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Abstract
This paper analyses the effects of the Federal Reserve’s asset purchase programs on
the Treasury yields. It is based on the theoretical work of Vayanos and Vila (2009),
and the empirical work of Li and Wei (2013). I highlight the importance of the changes
of the Fed’s balance sheet on interest rates through the portfolio balance channel. In
general, the results of this paper supports the view of the literature that when the Fed
funds rate is stuck at zero, the Large scale asset purchase programs (LSAPs) are an
effectively alternative monetary policy that can influence interest rates. Results from
the shadow rate term structure model with securities supply factors indicate that the
first and third Fed’s purchase programs reduce the 10-year forward term premium by
140 basis points and 80 basis points, respectively. The mortgage-backed securities par
supply factor more significantly impacts Treasury yields than the Treasury securities
supply factor.

Keywords: LSAPs, quantitative easing, zero lower bound, shadow rate term structure
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Introduction

During the most recent financial crisis and subsequent recession, the target of the Fed funds
rate- the traditional main monetary policy instrument of the Federal Reserve (the Fed,
hereafter) has been reduced to essentially zero. To further ease the financial conditions and
promote economic recovery, the Fed initiated large-scale asset purchases (LSAPs, hereafter)
as an important alternative measure. These programs are designed to lower the longerterm interest rate by increasing the number of the Fed’s holdings of medium- and long-term
Treasury securities and agency MBS, i.e., the mortgage-backed securities that have credit
protection from the U.S. government. According to the Fed economic data from the Fed
Board, from December 2007 to May 2017, this expansion increased the Fed’s balance sheet
around fivefold, from $882 billion to $4.473 trillion. Moreover, the average maturity of the
assets in the Fed’s portfolio is now much higher than before the financial crisis. Given the
unprecedented nature of the Fed’s purchase programs, a growing body of work has tried to
evaluate the effect of the LSAPs.
From a theoretical perspective, two main channels are adopted by the literature which
might explain the potential impact of the asset purchases. The first is the portfolio balance
channel. This mechanism relies on the existence of “preferred habitat” investors, who have
a preference for bonds with a given maturity. In this case, the LSAPs can create a shortage
of long-term government debt in the private sector that cannot be relieved by substituting
into other government securities with different maturities. Thus, the yields on the debt of
the maturities purchased will reduce through the term premium. Related literature includes
Tobin (1961,1963) and Modigliani and Sutch (1966,1967). Vayanos and Vila (2009) develop
the preferred-habitat literature and formulate a theoretical arbitrage-free term structure
model with supply factors. The model framework assumes that there are two types of
investors. The preferred-habitat investors prefer bonds of certain maturities. This preference
implies that bonds of different maturities are imperfect substitutes. This preferred habitat
provides a portfolio balance channel for relative supply factor to affect yield curves. The riskaverse arbitrageurs have no maturities preference, but can take advantage of the arbitrage
opportunity by trading across maturities. This arbitrage behaviour ensures that the impact
of changes in supply factors are transmitted through the entire yield curve. The Vayanos and
Vila (2009) framework provides a rationale for the LSAPs. The Fed’s purchase programs
shift the quantities of government debt with specific maturities held by private investors,
which create a shortage of these assets that cannot be relieved. The second channel is the
so-called signalling channel. This mechanism suggests that the announcement of LSAPs
is able to adjust the market participants’ expectations for the future short rate. That is,
when the LSAPs signal that the Fed funds rate target will remain at near-zero for longer,
the investors will revise down their expectation about the future short rate, and long-term
yields will reduce through the average expected short rate (or risk neutral) component. This
theory is suggested by Eggertson and Woodford (2003), Bernanke et al. (2004) and others.
However, since monetary policy can potentially work through many channels, the underlying
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mechanism of the LSAPs it not yet fully understood.
From an empirical perspective, the rapidly growing literature can be summarized into
three broad categories. The first approach is the event study, which examines changes in
asset prices following the LSAP announcement days (see, for example, Joyce et al.(2011),
Neely (2015), Swanson (2017)). This method has drawbacks. It is difficult to estimate
the impact of the LSAPs precisely with a relatively small number of announcement days.
Further, it is hard to exclude the effect of other factors that happen within the selected
event windows. As an Alternative, regression methods, in particular, have been used by
researchers to examine the robustness of event study results. These studies use a time
series or panel regression to evaluate the relationship between selected yields and LSAPrelated variables (see, for example, Meaning and Zhu (2011), D’Amico et al.(2012), Bowman
et al.(2015), Hattori et al.(2016)). However, these studies seem to be influenced by small
sample bias and endogeneity problems. These may result from, on the one hand, the fact
that supply variables are highly persistent. On the other hand, supply factors are likely to
be correlated with other factors that influence yield curves. Another popular approach used
by researchers to assess the impact of LSAPs is the term structure model. This method has
the advantage of summarizing information from the entire yield curve and across maturities.
Most previous literature combines the term structure model with event study analysis. For
example, Gagnon et al. (2011) employ an interest rate decomposition component calculated
from Kim and Wright (2015) to evaluate the portfolio balance channel. Similar work can
be seen from Christensen and Rudebusch (2012), Bauer and Rudebusch (2014), Bauer and
Neely (2014) and others. However, the standard term structure literature leaves little scope
for the LSAP-related supply variables to influence interest rates.
Despite the theoretical development since Vayanos and Vila (2009), few empirical studies
pay attention to the preferred-habitat term structure model. Hamilton and Wu (2012)
adapt the model of Vayanos and Vila (2009) to a discrete time framework, and study how
the maturity of government debt affects the term structure of interest rates. They analyse
the outcome of LSAPs using calibrated impact estimates from forecasting regressions on the
normal period (before the financial crisis in 2008). In contrast, Li and Wei (2013) provide
a more comprehensive analysis of the LSAPs impact, using a term structure approach that
includes various supply variables: private holdings of Treasury securities, private holdings of
agency mortgage-backed securities (MBS), and the average duration of privately held MBS.
They estimate their model in the normal period and draw an inference about the impact of
supply factors over the ZLB period using the estimated parameters from the normal period.
However, according to Golinski (2018), the relationship between the LSAPs and Treasury
prices is not stable, and there exist significant structural breaks over the zero lower bound
(ZLB, hereafter) period. This finding means that the conclusion in the normal period cannot
be easily extended to the ZLB period.
The workhorse Gaussian affine term structure model (GATSM, hereafter) is unable to
prevent the interest rate from going below zero and therefore meet the challenge of gauging
the yield curve variations in the ZLB period. Alternatively, the shadow rate term structure
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model (SRTSM, hereafter) has been widely adopted by researchers to describe the recent
behaviour of interest rates and monetary policy in this new environment. For surveys, see
Black (1995), Bullard (2012), Lombardi and Zhu (2014), Wu and Xia (2016) and others.
However, most literature devotes efforts to studying the general impact of the Fed’s unconventional monetary policy tools on the yield curve, or assessing the overall effect on the
economy using shadow rates. None of the related literature focuses on evaluating the impact
of LSAPs on yield curves.
In this paper, I evaluate the effect of the LSAPs on Treasury yield curves using a SRTSM.
Specifically, following the theoretical motivation of Vayanos and Vila (2009), based on the
Li and Wei (2013) model framework, I develop a shadow rate term structure model for
Treasury forward rates with two latent yield factors and three observed supply factors. The
latent yield factors are estimated using the Kalman filter. The first supply factor measures
the supply of Treasury securities, which is calculated as the amount of private holdings of
Treasury securities in terms of ten-year equivalents as a percentage of total outstanding of
publicly held debt. The second supply factor measures the par supply of MBS securities,
which is calculated as the amount of private holdings of MBS securities in terms of the total
outstanding amount of publicly held debt. The third supply factor measures the duration of
MBS, which is calculated as the average duration of the privately held MBS. In order to be
consistent with the economic theory and to reduce the estimation burden, I adopt several
parsimonious assumptions from Li and Wei (2013) and Ihrig et al. (2018). First, I assume
that the portfolio balance channel is the dominant channel for supply factors to influence
Treasury forward rates, and the effect is through term premium component. Second, the
current short rate is only affected by yield factors, and supply factors do not affect the
expected future short rate (or risk neutral) component. Third, supply factors affect the term
premium by indirectly influencing the risk premium on the yield factors. In the first step, I
estimate the model with the extended Kalman filter using maximum likelihood estimation
and compare the estimation results with the GATSM. The Treasury forward rates analysed
are the 1-month, end-of-period, monthly frequency U.S. data spans from December 1996 to
March 2018, which is constructed using the Gurkaynak, Sack and Wright (2007) dataset.
Details about construction of supply factors can be found in Section 3. In the second step,
in order to analyze the bond term premium parameters, I decompose the fitted forward
rates into risk premium and expected future short rate components. In the third step, I use
the model and the parameters estimated to conduct counterfactual analysis to evaluate the
impact of the Fed’s three asset purchase programs and Operation Twist (OT, hereafter).
The results show that the SRTSM framework performs effectively in fitting the yield
curve and captures economically meaningful relationships between interest rates and supply
factors. Moreover, LSAPs have significant effects on Treasury forward term premia. First,
I estimate the SRTSM and GATSM using three samples. As noted above, the full sample
spans from December 1996 to March 2018. The pre-ZLB subsample runs from December
1996 to December 2008, and the ZLB subsample runs from January 2009 to November 2015.
The results demonstrate that the SRTSM is a significantly better fit than the GATSM across
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maturities in the full sample. The GATSM and SRTSM perform as well as each other during
the pre-ZLB period, and the superior performance of the SRTSM derives from its better fit
of yields during the ZLB period. This means that the SRTSM can capture the variation of
the term structure across conventional and unconventional monetary policy eras. Second,
I analyse the estimated results and conduct a risk premium decomposition. The SRTSM
results present positive relationships between the increase of the three supply factors and
the forward term premium, which is consistent with the findings from the literature (see
D’Amico et al. (2012), Hamilton and Wu (2012) and others). Third, I use the SRTSM to
conduct a counterfactual analysis. I treat the Fed’s purchases of Treasury and MBS securities
as the supply shock, and calculate the counterfactual term premia based on the hypothetical
absence of the Fed’s LSAPs using the term premium parameter estimated from the SRTSM.
The result implies that LSAPs reduce the mid- to long-term forward term premium by a
large amount, while lowering the short-term premium by a small amount. LSAP1 has the
most substantial impact on the long-term risk premium and reduces the 10-year forward
term premium by about 140 basis points, most of the effect is from the Fed’s purchases
of MBS. LSAP2 and OT reduce the 10-year term premium by 15 basis points and 3 basis
points, respectively. LSAP3 reduces the ten-year term premium by about 80 basis points.
This paper provides new empirical evidence on evaluating the effects of LSAPs. To my
best knowledge, this paper is innovative in analysing the LSAPs impact, using the shadow
rate term structure model approach.
The remainder of the paper is organised as follows. Section 2 describes the model setup.
Section 3 describes the data. Section 4 discusses model specification, and section 5 explains
the estimation methodology. Section 6 analyses the estimation results and risk premium
decomposition. Section 7 evaluates the counterfactual analysis of the Fed’s LSAPs. Section
8 concludes.

2

Model Setup

This section models the dynamics of U.S. government bonds using the term structure approach. Based on the model framework of Wu and Xia (2016), I estimate the Treasury yield
curve using the shadow rate term structure. I also estimate the benchmark Gaussian affine
term structure model for comparison.

2.1

Gaussian Affine Term Structure Model

I assume that the K state variables Zt follow a first-order vector autoregression process
(VAR(1)) under the physical measure (P-measure):
Zt =µ + ΦZt−1 + Σεt

4

(1)

where µ is a K × 1 matrix. Φ is a K × K matrix. Σ is a K × K lower triangular
matrix, which is invariant under physical measure (P-measure) and risk neutral measure (Qmeasure). εt ∼ i.i.d.N (0K , IK ), with 0K as a K × 1 vector of zeros, and IK as a K × K
identity matrix.
The short term interest rate rt is assumed as affine function of state variables Zt as follow:
0

rt =δ0 + δ1 Zt

(2)

Imposing the assumption of no-arbitrage as Harrison and Kreps (1979) guarantees the
existence of the pricing kernel mt+1 . As Duffee (2002) and others show, the (log stochastic
discount factor) pricing kernel follows the form:
1
mt+1 =exp(−rt − Λ0t Λt − Λ0t εt+1 )
2

(3)

where the time-varying market price of risk λt is a K × 1 vector, which is linear in the state
variables as follow:
Λt =λ0 + Λ1 Zt

(4)

where λ0 is a K × 1 vector, and λ1 is a K × K matrix.
Imposing the assumption of no-arbitrage also guarantees the existence of state variables
under the Q-measure, and the state variables follow a VAR(1) process:
Zt =µQ + ΦQ Zt−1 + ΣεQ
t

(5)

with εQ
t ∼ i.i.d.N (0K , IK ).
The parameters under the P- and Q-measure are related as follows:
µQ =µ − Σλ0
Q

Φ =Φ − ΣΛ1

(6)
(7)

The nominal pricing kernel mt+1 prices all nominal assets in the economy. Therefore,
Rt+1 , the one-period gross return of any nominal assets satisfies:
Et (mt+1 Rt+1 ) =1

(8)

If Ptn denotes the price of an n-period zero coupon bond at time t, then Rt+1 can be
. According to Eq. 8, this means that the bond price can be recursively
computed as Pt+1,n−1
Pt,n
computed as follow:
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Pt,n = Et (mt+1 Pt+1,n−1 )

(9)

Under no-arbitrage, the price of an n-period zero-coupon bond also satisfies the following
relation under the Q-measure:
Pt,n = EtQ (exp(−rt )Pt+1,n−1 )

(10)

The n-period continuously compounded zero coupon bond yield yt,n is given as follow:

yt,n = −

logPt,n
n

(11)

The one-period forward rate ft,n,n+1 at time t for a loan starting at t + n and maturing
at t + n + 1, is stated as follow:
ft,n,n+1 = (n + 1)yt,n+1 − nyt,n

(12)

The forward rate ft,n,n+1 in the benchmark GATSM model is assumed to be an affine
function of the state variables Zt :
GAT SM
ft,n,n+1
= an + b0n Zt

(13)

where an and bn can be derived as follow (see detailed derivations in Wu and Xia (2016)
Appendix A):

an =δ0 +

n−1
X

δ10 (

(ΦQ )j )µQ

(14)

j=0
n−1
n−1
X
1 0 X Q j
0
an =an − δ1 ( (Φ ) )ΣΣ ( (ΦQ )j )0 δ1
2
j=0
j=0

(15)

b0n =δ10 (ΦQ )n

(16)
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2.2

Shadow Rate Term Structure Model

If shadow rate st = rt , the SRTSM becomes a GATSM. Therefore, this section only states
the model setup content that is specially designed for the SRTSM.
Similar to Black (1995), I assume that the short-term interest rate is the maximum of
the shadow rate st and a lower bound r:
rt = max(r, st )

(17)

which implies that if the shadow rate st is greater than the lower bound, then st is the short
rate. If the lower bound is binding, the shadow rate contains more information about the
current state of economy than does the short rate itself. Since the end of 2008, the existence
of a lower bound on the interest rate has become relevant in the US, when the Fed set an
annual interest rate at around 0.25%.
The shadow short term interest rate of bond is assumed as be determined as an affine
function of the state variables Zt :
0

st =δ0 + δ1 Zt

(18)

The assumption in Eq.17 implies that the forward rate ft,n,n+1 is now nonlinear in state
variables Zt , and do not has an analytical expression.
Following the derivations of Wu and Xia (2016) (See Appendix A), the forward rate
ft,n,n+1 is approximately equal to
0

SRT SM
ft,n,n+1
=r + σnQ g(

an + bn Zt − r
)
σnQ

(19)

where (σnQ )2 ≡ V art (sQ
t+n ). The function g(z) ≡ zΦ(z)+φ(z) consists of a normal cumulative distribution function Φ(.) and normal probability density function φ(.). Its nonlinearity
comes from moments of the truncated normal distribution. The detailed derivations can be
see from Wu and Xia (2016) (Appendix A). an and bn are the same as in Eq.14 to Eq.16.
The approximation in Eq.19 only holds for n > 1. For n = 0, given ft,0,1 = rt , Eq.17
implies
0
ft,0,1 = r + max(0, δ0 + δ1 Xt − r)

3

Data Description

The data description includes securities supply factors and treasury forward yields. All data
are converted into the end of period monthly frequency. The data spans from December
1996 to March 2018 due to the dataset availability.
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Figure 1: Securities Supply Factors

Note: The figure reports times series of the Treasury supply factor, which is the total amount
of privately held Treasury securities, measured in term of ten-year-equivalents, as a percentage of
total outstanding of public debt held by the public (top-left panel); the MBS par supply factor,
which is the par amount of privately held agency MBS as a percentage of public debt held by the
public(top-right panel); and the MBS duration factor, which is the par-weighted average duration
of privately held agency MBS in years (bottom panel).

3.1

Securities Supply Factors

Securities supply factors include both Treasury and MBS supply variables. I plot the time
series of these supply factors in Figure 1.
The Treasury supply variable is the ratio of Treasury ten-year-equivalents to the total
Treasury securities held by the public (SV 1t ), which measures the total amount of private
holdings of Treasury securities in terms of ten-year equivalents as a percentage of the total
outstanding of Treasury securities held by the Fed and the private investors. The ten-year
equivalents (TYE, hereafter) is a method of measuring duration risk, which are calculated
as the amount of ten-year Treasury securities that would be needed to match the duration
risk of the portfolio.
In mathematical terms, TYE can be represented as the following equation:

8

ten − year equivalents =

par value of portf olio × average portf olio duration
(20)
duration of the ten − year on − the − run T reasury note

For Treasury securities, the par amount outstanding (millions of U.S. dollars) of public
debt held by private investors are obtained from Bloomberg Barclays indices. The Bloomberg
Barclays US Treasury index measures US dollar-dominated debt issued by the US Treasury.
Short Treasury index measures Treasury bill debt separately. The US Treasuries held in
the Federal Reserve’s System Open Market Account (SOMA) are deducted from the total
amount outstanding. The total amount of these two indexes gives the par amount of privately
held Treasury securities (i.e. par value of the portfolio in the Eq. 20).
The average duration (in years) (i.e. average portfolio duration Eq.20) is obtained from
the U.S. Bureau of the Fiscal Service maturity distribution of public debt held by private
investors. According to the data construction report, the average duration is measured as
the dollar-weighted average maturity of the private holdings. The advantage of this crude
measure of the duration is its simplicity, which is easy to replicate and implement. Similar
measurement methods can be found in Greenwood and Vayanos (2104) and Goliski (2018).
Duration (in years) of the ten-year on-the-run Treasury notes is obtained from Thomson
Reuters US government bond benchmark index.
The public debt held by the public measures the total amount of Treasury securities
held by the Fed and private investors, which is obtained from the U.S. Bureau of the Fiscal
Service.
The MBS par supply factor (SV 2t ) is the ratio of the MBS par amount of privately held
agency MBS to the public held by the public. The MBS duration factor (SV 3t ) measures
the average duration of the privately held agency MBS in years. The par amount (millions
of U.S. dollars) and the average duration (in years) of privately held MBS are taken from
the Bloomberg Barclays US MBS index. The index tracks agency mortgage-backed passthrough securities guaranteed by Ginnie Mae (GNMA), Fannie Mae (FNMA), and Freddie
Mac (FHLMC).

3.2

Treasury Forward Yields

I construct end of period 1-month treasury forward rates for maturities of 6 months, 1, 2,
3, 5, 7, and 10 years from the Gurkaynak, Sack and Wright (2007) dataset at a monthly
frequency. To be consistent with the sample period of the securities supply factors, Treasury
yields data spans from July 1998 to January 2018. Figure 2 plots the time series of these
treasury forward rates. From January 2009 to November 2015, the Federal Open Market
Committee (FOMC) lowered the target range for the federal funds rate from 0 to 25 basis
points, which is referred as zero lower bound (ZLB, hereafter) period and is highlighted with
shaded area.
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Figure 2: Treasury Forward Rates

Note: 1-month Treasury forward rates from December 1996 to March 2018 in annualised percentage
points. Maturities are 6 months, 1, 2, 3, 5, 7, and 10 years. The ZLB period in grey areas is from
December 2008 to November 2015.

4

Model Specification

Similar to Li and Wei (2013), the term structure models in section 3 allow Treasury forward
yield curves to be driven by yield factors and securities supply factors.

4.1

Short Rate

The main purpose of this paper is to measure the effect of LASPs on the term premium.
Therefore, it is assumed that short-term interest rate rt loads on the yield factors Xt , and supply factors can only affect bond yields through the term premium channel. In addition, similar as Q parameters of Xt in Section 5.1, for identification δ1 is assumed as δ10 = (1 1 0 0 0).

4.2

State Variables

It is assumed that state variables Zt consist of two types of factors. The first type is yield
factors, denoted as Xt . According to standard empirical term structure models, typically
most yield variation can be explained by three factors. As stated by Li and Wei (2013),
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more than 99 per cent of the yield variation can be explained by two yield factors, which
are denoted as X1t and X2t . These two factors are latent variables. The other second type
is supply factors, denoted as SVt . I assume that there are three supply factors, the ratio of
the Treasury ten-year-equivalents to public debt held by the public, the ratio of MBS par
amount to public debt held by the public, and par-weighted average duration of privately
held agency MBS, denoted as SV 1t , SV 2t , and SV 3t , respectively.
4.2.1

Under P-measure

The two groups of variables are collected in the state vector Zt = (Xt , SVt ), and equals to
Zt = (X1t , X2t , SV 1t , SV 2t , SV 3t ).
As stated by Vayanos and Vila (2009), securities supply factors affect bond yields through
bond risk premiums. In order to ensure that any evidence in support of this view is driven
by empirical results, it is assumed that yield factors only respond to their own lags, instead
of past supply factors:
X1t = µX1 + φX1,X1 ∗ X1t−1 + φX1,X2 ∗ X2t−1 + εX1,t

(21)

2
where εX1,t ∼ N(0, σX1
)

X2t = µX2 + φX2,X1 ∗ X1t−1 + φX2,X2 ∗ X2t−1 + εX2,t

(22)

2
where εX2,t ∼ N(0, σX2
)
These two latent yield factors are collected in a vector Xt = (X1t , X2t ).
According to the policy of U.S. Treasury, the issuance of Treasury securities is determined
by the federal budget deficit on a regular pre-announced schedule and does not react strongly
to interest rate changes. Therefore, it is assumed that Treasury supply factor SV 1t follows
an AR(1) process, and does not respond to previous yield factors Xt :

SV 1t = µSV 1 + φSV 1,SV 1 ∗ SV 1t−1 + εSV 1,t

(23)

2
where εSV 1,t ∼ N(0, σSV
1)
Agency MBS shares some similar features with Treasury securities, and are implicitly or
explicitly guaranteed by U.S. government. Therefore, agency MBS is generally considered as
close substitutes for Treasury debt by financial market participants. Thus, the model includes
two agency MBS supply factors: the MBS par amount factor, and the MBS duration factor,
denoted as SV 1t and SV 2t , respectively.
Similar to Treasury securities, the supply of MBS is largely determined by the Federal
Reserve, as well as housing demand, and does not respond strongly to interest rate changes.
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Therefore, it is assumed that the par supply of MBS SV 1t also follows an AR(1) process,
and does not load on previous yield factors Xt :
SV 2t = µSV 2 + φSV 2,SV 2 ∗ SV 2t−1 + εSV 2,t

(24)

2
where εSV 2,t ∼ N(0, σSV
2)
MBS duration is affected by changes of interest rate, which may cause MBS prepayments,
i.e., when the interest rate is lower, more mortgage borrowers will choose to repay their
MBS, and the duration of MBS is shortened, and vice verse. Therefore, it is assumed that
the average duration of privately held agency MBS SV 3t is affected by its own lag and the
lagged yield factor X1t :

SV 3t = µSV 3 + φSV 3,X1 ∗ X1t−1 + φSV 3,SV 3 ∗ SV 3t−1 + εSV 3,t

(25)

2
where εSV 3,t ∼ N(0, σSV
3)
These three observed supply factors are collected in a vector SVt = (SV 1t , SV 2t , SV 3t ).
Stacking Eq.21 to Eq.25 gives the state variables Zt = (Xt , SVt ), or is equivalents to
Zt = (X1t , X2t , SV 1t , SV 2t , SV 3t ):


 
 

 
εX1,t
φX1,X1 φX1,X2
0
0
0
X1t−1
µX1
X1t
  X2t−1   εX2,t 
 X2t   µX2   φX2,X1 φX2,X2
0
0
0

 
 


 
 SV 1t−1  + εSV 1,t 
SV 1t  = µSV 1  +  0
0
φSV 1,SV 1
0
0

 
 


 
 SV 2t−1  εSV 2,t 
SV 2t  µSV 2   0
0
0
φSV 2,SV 2
0
εSV 3,t
SV 3t−1
µSV 3
φSV 3,X1
0
0
0
φSV 3,SV 3
SV 3t
(26)


More compactly, state variables Zt follows a first-order autoregressive process (VAR(1))
under the physical measure (P-measure):

Zt = µ + ΦZt−1 + Σεt

(27)

0

where condition covariance is ΣΣ , and Σ is specified as a 5 × 5 lower triangular matrix,
with εt ∼ i.i.d.N (0, I5 ).
4.2.2

Under Q-measure

The assumption of no-arbitrage and state variables Zt under P-measure imply that the state
variables under the risk-neutral measure (Q-measure) also follows VAR(1):
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Zt = µQ + ΦQ Zt−1 + ΣεQ
t

(28)

where Σ is the same as Eq.27, with εQ
t ∼ i.i.d.N (0, I5 ).
For identification of the latent yield factors, I impose restrictions on the Q parameters
of Xt as Joslin, Zhu and Singleton (2011) and Joslin, Le and Singleton (2013): (1) µQ
x =
Q
0 (2)ΦQ
,Φ
is
in
real
Jordan
form
with
eigenvalues
in
descending
order.
These
X1,X1
X2,X2
restrictions are to prevent the latent factors from shifting, rotation and scaling and do not
change the economic implications of the model. The past securities supply factors SVt are
assumed to load on yield factors Xt under Q-measure. The relevant Q parameters are as
follow:

µQ
x


=

µx1
µx2



 
0
=
0

ΦQ
x

 Q

Q
Q
φX1,X1
0
φQ
X1,SV 1 φX1,SV 2 φX1,SV 3
=
Q
Q
Q
0
φQ
X2,X2 φX2,SV 1 φX2,SV 2 φX2,SV 3

(29)

It is assumed that supply factors carry zero risk premia, and affect term premiums by
indirectly influencing risk premiums on the yield factors. Therefore, the model implied
parameters of the price of risk λt in Eq.4 are as follow:


λ0 = (λ0,X1 λ0,X2 0 0 0)0


λ1,X1X1 λ1,X1X2 λ1,X1SV 1 λ1,X1SV 2 λ1,X1SV 3
λ1,X2X1 λ1,X2X2 λ1,X2SV 1 λ1,X2SV 2 λ1,X2SV 3 



0
0
0
0
0
λ1 = 


 0

0
0
0
0
0
0
0
0
0

(30)

According to Eq.6 and Eq.7, λ0 and λ1 can be derived as follow:
λ0 =Σ −1 (µ − µQ )

(31)

λ1 =Σ −1 (Φ − ΦQ )
Derived from Eq.30 and Eq.31, supply factors SVt follow the same dynamics under the
P-measure and Q-measure as follow:


µQ
SV = µSV


µSV 1
= µSV 2 
µSV 3



0
0


ΦQ
SV = ΦSV =

φSV 3,X1
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0 φSV 1,SV 1
0
0

0
0
φSV 2,SV 2
0
0
0
0
φSV 3,SV 3
(32)

Stacking Eq.29 and Eq.32 gives the parameters of state variables Zt under the Q-measure:



0
 0 


Q

µ
µ =
SV
1


µSV 2 
µSV 3


φQ
0
φQ
φQ
φX1,SV 3
X1,X1
X1,SV 1
X1,SV 2
 0

φQ
φQ
φQ
φQ
X2,X2
X2,SV 1
X2,SV 2
X2,SV 3 

Q

Φ =
0
φSV 1,SV 1
0
0
 0

 0

0
0
φSV 2,SV 2
0
φSV 3,X1
0
0
0
φSV 3,SV 3


(33)

To ensure the stationarity of state variables Zt , I impose restrictions that all eigenvalues
of Φ are smaller than 1.
Imposing these assumptions captures the features of the yield factors Xt and securities
supply factors SVt . Besides, these assumptions help to reduce the number of parameters
needed to be estimated and avoid overfitting.

5

Estimation Methodology

I estimate the Gaussian term structure model by the Kalman filter using a state space
presentation. For the GATSM described in Section 2.1, the transition equation for the state
variables is Eq.1. The measurement equation is implied by Eq.13, which relates the observed
o
to the factors as follow:
forward rates ft,n,n+1
o
ft,n,n+1
=an + b0n Zt + ηt

(34)

where the measurement error ηt ∼ i.i.d.N (0, ω). See detailed derivations in Wu and Xia
(2016), Appendix B.
The shadow rate term structure model described in Section 2.2 is a nonlinear state-space
model. The measurement equation is not affine in the factors. Therefore, I estimate SRTSM
by extended Kalman filter, which applies the Kalman filter by linearising the nonlinear function g(.) around the current estimates. Wu and Xia (2016) Appendix B provides additional
details.
The transition equation is still Eq.1. Eq.19 implies the measurement equation:

o
ft,n,n+1

=r +

an
σnQ g(

0

+ bn Zt − r
) + ηt
σnQ

where the measurement error ηt ∼ i.i.d.N (0, ω).
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(35)

6

Estimation Results

This section discuss five aspects of model fit: estimated yield curves, factor loadings, estimated state variables, estimated parameters and the term premium.

6.1

Estimated Yield Curves

(i) RMSE. Table 1 shows the root-mean-squared fitting errors (RMSE, hereafter) across
models for each yield maturity separately. The top panel reports RMSE for the whole
sample, whereas the middle panel reports the fit for the pre-ZLB period. On December 16,
2008, the FOMC lowered the target for the federal funds rate to a range from 0 to 25 basis
points. Hence I choose December 2008 as the last month of the Pre-ZLB subsample, and
December 2008 as the first month of the ZLB period. The bottom panel reports the fit
for ZLB sample period. On December 16, 2015, the FOMC raised the target range for the
federal funds rate to 25 to 50 basis points. Hence I choose November 2015 as the last month
of the ZLB sample period.
Overall, the SRTSM fit yields better than its GATSM counterpart. The top panel of Table
1 shows that during the full sample period the performance of the SRTSM is significantly
better with an average RMSE of 0.0015, compared with GATSM with an average RMSE of
0.0020. SRTSM has comparably smaller RMSEs across all the estimated maturities. The
middle panel of table 1 demonstrates that GATSM and SRTSM fits the yields approximately
the same during the pre-ZLB period, when the economy is sufficiently away from lower bound.
The average RMSEs for GATSM and SRTSM are the same at 0.0015. As for the RMSEs
across selected maturities, the RMSEs are almost the same for GATSM and SRTSM. The
slight difference in the RMSEs with 5-year maturities yield is caused by linear approximation
of the extended Kalman filter. The bottom panel of Table 1 indicate that during the ZLB
period the performance of SRTSM is substantially better compared with GATSM, with an
average RMSEs of 0.0020 and 0.0009, respectively.
As for the performance across the estimated maturities, the SRTSM fits the short-end
and long-end maturities yields much better than GATSM. For the 3-month forward yield,
the SRTSM RMSE is 10 basis points smaller than its GATSM counterpart. For the 10year forward yield, SRTSM RMSE is 14 basis points lower than its GATSM counterpart.
These findings are consistent with SRTSM model setup in Section 3. Theoretically, due
to its nonlinearity, SRTSM has the advantage of more flexibility over GATSM in fitting
the cross-section of yields. When the lower bound binds, the SRTSM imposes the nonnegative short-term interest rate and allows the shadow rate to capture the information of
the current state of the economy. When the short-term interest rate is sufficiently higher
than lower bound, the SRTSM becomes a GATSM.
(ii)Time Series Fit. In Figure 3 and Figure 4, I report the time series fit of GATSM and
SRTSM for the estimated yield maturities on the full sample period. Figure 3 displays the
observed and fitted yields with maturities 3-month, 6-month, 1-year and 2-year. Figure 4
15

Table 1: Root-Mean-Square Error

GATSM
SRTSM

GATSM
SRTSM

GATSM
SRTSM

Full Sample
3-month 6-month
0.0021
0.0012
0.0015
0.0010
Pre-ZLB Subsample
3-month 6-month
0.0018
0.0008
0.0018
0.0008
ZLB Subsample
3-month 6-month
0.0022
0.0015
0.0012
0.0013

1-y
2-y
3-y
5-y
7-y
10-y
Average
0.0017 0.0027 0.0026 0.0015 0.0015 0.0026 0.0020
0.0013 0.0020 0.0017 0.0012 0.0013 0.0018 0.0015
1-y
2-y
3-y
5-y
7-y
10-y
Average
0.0016 0.0023 0.0016 0.0009 0.0016 0.0018 0.0015
0.0016 0.0023 0.0016 0.0010 0.0016 0.0018 0.0015
1-y
2-y
3-y
5-y
7-y
10-y
Average
0.0013 0.0024 0.0031 0.0021 0.0011 0.0021 0.0020
0.0010 0.0008 0.0008 0.0008 0.0005 0.0007 0.0009

This table reports root-mean-squared errors of GATSM and SRTSM model-implied yields on the full
sample (top panel), the pre-zero lower bound subsample (middle panel) and the lower bound subsample
(bottom panel). Full sample: December 1996 to March 2018. Pre-ZLB subsample: December 1996 to
December 2008. ZLB subsample: January 2009 to November 2015.

presents the observed and fitted yields with maturities 3-year, 5-year, 7-year and 10-year. To
demonstrate the fit of the models during different periods, I plot pre-ZLB period (December
1996 to December 2008) on the left panels in Figure 3 and 4, and the ZLB period until
March 2018 on the right panels in these figures.
The fit of the SRTSM is in general good. In addition, consistent with the results of
RMSEs in Table 1, the SRTSM has a significantly better fit for forward rates than GATSM.
The GATSM and SRTSM yield fits are almost the same during the pre-ZLB period. The
SRTSM provides a much better fit of yields during the ZLB period compared with GATSM.
The superior performance of the SRTSM is due to the imposing of nonnegativity of nominal
interest rates as discussed above.
It is noticeable that during the ZLB period, for the short-end maturities, as displayed
in Figure 3 upper panel and middle top panel, the 3-month and 6-month forward rates are
very flat and close to zero. The SRTSM has a flat end and fits the short end of the forward
curve well. In contrast, GATSM generates too much variation and has trouble fitting the
short end. The results violate the ZLB constraint and drop below zero at some horizons.
For the long-end maturities, as displayed in Figure 4 bottom panel, the SRTSM fits 10-year
maturity forward rate much better than GATSM. This is consistent with the finding of Kim
and Singleton (2012), the GATSM has particular difficulty matching the observed 10-year
when short-term interest rate stuck at zero. To match the very small dynamics of shortterm interest rates, the state variables that determined short rates have to be small. Thus,
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Figure 3: Time Series Fit

Note: This figure reports observed and fitted forward rates with maturities 3-month (upper panel), 6month (middle top panel), 1-year (middle bottom panel) and 2-year (bottom panel) on the full sample.
The left plots refer to the pre-ZLB period (December 1996 to December 2008), and right plots refer to
the ZLB period until March 2018. The green dash-dotted line denotes GATSM fitted yields, the blue
dashed line denotes SRTSM fitted yields, and the red solid line denotes observed yields.

GATSM compensates its freedom to capture the variation in long-term yields.

6.2

Factor Loadings

To demonstrate how state variables affect yields, in Figure 5 I display the factor loadings
of GATSM and SRTSM estimated forward rates. The x-axis refers to the estimated factor
loadings with maturity in months. The top panel in the Figure indicate that the latent yield
factors Xt are closely related with the level and slope factors. The first latent yield factor
17

Figure 4: Time Series Fit

Note: This figure reports observed and fitted forward rates with maturities 3-year (upper panel), 5year (middle top panel), 7-year (middle bottom panel) and 10-year (bottom panel) on the full sample.
The left plots refer to the pre-ZLB period (December 1996 to December 2008), and right plots refer to
the ZLB period until March 2018. The green dash-dotted line denotes GATSM fitted yields, the blue
dashed line denotes SRTSM fitted yields, and the solid red line denotes observed yields.

X1t loads almost identically at all maturities, with the factor loadings close to 1. This is
consistent with the behaviour of the yield curve level factor interpreted in Diebold and Li
(2006). The second latent yield factor X2t loads heavily on short-term interest rates than
on long-term ones. This is consistent with the interpretation of the slope factor in Frankel
and Lown (1994) and others, the slope factor governs the short-term yield curves.
The bottom panel in the Figure demonstrate the factor loadings of the securities supply
factors. It is noticeable that supply factors loadings on very short-end maturities are close
to zero, which is consistent with the assumptions in Section 4.1, i.e., short-term interest rate
18

are not determined by supply factors. For the GATSM, the Treasury supply factor accounts
for most of the supply factor effects on yield variations. The Treasury supply factor has a
large negative impact on interest rates at most maturities, and changes short-term interest
rates more than the long ones. The yield curve does not load significantly on the MBS
par supply factor, and the factor loadings are almost 0 at all maturities. In contrast, for
the SRTSM, both Treasury and MBS par supply factors have long-lasting positive effects
on yields, and the effect rises with bond maturities. Moreover, the MBS par supply factor
attributes to shift yields more than other two supply factors. The Treasury supply factor has
a more positive effect on medium-term interest rates and little impact on very short interest
rates. The MBS supply factor has a significant positive impact at most maturities, and the
loadings increase as the maturities increase. The factor loadings on the MBS duration factor
are similar for the GATSM and the SRTSM, and explain little yield variation. This indicates
that MBS duration supply factor has a smaller impact than the other two supply factors on
forward rates under both GATSM and SRTSM.

6.3

Estimated State Variables

In Figure 6, I demonstrate the estimated state variables. The top plots contain the estimates
of the latent yield factors Xt from GATSM and SRTSM. Following the literature, I construct
the level and slope factor as Diebold and Rudebusch (2013). The level factor is measured
as the 10-year forward rates, which is a long-term factor governing the level of the yield
curve. The slope factor is measured as the 10-year forward rates minus 6-month forward
rates, which is a short-term factor shifting short yields more than long yields. For the
first latent yield factor X1t on the top left plot, both GATSM and SRTSM estimates are
closely related to the level factor, which is consistent with the finding that X1t loads almost
equally at all maturities in Section 6.2. In addition, the SRTSM captures the shape of
the level factor slightly better than its GATSM counterpart. GATSM estimated X1t has a
decreasing tendency since 2003, whereas SRTSM estimated X1t is less volatile and follow the
trend of the level factor, especially during the ZLB period. For the second latent yield factor
X2t on top right plot, the SRTSM estimates seem related to the inverse of the slope factor.
The figure also reveals that during the ZLB period, the SRTSM estimated X2t steadily
declines around zero and relatively flat, which is consistent with the behaviour of the shortterm interest rates. The middle and bottom plots contain the estimates of the securities
supply factors SVt from GATSM and SRTSM. When estimating the models using a Kalman
filter (Extend Kalman filter for SRTSM), I assume that supply factors are estimated without
error. As the large macro-finance term structure literature shows, the fittings of these supply
factors are good for both models.
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Figure 5: Estimated Factor Loadings

Note: The figure reports the estimated GATSM, and SRTSM forward rates factor loadings in Eq.13
and Eq.19. The x-axis is denoted as the maturity from 0 to 10 years in months. The top panel
refers to the factor loadings of latent yield factors in Section 5.2. The solid blue line denotes the
first yield factor, and the solid orange line denotes the second yield factor. The bottom panel refers
to the factor loadings of observed supply factors. The specific description of these factors can be
seen from section 4.1. The blue, orange and yellow solid line denotes Treasury supply factor, MBS
supply factor and MBS duration, respectively. The bottom panel refers to the intercepts. The solid
blue line indicates GATSM intercept, and the orange one indicates SRTSM intercept.

6.4

Parameter Estimates

Table 2 and Table 3 present the model parameter estimates of GATSM and SRTSM based
on forward rates observed between December 1996 and March 2018. The performance of
the SRTSM is superior to the GATSM. The log likelihood value is 1661.5 for the GATSM,
and 2168.76 for the SRTSM. The variance of residuals of the fitted forward rate is 0.2214
for the GATSM, and 0.1665 for the SRTSM. These results are consistent with the findings
in Section 6.1 and 6.2. The better performance of the SRTSM comes from its ability to fit
the flat short end of the forward curve at the ZLB period.
The estimates of ΦQ in Table 3 suggest that under the Q-measure the yield factors Xt
20

Figure 6: Estimated State Variables

Note:This figure reports the estimated latent yield factors Xt (top plot), the estimated securities
supply factors SVt (middle and bottom plots) on the full sample. The green dash-dotted line
denotes GATSM fitted state variables. The blue dash line denotes SRTSM fitted state variables.
The solid red line on top panel refers to standard empirical yield curve level and slope measures as
stated in Diebold and Rudebusch: the 10-year yield, the 10-year yield minus 6-month yield spread,
respectively. The red line on middle and bottom panels refers to the observed securities supply
factors.
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react positively and significantly to an increase of three lagged securities supply factors SVt ,
as one would expect. The Treasury supply factor SVt has a stronger effect on yield factors
than other two supply factors, while MBS duration factor SV 3t has less impact on yield
factors than other two supply factors. Moreover, securities supply factors affect the second
yield factor X2t more strongly than the first one. In contrast, the estimates of ΦQ in Table
2 suggest that lagged Treasury supply factor has a strong negative effect on the yield factors.
The lagged MBS par supply factor SV 2t is not significant on the first yield factor.

6.5

Term Premium

In the model specification in Section 4, I assume that the short rate is only affected by yield
factors, and supply factors do not affect the expected future short rate. Besides, supply
factors affect the term premium by an indirect influence on the yield factors. I decompose
the term structure into the risk-neutral expectation component and risk premium component
and use the term premium to analyse the effect of supply variables on the forward rates.
The risk-neutral forward rate fet,n,n+1 reflects the expectation of the short-term interest
rate over the 1-month life of the bond. It corresponds to the forward rate that would prevail
if the investors are risk-neutral. The risk-neutral forward rate can be calculated as follow:
The risk-neutral bond price Pet,n of an n-period zero-coupon bond satisfies the following
relation:

Pet,n = Et (exp(−rt )Pet+1,n−1 )

(36)

n-period continuously compounded zero coupon risk-neutral bond yield yet,n is given as
follow:

yet,n = −

log Pet,n
n

(37)

One-period risk neutral forward rate, or expected future short rate at horizons of n-year,
e
ft,n,n+1 is stated as follow:
fet,n,n+1 = (n + 1)e
yt,n+1 − ne
yt,n

(38)

The risk-neutral forward rate fet,n,n+1 in the benchmark GATSM is as follow:
GAT SM
fet,n,n+1
=e
an + e
b0n Zt
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(39)

Table 2: Estimated Parameters
1200 µ
Φ

0.0628
( 0.0348 )
0.9991∗∗∗
( 0.0041 )
-0.0129
( 0.0101 )

GATSM
-0.0862
( 0.0864 )
0.0068
( 0.0048 )
0.9872∗∗∗
( 0.0120 )

0.0063∗∗∗
( 0.0001 )

0.0033∗
0.3434∗∗∗
( 0.0013 ) ( 0.0202 )

0.9919∗∗∗
( 0.0002 )
0.9976∗∗∗
( 0.0017 )

max(eig(Φ))
ΦQ

−0.0318∗∗∗
( 0.0008 )
0.9976
1.0150∗∗∗
( 0.0001 )

0.9476∗∗∗
( 0.0024 )
−0.1923∗∗∗
( 0.0053 )
0.9767∗∗∗ −0.4316∗∗∗
( 0.0007 ) ( 0.0068 )

0.0034
0.0225∗∗∗
( 0.0042 ) ( 0.0004 )
0.0703∗∗∗ 0.0142∗∗∗
( 0.0018 ) ( 0.0015 )

0.2281∗∗∗
( 0.0130 )
0.0034∗∗∗
( 0.0005 )
0.0025
( 0.0016 )
0.0696
( 0.0385 )

0.0185∗∗∗
( 0.0009 )
0.0533
0.4548∗∗∗
( 0.0347 ) ( 0.0217 )

max(eig(ΦQ )
1200δ0

1.0018
7.9815∗∗∗
(0.5430)
1200Σ
0.4998∗∗∗
( 0.0244 )
−0.5382∗∗∗
( 0.0338 )
0.0209∗∗∗
( 0.0010 )
-0.0003
( 0.0013 )
0.0000
( 0.0321 )
√
0.2214∗∗∗
1200 ω
(0.0015)
log-likelihood value 1661.5000

0.0047∗∗∗
( 0.0004 )
0.0065∗∗∗
( 0.0016 )
0.0750
( 0.0601 )

The table reports the estimated parameters of the GATSM. Standard errors are in parenthesis. Estimates significant at the 95%-, 99%- and 99.9%- level are denoted as ∗, ∗∗ and
∗ ∗ ∗ respectively. The sample period spans from December 1996 to March 2018.
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Table 3: Estimated Parameters
1200 µ
Φ

-0.1503
( 0.1087 )
0.9946∗∗∗
( 0.0079 )
-0.0072
( 0.0217 )

SRTSM
0.0235
( 0.2933 )
0.0081∗∗
( 0.0031 )
0.9810∗∗∗
( 0.0081 )

0.0336∗∗∗
( 0.0023 )

0.0037∗∗
( 0.0013 )

−0.1495∗∗∗
( 0.0089 )

0.9472∗∗∗
( 0.0050 )
0.9971∗∗∗
( 0.0013 )

max(eig(Φ))
ΦQ

−0.0247∗∗∗
( 0.0005 )
0.9971
1.0089∗∗∗
( 0.0001 )

0.9522∗∗∗
( 0.0041 )
0.0878∗∗∗ 0.0281∗∗∗ 0.0118∗∗∗
( 0.0159 ) ( 0.0089 ) ( 0.0007 )
0.9684∗∗∗ 0.1429∗∗∗ 0.1359∗∗∗ 0.0306∗∗∗
( 0.0007 ) ( 0.0414 ) ( 0.0037 ) ( 0.0022 )

max(eig(ΦQ ))
1200δ0

1.0032
7.9945∗∗∗
(0.3571)
1200Σ
0.2238∗∗∗
( 0.0204 )
−0.3472∗∗∗
( 0.0527 )
−0.0072∗∗∗
( 0.0016 )
−0.0101∗∗∗
( 0.0013 )
0.1470∗∗∗
( 0.0327 )
√
0.1665∗∗∗
1200 ω
(0.0029)
log-likelihood value 2168.7600

0.3297∗∗∗
( 0.0199 )
-0.0015
( 0.0018 )
0.0007
( 0.0014 )
0.1628∗∗∗
( 0.0320 )

0.0206∗∗∗
( 0.0010 )
-0.0004
0.0170∗∗∗
( 0.0011 ) ( 0.0008 )
0.1029∗∗∗ 0.1321∗∗∗ 0.3433∗∗∗
( 0.0278 ) ( 0.0232 ) ( 0.0209 )

The table reports the estimated parameters of the GATSM. Standard errors are in parenthesis. Estimates significant at the 95%-, 99%- and 99.9%- level are denoted as ∗, ∗∗ and
∗ ∗ ∗ respectively. The sample period spans from December 1996 to March 2018.

24

where e
an and e
bn can be derived as follow:

e
an =δ0 +

n−1
X

δ10 (

(Φ)j )µ

(40)

j=0

e
b0n =δ10 (Φ)n

(41)

The risk-neutral forward rate fet,n,n+1 in the SRTSM is as follow:
0
e
an + e
bn Zt − r
SRT SM
e
ft,n,n+1 =r + σn g(
)
σn

(42)

where (σn )2 ≡ V art (st+n ). an and bn are the same as in Eq.40 to Eq.41.
The term premium on the one-period forward rate is defined as the difference between
the fitted forward rate and the risk neutral forward rate. In GATSM, term premium is the
difference between the Eq.13 and the Eq.39:
SM
GAT SM
eGAT SM
tpGAT
t,n,n+1 = ft,n,n+1 − ft,n,n+1
= (an − e
an ) + (b0 − e
b0 )Zt
n

(43)

n

In SRTSM, term premium is the difference between the Eq.19 and the Eq.42:
SM
SRT SM
eSRT SM
tpSRT
t,n,n+1 = ft,n,n+1 − ft,n,n+1

= σnQ g(

(44)
0

0

e
an + e
bn Zt − r
an + bn Zt − r
)
)
−
σ
g(
n
Q
σn
σn

The GATSM estimated effect of supply factors on forward rates term premium can be
calculated as follow:
SM,SV
tpGAT
= b0n,SV SVt
t,n,n+1

(45)

bn,SV is the GATSM estimated factor loadings of supply factors on the term premium.
The SRTSM estimated effect of supply factors on forward rates term premium can be
calculated as follow:
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0

SM
tpSRT
t,n,n+1

=

bn,SV SVt
)
σnQ g(
σnQ

(46)

bn,SV is the SRTSM estimated factor loadings of supply factors on the term premium.
Figure 7 presents the estimated expected future 1-month short rate at horizons from 3month to 10-year. The top and bottom panel of the figure displays the results of GATSM and
SRTSM using the full sample data, respectively. The figure shows that during ZLB period,
the SRTSM produces flat and positive expected short rate around lower bound (0.25%),
whereas GATSM produces negative expected short rate out to the 1-year horizon. This
implies that GATSM generate a non-zero probability of negative short rates and interest rates
for all maturities on the term structure, which is misspecification relative to the observed data
(see Piazzesi (2010) p.716). In addition, GATSM produces a larger estimate of the long-run
level of the short rate than SRTSM. The difference between the GATSM and SRTSM can be
attributed to the estimation bias in the GATSM since it neglects the ZLB. Figure 8 displays
the estimated term premium, which is computed by subtracting the estimated expected short
rate from the observed forward rate. The results show that compared with SRTSM, GATSM
overestimates term premium components of short-term forward rates, while underestimates
term premium components of long-term ones. This is consistent with the findings in figure 8:
a term premium is underestimated when the corresponding expected short rate component is
overestimated, and vice versa. The findings suggest that GATSM estimates of the parameters
and factors are biased during the ZLB period, which is consistent with the findings in Ichiue
and Ueno (2013).
Table 4 summarise the estimated factor loadings of term premiums on supply factors SVt
from Li and Wei (2013), the SRTSM and GATSM. SV 1t , SV 2t , SV 3t denotes Treasury
supply factor, MBS par supply factor and MBS duration factor, respectively. In GATSM
model, the effect of supply factors on the term premium can be measure by Eq.45. GATSM
model results suggest that Treasury supply factor has a larger effect on term premium
than other two factors, with a coefficient of -26.10 on 10-year forward term premium. In
SRTSM model, the effect of supply factors on the term premium can be measure by Eq.46.
The SRTSM model results suggest that MBS par supply factor has a larger effect on term
premium than the other two factors, with a coefficient of 6.01 on 10-year forward term
premium.

7

Evaluating the Federal Reserve’s Asset Purchasing
Programs

The Fed’s asset purchase programs (LSAPs) provides a good opportunity to assess the effect
of securities supply shocks on Treasury forward rates. This section uses the term structure
26

Figure 7: Risk-Neutral Forward Rate Fit

Note: This figure reports the estimated GATSM (top panel) and SRTSM (bottom panel)
risk-neutral 1-month Treasury forward rates from December 1996 to March 2018 in annualised percentage points. Maturities are 6 months, 1, 2, 3, 5, 7, and 10 years. ZLB periods
in grey areas is from January 1990 to December 2015. The black dashed line denotes y = 0.
The black dash-dotted line denotes y = 0.25, which is the lower bound set by the Fed at
ZLB period.

model developed above to evaluate the effect of four LSAPs programs-the three large-scale
asset purchase programs (LSAP1, LSAP2, LSAP3, respectively), and the operation twist
(OT). The details of these programs are described as follow:
LSAP1 :November 2008 to March 2010. The program purchases about $300 billion Treasury securities, $1.25 trillion agency MBS, and $170 billion agency debt.
LSAP2 : November 2010 to June 2011. The program purchases $600 billion long-term
Treasury securities.
OT :September 2011 to December 2012. The program swapped the shorter term bonds the
Fed held with longer-term bonds. The Fed purchases about $600 billion Treasury securities
within 6 to 30 years and sells Treasury securities with maturities of 3 years or less. In
Li and Wei (2013), the maturity extends program (MEP) is the first stage OT, which is
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Figure 8: Term Premium Fit

Note: This figure reports the estimated GATSM (top panel) and SRTSM (bottom panel)
risk premium of 1-month Treasury forward rates from December 1996 to March 2018 in
annualised percentage points. Maturities are 6 months, 1, 2, 3, 5, 7, and 10 years. ZLB
periods in grey areas is from January 1990 to December 2015.

conducted from mid-2011 to mid-2012. The MEP swaps about $400 billion short-term
Treasury securities for long-term Treasury securities.
LSAP3 :September 2012 to October 2014. The program purchases MBS securities and
long-term Treasury securities. Unlike LSAP1 and LSAP2, LSAP 3 is announced as an openended program with no set size for the total amount of purchases. The purchase is initially
set at $45 billion per month for long-term Treasury securities, and $40 billion per month for
MBS. The Fed purchases about $540 billion Treasury securities, and $520 billion MBS in
total. (see Ihrig et al. (2018) Table 1, p351).
In Li and Wei (2013), they adopt a rough measurement of the securities supply shocks.
This method computes the supply shocks in each LSAPs use the last fourth quarter GDP
and related ten-year equivalents (see details in Li and Wei (2013) p28), and summarize that
the LSAP1 program lowers the ten-year Treasury yield by about 100 basis points, whereas
both LSAP2 and the MEP reduces ten-year Treasury securities for about 25 basis points.
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Table 4: Estimated Factor Loadings of Term Premiums
Maturity
SRTSM
SV 1t (%)
SV 2t (%)
SV 3t (Years)
GATSM
SV 1t (%)
SV 2t (%)
SV 3t (Years)

3-month

6-month

1-year

2-year

3-year

5-year

7-year

10-year

0.65
0.48
0.12

1.16
0.92
0.21

1.89
1.69
0.35

2.55
2.90
0.47

2.64
3.77
0.48

2.30
4.85
0.41

1.95
5.45
0.33

1.72
6.01
0.27

-1.84
0.22
0.10

-3.56
0.42
0.19

-6.71
0.78
0.33

-11.92
1.35
0.49

-15.89
1.78
0.56

-21.13
2.32
0.58

-24.02
2.59
0.55

-26.10
2.74
0.52

The table reports the model-implied factor loadings of term premiums on the supply factors
SVt The top panel denotes factor loadings of Li and Wei (2013). The middle and bottom panel
denotes factor loadings of SRTSM and GATSM, respectively. SV 1t represents Treasury supply
factor. SV 2t represents MBS par supply factor. SV 3t represents MBS duration supply factor.

In the discussion of Li and Wei (2013), Loewenstein (2013) suggests that the paper should
take advantage of the technique of term structure model, and estimate the impact of the
supply shocks on the entire yield curve. Therefore, I conduct a counterfactual analysis to
compare the yield curves with and without a given supply change.
The Treasury supply shock, denoted as M SV 1t , measures the total amount of the
Fed purchase of Treasury securities, which is the the current period amount minus the last
period amount. To be consistent with the construction method of the Treasury supply factor,
M SV 1t is also measured in terms of ten-year-equivalents, as a percentage of public debt
held by the public. The par amount outstanding of Treasury held by the Fed is obtained
from the online database of the Fed Bank of St.Louis. The average duration (in years)
is measured as the dollar-weighted average maturity of the Fed’s Treasury holdings. The
detailed construction method is in Golinski (2018), p.7. Duration of the ten-year on-the-run
Treasury note and the total public debt held by the public are obtained using the same
method as in Section 4.3. The MBS supply shock, denoted as M SV 2t , measures the total
par amount of the Fed purchase of MBS securities. To be consistent with the construction
method of the MBS par supply factor, M SV 2t is also measure as a percentage of total
public debt held by the public. The Fed’s purchase of MBS is the difference between the last
period and the current period amount. The par amount outstanding of MBS held by the
Fed is obtained from the online database of the Fed Bank of St.Louis. To be consistent with
the data in Section 5.3, all the supply shocks are constructed at the end-of-period monthly
frequency. Figure 9 demonstrates the variation of the supply shock from January 2003 to
March 2018. There is a notable increase in the Fed purchases of Treasury and MBS securities
since 2008. Moreover, the amount of the MBS purchased by the Fed is nearly zero during the
pre-ZLB period, between 2003 and 2008, and increases considerably during the ZLB period.
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1

Figure 9: Supply Shock

Figure 9 top panel reports times series of the total amount of the Fed held Treasury securities
(measured in term of ten-year-equivalents, as a percentage of public debt held by the public);
the par amount of the Fed held agency MBS (as a percentage of public debt held by the public).
Sample spans from January 2003 to March 2018. The bottom panel reports the Treasury supply
shock, which is the total amount of the Fed purchase Treasury securities (measured in term of
ten-year-equivalents, as a percentage of public debt held by the public), and the MBS supply
shock, which is the Fed purchase of MBS (as a percentage of public debt held by the public) from
January 2008 to March 2018. To focus on evaluating the impact of the Fed purchases, when the
supply shock constructed from the dataset is below zero, I treat the number as zero in the stated
period.

I conduct counterfactual analysis to evaluate the impact of the Fed’s purchase programs
on the whole term structure. To be more specific, I assume that without the Fed’s purchases
1

This section aims to evaluate the impact of the Fed purchases of the securities. Therefore, if the supply
shock is calculated below zero from the dataset, I treat the results in the stated period as zero.
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programs, the Fed’s purchased securities will be held by the private investor. In other words,
the Treasury and the MBS supply shocks will be added to the Treasury supply factor and
the MBS par supply factor. Since the supply factors affect the term structure through term
premium, I focus on analysing the effect of the Fed’s purchases on forwards rates through
the portfolio balance channel.
To evaluate the effect of the Fed’s purchases of the Treasury and MBS securities separately, I assume that there are three counterfactual cases. The first counterfactual case is
denoted as CF1, which assumes that the Fed’s has not purchased the Treasury and MBS
securities. The Treasury securities held by private investors thus will increase M SV 1t ,
and the MBS securities held by private investors will increaseM SV 1t . The change of the
GATSM forward term premium in counterfactual case 1 is:
0

0

SM
SM
M CF 1 = bGAT
(M SV 1t ) + bGAT
(M SV 2t )
1,SV 1
2,SV 2

(47)

SM
SM
are the GATSM estimated factor loadings of the Treasury and
and bGAT
where bGAT
2,SV
1,SV
MBS par supply factors on the term premium in Table 4.
The change of the SRTSM forward term premium in counterfactual case 1 is:

M CF 1 =

SM 0
bSRT
(M
1,SV 1
Q
σn g(

0

SM
SV 1t ) + bSRT
(M SV 2t )
2,SV 2

σnQ

)

(48)

SM
SM
are the SRTSM estimated factor loadings of the Treasury and MBS par
and bSRT
bSRT
2,SV
1,SV
supply factors on the term premium in Table 4.
The second counterfactual case is denoted as CF2, which assumes that the Fed’s has not
purchased the Treasury securities. The Treasury securities held by private investors thus
will increase M SV 1t . The change of the GATSM forward term premium in counterfactual
case 2 is:
0

SM
M CF 2 = bGAT
(M SV 1t )
1,SV 1

(49)

SM
where bGAT
is the GATSM estimated factor loadings of the Treasury supply factor on the
1,SV
term premium in Section ?? Table 4.
The change of the SRTSM forward term premium in counterfactual case 2 is:

M CF 2 =

SM 0
bSRT
(M
1,SV 1
Q
σn g(
σnQ

SV 1t )

)

(50)

SM
bSRT
is the SRTSM estimated factor loadings of the Treasury supply factor on the term
1,SV
premium in Section ?? Table 4.
The third counterfactual case is denoted as CF3, which assumes that the Fed’s has not
purchased the MBS securities. The MBS securities held by private investors thus will increase
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M SV 2t . The change of the GATSM forward term premium in counterfactual case 3 is:
0

SM
M CF 3 = bGAT
(M SV 2t )
2,SV 2

(51)

SM
where bGAT
is the GATSM estimated factor loadings of the MBS par supply factor on the
2,SV
term premium in Section ?? Table ??.
The change of the SRTSM forward term premium in counterfactual case 2 is:

M CF 3 =

SM 0
bSRT
(M
2,SV 2
Q
σn g(
σnQ

SV 2t )

)

(52)

SM
bSRT
is the SRTSM estimated factor loadings of the MBS par supply factor on the term
2,SV
premium in Section ?? Table 4.
In Figure 10 and 11 I displays the time series fit of the counterfactual analysis results
M CF 1, M CF 2 and M CF 3. The results are reported in percentages. The left plots
refer to the counterfactual changes of the GATSM fitted forward rates. The result shows a
considerable decrease of yields without supply shocks, which violates the expected increase
of yields without the Fed purchases as the literature suggests. This decrease is mainly caused
by the negative sign on the factor loadings of the Treasury supply factor reported in Table
4. This negative sign is also consistent with the parameter estimation results of GATSM in
Table 2, where the lagged Treasury supply factor has significant negative coefficients on yield
factors under the Q-measure. It may imply the GATSM is unable to the very flat short-end
maturities yields at ZLB period, and parameters related with the Treasury supply factor
are distorted in order to fit the yield curve. The M CF 2 plots of GATSM show that yield
curves increase without the MBS supply shock, which is consistent with the finding of the
literature. However, the impact of the MBS supply shock is rather slight compared with the
impact of the Treasury supply shock. The right plots refer to the counterfactual changes of
the SRTSM fitted forward rates. The results imply that both the Fed purchases of Treasury
and MBS securities reduce the Treasury forward rates. Consistent with the findings of Li and
Wei (2013), I find that the Fed purchases have small impact on short maturities (6-month to
2-year in figure 10)forward rates, whereas the purchases significantly reduced the mid-term
and long-term in Table 3.
Table 5 and Table 6 present the cumulative changes in the term premium during the
Fed purchase programs. The term premium is calculated using Eq.47 to Eq.52. M CF 1,
M CF 2, and M CF 3 refer to the changes of the term premium under the counterfactual case
1, 2 and 3. Table 5 summarises the results of the cumulative changes in the term premium
using SRTSM. The SRTSM result implies that LSAPs lower the mid to long term premium
by a large amount, whereas they reduce the short-term term premium by a relatively small
amount. The LSAP1 has the largest impact on the long-term term premium compared
with LSAP2, OT and LSAP3. These finding are consistent with the results of Chung et
al. (2012), and Ihrig et al. (2018). Moreover, the Fed purchases of MBS securities have
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Figure 10: Counterfactual Time Series Fit

Figure 10 reports the counterfactual changes of the GATSM and the SRTSM fitted forward rates
with maturities 3-month, 6-month, 1-year and 2-year during the ZLB period. The left plots refer
to the counterfactual difference with fitted GATSM forward rates, and right plots refer to the
counterfactual difference with fitted SRTSM forward rates. M CF 1 (black solid line) denotes
the changes of the counterfactual case 1. M CF 2 (blue dashed line) indicates the changes of the
counterfactual case 2. M CF 3 (solid red line) denotes changes of the counterfactual case 3. The
results are reported in percentages.
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Figure 11: Counterfactual Time Series Fit

Figure 11 reports the counterfactual changes of the GATSM and the SRTSM fitted forward rates
with maturities 3, 5, 7 and 10-years during the ZLB period. The left plots refer to the counterfactual difference with fitted GATSM forward rates, and right plots refer to the counterfactual
difference with fitted SRTSM forward rates. M CF 1 (black solid line) denotes the changes of
the counterfactual case 1. M CF 2 (blue dashed line) indicates the changes of the counterfactual
case 2. M CF 3 (red dashed line) denotes changes of the counterfactual case 3. The results are
reported in percentages.
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larger effects than Treasury securities during the LSAP1, OT and LSAP3 periods, whereas
the Fed purchases of Treasury securities have a larger effect than MBS securities during
the LSAP2 period. The LSAP1 program reduces the ten-year term premium by 140 basis
points; the five-year term premium by 116 basis points; and the 1-year term premium by
30 basis points. The LSAP2 program reduces the ten-year term premium by about 15 basis
points; five-year term premium by about 20 basis points; and the 1-year term premium by
3 basis points. The OT program lowered the ten-year term premium by 3 basis points;
the five-year term premium by 3 basis points; and the 1-year term premium by about 0
basis points. The LSAP3 program reduces the ten-year term premium by 80 basis points;
the five-year term premium by 69 basis points; and the 1-year term premium by 3 basis
points. Table 6 summarises the results of the cumulative changes in term premium using the
GATSM. The result shows that the Fed purchases of Treasury securities increase the forward
rates term premium across all maturities; and without the Fed purchases of Treasury and
MBS securities, the term premium decreases by a large amount. This result contravenes the
literature. This may be caused by the poor fitting of the GATSM during the ZLB period,
and the related parameter estimates have been distorted in order to fit the forward yield
curves. The Fed purchases of MBS securities decreases the mid and long term premium,
which is the same as the literature suggests; however, the effect is relatively small compared
with the large impact of the Treasury supply shock.
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Table 5: SRTSM Cumulative Changes in the Term Premium
Maturity

3-month

M CF 1(%)
M CF 2(%)
M CF 3(%)

0.0211
0.0063
0.0147

M CF 1(%)
M CF 2(%)
M CF 3(%)

0.0000
0.0000
0.0000

M CF 1(%)
M CF 2(%)
M CF 3(%)

0.0000
0.0000
0.0000

M CF 1(%)
M CF 2(%)
M CF 3(%)

0.0002
0.0001
0.0001

6-month 1-year 2-year 3-year 5-year 7-year
LSAP1:November 2008-March 2010
0.0942
0.2985 0.6607 0.9001 1.1620 1.2912
0.0241
0.0631 0.1093 0.1212 0.1098 0.0938
0.0696
0.2345 0.5505 0.7782 1.0518 1.1971
LSAP2:November 2010-June 2011
0.0003
0.0287 0.1694 0.2181 0.2048 0.1755
0.0003
0.0287 0.1694 0.2181 0.2048 0.1755
0.0000
0.0000 0.0000 0.0000 0.0000 0.0000
OT:September 2011-August 2012
0.0000
0.0000 0.0049 0.0154 0.0265 0.0300
0.0000
0.0000 0.0024 0.0064 0.0084 0.0078
0.0000
0.0000 0.0025 0.0089 0.0181 0.0223
LSAP3:September 2012-October 2014
0.0029
0.0300 0.2531 0.4845 0.6908 0.7555
0.0015
0.0159 0.1142 0.1877 0.2030 0.1792
0.0014
0.0140 0.1381 0.2958 0.4872 0.5758

10-year
1.4011
0.0828
1.3180
0.1548
0.1548
0.0000
0.0321
0.0070
0.0251
0.7990
0.1591
0.6395

Table 5 reports the SRTSM accumulative changes of the term premium during the Fed asset
purchase program period. LSAP1, LSAP2,LSAP3 denote the three purchase programs, and OT
denotes operation twist. Since there is a time overlapping of OT (September 2011-December
2012) and LSAP3 (September 2012-October 2014), I denote the OT from September 2011 to
August 2012. M CF 1, M CF 2 and M CF 3 denote the cumulative changes of the term premium
under the counterfactual case 1, 2 and 3.
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Table 6: GATSM Cumulative Changes in the Term Premium
Maturity

3-month

M CF 1(%)
M CF 2(%)
M CF 3(%)

-0.0425
-0.0921
0.0496

M CF 1(%)
M CF 2(%)
M CF 3(%)

-0.1738
-0.1738
0.0000

M CF 1(%)
M CF 2(%)
M CF 3(%)

-0.0077
-0.0088
0.0011

M CF 1(%)
M CF 2(%)
M CF 3(%)

-0.1669
-0.1932
0.0263

6-month 1-year 2-year 3-year
LSAP1:November 2008-March 2010
-0.0830
-0.1585 -0.2870 -0.3886
-0.1788
-0.3370 -0.5983 -0.7979
0.0958
0.1785 0.3113 0.4092
LSAP2:November 2010-June 2011
-0.3374
-0.6357 -1.1287 -1.5052
-0.3374
-0.6357 -1.1287 -1.5052
0.0000
0.0000 0.0000 0.0000
OT:September 2011-August 2012
-0.0150
-0.0283 -0.0504 -0.0674
-0.0171
-0.0322 -0.0572 -0.0763
0.0021
0.0039 0.0068 0.0089
LSAP3:September 2012-October 2014
-0.3243
-0.6122 -1.0899 -1.4565
-0.3752
-0.7069 -1.2551 -1.6737
0.0508
0.0947 0.1652 0.2172

5-year

7-year

10-year

-0.5282 -0.6106
-1.0608 -1.2057
0.5326 0.5951

-0.6806
-1.3104
0.6298

-2.0012 -2.2744
-2.0012 -2.2744
0.0000 0.0000

-2.4720
-2.4720
0.0000

-0.0899 -0.1023
-0.1014 -0.1153
0.0116 0.0129

-0.1116
-0.1253
0.0137

-1.9426 -2.2132
-2.2252 -2.5290
0.2827 0.3158

-2.4145
-2.7487
0.3342

Table 6 reports the GATSM accumulative changes of term premium during the Fed asset purchase
program period. LSAP1, LSAP2, LSAP3 denote the three purchase programs, and OT denotes
the operation twist. Since there is a time overlapping of OT (September 2011-December 2012)
and LSAP3 (September 2012-October 2014), I denote the OT from September 2011 to August
2012. M CF 1, M CF 2 and M CF 3 denote the cumulative changes of the term premium under the
counterfactual case 1, 2 and 3.
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Conclusion

This paper provides a novel application of the shadow term structure model that includes
Treasury and MBS supply factors to evaluate the effect of the Fed’s recent purchase programs.
Overall, my results suggest that the Fed’s LSAPs may have contributed to the decline of the
interest rate during the ZLB period. The increase of the supply factors in the private sector
increases the forward term premium. The counterfactual analysis results demonstrate that
LSAPs significantly reduce the mid and long-term maturities forward rates.
This paper is based on the theoretical work of Vayanos and Vila (2009), and the empirical
work of Li and Wei (2003). I highlight the importance of the changes of the Fed’s balance
sheet on interest rates through the portfolio balance channel. In general, the results of this
paper support the view of the literature that when the Fed funds rate is stuck at zero, the
LSAP is an alternative monetary policy that can effectively influence interest rates.
The Shadow rate model uses the 1-month forward rate from December 1996 to March
2008, constructed by the zero-coupon Treasury yields dataset of Gurkaynak et al. (2007).
The model is estimated by the extended Kalman filter based on the maximum likelihood
function. I also estimate the Gaussian affine term structure model in the same period for
comparison. The results highlight that the shadow rate model better performs in fitting the
yield curve across the conventional monetary policy period (before the financial crisis in 2008)
and the unconventional monetary policy period than the Gaussian model. Moreover, the
shadow rate model can draw meaningful inferences about the relationship between the Fed’s
purchase programs, securities supply factors, and the Treasury yields variations. Specifically,
the Gaussian and shadow rate model have almost the same fitting during the conventional
monetary policy period. However, during the unconventional monetary policy period, the
shadow rate model better fits the flat short-end yield curve. The shadow rate model results
display positive signs between the supply factors coefficients and the yields, i.e., increasing the
securities supply can increase the yield curve. This inference is consistent with the previous
literature, e.g., Vayanos and Vila (2009), and D’Amico et al. (2012). My counterfactual
analysis using the shadow rate model show that the Fed’s four purchase programs reduce
the mid-term and long-term Treasury term premium significantly amount. The LSAP1 has
the most substantial effect on the 10-year forward term premium, which decreases the term
premium by 140 basis points, with the most impact from the purchase of the mortgage-backed
securities.
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