=1,M =0 (y) under the additional Assumption 3b.
Under Assumptions 1 and 3b, the conditional potential outcome distribution
function equals
A1

FYt (d,0)|D=0,M =0 (y) = P r(h(d, m, t, U ) ≤ y|Di = 0, Mi = 0, T = t),
= P r(U ≤ h−1 (d, m, t; y)|Di = 0, Mi = 0, T = t),
A2b

(9)

= P r(U ≤ h−1 (d, m, t; y)|Di = 0, Mi = 0),

= FU |00 (h−1 (d, m, t; y)),
for d, d0 ∈ {0, 1}. We use these quantities in the following.
First, evaluating FY1 (0,0)|D=0,M =0 (y) at h(0, 0, 1, u) gives
FY1 (0,0)D=0,M =0 (h(0, 0, 1, u)) = FU |00 (h−1 (0, 0, 1; h(0, 0, 1, u))) = FU |00 (u).
Applying FY−1
(q) to both sides, we have
1 (0,0)|D=0,M =0
h(0, 0, 1, u) = FY−1
(FU |00 (u)).
1 (0,0)|D=0,M =0
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(10)

Second, for FY0 (0,0)|D=0,M =0 (y) we have
FU−1|00 (FY0 (0,0)|D=0,M =0 (y)) = h−1 (0, 0, 0; y).

(11)

Combining (10) and (11) yields,

h(0, 0, 1, h−1 (0, 0, 0; y)) = FY−1
◦ FY0 (0,0)|D=0,M =0 (y).
1 (0,0)|D=0,M =0

(12)

The left sides of (8) and (12) are equal.
In contrast to (8), (12) contains only distributions that can be identified from
observable data. In particular, FYt (0,0)|D=0,M =0 (y) = P r(Yt (0, 0) ≤ y|Di = 0, Mi =
0) = P r(Yt ≤ y|Di = 0, Mi = 0). Accordingly, we can identify FY−1
◦
1 (0,0)|D=1,M =0
FY0 (0,0)|D=1,M =0 (y) by Q00 (y) ≡ FY−1
◦ FY0 |D=0,M =0 (y).
1 |D=0,M =0
Parsing Yi0 through Q00 (·) in the treated group without mediator gives
E[Q00 (Yi0 )|Di = 1, Mi = 0] = E[FY−1
◦ FY0 |D=0,M =0 (Yi0 )|Di = 1, Mi = 0]
1 |D=0,M =0
= E[FY−1
◦ FY0 (0,0)|D=0,M =0 (Yi0 (1, 0))|Di = 1, Mi = 0]
1 (0,0)|D=0,M =0
A1,A3b

=

E[h(0, 0, 1, h−1 (0, 0, 0; Yi0 (1, 0)))|Di = 1, Mi = 0]

A2

= E[h(0, 0, 1, h−1 (0, 0, 0; Yi0 (0, 0)))|Di = 1, Mi = 0]

A1,A3a

=

E[FY−1
◦ FY0 (0,0)|D=1,M =0 (Yi0 (0, 0))|Di = 1, Mi = 0]
1 (0,0)|D=1,M =0

= E[Yi1 (0, 0)|Di = 1, Mi = 0] = E[Yi1 (0, 0)|Di = 1, Mi (1) = 0],
(13)
which has data support because of Assumption 4a.

A.1.2

Direct effect under d = 0 conditional on Di = 0 and Mi (0) = 0

In the following, we proof that θ10,0 = E[Yi1 (1, 0) − Yi1 (0, 0)|Di = 0, Mi (0) =
0] = E[Q10 (Yi0 ) − Yi1 |Di = 0, Mi = 0]. Using the observational rule, we obtain
E[Yi1 (0, 0)|Di = 0, Mi (0) = 0] = E[Yi1 |Di = 0, Mi = 0]. Accordingly, we have to
show that E[Yi1 (1, 0)|Di = 0, Mi (0) = 0] = E[Q10 (Yi0 )|Di = 0, Mi = 0] to finish the
proof.
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First, we use (9) to evaluate FY1 (1,0)|D=0,M =0 (y) at h(1, 0, 1, u)
FY1 (1,0)|D=0,M =0 (h(1, 0, 1, u)) = FU |10 (h−1 (1, 0, 1; h(1, 0, 1, u))) = FU |10 (u).
Applying FY−1
(q) to both sides, we have
1 (1,0)|D=0,M =0
h(1, 0, 1, u) = FY−1
(FU |10 (u)).
1 (1,0)|D=0,M =0

(14)

For FY0 (1,0)|D=0,M =0 (y) we have
FU−1|10 (FY0 (1,0)|D=0,M =0 (y)) = h−1 (1, 0, 0; y).

(15)

Combining (14) and (15) yields,

h(1, 0, 1, h−1 (1, 0, 0; y)) = FY−1
◦ FY0 (1,0)|D=0,M =0 (y).
1 (1,0)|D=0,M =0

(16)

Note that h(1, 0, 1, h−1 (1, 0, 0; y)) maps the period 1 (potential) outcome of an
individual with the outcome y in period 0 under treatment without the mediator.

Accordingly, E[FY−1
◦ FY0 (1,0)|D=0,M =0 (Yi0 )|Di = 0, Mi = 0] =
1 (1,0)|D=0,M =0

E[Yi1 (1, 0)|Di = 1, Mi = 0]. We could identify FY0 (1,0)|D=0,M =0 (y) under Assumption 2, but we cannot identify FY1 (1,0)|D=0,M =0 (y). However, we show in the following that we can identify the overall quantile-quantile transform FY−1
◦
1 (1,0)|D=0,M =0
FY0 (1,0)|D=0,M =0 (y) under the additional Assumption 3a.
Second, we use (5) to evaluate FY1 (1,0)|D=1,M =0 (y) at h(1, 0, 1, u)
FY1 (1,0)|D=10,M =0 (h(1, 0, 1, u)) = FU |10 (h−1 (1, 0, 1; h(1, 0, 1, u))) = FU |10 (u).
Applying FY−1
(q) to both sides, we have
1 (1,0)|D=1,M =0
h(1, 0, 1, u) = FY−1
(FU |10 (u)).
1 (1,0)|D=1,M =0
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(17)

For FY0 (1,0)|D=0,M =0 (y) we have
FU−1|10 (FY0 (1,0)|D=1,M =0 (y)) = h−1 (1, 0, 0; y).

(18)

Combining (17) and (18) yields,

h(1, 0, 1, h−1 (1, 0, 0; y)) = FY−1
◦ FY0 (1,0)|D=1,M =0 (y).
1 (1,0)|D=1,M =0

(19)

In contrast to (16), (19) contains only distributions that can be identified from
observable data. In particular, FYt (1,0)|D=1,M =0 (y) = P r(Yt (1, 0) ≤ y|Di = 1, Mi =
0) = P r(Yt ≤ y|Di = 1,i M = 0). Accordingly, we can identify FY−1
◦
1 (1,0)|D=0,M =0
FY0 (1,0)|D=0,M =0 (y) by Q10 (y) ≡ FY−1
◦ FY0 |D=1,M =0 (y).
1 |D=1,M =0
Parsing Yi0 through Q10 (·) in the non-treated group without mediator gives
E[Q10 (Yi0 )|D = 0, M = 0] = E[FY−1
◦ FY0 |D=1,M =0 (Yi0 )|Di = 0, Mi = 0]
1 |D=1,M =0
= E[FY−1
◦ FY0 (1,0)|D=1,M =0 (Yi0 (0, 0))|Di = 0, Mi = 0]
1 (1,0)|D=1,M =0
A1,A3a

=

E[h(1, 0, 1, h−1 (1, 0, 0; Yi0 (0, 0)))|Di = 0, Mi = 0]

A2

= E[h(1, 0, 1, h−1 (1, 0, 0; Yi0 (1, 0)))|Di = 1, Mi = 0]

A1,A3b

=

E[FY−1
◦ FY0 (1,0)|D=0,M =0 (Yi0 (1, 0))|Di = 0, Mi = 0]
1 (1,0)|D=0,M =0

= E[Yi1 (1, 0)|Di = 0, Mi = 0] = E[Yi1 (1, 0)|Di = 0, Mi (0) = 0].
(20)
which has data support because of Assumption 4b.

A.2
A.2.1

Proof of Theorem 2
Direct effect under d = 0 conditional on Di = 0 and Mi (0) = 1

In the following, we proof that θ10,1 = E[Yi1 (1, 1) − Yi1 (0, 1)|D = 0, M (0) = 1] =
E[Q11 (Yi0 )−Yi1 |Di = 0, Mi = 1]. Using the observational rule, we obtain E[Yi1 (0, 1)|Di =
0, Mi (0) = 1] = E[Yi1 |Di = 0, Mi = 1].

Accordingly, we have to show that

E[Yi1 (1, 1)|Di = 0, Mi (0) = 1] = E[Q11 (Yi0 )|Di = 0, Mi = 1] to finish the proof.
Under Assumptions 1 and 5a, the conditional potential outcome distribution
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function equals
A1

FYt (d,0)|D=1,M =0 (y) = P r(h(d, m, t, U ) ≤ y|Di = 0, Mi = 1, T = t),
= P r(U ≤ h−1 (d, m, t; y)|Di = 0, Mi = 1, T = t),
A5a

(21)

−1

= P r(U ≤ h (d, m, t; y)|Di = 0, Mi = 1),

= FU |01 (h−1 (d, m, t; y)),
for d, d0 ∈ {0, 1}. We use these quantities in the following.
First, evaluating FY1 (1,1)|D=0,M =1 (y) at h(1, 1, 1, u) gives
FY1 (1,1)|D=0,M =1 (h(1, 1, 1, u)) = FU |01 (h−1 (1, 1, 1; h(1, 1, 1, u))) = FU |01 (u).
Applying FY−1
(q) to both sides, we have
1 (1,1)|D=0,M =1
h(1, 1, 1, u) = FY−1
(FU |01 (u)).
1 (1,1)|D=0,M =1

(22)

Second, for FY0 (1,1)|D=0,M =1 (y) we have
FU−1|01 (FY0 (1,1)|D=0,M =1 (y)) = h−1 (1, 1, 0; y).

(23)

Combining (22) and (23) yields,

h(1, 1, 1, h−1 (1, 1, 0; y)) = FY−1
◦ FY0 (1,1)|D=0,M =1 (y).
1 (1,1)|D=0,M =1

(24)

Note that h(1, 1, 1, h−1 (1, 1, 0; y)) maps the period 1 (potential) outcome of an individual with the outcome y in period 0 under treatment with the mediator. Accordingly, E[FY−1
◦ FY0 (1,1)|D=0,M =1 (Yi0 )|Di = 0, Mi = 1] = E[Yi1 (1, 1)|Di =
1 (1,1)|D=0,M =1
0, Mi = 1]. We could identify FY0 (1,1)|D=0,M =1 (y) = FY0 |D=0,M =1 (y) under Assumption 2, but we cannot identify FY1 (1,1)|D=0,M =1 (y). However, we show in the following that we can identify the overall quantile-quantile transform FY−1
◦
1 (1,1)|D=0,M =1
FY0 (1,1)|D=0,M =1 (y) under the additional Assumption 5b.
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Under Assumptions 1 and 5b, the conditional potential outcome distribution
function equals
A1

FYt (d,1)|D=1,M =1 (y) = P r(h(d, m, t, U ) ≤ y|Di = 1, Mi = 1, T = t),
= P r(U ≤ h−1 (d, m, t; y)|Di = 1, Mi = 1, T = t),
A5b

(25)

−1

= P r(U ≤ h (d, m, t; y)|Di = 1, Mi = 1),

= FU |11 (h−1 (d, m, t; y)),
for d, d0 ∈ {0, 1}. We use these quantities in the following.
First, evaluating FY1 (1,1)|D=1,M =1 (y) at h(1, 1, 1, u) gives
FY1 (1,1)|D=1,M =1 (h(1, 1, 1, u)) = FU |11 (h−1 (1, 1, 1; h(1, 1, 1, u))) = FU |11 (u).
Applying FY−1
(q) to both sides, we have
1 (1,1)|D=1,M =1
h(1, 1, 1, u) = FY−1
(FU |11 (u)).
1 (1,1)|D=1,M =1

(26)

Second, for FY0 (1,1)|D=1,M =1 (y) we have
FU−1|11 (FY0 (1,1)|D=1,M =1 (y)) = h−1 (1, 1, 1; y).

(27)

Combining (26) and (27) yields,

h(1, 1, 1, h−1 (1, 1, 0; y)) = FY−1
◦ FY0 (1,1)|D=1,M =1 (y).
1 (1,1)|D=1,M =1

(28)

The left sides of (24) and (28) are equal.
In contrast to (24), (28) contains only distributions that can be identified from
observable data. In particular, FYt (1,1)|D=1,M =1 (y) = P r(Yt (1, 1) ≤ y|Di = 1, Mi =
1) = P r(Yt ≤ y|Di = 1, Mi = 1). Accordingly, we can identify FY−1
◦
1 (1,1)|D=0,M =1
FY0 (1,1)|D=0,M =1 (y) by Q11 (y) ≡ FY−1
◦ FY0 |D=1,M =1 (y).
1 |D=1,M =1
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Parsing Yi0 through Q11 (·) in the non-treated group with mediator gives
E[Q11 (Yi0 )|D = 0, M = 1] = E[FY−1
◦ FY0 |D=1,M =1 (Yi0 )|Di = 0, Mi = 1]
1 |D=1,M =1
= E[FY−1
◦ FY0 (1,1)|D=1,M =1 (Yi0 (0, 1))|Di = 0, Mi = 1]
1 (1,1)|D=1,M =1
A1,A4b

=

E[h(1, 1, 1, h−1 (1, 1, 0; Yi0 (0, 1)))|Di = 0, Mi = 1]

A3

= E[h(1, 1, 1, h−1 (1, 1, 0; Yi0 (0, 0)))|Di = 0, Mi = 1]

A1,A4a

=

E[FY−1
◦ FY0 (1,1)|D=0,M =1 (Yi0 (0, 0))|Di = 0, Mi = 1]
1 (1,1)|D=0,M =1

= E[Yi1 (1, 1)|D = 0, M = 1] = E[Yi1 (1, 1)|Di = 0, Mi (0) = 1],
(29)
which has data support because of Assumption 6a.

A.2.2

Direct effect under d = 1 conditional on Di = 1 and Mi (1) = 1

In the following, we proof that θ11,1 = E[Yi1 (1, 1) − Yi1 (0, 1)|Di = 1, Mi (1) =
1] = E[Yi1 − Q01 (Yi0 )|Di = 1, Mi = 1]. Using the observational rule, we obtain
E[Yi1 (1, 1)|Di = 1, Mi (1) = 1] = E[Yi1 |Di = 1, Mi = 1]. Accordingly, we have to
show that E[Yi1 (0, 1)|Di = 1, Mi (1) = 1] = E[Q01 (Yi0 )|Di = 1, Mi = 1] to finish the
proof.
Using (25), we evaluate FY1 (0,1)|D=1,M =1 (y) at h(0, 1, 1, u) gives
FY1 (0,1)|D=1,M =1 (h(0, 1, 1, u)) = FU |11 (h−1 (0, 1, 1; h(0, 1, 1, u))) = FU |11 (u).
Applying FY−1
(q) to both sides, we have
1 (0,1)|D=1,M =1
h(0, 1, 1, u) = FY−1
(FU |11 (u)).
1 (0,1)|D=1,M =1

(30)

For FY0 (0,1)|D=0,M =1 (y) we have
FU−1|11 (FY0 (0,1)|D=1,M =1 (y)) = h−1 (0, 1, 0; y).
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(31)

Combining (30) and (31) yields,

h(0, 1, 1, h−1 (0, 1, 0; y)) = FY−1
◦ FY0 (0,1)|D=1,M =1 (y).
1 (0,1)|D=1,M =1

(32)

Note that h(0, 1, 1, h−1 (0, 1, 0; y)) maps the period 1 (potential) outcome of an
individual with the outcome y in period 0 under non-treatment with the mediator.

Accordingly, E[FY−1
◦ FY0 (1,1)|D=0,M =1 (Yi0 )|Di = 0, Mi = 1] =
1 (1,1)|D=0,M =1

E[Yi1 (1, 1)|Di = 0, Mi = 1]. We could identify FY0 (1,1)|D=0,M =1 (y) = FY0 |D=0,M =1 (y)
under Assumption 2, but we cannot identify FY1 (1,1)|D=0,M =1 (y). However, we show in
the following that we can identify the overall quantile-quantile transform FY−1
◦
1 (1,1)|D=0,M =1
FY0 (1,1)|D=0,M =1 (y) under the additional Assumption 5a.
Using (21), we evaluate FY1 (0,1)|D=0,M =1 (y) at h(0, 1, 1, u) gives
FY1 (0,1)|D=0,M =1 (h(0, 1, 1, u)) = FU |01 (h−1 (0, 1, 1; h(0, 1, 1, u))) = FU |01 (u).
Applying FY−1
(q) to both sides, we have
1 (0,1)|D=0,M =1
h(0, 1, 1, u) = FY−1
(FU |01 (u)).
1 (0,1)|D=0,M =1

(33)

Second, for FY0 (0,1)|D=0,M =1 (y) we have
FU−1|01 (FY0 (0,1)|D=0,M =1 (y)) = h−1 (0, 1, 1; y).

(34)

Combining (33) and (34) yields,

h(0, 1, 1, h−1 (0, 1, 0; y)) = FY−1
◦ FY0 (0,1)|D=0,M =1 (y).
1 (0,1)|D=0,M =1

(35)

The left sides of (32) and (35) are equal.
In contrast to (32), (35) contains only distributions that can be identified from
observable data. In particular, FYt (0,1)|D=0,M =1 (y) = P r(Yt (0, 1) ≤ y|Di = 0, Mi =
1) = P r(Yt ≤ y|Di = 0, Mi = 1). Accordingly, we can identify FY−1
◦
1 (0,1)|D=1,M =1
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FY0 (0,1)|D=1,M =1 (y) by Q01 (y) ≡ FY−1
◦ FY0 |D=0,M =1 (y).
1 |D=0,M =1
Parsing Yi0 through Q01 (·i ) in the treated group with mediator gives
E[Q01 (Yi0 )|D = 1, M = 1] = E[FY−1
◦ FY0 |D=0,M =1 (Yi0 )|Di = 1, Mi = 1]
1 |D=0,M =1
= E[FY−1
◦ FY0 (0,1)|D=0,M =1 (Yi0 (1, 1))|Di = 1, Mi = 1]
1 (0,1)|D=0,M =1
A1,A4b

=

E[h(0, 1, 1, h−1 (0, 1, 0; Yi0 (1, 1)))|Di = 1, Mi = 1]

A3

= E[h(0, 1, 1, h−1 (0, 1, 0; Yi0 (0, 1)))|Di = 1, Mi = 1]

A1,A4a

=

E[FY−1
◦ FY0 (0,1)|D=1,M =1 (Yi0 (0, 1))|Di = 1, Mi = 1]
1 (0,1)|D=1,M =1

= E[Yi1 (0, 1)|Di = 1, Mi = 1] = E[Yi1 (0, 1)|Di = 0, Mi (0) = 1],
(36)
which has data support under Assumption 6b.

A.3

Proof of equations (1) and (2)

We denote by pτ = P r(τi ) the share of a particular type in the population and by
pm|d = P r(Mi = m|Di = d) the conditional probability of a particular mediator state
given the treatment, with d, m ∈ {1, 0}. By Assumption 7, the share of a type τi
conditional on Di corresponds to pτ (in the population), as Di is randomly assigned.
Likewise, E[Yit (d, m)|τi , Di = 1] = E[Yit (d, m)|τi , Di = 0] = E[Yit (d, m)|τi ] due to
the independence of Di and the potential outcomes as well as the types τi (which are
a deterministic function of Mi (d)). It follows that conditioning on Di is not required
on the right hand side of the following equation, which expresses the mean outcome
conditional Di = 0 and Mi = 0 as weighted average of the mean potential outcomes
of compliers and never-takers:

E[Yit |Di = 0, Mi = 0] =

pc
pn
E[Yit (0, 0)|τi = n]+
E[Yit (0, 0)|τi = c]. (37)
pn + pc
pn + pc
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Only compliers and never-takers satisfy Mi (0) = 0 and thus make up the group with
Di = 0 and Mi = 0. After some rearrangements we obtain

E[Yit (0, 0)|τi = n]−E[Yit (0, 0)|τi = c] =

p n + pc
{E[Yit (0, 0)|τi = n] − E[Yit |Di = 0, Mi = 0]} .
pc
(38)

Next, we consider observations with Di = 1 and Mi = 0, which might consist of
both never-takers and defiers, as Mi (1) = 0 for both types. However, by Assumption
8, defiers are ruled out, such that the mean outcome given D1 = 1 and M1 = 0 is
determined by never-takers only:
A7,A8

E[Yit |Di = 1, Mi = 0] = E[Yit (1, 0)|τi = n].

(39)

Furthermore, by Assumption 2,
A7,A8

A2

E[Yi0 (0, 0)|n] = E[Yi0 (1, 0)|τi = n] = E[Yi0 |Di = 1, Mi = 0].

It follows that when considering (38) in period T = 0, E[Y0 (0, 0)|n] on the right
hand side of the equation may be replaced by E[Y0 |D = 1, M = 0]:

E[Yi0 (0, 0)|τi = n]−E[Yi0 (0, 0)|τi c] =

p n + pc
{E[Yi0 |D1 = 1, M1 = 0] − E[Yi0 |Di = 0, Mi = 0]} .
pc

This finishes the proof of equation (1).
Similarly to (37) for the never-takers and compliers, consider the mean outcome
given Zi = 1 and Di = 1, which is made up by always-takers and compliers (the
types with Mi (1) = 1)

E[Yit |Di = 1, Mi = 1] =

pa
pc
E[Yit (1, 1)|τi = a] +
E[Yit (1, 1)|τi = c]. (40)
pa + pc
pa + pc
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After some rearrangements we obtain

E[Yit (1, 1)|τi = a]−E[Yit (1, 1)|τi = c] =

pa + pc
{E[Yit (1, 1)|τi = a] − E[Yit |Di = 1, Mi = 1]} .
pc
(41)

By Assumptions 7 and 8,

E[Yit |Di = 0, Mi = 1] = E[Yit (0, 1)|τi = a].

(42)

Now consider (41) for period T = 0, and note that by Assumption 2, E[Yi0 (1, 1)|τi =
a] = E[Yi0 (0, 0)|τi = a] = E[Yi0 (0, 1)|τi = a] and E[Yi0 (1, 1)|τi = c] = E[Yi0 (0, 0)|τi =
c], we obtain

E[Yi0 (0, 0)|τi = a] − E[Yi0 (0, 0)|τi = c] = E[Yi0 (0, 1)|τi = a] − E[Yi0 (1, 1)|τi = c],
=

p a + pc
{E[Yi0 |Di = 0, Mi = 1] − E[Yi0 |Di = 1, Mi = 1]} .
pc

This finishes the proof of equation (2).

A.4
A.4.1

Proof of Theorem 3
Average direct effect on the never-takers

In the following, we proof that θ1n = E[Yi1 (1, 0) − Yi1 (0, 0)|τi = n] = E[Y1 −
Q00 (Yi0 )|Di = 1, Mi = 0]. From (39), we obtain the first ingredient E[Yi1 (1, 0)|τi =
n] = E[Yi1 |Di = 1, Mi = 0]. Furthermore, from (13) we have E[Q00 (Yi0 )|Di =
1, Mi = 0] = E[Yi1 (0, 0)|Di = 1, Mi (1) = 0]. Under Assumption 7 and 8,
A7

E[Yi1 (0, 0)|Di = 1, Mi (1) = 0] = E[Yi1 (0, 0)|Di = 1, τi = n]
A8

= E[Yi1 (0, 0)|τi = n].
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(43)

A.4.2

Direct effect under d = 0 on compliers

In the following, we proof that

θ1c (0) =E[Yi1 (1, 0) − Yi1 (0, 0)|τi = c],
=

p0|0
p0|1
E[Q10 (Yi0 ) − Yi1 |Di = 0, Mi = 0] −
E[Yi1 − Q00 (Yi0 )|Di = 1, Mi = 0].
p0|0 − p0|1
p0|0 − p0|1

Plugging (43) in (37) under T = 1, we obtain

E[Yi1 |Di = 0, Mi = 0] =

pc
pn
E[Q00 (Yi0 )|Di = 1, Mi = 0]+
E[Yi1 (0, 0)|τi = c].
pn + pc
pn + p c

This allows identifying

E[Yi1 (0, 0)|τi = c] =

p0|0
p0|1
E[Yi1 |Di = 0, Mi = 0]−
E[Q00 (Yi0 )|Di = 1, Mi = 0].
p0|0 − p0|1
p0|0 − p0|1
(44)

Accordingly, we have to show the identification of E[Y1 (1, 0)|c] to finish the
proof. From (20) we have E[Yi1 (1, 0)|Di = 0, Mi = 0] = E[Q10 (Yi0 )|Di = 0, Mi = 0].
Applying the law of iterative expectations, gives
pn
E[Yi1 (1, 0)|Di = 0, Mi = 0, τi = n]
pn + pc
pc
+
E[Yi1 (1, 0)|Di = 0, Mi = 0, τi = c],
pn + pc
pc
pn
A7
E[Yi1 (1, 0)|τi = n] +
E[Yi1 (1, 0)|τi = c].
=
pn + pc
pn + p c

E[Yi1 (1, 0)|Di = 0, Mi = 0] =

After some rearrangements and using (39), we obtain

E[Yi1 (1, 0)|τi = c] =

pn + pc
pn
E[Q10 (Yi0 )|Di = 0, Mi = 0] − E[Yi1 |Di = 1, Mi = 0].
pc
pc

This gives

E[Yi1 (1, 0)|τi = c] =

p0|0
p0|1
E[Q10 (Yi0 )|Di = 0, Mi = 0]−
E[Yi1 |Di = 1, Mi = 0]
p0|0 − p0|1
p0|0 − p0|1
(45)
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using pn = P r(Mi = 0|Di = 1) = p0|1 , and pc + pn = P r(Mi = 0|Di = 0) = p0|0 .

A.5
A.5.1

Proof of Theorem 4
Average direct effect on the always-takers

In the following, we proof that θ1n = E[Yi1 (1, 1) − Yi1 (0, 1)|τi = a] = E[Q11 (Y0 ) −
Y1 |D = 0, M = 1]. From (42), we obtain the first ingredient E[Y1 (0, 1)|a] =
E[Y1 |D = 0, M = 1]. Furthermore, from (29) we have E[Q11 (Yi0 )|Di = 0, Mi =
1] = E[Yi1 (1, 1)|Di = 0, Mi (0) = 1]. Under Assumption 7 and 8,
A7

E[Yi1 (1, 1)|Di = 0, Mi (0) = 1] = E[Yi1 (1, 1)|Di = 0, τi = a]
A8

(46)

= E[Yi1 (1, 1)|τi = a].

A.5.2

Direct effect under d = 1 on compliers

In the following, we proof that

θ1c (1) =E[Yi1 (1, 1) − Yi1 (0, 1)|τi = c],
=

p1|0
p1|1
E[Yi1 − Q01 (Yi0 )|Di = 1, Mi = 1] −
E[Q11 (Yi0 ) − Yi1 |Di = 0, Mi = 1].
p1|1 − p1|0
p1|1 − p1|0

Plugging (46) in (40), we obtain

E[Yi1 |Di = 1, Mi = 1] =

pa
pc
E[Q11 (Yi0 )|Di = 0, Mi = 1]+
E[Yi1 (1, 1)|τi = c].
pa + pc
pa + pc

This allows identifying

E[Yi1 (1, 1)|τi = c] =

p1|0
p1|1
E[Yi1 |Di = 1, Mi = 1]−
E[Q11 (Yi0 )|Di = 0, Mi = 1].
p1|1 − p1|0
p1|1 − p1|0
(47)

From (36) we have E[Yi1 (0, 1)|Di = 1, Mi = 1] = E[Q01 (Yi0 )|Di = 1, Mi = 1].
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Applying the law of iterative expectations, gives
pa
E[Yi1 (0, 1)|Di = 1, Mi = 1, τi = a]
pa + pc
pc
+
E[Yi1 (0, 1)|Di = 1, Mi = 1, τi = c],
pa + pc
pa
pc
A7
=
E[Yi1 (0, 1)|τi = a] +
E[Yi1 (0, 1)|τi = c].
pa + pc
pa + pc

E[Yi1 (0, 1)|Di = 1, Mi = 1] =

After some rearrangements and using (42), we obtain

E[Yi1 (0, 1)|τi = c] =

p a + pc
pa
E[Q01 (Yi0 )|Di = 1, Mi = 1] − E[Yi1 |Di = 0, Mi = 1].
pc
pc

This gives

E[Yi1 (0, 1)|τi = c] =

p1|1
p1|0
E[Q01 (Yi0 )|Di = 1, Mi = 1]−
E[Yi1 |Di = 0, Mi = 1]
p1|1 − p1|0
p1|1 − p1|0
(48)

with pa = P r(Mi = 1|Di = 0) = p1|0 , and pc + pa = P r(Mi = 1|Di = 1) = p1|1 .

A.6
A.6.1

Proof of Theorem 5
Average treatment effect on the compliers

In (44) and (47), we show that

θ1c =E[Yi1 (1, 1) − Y1 (0, 0)|τi = c],
=

p1|0
p1|1
E[Yi1 |Di = 1, Mi = 1] −
E[Q11 (Yi0 )|Di = 0, Mi = 1]
p1|1 − p1|0
p1|1 − p1|0
p0|0
p0|1
−
E[Yi1 |Di = 0, Mi = 0] +
E[Q00 (Yi0 )|Di = 1, Mi = 0].
p0|0 − p0|1
p0|0 − p0|1
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A.6.2

Indirect effect under d = 0 on compliers

In (44) and (48), we show that

δ1c (0) =E[Yi1 (0, 1) − Yi1 (0, 0)|τi = c],
=

A.6.3

p1|1
p1|0
E[Q11 (Yi0 )|Di = 1, Mi = 1] −
E[Yi1 |Di = 0, Mi = 1]
p1|1 − p1|0
p1|1 − p1|0
p0|1
p0|0
E[Yi1 |Di = 0, Mi = 0] +
E[Q00 (Yi0 )|Di = 1, Mi = 0].
−
p0|0 − p0|1
p0|0 − p0|1
Indirect effect under d = 1 on compliers

In (47) and (45), we show that

δ1c (1) =E[Yi1 (1, 1) − Yi1 (1, 0)|τi = c],
=

p1|1
p1|0
E[Yi1 |Di = 1, Mi = 1] −
E[Q11 (Yi0 )|Di = 0, Mi = 1]
p1|1 − p1|0
p1|1 − p1|0
p0|0
p0|1
−
E[Q00 (Yi0 )|Di = 0, Mi = 0] +
E[Yi1 |Di = 1, Mi = 0].
p0|0 − p0|1
p0|0 − p0|1
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