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Abstract

This paper develops techniques of estimation and inference in a prototypical macroe-
conomic adaptive learning model with slowly decreasing gains. A sequential three-step
procedure based on a ‘super-consistent’ estimator of the rational expectations equilibrium
parameter is proposed. It is shown that this procedure is asymptotically equivalent to first
estimating the structural parameters jointly via ordinary least-squares (OLS) and then
using the so-obtained estimates to form a plug-in estimator of the rational expectations
equilibrium parameter. In spite of failing Grenander’s conditions for well-behaved data, a
limiting normal distribution of the estimators centered at the true parameters is derived.
Although this distribution is singular, it can nevertheless be used to draw inferences about
joint restrictions by applying results from Andrews (1987) to show that Wald-type statis-
tics remain valid when equipped with a pseudo-inverse. Monte-Carlo evidence confirms
the accuracy of the asymptotic theory for the finite sample behaviour of estimators and

test statistics discussed here.
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1 Introduction

This paper is concerned with estimation and inference procedures for a stylized macroeconomic

learning model
yt:/Byatfl_'—éxt—i_gt for t:1727"'7T7 (1)

where yf| ., represents agents’ (potentially non-rational) expectation of y, formed in period t—1,
x; is a strictly exogenous regressor and &; represents the disturbance term, with properties to
be discussed below. Furthermore, it is assumed that |3|< 1 while ¢ is allowed to be any real
number. Various economic models, like the classical cobweb model or the New Keynesian
Phillips curve, can be cast in form of (1); for a more detailed account of examples encompassed
by (1) see Christopeit and Massmann (2018).

The crucial feature of model (1) is the expectation term Yije—1- Under rational expectations
(RE), economic agents are presumed to incorporate the information F;_; := o(ys, s < t; x5, s <

t) in an optimal manner so that
Yij—1 = E(e | Fior), (2)
thereby yielding the RE equilibrium
Yy = axy + & with a:=0/(1—- 7). (3)

The plausibility of the traditional RE approach to modeling expectations has, however, been
contested in recent years (see e.g. Evans and Honkapohja (2001)). According to the macroe-
conomic learning literature, economic agents depart in many situations from RE by behav-
ing ‘boundedly rational’: rather than presupposing complete knowledge of E (y; | Fi_1), the
economic agent acts like an econometrician forecasting a recursively. Specifically, the agent

updates her expectations according to the adaptive scheme

yf|t71 = Q1T (4)

where the point forecast a; of « is obtained via stochastic approximation algorithms (see e.g.
Sargent (1993) or Evans and Honkapohja (2001)). Motivated by the idea of economic agents
aiming at minimizing the expected forecast error recursively, the learning scheme is assumed
to take the form of a least-squares type stochastic approximation algorithm
ay = ag—1 + ’Ytﬂ@/t — Tya;1)
" (5)
Ty =T¢-1 + ”Yt(x,? —Ti1),



whereby, in addition to estimating « by a;, a further ‘normalization’ step based on r; is used to
estimate the regressor second moment. The so-called ‘gain’ v; reflects the agent’s responsive-
ness to previous forecast errors. Empirical applications confirm the plausibility of (5) for the
formation of expectations (see, e.g., Chakraborty and Evans (2008), Berardi and Galimberti
(2014), Berardi and Galimberti (2017) or Markiewicz and Pick (2017)).

Christopeit and Massmann (2018) thoroughly study the statistical properties of the joint OLS
estimator of A := (§, §)’ for constant gains (7, = 7) and recursive least-squares (v, = 1/t).
The present paper adds to their findings in four important aspects: First, while Christopeit
and Massmann (2018) consider a deterministic and constant regressor, the current exposition
treats x; as a time-varying random variable. Second, the asymptotic properties of estimators
of the equilibrium parameter « are established. Third, the question of hypothesis testing in
the presence of a singular variance-covariance matrix is examined. Finally, the agent, in this
case, tries to learn the RE equilibrium parameter « using a sequence of gains that decreases
more slowly than ¢!, an idea formalized by assumption 1 below. In this paper, it can be shown
that estimators of the structural parameters § and d converge at a polynomial rate to its joint
normal distribution, with the rate of convergence being inversely related to the degeneration
rate of the gain. Similar to estimating co-integrating relations, a linear combination of the joint

estimator of the ‘short-run’ coefficients S and ¢, which govern the actual law of motion
Yr = Bai_17¢ + 01y + &y, (6)

converges at a faster rate to the ‘long-run’ RE equilibrium parameter . Finally, single hy-
potheses about § and ¢ as well as joint restrictions placed upon A can be tested when suitable
test statistics are used.

The remainder of the paper is organized as follows. Section 2 lays out assumptions and discusses
estimation and inference procedures. Monte Carlo evidence is reported in section 3 while section

4 concludes. All proofs are provided in the appendix.

2  Estimation and inference

2.1 Assumptions

The first assumption specifies the nature of the gain sequence used by the agent in her updating

scheme (5). Specifically, ; is assumed to be of polynomial form:



Assumption 1. The sequence (7;);>1 of positive real numbers satisfies
Tt = ’Y/tna

where n € (0,1) and |cy|< 1 with ¢ :=1— .

Hence, the present specification of the gain sequence covers the intermediate case lying on a
continuum between least-squares learning (n = 1) and constant-gain learning (n = 0) consid-
ered by Christopeit and Massmann (2018). Following the terminology used in the stochastic
approximation literature, this polynomial gain with n € (0, 1) considered here will be henceforth
referred to as slowly decreasing (cf. Polyak and Juditsky (1992), Kushner and Yan (1993) or
Chen (1993)).

The next assumption requires v, := (24, &)’ to be independent, identically distributed (i.i.d.).

Assumption 2. The elements of the random vector v, are mutually independent and identi-

cally distributed with finite variances so that

(k)

Under assumption 2, the recursion (5) can be viewed as a perturbed Robbins-Monro algorithm,
with a small approximation error resulting from the estimation of the regressor second moment.
Robbins-Monro algorithms have a long tradition in the stochastic approximation literature,
where they are usually analyzed in terms of associated ordinary-differential equations; for more
details see, for example, Benveniste et al. (1990, chap. 1.10.1), Evans and Honkapohja (2001,
pp. 125) or Kushner and Yin (2010, pp. 6).

The small sample experiment in section 3 indicates that the asymptotic approximations derived
below continue to hold when the regressor is serially correlated. Serial uncorrelatedness of the
error term is, however, a necessary condition for consistent estimatability of the least-squares
estimators of # and ¢ discussed below. The reason is that their estimation involves empirical

moment conditions of the form
T

Z(at_l — Q)X (7)

t=1
Since a; contains the complete history of the innovation at time ¢, the population analog of (7)

is non-zero whenever ¢; exhibits serially correlation.

Finally, the distributional characteristics of v; are sharpened in order to develop an appropriate

asymptotic theory.



Assumption 3. Let x© and k! denote the (*" non-central moment of €; and x;, respectively.

(a) 0 := (as, )" is bounded almost surely on a compact subset of R x R..
(b) KLY < o0 and KY < oo.

A note on assumption 3 seems warranted. Though clearly strong, part (a) is not uncommon
in the stochastic approximation literature where many authors restrict #; to a compact neigh-
borhood of («, k2)" by the use of so-called ‘projection-facilities’: see, e.g., the discussion in
Kushner and Yin (2010) on constrained algorithms. Although this assumption might be re-
garded as overly restrictive (see, e.g., Evans and Honkapohja (1997)), it will nevertheless be
retained for reasons of analytical tractability. The reason for imposing relatively' high moment
conditions on v, is the need for controlling the approximation error stemming from replacing
k2 by ry; with the added difficulty that r; appears in the denominator of a;. Note that for the
mere almost sure convergence of r; to £, finite fourth moments of the regressor are sufficient,
c.f. lemma F.1 of appendix F. In fact, if, like in Evans and Honkapohja (1998), the update

scheme (5) takes the form of the so-called stochastic-gradient algorithm
b = b1+ Yewe(yr — weby—1), (SG)
i.e. r, = 1 for all ¢, then assumption 3 might be replaced by the following:

Assumption 3-SG. Let s, denote the (' non-central moment of by — a and assume that

Ky < 00, kY < 0o and kY < oo.

2.2 Joint estimation of 3, 6 and a plug-in estimator for «

Consider the OLS estimator for A = (3, )’

T Loy
. (Z wtw'/5> Zwtyt with w, := (@12, 74)". (8)

t= t=1

As a starting point for a discussion of the statistical properties of /):, observe that the regressor
wy fails Grenander’s conditions (see, for example, Hannan (1970, p. 215)) for well-behaved data

as both the sample second moment matrix of the regressor

T
My = Zwtwg (9)

t=1

Even stronger moment conditions are imposed by, for example, Kuan and White (1994) who require their

counterpart of v; to be bounded almost surely.



as well as its inverse, both suitably normalized, are asymptotically singular, i.e.

, | 2b | 1 —
Mr/T 25 52 [a O‘] and T'M;' L5 =5 e (10)
a 1 Y04 | —a «
where b := 1 — 7 is smaller the more quickly the gain parameter v, = ~/t"7 approaches zero

as t — oo; cf. appendix D. Intuitively, the singularity of the empirical second moment matrix
stems from the fact that the entries of w, are asymptotically collinear, since a; ~ «a for large
t. The other crucial aspect of (10) is the slower convergence rate of the inverse as compared
to the regressor sample moment matrix. This behavior might seem surprising but is analogous
to that of regression models with slowly varying trends as discussed in Phillips (2007) and can
best be understood by noting that the determinant of My has to be rescaled by T'** in order
to achieve convergence, i.e.

det My, KPvyo?
T o (1)

cf. appendix D. As a consequence, the suitably normalized deviation of \ from the true vector

A obeys the approximate asymptotic representation

T

1
T2 > aiwe, (12)

t=1

~ L a 2h
28— A) & 22

yo?

1

—x

with a; := a; — . An intriguing feature of the partial sum ), a;_,2&,; is that the variances of
its sequence coordinates are proportional to ;. In order to deliver the asymptotic distribution
of the estimator, one has thus to appeal to a CLT which allows for potentially degenerate
variances. This can be achieved by resorting to a result of Davidson (1993, corollary 2.2),

thereby yielding the following singular limiting distribution:
Proposition 2.1. Suppose assumptions 1, 2 and 3 hold. Then

~ 2ch | 1 —
TN = \) =5 N (05, V) with V := = [ j‘] :
Y |l—a «

where O denotes a k—dimensional column vector of zeros. V can be estimated consistently by
Ty, where Vi := 52 M7 with

E @2 and & =y, — Nw,.

Proof. See appendix D.



As in the context of a linear regression model, one would expect the asymptotic distribution
of the preceding display to depend on the error variance and/or the regressor second moment.
Interestingly, neither is the case here with A, v and n completely determining the limiting
variance-covariance matrix V. This raises the question of whether its consistent estimability
requires a priori knowledge of these model parameters. As shown by proposition 2.1 however,
the classical estimator of V' is consistent, i.e. given a sample of (y;, w;)’ is at hand, one does

not need to know the aforementioned model parameters for estimation purposes.

Using a different approach and imposing the assumption that x; = 1, Christopeit and Massmann
(2018) establish a similar result in their theorem 4 for the case of recursive-least squares learning
(i.e. n =1). The (singular) variance covariance matrix in Christopeit and Massmann (2018) is
equivalent to that stated above up to a factor of proportionality which stems from the different
specification of the gain; see also the discussion in Christopeit and Massmann (2015, pp. 19).
The crucial difference between their result and proposition 2.1 is the rate of convergence: while
Christopeit and Massmann (2018) show that h\ converges at a logarithmic rate, it is seen that
for slowly decreasing gains h\ converges at a faster, polynomial rate. A trade-off between the
rate at which the agent learns « (increasing in 7) and the convergence rate of h) (decreasing in
n) becomes thus apparent—with the limiting case of n = 1 treated by Christopeit and Massmann
(2018).

The singularity of the limiting distribution of \ means that a linear combination of its entries,
namely, ¢/ A\ with 1, := (a, 1), converges at a rate higher than T7%2.2 As summarized by
corollary 2.1 below, this linear combination converges at the ‘standard’ rate of 7'/2 to the RE

equilibrium parameter (note that (/A = «).

Corollary 2.1. Let the conditions of proposition 2.1 hold. Define 7% := 02/r<;f,§) and the multi-

variate normalization

T2, 0,
0, T2

T = )

where I), denotes the k—dimensional identity matriz. Then
1

) , with D, = [?] :
LOL

2For another example from the econometric literature where the singularity of the limiting distribution arises

Vo 0

/ 2
0, 7

GrDo(h — A) -5 N (og,

Proof. See appendix E.

due to the super-consistency of a linear-combination of the joint estimator, see remark 2.4 below or the discussion

in Liitkepohl and Burda (1997) on testing noncausality restrictions using vector autoregressions.



Remark 2.2. In certain cases, the learning literature suggests the plausibility of constant gain
sequences instead of decreasing gains, i.e. n = 0 so that v, = v > 0. [t follows that the
preceding results continue to hold without material differences as long as v s ‘sufficiently’
small. Specifically, the asymptotic theory in this case is based on a limiting expansion of v and
T, whereby v \, 0 and T — oo so that v*T 4 0. Similar ‘small-y’ asymptotics for analyzing
constant gain algorithms are commonly used in the literature on stochastic approzimation (e.g.
Kushner and Huang (1981)) and macroeconomic learning (e.g. Evans and Honkapohja (2001,
chapter 7.4)).> Again, it follows that the joint OLS estimator N is asymptotically normal while

the linear combination (L \ is ‘super-consistent’. To see this, let

('YT) 1/2[2 02

G T ‘=
K 0, T/

?

denote the three-dimensional normalizing matriz and assume for simplicity that r = & for all
t. Then, given the assumptions of proposition 2.3 hold and v \, 0, T — oo so that v*T /4 0,

it follows that
1 —a
—a a?|’

Remark 2.3. The limiting theory also extends naturally from the single variable case to a more

GrDo(X = A) —5 N (og,

1%
o ; ) with V := 2¢
2 T

general setting in which x; represents a column vector of k > 1 regressors. In this case, the

agent’s updating scheme for the k dimensional RE equilibrium vector a is given by

a; = a1 + R 2y (yy — a)_yxy)

(13)
Rt = Rt—l + '}/t(ﬂftl‘g — Rt—l)'

Consider the k + 1 dimensional OLS estimator X of A := (8, &) based on the actual law of

motion
Y =Pay_xi+ 0wy + e for t=1,2,...,T. (14)

Just as in the scalar case treated above, it follows that T Q(X — ) is asymptotically normal
while the linear combination I,(A — X), with I, := (a, I,), converges to its limiting normal
distribution at the faster rate TY/? (note that I\ = ). Specifically, let Dy = (Iyy1, I.) and
define the multivariate scaling matriz of dimension (2k + 1) x (2k + 1)

2., O

GT = O’ Tl/QIk

: (15)

3Note that this approach differs from the one in Christopeit and Massmann (2018), who assume 7 to be
constant in their asymptotic analysis.



where the O block represents a (k+ 1) X k matriz of zeros. Under the additional condition that
Q := E(x2}) has full rank and assuming, for simplicity, that R, = Q for all t, it can be shown
that*

Vv O

O/ O.QQfl

GTDQ(:\\ —A) N (02k+17 oy

2
)mmv:i%&,

where £, = (1,—a')".

The RE equilibrium is in general unknown, so that the corollary 2.1 cannot be used in order to
estimate . Instead, consider the simple plug-in estimator
s

Ao = —0
1— g

(16)
where /):ﬁ and A; denote respectively the two components of A.5 Since A, — v = s (Xa -A)/(1—

/)\\5), the asymptotic normality of (16) follows as a by-product of the preceding corollary, i.e.
T2\ — ) =5 N (0, (7/¢)%) . (17)

The limiting variance (7/¢)* coincides with the lower bound established in the literature on
stochastic approximation for the averaged iterates estimator for « (see e.g. Polyak and Juditsky
(1992), Kushner and Yan (1993) or Chen (1993)). Clearly, the typical limiting variance of the
OLS estimator for homoskedastic linear regressions is recovered if the expectation term in (1)
is absent (i.e. § = 0 so that ¢ = 1). Note, furthermore, that the asymptotic variance of N, is

strictly larger than that of the infeasible linear combination L/a/)\\ of corollary 2.1 as 8 < 1.

Remark 2.4. Concerning the different convergence rates ofX on the one hand and Xa on the

other, one is reminded of estimating co-integrating vectors based on autoregressive distributed
lag (ADL) models. Specifically, consider the ADL(1,0) model

Yr = Bys—1 + 0xy + uy, (ADL)

where x;, ~ I(1), y — axy ~ I1(0) for some «, and u, is white noise. An error-correction

reparametrization of equation (ADL), namely,

Ay, = —(1 — 6)(yt71 — OéQthl) +0Ax, +uy with o = 5/(1 - B)? (ECM)

4

o~

A simple calculation shows that Ao = (Xa, A



suggests the following two-step approach: first estimate the coefficients of the short-run dynam-
ics (8, 0) based on equation (ADL) and then use these estimates, B\ and 25\, say, to form the
plug-in estimator & = 6/(1 — JB) of the co-integrating coefficient . Pesaran and Shin (1998)
have shown that the joint OLS estimator of the short-run dynamics is root—1T consistent with
(singular) asymptotic normal distribution, while the estimator of the co-integrating coefficient
converges in distribution when scaled by T; see also Wickens and Breusch (1988), Banerjee
et al. (1993) and Hassler and Wolters (2006). This approach to estimating co-integrating vec-
tors bears thus considerable similarity to the estimation procedure described before: in order to
estimate the parameter « governing the long-run RE equilibrium (3), one first estimates the
parameters of the actual law-of-motion, prescribing the short-run deviations from this equilib-
riums:

Yy = Bag_1xy + 0y + €4,

and then uses the so-obtained estimates to form a (‘super-consistent’) plug-in estimator of the

long-run coefficient.

2.3 Hypothesis testing

Suppose you are interested in testing single hypotheses of the form Hy: 8 = Sy or Hy: d = &g

for suitable values \g := (y, do)" using the joint OLS estimator . As a natural starting-point,
consider the textbook ¢ statistics

As — Xs— 0

tg = 5—50 and t5 := i 0

= -5
mila?2 vVm22g52

where m® represents the i** diagonal element of M,' (with My being defined in (9)). As shown

(18)

in the appendix, tg and ¢; are asymptotically standard normally distributed, which allows us
to draw inferences from A\ about the true structural parameters 5 and d. The ¢ statistic for
a based on A, is similarly defined via t, = (Xa — )/ SE(XQ) with a modified standard error

given by
SN Y
SE(\,) = = (19)

1—Ag

Note that t, does not approach a standard normal null-distribution at the standard rate T2,
even though TV2(\, — ) is asymptotically normal under the null Hy : o = aq for some

hypothetical value g € R, cf. equation (17). The reason is that T/2SE(X.) converges at

10



the slower rate T%? to the true standard deviation 7/c due to the appearance of /):5 in the

denominator of (19).

The case of joint hypotheses about A is slightly more involved, since the suitably normalized
estimator A has been shown to be asymptotically normal with singular variance-covariance

matrix

1 —«

V= (2¢b/7)Q with Q = [ 2] : (20)
e

cf. proposition 2.1. As forcefully argued in Andrews (1987), even though the usual variance-

covariance estimator Vp consistently estimates V' (cf. proposition 2.1), inferences drawn from

the classical Wald statistic equipped with V7 is misleading for testing joint restrictions of the

form
Hy: r(M\) =0, (21)

where r(\) := RA—q with ¢ € R? and R represents a suitable 2 x 2 matrix of linear restrictions.
The null (21) can nevertheless be tested using a Wald-type statistic when based on a generalized
inverse of a suitable variance-covariance estimator, provided a certain rank-condition is satisfied,
see Andrews (1987, theorem 2). To be more specific, recall that for any two-dimensional,

singular matrix B the (Moore-Penrose) generalized inverse is defined via

1/¢€ 0
0 0

Bt :=A A (22)

with A and £ denoting respectively the 2 x 2 matrix of eigenvectors and the largest eigenvalue
of B, see, e.g., Seber (2008, chapter 7). Since the pseudo-inverse (22) is not continuous and
Vr violates Andrews’ (1987) rank condition, namely, rk(T°Vy) > tk(V) so that (T°Vy)T =
(T*Vr)~1 does not converge in probability to V*, an alternative variance-covariance estimator

is needed. Taking (17) into account, a consistent alternative is given by 7° Vi with
- SO S T,
Vi i=m!'5? [ <3 ] . (23)

Since rk(Vy) = rk(V) by construction, Andrews’ (1987) theorem 1 applies and inference can be
carried out using

W = r(N) (RV+R) r(N). (24)

11



Note that the singularity of V results in W behaving under the null asymptotically like a x?
distributed random variable with one degree of freedom. Moreover, it can be inferred from the
discussion in Andrews (1987) and Liitkepohl and Burda (1997) that WV has non-trivial against
local alternatives in a 1/7%2—neighborhood of the null; a question pursued further in section

3.

2.4 An asymptotically equivalent three-step estimator

This section presents an asymptotically equivalent approach to the estimation procedure for
(cr, B, 0) discussed at the beginning of this paragraph. Suppose, to begin, the true RE equilib-
rium parameter « is known and the interest lies in estimating #. Then, with a little rearrange-

ment, the actual law of motion y; = fa;_1x; + dx; + &; is rewritten as
Y — axy = Ba;_ Ty + & (25)
It is thus intuitively appealing to estimate 8 using the OLS estimator

T *
30 _ Zt:ﬂ% — amy)a;_ Ty

Sioalaim)? 20)
which, indeed, is asymptotically equivalent to /):52
Proposition 2.2. Suppose that assumption 1, 2 and 3 hold. Then
TY*(Bo — B) = N (0,2¢b/7).
Proof. See appendix B. n

Since 30 depends on the unknown RE equilibrium parameter, this approach is infeasible unless

a suitable estimator for « is available. Under RE, one would resort to

ZT , 7 .
t=

However, with agents’ beliefs departing from RE, it is not clear from the outset why & should

a=

possess any desirable statistical properties. Fortunately, the misspecification error from neglect-
ing the expectation Yij—1 1s minor and the limiting distribution of (27) is normal when suitably

scaled.

12



Proposition 2.3. Let the conditions of proposition 2.2 hold. Then
TV @ —a) 5 N (0,(r/¢)?).
Proof. See appendix C. n

Again, the limiting distributions of Xa (cf. corollary 2.1) and @& coincide while the normalization
of T2 implies a faster convergence rate than that of 8,. This ‘super-consistency’ of & allows

to estimate (3 in a second step by

B\_Zthlgtjt
===
Zt:lx?

where 3, = y; — ax; and Ty = (a;—1 — @)zy. Returning thus to the co-integration analogy drawn

(28)

in remark 2.4, this estimation procedure is clearly reminiscent of Engle and Granger’s (1987)
two-step approach to estimating co-integrating vectors and associated error correction models.
Specifically, knowledge of a does not improve estimation of 5; see Stock (1987) for an analogous
discussion of the co-integration case. This means, in particular, that estimation and inference
is not contaminated by a ‘generated regressor’ problem as discussed in Pagan (1984), i.e. the
limiting distribution of 7% 2(5 — f) is (asymptotically) unaffected by the first-step estimation

of o and equivalent to that stated in proposition 2.2.

Finally, consider the ‘three-step’ estimator
s=a(l-p). (29)

Exploiting the different convergence rates of @ and B (cf. proposition 2.2 and 2.3), it is readily
verified that

TY2(5 — 6) =T"*(a(1 - B) — 6) + T"*@ — a)(1 — )
— a2 (G- )+ 0, (T7) (30)
and thus

1

—

Tb/2

3] «
0—90

(B - B) -5 N (02706 [ ! _S‘D, (31)

- o

thereby yielding the exact same limiting distribution as the one stated in proposition 2.1.5

6As a result of a purely algebraic exercise, the joint OLS estimator X can be recovered by using Xa instead
of @ in order to make the regression based on (25) feasible.

13



3  Monte-Carlo results

Consider a data generating process given by model (1) with 6 = 1 and = 1/3 so that a = 3/2.

The regressor evolves over time according to the first-order autoregression
xy =14 (1/2)x1 + wy, (32)

where u, "< (0,1/2) is drawn from a ¢ distribution with eight degrees of freedom while the
innovation &, is i.i.d. distributed as a standardized y? random variable with one degree of
freedom. The recursion (5) is initialized at 6y = (1,1)" and the gain sequence is given by
v = (3/2)t7", n € {1/5,3/5}. The (Monte-Carlo analogue of the) asymptotic variance, bias
and size of a two-sided ¢ test at the 5% significance level is evaluated for the joint OLS (jOLS)
approach (cf. section 2.2) and the three-step (3STEP) procedure (cf. section 2.4). Results for
T € {200, 2000, 20000} using 10,000 Monte Carlo repetitions are summarized by table 1.

Table 1: Simulation Results®

n=1/5 n=3/5
T asy.var 100bias(b)  size asy.var 100bias(b)  size
JOLS 200 0.400 -1.512 4.396 0.332 -10.167 4.684
3STEP 0.398 -1.606 4.448 0.327 -10.348 4.674
B 2,000 0.512 -0.319 4.632 0.348 -4.580 5.160
0.512 -0.328 4.620 0.347 -4.604 5.164
20,000  0.696 -0.053 5.068 0.354 -1.849 5.182
0.696 -0.054 5.066 0.354 -1.852 5.180
JOLS 200 0.972 2.244 4.462 0.757 15.252 4.788
3STEP 1.188 2.329 6.648 0.748 15.450 4.922
0 2,000 1.198 0.482 4.722 0.784 6.871 5.188

1.301 0.496 5.652 0.783 6.901 5.230

20,000 1.473 0.081 5.142 0.797 2.773 5.160
1.475 0.081 5.502 0.796 2,777 5.162

JOLS 200 0.469 -0.036 6.784 0.474 0.003 10.496
3STEP 1.799 -0.117 6.510 0.469 -0.092 10.652

o 2,000 0.465 0.006 9.358 0.463 0.001 7.432
0.523 0.005 5.122 0.465 -0.008 7.472

20,000 0.476 0.002 5.384 0.464 0.000 6.068

0.509 0.000 5.142 0.465 -0.001 6.134

2 Size refers to the rejection frequencies (%) under the null of a two-sided t test at the 5%
significance level using the 0.975 percentile from the standard normal distribution. The con-
struction of the standard errors is outlined in section 2.3.

Recall the limiting variances of the estimators of (3, d, @) as a benchmark, against which the

following simulation evidence can be evaluated. Specifically, one infers from proposition 2.1

14



(or, equivalently, from proposition 2.2 and equation (30)) that the asymptotic variances for
the estimators of (/3, ) are given by (0.711, 1.6) if n = 1/5 and by (0.356, 0.8) if n = 3/5,
respectively. The asymptotic variance of & (and Xa) does not depend explicitly on the nature
of the gain sequence and equals 0.482. For large T, the actual variances of the estimators are
close to these values. In case of # and ¢, the asymptotic approximation works better the smaller
n. This is due to the fact that, as shown in the previous sections, the convergence rate of the
estimators is decreasing in 7. Similarly, the bias increases relatively with 7. Observe that the
bias of the estimators for ¢ is approximately equal to —a times the bias of the estimators for

B, thus confirming the singularity of the joint distribution derived previously.

Finally, the generalized Wald statistic WW as defined in (24) is evaluated under the null
Hy: 7(A\) =0 with 7(\) = RA — g, (33)
where R = diag(1,1) for ¢ = (1/3, 1)’ and the local alternatives
Ha: r(\) = /T, (34)

where p1 # 0,. In the latter case, W follows asymptotically a x? distribution with one degree of

freedom and non-centrality parameter 'V . In order to understand the local power properties,

Figure 1: Local power as a function of n*

0.6 0.8 1.0
1 1

power

0.4
1

0.2

0.0
1

* The dotted red line indicates the 5% significance level.
Local power is evaluated for p = (1/2, 3)" and various 7.

it is useful to take a look at the generalized inverse of V'

+ ¥ 1 —«
1% = 2eb(i T a2 [_a 0‘2]’ (35)
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where equations (20) and (22) have been used.” Note that VT is positive semi-definite, i.e. there
exist non-trivial local alternatives for which the non-centrality parameter is zero. Specifically,
the test has no local power in the direction p = ct,, for some constant ¢ # 0 as ¢, Vi, = 0. On

the other hand, if x is not proportional to ¢,, power is increasing in 7 as illustrated by figure 1
for p = (1/2, 3)".

Table 2: Simulation Results®

n=1/5 n=3/5
T size power I power II size power I power II
200 5.31  41.18 7.07 5.22  86.35 24.93
2,000 5.20 31.33 5.86 0.31  47.67 10.29
20,000 5.16  27.07 5.05 5.04  46.31 6.56

& Size and power refers to the rejection frequencies (%) at the 5% signif-
icance level using the 0.95 percentile from the x? distribution with one
degree of freedom under the null (33) and the (local) alternative (34),
respectively.

Monte-Carlo evidence supports these theoretical considerations: table 2 reports rejection fre-
quencies under the null (size) and local power for u = (1/2, 3)" (power I) and p = ¢, (power II).
It is seen that the size of the test is controlled, while the local power approaches the theoretical
values given by 24.79% and 43.89% in case of u = (1/2, 3)’ for n = 1/5 and n = 3/5, and 5.00%

in case of = 4.

4 Concluding remarks

This paper establishes the asymptotic equivalence between a newly proposed ‘three-step’ pro-
cedure and the joint OLS estimator of the structural parameters § and ¢ in a stylized moacroe-

conomic model of the form
Yt = BYj—1 + 02 + &, (36)

where the agents expectation formation is boundedly rational in the sense that Y- obeys a

stochastic approximation algorithm (cf. equation (5)). In contrast to Christopeit and Mass-

"It is readily verified that the eigenvalue and eigenvectors of V are given by £ = (1 + «)? 2¢b/~ and

A 1 [—1 —a}
S Vita?Zla 1)

respectively.
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mann (2018) who set x; = 1, the current exposition treats the regressor as a time-varying
random variable while the agent is assumed to use slowly-decreasing gains, i.e. v ~ t~" with
n € (0,1). This represents the intermediate case lying on a continuum between least-squares
learning (n = 1) and constant-gain learning (n = 0) considered by Christopeit and Massmann
(2018).

The estimators of 5 and d converge at a polynomial rate to their joint, singular asymptotic nor-
mal distribution. A trade-off between the rate at which the agent learns and the convergence
rate of the estimators becomes apparent. Furthermore, two estimators of the RE equilibrium

~1 emerge as a byproduct of the two estimation frameworks. Interest-

parameter o = §(1 — )
ingly, these estimators converge at the ‘standard’ (faster) convergence rate T'/2, and are thus
not subject to the aforementioned trade-oft. Moreover, it is shown how the limiting results can
be used to make inferences about both single and joint hypotheses by drawing on ideas from

Andrews (1987).

As suggested by the small-sample results, the theoretical analysis of this exposition could be

extended to allow for serial correlated regressors or by relaxing assumption 3.
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Appendices

The outline of the appendix is as follows: Appendices A to E contain the proofs under the auxiliary

assumption that r; is centered at the true value k%, resulting in the reduced algorithm
N
bt :bt—l + W(yt — bt—lmt)' (Al)
Rz
Specifically, the following assumption replaces assumption 3:

Assumption 3A. Suppose assumption 3-SG holds and for any t, ry = kY.

Thereafter, appendix F extends these results to the general algorithm (5) given assumption 1, 2 and
3 hold true.

A Preliminaries

This section derives the working formula for b; and collects some helpful auxiliary lemmatae.

A.1  Working formula for b,

With a little rearrangement, one gets from (A.1)
by = b1 (1 — eve) + yer + yue, (A.2)
where b; := b, — o while e; and w,; are respectively given by
e i=c(l —z2)b;_, with ) == z/V/KE (A.3)
Ut ::xiet/\//gﬁf), (A.4)

which are, by construction, mean-zero. Solving recursively, it is further seen that for ¢t > 0

b: = aa(bm + Uy + €, (A5)
where
¢
Dy = H(l —cy) with @449 :=1, (A.6)
i=k
and
Vit = ‘bt,k+17k;a (A-7)
while for any scalar z;
t
Z = Z Vi t 2k (A.8)
k=1
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A.2 Lemma 1

Lemma 1. Let assumption 2 and 3A hold. For any s and t
E(utes) =0,

while

E(eses) 0 ifs#t
eres) =
' o?(er) =AY /KP? = 1E (b2,) ifs=t.

Proof. Note that E(ues) = ¢ [E (usb;_;) — E (wza;?b;_1)]. It thus suffices to show that
E (wb;_y) = E (wz3’b;_,) .
Clearly, E (ub,_,) = E (uwa;?b;_,) = 0 for all s < ¢. For s > t, observe that
E (wxy’b; ;) :E[Utb:—lE (232 Vs-1) ]
=E (wb,_1) E (#?) =E (wb,_;)

using repeatedly assumption 2.

A.3 Lemma 2

(A.9)

(A.10)

(A.11)

This lemma summarizes properties of partial sums of the coefficients v, (cf. equation (A.7)), which

are frequently used in the subsequent proofs for the decreasing gain case. For simplicity assume v = 1

throughout.

Lemma 2. Define
‘ ¢
Pt = Z Vk,t
k=1
t
y )
P= Z Vit
k=1
t—1 k
F= DD stk

k=1s=1
and suppose that B € (0,1), n € (0,1). Then,
(a) ¢, = 1/c+o(1)

(b) & =7/ (2¢) + (1)
(c) = 1/(2¢*) + o(1).

(A.12)

(A.13)

(A.14)

Remark A.1. By the Cesaro mean convergence theorem, it follows that also ¢* = 1/c + o(1) and

G+ 20" =1/ + 0(1), where ¢' =T~V ¢f for € € {i,ii,iii}.
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A.3.1 Part (a)

Proof. Note that
chp + @1 = 1. (A.15)

It thus remains to show that ®;; = o(1). Using Euler summation (see, e.g., Apostol (1999, theorem
2)), the generalized harmonic number

n

Ho(n) = 1/i"

i=1
can be written as
ti—n . . bu—u
Hala) = £+ Cln) + i) it R = [ (A.16)
where ((-) denotes the Riemann zeta function
. ¢ A
c = i ()~ ). (A17)

| ] is the greatest integer smaller or equal = and

0 < Ry <Oold—1-
< t(ﬁ)_t WU—%a

see, e.g., theorem 3.2 b) in Apostol (1976, chap. 3). In order to keep the notation simple, the
dependence of H;(n) and R%(n) on n will be hereafter implicitly understood; i.e. H; := H;(n) and
R = R{(n).

The claim follows because for any r > 1
(D41)" < Coe ™" (A.18)

where Cj € [0,00), a := ¢/b and b := 1 —n. To see that (A.18) is true, consider the case r = 1 (the
following is easily extended to the case r > 1) and note that

dyq = o2 =1 In(1—c/j")
e 1/37 —O( _ 1/5%7)
< e cMe(n)
— o~ C(1=b) p—at® —O(t™")
< e %(1=b)g—at’

where e=<(1=b) > ( ag ¢(1 —b) < 0. The second and third equality follow, respectively, from the
Taylor series approximation

In(1 —¢/§") = — ¢/§" — K; with K; == ¢2/(25%) + ¢3/(35%") 4 --- = O(1/5%"), (A.19)
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and equation (A.16), while the inequalities result upon recognizing that the terms O(Z; _11/4%") and
O(t™") are both positive. ®

A.3.2 Part (b)

The main idea of this proof is to approximate the partial sum c?¢{ by the integral of the function

Fk,t) == (cype)2e20("=K") (A.21)
To begin with, let

g(k, 1) := () ®F 14 (A.22)

so that
il = [ 1.0k + A+ B (A.23)

1
where
t t t
Ay = Zf(k,t)—/l f(k,t)dk and By:= Y [g(k,t)—f(k,t)] (A.24)
k=1 k=1

The remainder of this proof is as follows: (1) evaluate the integral [ f(k,t)dk, (2) show that A; =
O(v?), (3) show that By = O(y2).

(1) Evaluation of the integral. We seek to establish

/1 t Fk, t)dk = % + o(). (A.25)

More generally, it will be shown that for any s,r,z > 0

t s s—1
lim 75~ / e TE/H(I"=K") (z/k1*b> k= =—. (X.0)

t— o0 1 r

Before (X.0) is proven, recall the definition of the (upper) incomplete gamma function

F(s,az):/ t5 e~ dt, (A.26)

8Note that the conclusion of part (a) holds also for n = 1. Specifically, i, reduces for n = 1 to v, =
At(1 = ¢, 1)Ax(0,1 — ¢) where

Ml B) = ) (A.20)
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see Jameson (2016) for details. Note that the definition of T'(s,z) extends to arbitrary (possibly
complex) s, xz; see, e.g. Winitzki (2003) or Thompson (2013). The proof repeatedly makes use of the
following: For any x,v > 0

tlinolo o (_1/,0, _wtv) e Tt — _ x(lfv)/vefiﬂ/v’ (Xl)
, T (1/v, xt?
/ e dt = — m +C, (X.2)
v /v, —=t’) _,;
feran L0 o s

with © and C' denoting the imaginary number and a suitable constant, respectively.

Proof of (X.1)-(X.3). Define w(t) := I'(~1/v,—xt’) and q(t) := t~!7Y¢*" and denote the first
derivatives with respect to ¢ by

Uext”—iw/v .
w(t) = ——5—— and ¢(t) =t 2" (v(at' —1) — 1) (A.27)
+21/v
so that
/ —im/v
w'(t) _ ve (A.28)

¢(t) @V (or—(1+0)/th)
Then, by L’Hospital’s rule,

/
v t ;
lim 770 (=1/v, —xt?) e = lim w,( ) = —gI=v)/ve=in/v, (A.29)
t— o0 t—oo q'(t)

This completes the proof of (X.1). Turning to (X.2), use the u-substitution u := xt” and observe that

t1=v = 1/v=141-1/v  Hence,

v 1 1 e
/e_zt dt = /e_“ul/v_ldu =— / e FEV Tk + C, (A.30)

Uml/v le/v

where the last equality uses that for any integrable function f [ f(z)dx = [ f(t)dt + C with a so
that the integral converges; thereby proving the claim. (X.3) follows directly from (X.2) upon using
the u-substitution u := ((—1)z)/"t. O

Proof of (X.0). To begin with, note that
/ e~2/b(t'=H") (z/kl_b)s dk = Com(k, 1), (A.31)

where Cp := b1~ D/bp(sn=1)/b(s=1)/beimn(s=1) and m(k, t) := et'rz/b ((1 = sn)/b, —kbrz/b) . Hence,

t S
/ e~r/b(t" k") (z/k:l_b) dk = Com(t,t) + O(e~""). (A.32)
1
Next, it will be shown that
lim "¢ Yim(t,t) = ﬁ, (A.33)
t— 00 rz
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where Cy := 10=1/b(yz)(1=sm)/bein(b(1+s)+1=5)/b By 1 Hospital’s rule,

(1)
lim "¢~ Ym(t, 1) = lim L (A.34)
t— 00 t— 00 hQ(t)

where hy(t) :== T ((1 — sn)/b, —kPrz/b) and ho(t) := er2/b(t"=k")=n(s=1) and the corresponding partial
derivatives with respect to ¢ are respectively given by

Ry (t) = Oyt =1t r#/ (A.35)
Ry (t) = ret s D=net"r2/b(1 4 5(1)), (A.36)
thereby verifying (A.33). Some simple calculations reveal further that CoCy/(rz) = 2571 /r. O

(2) Negligibility of A;. Note that one version of the Euler-Maclaurin formula (see, e.g., Lampret
(2001)) states that

v ¢
1 1
S 1tk = [ flh ik = 3 [70.0+ Fe0] + 5 [70C0 - FO00] £t (43D
k=1
where f)(k,t) := 0°/Ok' f(k,t) denotes the £** partial derivative of f(k,t) with respect to k and

t
otts 1< 135 | 1701k (A.39)

It will be shown that the three terms on the right-hand side of (A.37) are of order o(+;). Clearly,
F(Lt)+f(t,t) = O(y7) while from fO(k,t) = 2(ck®—n)k~" (k. ) one gets [V (t,1)—f PV (1,1) = (7).

Furthermore,

(k. t)
FO(k,t) =2 [4(ckb)3 —18(ck®)%(1 — b) — ck®(1 — b)(19b — 26) — 2(2 — b)(1 — b)(3 — 2b) P
implies the existence of a finite constant Cy > 0 such that |f®(k,t)| < Co (eyr)®f(k,t). Hence, by
equation (X.0), |p(t; f)|= O(~{') — thereby showing that 4; = O (+7). O
(3) Negligibility of By. Taking account of equation (A.16) and R{® = R° — R, it is seen that
t
D v =Hu(n) = Hi(n) = (¢ = K*)/b = nRj(n). (A.39)
J=k+1

Now, using equation (A.19) together with (A.39), it follows that
gk, 1) = (cyp)? X5 =k 1)
— (C%)z o 26(Ht=Hi) p=23 — 41 K
= (eq)? e 2T g (oyp)? 72 0HemH) (6_225‘:k+1 K~ 1)
= f(k,t) + fk,t) (620171%’; _ 1)
+ f(k,t) <6_2Z§‘:k+1Kj _ 1)
+ f(k,t) (62‘3’7]{Z - 1) (e—z Xk Ko _ 1)

=: f(k,t) + B'(k,t) + B"(k,t) + B"(k,1), (A.40)
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say. It thus suffices to show that >, Bf(k,t) = O(y?) for £ € {i,4i,4ii}. Begin with Bi(k,t). Since
f(k,t) is non-negative, monotonically decreasing in k < ¢ and e2Fi > 1, it follows that Bi(k,t) > 0.
Infer from the discussion surrounding (A.16) that R} < v, and thus B'(k,t) < f(k,t) (e*" —1).
Next, suppose without loss of generality that 2cy, < a < 1. Because e* < (1 — )~ ! for all z < 1,
it follows Bi(k,t) < 2(1 — ) 'f(k,t)cyk. By (X.0) and the integral comparison test, >, Bi(k,t) =
O(7%).

Next, consider B (k,t), which is non-positive so that

| B (k, t)] = f(k,t) (1 - e—2Z§:k+1Kj<n>> _ (A1)
The definition of K;(n) (cf. equation (A.19)) implies that there exists a finite constant Cy > 0 so that
S e Ki(n) <271Co >0y 3%, while Y05y 5721 = U(k, t) — 2nRY,(2n) with

(1—2n) "t (72— k121) ifn < 1/2
Ok, t) = ¢ (27— 1)~H (K127 —¢1=20) if > 1/2 (A.42)
Int —Ink ifn=1/2,
where for n > 1/2 Apostol (1976, theorem 3.2 (a), (b)) has been used and the case n < 1/2 follows
immediately from (A.39). Hence, for some finite constant C7 > 0
1 — e 25—k Ki(n) <1—e 0 PR
<1 _ e~ Callkit) Co2nRy(2n)
< Cyl(k,t). (A.43)

Since

lim £ / fk,t)e(k,t)d (A.44)
it follows from the integral comparison test that >; _, B%(k,t) = O(+?).
Finally, ", B%(k,t) = O(y?) is deduced from the analysis of >, B%(k,t) as
‘1 _ e 2Tk K| < . (A.45)

This completes the proof of part (b). O

Remark. More generally, it can be shown that for any o >0 and 8 >0
¢
-1
>k =06, (X4)
=1

Proof of equation X.4. First, note that with r = o and s = a + 3 it follows from (X.0) that

t o a+p—-1
lim #(o+8-D(-b) / e M) (o1 =0) g = (A.46)
1

r
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Next, note that

Py =€ i = g (=)
— e~ c(Hi(n)—Hy(n)) ,—ca S Ki(n)

< g—ac(Hi(n)—Hy(n))

_ e—aa(tb—kb) + e—aa(tb—kb) (1 _ eOéCURZ(n)> <A47)

Taking equation (A.46) into account, the claim follows from Toeplitz’s lemma using similar arguments
as to show the asymptotic negligibility of B'(k,t).

A.3.3 Part (c)

To begin with, observe that one gets from part (a)

t t k-1
) . 1
((15;)2 = E Vit Vst = (ZSIZ:Z +2 E E Yt Vst — 07 (A48)
k,s=1 k=2s=1

Consequently, 2¢ = ((ﬁ%)z + 2R, — ¢¥, where

t

k—1
Ry = %n - Z Z Vs,k Vs, t- (A49)

k=2s=1

The claim follows by part (b) if R; = o(1). Investigation of R; reveals that this term decomposes as
Rt = At + Bt + Ct, where

2 t-1
A= e Y (w@jesr — 1 Prjipn)
k=1  j=ktl
t-2
B = Z Vit (Ve — 1)
k=1

Ci =1 =cyv)v1(ve1 =)

Clearly, C; = o(1), while B; = o(1) is a direct consequence of (X.4). It thus remains to show that
At = O(].)

Before the proof proceeds, three useful results from the literature on stochastic approximation with
averaging of the iterates are stated:

Suppose 7y satisfies assumption 1, j > k and v € (1/2,1). There exist finite and positive constants
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Cop>0,C1 >0 and Cy >0 so that

/vy < D TIop

D1 < Coe™ R (X.5)
¢ _
sup Zj_”e_’\ TioksT" < Oy < oo for A >0,
J
with o(1) denoting a magnitude that approaches zero as k — oo.

Proof of (X.5). See, for example Chen (2002, lemma 3.1.1 & 3.4.1) or Polyak and Juditsky (1992). O

Now, for any k and j sufficiently large ®; ;11 > ®; 11, so that

t—1
Ay < Z%t > (=) k1 (A.50)
j=k+1

Since limy _, oo 177 (741 — 1) = 1, one arrives at

i—1 t—1 J
Yo =)k = Y Y, (i1 —%)P e
j=k+1 j=k+li=k+1

- ti i: o(%) B . (A51)

j=k+li=k+1

Hence, there exists a finite constant Cy > 0 such that

1A < Co Zykm Z Z ]’"‘“ (A.52)

j=k+li=k+1

Consider first the case that 7 # 1/2. There exist constants C; and Cy such that

' j,k+1_ i J,k+1
Z Z T Z RE Z )

j=k+1li=k+1 j=k+1 z—k:-i-l
t—1 4 —C2/2 57 s
’Yk+1 ¢'],k+1 e s =h+1
< E Yj § ] <Cp E Vi E b ) (A'53)
j=k+1 i=k+1 j=k+1 i=k+1

where the first inequality is due to v; < vx11 and the final one uses the first part of (X.5) to approximate
Vt1/75-
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Case n < 1/2. (A.53) can be further bounded by

6_02/2 Zg:k-ﬂ Vs ‘)1_2” 6_02/2 Zi:k-ﬂ Vs
Vi

ti%'i: i _tz_ii:(Z

jb
j=k+1 i=k+1 j=k+li=k+1
1-2np i1 . —Co/2 ¥ _ .
< i E 602/4Zg:k+1%' e ? kT
— Cy \ k jb
j=k+1
4 <t>1_27l tz_i 6—02/422:k+173
= (= =
G2 \ K j=k+1 J
4 t 1-2n t-1 6_02/4Zz:k+157b t 1-2n
N < Cs| = A.54
Q)R R ()
=k+1

where C3 > represents a finite constant; the first inequality is due to j/i < t/k and z < e* (z > 0),
the second inequality used that for n < 1/2 and s > 1, 75 > s~° while the final one is based on the
last property of (X.5). Hence, there exists a finite constant K > 0 such that

t t
o
A< K723 % =Kty it’]’;“. (A.55)
k=1 k=1
By (A.47),
t t b b t b b
(I)t,k-',-l e—ar(t —k®) e—ar(t —k®) -
> SZT+ZT<6“"1€—1>. (A.56)
k=1 k=1 k=1
Furthermore,
t gmalt"—k") » (Ei(at®) — Ei(a) 1
/ — dk=e " | ——— ) =0(-), (A.57)
1 k b tb
where
oo ,—t
Ei(z) == —/ ° _at (A.58)
.t
denotes the exponential integral. Because for any a,v > 0
tlim t’e” " Ei(at’) = 1/a, (A.59)
— 00

it follows from the integral comparison test and Toeplitz’s lemma (see also section A.3.2) that A; =
O(7y;). This completes the proof for the case n < 1/2.

Case n > 1/2. Note that (A.53) can similarly be bounded by

t—1 J , t—1 J .
Z Z on—1_ —C2/2 37 s - Z Z —C2/2 37 s
7 ZQW 1%6 2/2 300 1Y Sth 1 v Vi€ 2/ Z.g=k+1’7
Jj=k+1 i=k+1 j=k+1 i=k+1
<t~1cy, (A.60)
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where the existence of some finite constant C3 > 0 is ensured by the last property of (X.5). Hence,

t
’At‘ S Cg t27771 Z (pt,k+17]% <A61)
k=1

and by equation (X.4), A = O(y).
Case n =1/2. For e € (0,1/4) and suitable constants Cp, C; and Cy one gets

701 ZsikJrl 1/31/2

DD ILTIIECID Sl gl

j=k+1li=k+1 ]7k+17,7,€+1

701 Zs =k+1 1/81/2+E

2P IP I

k+1i=k+1
t—1 1 J j 1/24€ e~ C1 Zg:k+1 1/s1/2+e
=Co Z j/2te Z i il/2—e
j=k+1 i=k+1
t—1 1 J j 1/2+4€ efcl Zg:k+1 1/s1/24e
< Co Z J1/2+e Z k+1 i1/2—e¢
j=k+1 i=k+1
= 1 I, /2 S g U8t/
< Co Z j1/2+e Z i1/2—e¢
j=k+1 i=k+1
t—1 701/22‘£:k+1 1/51/2Jr6
=Co Z ]1/2+e Z i i1/2+e
j=k+1 i=k+1
t—1 —C1/4%9 1/st/2+e
4C e M s =kt1
2¢ 0 2¢
S t 71 j1/2+5 S t CQ, (A62)
j=k+1

where the first inequality is due to the first property of (X.5), the second uses that 1/ /251 / si/2te,
the third follows from ¢ > k + 1, the fourth is based on the first property of (X.5) while the final
inequality uses the last property of (X.5). Thus, taking equation (X.4) into account, it follows that

t
e 1

This completes the proof of part (c¢). O

A4 Lemma 3

Lemma 3. Let assumptions 1, 2 and 3A hold and recall that 7 = o/\/k%. Then for finite and
non-zero constants C7 and Cs,

E (b;%) <Ciw

E (b%) < Cyy? @)
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and

1 ZT T2y
. *9

T— o

Proof of (a). Begin with (a) which is an application of theorem 22 of part 2 in Benveniste et al.
(1990). Their theorem provides an L,—upper bound for Robbins-Monro algorithms (cf. pp. 243 in
Benveniste et al. (1990)). In order to apply the theorem, deduce from (A.1) that

by =bi—1 + Y H(bi—1,v¢), (A.64)
where the function b +— H (b, v¢) is defined via
H (b, vs) = h(b)x;? + uy, (A.65)
with
h(b) := —c(b — a). (A.66)
It is readily verified that
E[H(bt,l, ) — h(bt,l)wt,l} =0

(4)

Ky
E [H(btq, vt)2|Vt71} =7+ H(zfg biZ1, (A.67)

where
Vioi = 0o(ap; vs,s <t —1) (A.68)

so that conditions 1.10.2 and 1.10.4 are satisfied. Furthermore, h in (A.66) satisfies clearly the Lipschitz
condition 1.10.5 of Benveniste et al. (1990). It thus suffices to verify that

liminf, 0 2c—— + 1T 5 (A.69)
Ye+1 Vi1

for all n € (0,1) (i.e. condition 1.10.6 in Benveniste et al. (1990)). By assumption 1

ML o(1) (A.70)
Vit1

while v;/v4+1 = 1 + o(1), which proves (A.69). Similarly, it follows from Kushner and Yan’s (1993)
lemma 3.1 that E (b;*) /77 is bounded. O

Proof of (b). Set agt := a{®P¢1 and recall from equation (A.5) that b, = dor + % + é. Now, because
E(utes) = 0 for all ¢t and s (cf. lemma 1), it follows that

E (b;%) = E (ap,) + E (a7) + E (¢7) - (A.71)
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Let us consider the summands in (A.71) one by one: First, equation (A.18) and (X.2) yield

T T o
S B(a) —wi Y 0h <k [ e o),
1

t=1 t=1
for some finite constant K > 0. Turning to the second summand, note that
t .
T3 k=1 Ve if s =1t
E (i) = 4 72 b1 Ykt ks s <t
T2 et Ves 1 s > L

Therefore, taking account of lemma 2, it follows that

2
- .. O'
E (u?) =1} = Mo +o(n)-

Furthermore, (A.10) implies that

> k1 Vg0 (en ifs=t
E(&6s) = § D5 — 1 Tt Ves02(er) if s <t
22:1 %,M,SGQ(ek) if s > t.

By (a), there exists a constant K < oo such that

t t
B (&) = D 2tao™(ex) C Y viam =0 (3),
k=1 k=1

where the last equality is due to Toeplitz’s lemma and part (b) of lemma X.4.

A5 Lemma 4

(A.72)

(A.73)

(A.74)

(A.75)

(A.76)

Assume « to be known and set #; = b,_;x;. Henceforth, redefine b; = b; for notational simplicity.

Lemma 4. Let assumption 1,2 and 3A hold and set
Pt t4+m ‘= COV (i?, i?+m) .
Then

ROy iftm=1

~ -1

Pravm =19 7 ,

ROy H Vi ifm>1,
j=1

where

=B (b 1) de — E (0 4) |K7E (1) v — 0™a7 (s /632 = 1) | = O (7),

with Py == K2 — ey (260 /K2 — ekl /622) and = 1 — ey (2 — epewld /K2?) .
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Proof. Irrespective of the nature of the gain sequence, assumption 2 implies
E (‘,1:?75:%4’771) =E (2 thZflx?erb?erfl)
_E[bt lx?bt—f—m 1 E ($t+m|Vt+m*1):|
=E (bt 12 bt+m 1) E (xt+m)
=E (bt 1T¢ bt+m 1) v
E{bt 1E bt+m 11Ve- 1)} Ky,

so that

pravm = {E[5E (018 o Vies) | B (0F2) WB () |

Furthermore, equation (A.64) together with (A.65) yields

2,2 2[;2 2 2 22
Ty = T4 | b1+ Vepm (Ui + € $t+mbt+m 1 — 2cxy 0 bitm—1Ui4m)
2
+ 27t+mbt+m71(ut+m - C$;+mbt+mfl):| .

Now, for m > 1

E (mgbg-l—mlvt*l) =E (m%bg—l-m—lﬂjt*l) thrm + /7t2+m0-2

m m—1 m
=K (x?bf]]/t_l) H wt—l—j + o2 Z %2+j H Yy + 7t2+m )

j=1 j=1 i=j+1
where
(:L'tb2|Vt 1) = bt 1?/% —1—%0 K //{”2.
Similarly, it is readily verified that

m m—1 m
E (0f1m) =E (b7) H Prij + 1 Z %2+j H Veri + Vorm

j=1 j=1 i=j+1

Hence,

E [bf—lE (ﬁbt%rm’vt—l)] - (bt 1) (bt+m =T H ¢t+y

j=1

where
=E [b} 1 E («7b7[Vi-1)] — E (b7_1) s7'E (b7)

=B (b}1) e — B (b1) | W (6,) 1 — 0*F (w0 /2% = 1) |

Finally, 7, = O(v?) is a direct consequence of lemma 3.
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B Proof of proposition 2.2

Suppose « is known and set Z; := x¢b;_;. Now, consider

R 1z -1 1 I
TY2(By — ) = (Tb > 5;?) o > e,
t=1 t=1
where Bo is defined in (26). The proof is based on two steps:

T
.1 _ , 1 -
(1) plim T E 2 = lim b g E (i7) = ov/(2cb)

T— o0 =1 t—

(2) Tb/Q th&t —>N(O o ')//(201)))

t=1

B.0.1 Step (1)

In view of lemma 3 (b) and the weak LLN, we seek to establish that
L I
ar (Tb Z :E?) =
t=1

o (58) S 25

t=1

Consider

(A.86)

(A.87)

(A.88)

where pt t4m = cov (:Z'?, x? +m) has been defined in lemma 4. By lemma 3, equation (a), there exists a

constant K < oo such that

T
Zvar (56%) < KHr(2n) =
t=1

O (T?1) ifn+#1/2
O(InT) ifn=1/2,

(A.89)

where Hp(-) denotes the generalized harmonic number (cf. equation (A.16)). Turning to the second

summand on the right-hand side of (A.88), use lemma 4 to write

T—1T-t T—2T—t
E E Ptt+s—/€ E 77t+§ E Ptit+s-
t=1s=1 t=1 t=15=2

Since 7 = O(2), the first term of the previous display behaves like

_— e (sz—l) if n#1/2

t=1
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Before the second term in (A.90) is investigated, recall from lemma 4

Yr=1—cy (2 ensld /k2?).
22
t ::min{t v < E“’)}.
CKYy

(@) Y <1—cyif t >t and Yy > 1 — ey otherwise,

Next, define

Then,

(b) ¢ is non-negative,

(¢) Yy < Wpym for m>0and t > t".

Proof of statement (a)-(c). Statement (a) follows directly from the definition of 7. Statement (b) is
clearly true for t < ¢". In case ¢t > t", note that

1
U > 02— cprl kP < —
Nt
oy (1 —enrl /k2?) <1— oy (A.92)

From t > 7, it follows ¢yl /kP? < 1 and thus 1 — ek /K22 > 0. To see that (A.92) is true, note
that ¢y, < 1 and, by the Lyapunov inequality, k22 < (. Hence, 1 — cyk? /622 < 1 — ¢7y;. Turning
to statement (c), observe that

Py < ¢t+m <:>C’7t(2 — C’th'i(' / <)2)

92) > cYpym (2 — Ypmbl /K
S 2(cy — Yem) = Ky /K
)

- ((C%) — (Yt4m) )
&2 ((en) = (nem)?) " (e — eam) > KE/KE2
2 [(ev) L+ Yerm/ 1) T K/ (265%)] > 0. (A.93)
But (A.93) is true because (cy;) ™' > & /k22 and (1 + yerm/7) L > 1/2. O

Suppose T > ¢t > 3 and decompose the second sum in (A.90) as

T-2T— t'—2  T—t s—1 T-2 T—t s—1
Z Z —KJ(IQ) Z ¢ Z H T/Jt+j + Hg) Tt H ¢t+j = AT + .BT7 (A94)
t=1s5=2 t=1 s=2j5=1 t=t"—1 s=2j=

say. By lemma 3, there exists a finite constant C such that

t*—2 T—t s—1 t*—2
Ap < Co > Y [[ v < Co ) v Z H Vit (A.95)
t=1 s=2j5=1 t=1 s=2j5=1
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while the second inequality results from the non-negativeness of 1; cf. property (b) above. Next,
consider

s—1 s—1 Hs+t 11/}
H¢t+j:K(s,t)H¢j with K(s,t) 1= ==& =
=1 =1 Hz:ﬁm

Since t < t", K(s,t) is uniformly bounded in the second argument. Similarly, the numerator of K(s,t)

(A.96)

is clearly finite for s < t* while for s > t" the product-sequence is convergent by property (a) above.

Hence,
T s
Ar < C1H+(27m) Z H Y with Cp:=C)y ,max K(s,t). (A.97)
s=15=1 1§?§?_2
Now,
T s t"—1 s t"—1 T s
D 1T ws=> 1T v+ 11w > 11 v (A.98)
s=1j=1 s=1j=1 i=1  s—g* =t
where, by property (a),
T s T
Y Il v ) 2p=00) (A.99)
s=t"j=t" s=t"

using (A.18) and (X.2). Therefore, Ay < oo. Similarly, by lemma 3, there exists a finite constant Cp
such that

T—t s—1
Br <Co Z v > T e
t=t" 5723—1

<y i '71522(1)5+t—1,t+1-

t=t"—-1 s=1

where the second inequality follows from property (a) and (b). Because ZST:1 ®giy1441 converges
for any t > t" — 1 as T — o0, it follows that there exists a finite constant C; so that

O (T?1) ifn+#1/2

(A.100)
O(InT) ifn=1/2.

Br < CiHr(2n) = {

O]

B.0.2 Step (2)

The following proof is based on corollary 24.14 which accompanies Central Limit Theorem (CLT) 24.6
in Davidson (1994). The corollary allows for asymptotically (as ¢ — o0o) degenerate variances of the
underlying stochastic process. Here, the CLT is applied to scaled partial sums of

Zt = .fté“t, (Al()l)
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which form a martingale difference sequence with respect to V; and whose variances 07 := k?0%E (bf_l)
behave approximately like 74; see equation (a) of lemma 3. In order to apply Davidson’s (1994)
corollary, it is helpful to introduce the following array notation:

T
Zyp = zfsT with s7 =) of. (A.102)
t=1

Note that Zyp inherits the martingale difference property from z; and, taking account of equation (b)
of lemma 3, s2. ~ T°. Now, according to Davidson’s (1994) corollary if

1. there exists a positive constant array c;p so that (E|Zyp/ ctT|T)1/ " < oo uniformly for some r > 2;

2. My = o(1), where My := 1max CtTs

<t<T
3. Zz‘Tzl MiQT = O(1), where M1 := (i_Ilr)lfgSiCtT;
i=1,...,T
then
T
3" Zir -5 N(0, ). (A.103)
t=1

If one lets ¢yp := oy/sp, then, following Davidson’s (1994) argumentation surrounding his corollary,
it can be seen that condition (2) and (3) are satisfied. Specifically, note that cZ, ~ t~77"~1 and thus
M2 ~ (i—1)7"T"1; see also the proof of lemma 24.12 in Davidson (1994). Hence, it suffices to verify
that

L1174
sup {E (Zyr [ cer) ] < 0. (A.104)
t,T
But,
Zir\* E(z E (b}
E (C”> ~ 7(?) = ,g;jmg“i( g‘l), (A.105)
tT Vi Vi

which is, by lemma 3, equation (a), finite. The claim follows upon noting that

T L I —12 7
> Zi = (Tb > at?) > e (A.106)

t=1 t=1 t=1

and, as stated in equation (b) of lemma 3

1
lim ﬁ202:7. O (A.107)
t
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C  Proof of proposition 2.3

Proof. Define w := /(8 — 1) and note that the actual law of motion can be rewritten as
Yt = Pb1ay + oz + &4
= axy +wrh(bi_1) + &4, (A.108)

where § = a(1 — ) and the definition of h(b) = —c(b — «) (cf. equation (A.66)) has been used. In
order to proceed further, it is helpful to introduce the following notation for suitably scaled partial

sums
T
ur =T ", (A.109)
t=1
T
Hyp:=T7'2>" H(b_1,u), (A.110)
t=1
T
my =T"" Z:c? (A.111)
t=1

Recall for convenience the definition of the map b — H (b, v;)
H(b,v) = h(b)x;* + uy with uy = x4/ kY (A.112)
cf. equation (A.65). Taking account of (27) and the representation (A.108), it follows that

T 2
Tl/Q(a N a) _ (li;f)/mT)T_lﬂ Z Yt Tt (Z)Oél't

= (kY/mm)T 1/22 wm h(bi—1) + ui) = (2 /m7) wHy + ¢ tur|, (A.113)
t=1

where the last equality makes use of (A.65). The scaled average uy converges in distribution to a
mean-zero Gaussian random variable with variance 72 = o2/ while (k?/my) = 1 with probability
one by the CLT and the the strong LLN for i.i.d. random variables, respectively. It thus remains
to be shown that Hp is asymptotically negligible. Before doing so, recall (A.65) and note that the
individual summands of the scaled partial sum Hy can be rewritten as

H(at—1,v) = (ur — cby_q) + e, (A.114)

where e; = ¢(1 — x;2)b,_;. Henceforth, write H; := H(b;_1, v;) for notational ease.

Negligibility of Hy. Using the recursive representation (A.5) of b;, it follows that
1 X
—Z(ut—cb:_l) =ur — <b0+2bt)
VT i =

éT—f-TLT

—UT—C@T—C{éT \/» \/»

1+Zq>t1”, (A.115)
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where Zy := T—1/2 Zthl z for z € {é, u}; and the second equality results from

T-1 T-1 T T
bo+ > b = by (1+Z@t,1> +> e+ Y E — (ér + iip).

t=1 t=1 t=1 t=1

Taking (A.114) into account it thus follows that

1+T§q>m]}

C
Hy =(ur —cur) + (e — cér) + —= < (ép + up) — b§
\/T ( 0 —

oY + 59 + 5,
say. Begin with H™ and note that E (H(u)> = 0, while
. T T ’
(W) _ 2 20 (72 _ .
var () =F (u}) + 2 (#3) — 2¢E (igur)

Now, equation (A.73) in together with lemma 2 implies that

T T t-1
D E(@@)+2)y ) E(atas)] = 72 (3P 4 25 .
t=1 t=92s=1

Next, from

2 .
T if s <t
E (atus) _ Vst = '
0 otherwise,

it can be seen that

T 2

T t
UTU'T Z utus = % Z Z Vst = 72 i-

= t=1s=1

Consequently, in conjunction with lemma 2, it follows that
var (HY) =72 [14 62 (67 4 26') - 2¢6'] = o(1)
and, therefore, Hgf) = 0p(1). Turning to Hg-e) note that E <H§§)> = 0, while
var (Hgf)) =E (¢3) + ¢°E (éF) — 2¢E (érer) .

Equation (A.10) and lemma 3 ensure the existence of a finite constant C' such that

B(}) = & Y B(d) < o0 _ o),
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where Hr(n) denotes the generalized harmonic number (cf. equation (A.16)). Furthermore, by equa-
tion (A.75)

k
3 a%ekm,ﬂs,k]

=o(1), (A.125)

w
Il
—
>
Il
—
-
Il
o
=
Il
—
»
Il
—

by lemma 2 and Toeplitz’s lemma. Similarly, since

s if s <t
B (o) = 4 016 e i< (A.126)
0 otherwise,
it follows from lemma 2 and Toeplitz’s that
1 I T ot
E(erer) = 7 tzl (res) = Z_: Z_: )25t = o(1). (A.127)
Therefore, Hgf) = op(1). H;fﬁ ) = op(1) follows imediately. O

D Proof of proposition 2.1
To begin with, let us restate here for convenience the definition of the regressor second moment matrix

My = 27 wpw), with wy = (24b_1, )’ cf. equation (9). The scaled deviation of the joint OLS
estimator (8) in deviation from A can then be written as

T
~ 1 T ([ Qp/T Z
Tb/Q()\— )\) = TbMTlm E WiEL = detMT ( Tb/2 WeeL |, (A128)
t=1

using that M;' = Qr/det My, with

T
fo thbt 1

Qr = =t A1 (A.129)

Zfﬂtbt 1 Z (x4bs-1)?

t=1 t=1

and

2
det M met Z 2by_1) <Z 22, 1> . (A.130)

t=1 t=1 t=1
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The proof is based on the following three steps

det M .
(1) plim gt = o*iy/(200)
— 00
Qr . 1 —«
2 lim < = k¥
S L ) [
Qr/T K22v0t | 1 —a
(3) Th/2 ;wtat SN 2¢h —a o? '

Step (1). Recall the definitions of #; = b, _; and my = T~} Ethl 22, where the latter expression
equals k7 with probability one by the strong LLN for i.i.d. random variables. Now, with some
rearrangement, it is seen that

T 2

det My 1, 1 -

s =T | 23— my (WZwtbt_l ' (4.131)
t=1

The following is repeatedly used: Let assumption 1, 2 and 3A hold. Then,

T
1 S 1
W xtbt—l = Op <Tb/2> . (A—D].)
t=1

Proof of (A-D.1). From equation (A.5) one deduces that

2
1+b (102 thbt 1= 1+b)/2 Z‘”t@t 11+ 1+b)/2 th“t 1+ 1+b (102 thet 1

t=1 t=1
= Ap + BT + CT, (A.132)

say. It will be shown that the three terms on the right-hand side of (A.132) are asymptotically
negligible. Start by considering A;. Assumption 3A in conjunction with (A.18) and (X.3) yields by the
integral comparison test that E|Ap|= O (T —(1+b)/ 2) . Furthermore, by Cauchy-Schwarz’s inequality,

(2)

T 2
Ky Ky 1
t,s=1 t=1

where the approximation of the majorant side of the above display uses again (A.18) and (X.3). Hence,
by the weak LLN, Ar = O,(T~?) (note that (1+b)/2 > b). Turning to the second term, observe that

(1) (2)
Br = 1+b T(1+b)/2 Z U1+ 1+b T(1+b)/2 Z i1 =: By + By, (A.134)
t=1 t=1
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say, where both expressions on the right-hand side have zero mean. Now, taking account of (A.73), it
follows

1211} = 75 T1+b Z Z B

t=1 t=2s=1
111 ]- ].
_ T1+b Z¢ TH,, Zqﬁ = ( >+O<Tb>:o<Tb>, (A.135)

where the order of approximation uses part (b) and (¢) of lemma 2. Next, by construction and

assumption 2, the summands of Bég) are uncorrelated so that

B2 THbZE ): T1+b Z¢ <> (A.136)

t=1 t=1

Consequently, By = Op(T_b/ 2). Next, decompose Cr similar to Br as

Cr = 1+b T+0)/2 Z €1+ 1+b T+0)/2 Z 1ér = Cp + CF, (A.137)
t=1 t=1

and note that both terms on the right-hand side are mean zero by construction. Hence, for some finite
constant Cy > 0

HC(I)H T1+b Z Z ’thU (ex) T1+b Z Z Z Vet Vk, sU (ex)

t=1k=1 t=2s=1k=1
1 T t 1 T t—1 s 1
<Gy ( DDPIE TR o 50> ) ~o().
t=1k=1 t=2s=2k=1

where the first equality uses (A.10), while the inequality is due to equation (a) of lemma 3. The size
0 (1/T") results from lemma 2 and (X.4). Analogous to By, it is seen that

1
eI < 753" 3 k=0 (7). (3139

t=1k=1

for some finite constant C; > 0. This completes the proof of (A-D.1). O

Now, by step (1) of appendix B,

1 T
5 D = 0%/ (26h) + 0,(1).

t=1
Consequently, taking (A-D.1), (A.131) and the almost sure convergence of m7 into account,

2

det My _ By 1 Ky oy
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This completes the proof of step (1). O
Step (2). Observe that

T T
1 1 .
T > by =amy + T > b, (A.141)
t=1 t=1
1 T
TZ(xtbt 1)’ =« mT+—Zx§bt L+ = Z i (A.142)
t=1 t=1 t—l

implies,

1 .
1 L O —*Z.xtbt_l
Qr/T =mTt [_a az] + 5 o
_*Zx?bt 1 azﬁfbt 11t 7 Z
t=1 t—l

In view of the almost sure convergence of m+y, the claim follows because the elements of the second
matrix are o,(1) by the same arguments used in step (1). Since the entries of My /T are found in
rearranged order in Q7 /T, the convergence in probability of My /T mentioned in the main text is
readily deduced from the above. O

Step (3). The entries of the 2 x 1 vector

Qr/T
13;;2 Zwt&g (A143)
t=1

are respectively given by

Z Ti =75 Tb/2 Z bt 1T¢EL — Z Ty bt 1 =75 Tb/2 Z TtE¢ (A144)

t—l t=1 t—l t=1
— Z l‘tbt 1 Tb/2 Zﬂ?t&t Zl‘t bt lTb/2 Z bt 1T¢E¢. (A145)
t—l t=1 t—l t=1

Note that (A.144) and (A.145) can be rewritten as

T . T
mr ~ Ky 27
Tb/2 Z TtEe — UT (T(H_b)/g Z Ty btl) (A.146)
t=1 t=1
amy R R 2
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so that
Qr/T
Tb/2 Z

t=1
1
-

Tb/2 Z Tiet

t=1

T
(sztbt—l uT
t=1

, T
0 Ky =2 2
" {<T(1+b)/2 Z%) uT = ( Z 7ibi- 1) T2 letgt}
=
O, O, = Op ! A.148
Tb/2 ;Itét + Tb/2 T Tz | T T1/2 (A.148)

where again (A-D.1) and step (1) of appendix B together with uy = T—1/2 Zthlut = 0p(1) (cf.
(A.109)) has been used in order to obtain the size of the remainder terms. Hence, it follows that
(A.143) is asymptotically equal to

1 K22yot | 1 —a
[ Tb/2 Z TtE¢ —) N ( s 5h N a2 . (A149)

t=1
The limiting distribution is a direct consequence of step (2) of appendix B. Using step (1) of this proof

in conjunction with Slutzky’s theorem gives the stated result. O

D.0.3 Remarks

Recall

1 T
GQZTE th and & =y — Nwy,
t=1

and observe that

_ 1 «
P21 (e ) (97) () = o0,

using the previous results and applying the LLN to the first term. The consistency of T°Vy for V
mentioned in proposition 2.1 follows therefore immediately from step (1) and (2) above. Similarly, the
asymptotic normality of the ¢ statistics for § and § mentioned in section 2.3 can be easily established
with the help of the previous results be recognizing that

myo 2 2¢ch

b 1152 _
T°m* o = Tt MT/T1+b +0,(1) (A.150)
T N
1 c2 2¢b
b ~
Thm* 6% = ) (eeben)” g e = @ FonlL). (A.151)
t=1
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E  Proof of corollary 2.1

Begin with the proof of (17) and note that the definition in equation (16) of Ao vields

a0t als=F) (A.152)
1—-Xg

Now, taking (A.129) and (A.130) into account, it is seen that

X,B —-B= m (Z Xy Z bi_1xier — Z x2b 4 Z xt€t> (A.153)

t=1 t=1 t=1

~ 1
)\5 —0= dot WT (; ZEtbt 1 Z TEt — Z o bt 1 Z bt 1xt€t> . (A154)

t=1 t=1 t=1

Consequently, one gets with a little rearrangement,

= 14y
T ()‘a B a) e M;T/f T1/2 Z b1t <Tb > v - STh th bi—- 1>
—AB

t=1 t=1

(det WT/TH_b

@ 2
T LTI 15 YIRS Y

t=1
~ur [(R2(det W/ T
- 1— ’):5 Tb Z Ty

t=1
T
(det Wy /T'H0)~1 1 9,
— - B\\B T(1+b)/2 t:Z:l Ty btfl Tb/Q Z Tt | . (A155)

t=1

By the CLT for ¢.i.d. random variables, u7 is asymptotically normal with mean zero and variance
72; see also the discussion following the definition of u7 in (A.109). Taking step (1) of appendix B
and D together with the consistency of Xg into account, one deduces from Slutzky’s theorem and the
aforementioned CLT that the first expression after the second equality is asymptotically normal with
mean zero and variance (7/¢)?. The the second summand after the second equality is o,(1) due to

(A-D.1) and the second step of appendix B.

The limiting distribution of T/ 2(@& — «) is now easily established once one notes that

T2 XN —a) =ur (

T T
_ 1 Z . 1 Z -
— (det WT/T1+b> 1 (W x?bt]_) (W I’tEt) . D (A156)
t=1 1

K2 (det Wy /T =L L
Tb
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F' The general algorithm

This section extends the conclusions of the previous analysis to the general algorithm (5) without
restricting r; provided the conditions of assumption 1, 2 and 3 are met. For future reference, define
the Lp,—norm [ X||, := (E|X|P)Y/P for any random variable X with E|X[P< oo and real p > 0. To
begin with, a useful result on the recursion r; of the learning scheme (5) is established:

(29)

Lemma F.1. Suppose assumption 1 and 2 hold. If, in addition, kg ' < oo, then

Ire — &2, = O(y, %) for s > 0.

Proof. In view of (A.6) and (A.7) define @1 = [[5_,(1 — ;) with ®; ;41 := 1 and s 1= Pppy1V-
Then,

t

ri=1=(rg = D)®1+ > Are (2 — 1), (A.157)
k=1

where it has been used that ZZ: 1 Vet + <i>t71 = 1. For simplicity, assume v = 1, then @t,l = 0 and, by
construction, E(r; — 1) = 0. The independence of (x;):>1 implies

t t

Iri == > Ak ke[ @iz 1) - (@2 =) = =2 =10 D0 (Gee)®, (A158)
ki, ks =1 k=1

2 — 1”2 < 25*1(1—1—&&25)) < 00. The claim follows by equation (X.4). [

where, by the ¢, inequality, ‘

Remark. Forr = 2, convergence in mean square and thus convergence in probability follows. Because
r¢ 18 a partial sum of the independent sequence rgy,x1,...,T:, convergence is almost surely, see e.g.
Davidson (1994, theorem 20.9). In view of the almost sure convergence of ry, there exists a time t
(random) after which the recursions by and a; coincide with probability one.

First, recall for convenience from (A.1) and (A.2) the simplified algorithm which results upon imposing
assumption 3A, i.e.

by =b;_y + v H(b—1,v)
=b;_1(1— ) + vews + e
= a(*]q)t,l + at + ét. (A159)

where definition of the map b + H(b,v;) is given by (A.65); e; = c(1 — z;2)b;_;, b; = by — a and
bo = ag. On the other hand, the general algorithm is seen to be given by

a; =aj_q +vH(ar—1,v) + v (1/r; — 1)H (ar—1,v)
=a;_1 (1 = oye) + yeus + " + 1ép”

—ag®sq 4 i + & + €7, (A.160)
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where
Wo=c(l —z;Ha;_, (A.161)

<2> = (1/r; — 1) H(as_1,vy). (A.162)

The strengthening of the conditions of assumption 3 relative to assumption 3A is due to the need of
bounding the fourth moment of 5(2). As shown by lemma F.2, the 7** moment of §§2) inherits the
properties of the 2rt" moment of r;, — k2 under assumption 3.

Lemma F.2. Let assumption 1, 2 and 3 hold, then

H{f)Hr = O(’ytl_l/(%)) for r € (0,4].

Proof. For notational ease, write H; := H(a;—1,v). Developing f(z) := 1/x — 1 in a mean-value
expansion around 1 yields

= O He = —(rf — D) HA?, (A.163)

where the mean-value )\; (random) is on the line segment connecting r; and 1. Cauchy-Schwarz’s
inequality yields furthermore

&0, < lri = Ll | HeX 2, - (A.164)

By part (a) of assumption 3, A; is bounded a.s., while part (b) ensures that ||H;[|,, < oo, thereby
showing that the previous display is of size O(||; — 1||,,.). Taking account of lemma F.1 thus completes
the proof. 0

Remark. From Minkowski’s inequality one gets

2, < Z e 1671, (A.165)

Hence, it follows as a corollary (using the previous lemma and equation (X.4)) that

IE7], = 06 ™).

The key result of this section is summarized by the following proposition.

Proposition F.1. Let assumption 1, 2 and 3 hold, then

1 I
(1) T0/2 thgt a;_y — b 1) = op(1)
) LS i~ 62) = o)

t=1
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Remark. In order to see how this proposition can be applied, consider the proof of proposition 2.2
gwen in appendix B. Let Ty := xa;_; and note that

Tb/2 Zﬂﬁt&t = Tb/2 Zﬂﬂtbt 16t + Tb/2 Zﬂﬁt& a;_y —b;_1)

=1 t=1

1 &, 1 ,

ﬁzfﬂt ZFZ(xtbt—l To th a;2y —b2y).
t=1 t=1 t=1

Since the leading terms of the above display are treated in appendix B and the remainder terms have
been shown to be oy(1), the conclusion of proposition 2.2 remains to hold under the general algorithm
(5) without constraining ry. Similar arguments can be applied to the results contained in appendices
C, D and E in order to show that the corresponding results extend to the general algorithm (5) given
assumptions 1, 2 and 3 are met.

Proof of part (1). Note that the summands
Zt 1= T4E¢ (a;_l — b:_l)

form a martingale difference sequence with respect to V; (cf. equation (A.68)) so that
T
1
Tb/2 Z #t
t=1
It will be shown that |22 = O(~; 5/2 ). First, note that the definitions of a; and b; imply that

L+ IEPE)-

2 1 T
=5 D =l (A.166)

2 t=1

&Y —¢é

Il = W20 i — by = w2 &0 — e+ 60 < 202

Now,
2

Hﬁ(l) € 2) (a};—l - bl*c—l)

2

t
=c? (H?/H?Q —1) Z ’7]%,7& |ak_1 — bZAHi
k=1

t
<& (/w22 = 1) S ke (il + 1)
k=1
t
<2Co & (kY /67 = 1) Y Ak = 0(7), (A.167)
=1

where the first equality follows from assumption 2, the final inequality uses that E (a’gz) = O(vn) (cf.
Benveniste et al. (1990, theorem 24)) and the last equality is due to equation (X.4). By the remark
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surrounding lemma F.2, ‘|£§2)HQ = 0(73/2) which proves |z = 0(73/2). Hence, Y/_, ||z] =

0] (T1*3/2’7) so that

T
# d u=0, (T—"/4) , (A.168)
t=1

thereby completing the proof of part (1). O
Proof of part (2). Use the definitions of a; and b; to write

ai? b2 = (E02 — &) + 2 (60 — &) (b — &) + £ (2a, — £2)

=AY 4+ 24P 4+ AP (A.169)
say. We seek to establish
1 X
=5 > AP =o0,(1) (A.170)
t=1
2
by first showing that E|T~? Zthl A" = o(1) for £ = 1,2,3. If, in addition, Z?:1 AL = o(T?),
2
the claim follows from the weak LLN. Making use of Minkowski’s inequality,
T T
> a0 <3 jao), aamy
t=1 2 t=1

it is seen that a sufficient condition for (A.170) is that both, E|A{”| and HAff)
some o > 1 and £ =1,2,3.

,» are of size O(vf") for

Begin with Ail) and note that by assumption 2,

t
EIA[=c Y evsBI(1 = 233 (1 = 23%) (151 — bj_ b5y
s,k=1

t
o= 1) 3ok
k=1

By Benveniste et al. (1990, theorem 24) and equation (X.4), the final display is seen to be of size

aii | - b;;_luf) . (A.172)

O(~?). Furthermore,

t
HA§1>Hj:C4 Z Vet " Vhast

(@2 = 1) (22 = 1)
X (a;;rla};gfl - bl*cl—lbzg—l) (al*cgfla;m;fl - bzgflbl*mfl) H

t
3322 - 1Hj Z ’Yl%,t Haﬁl - blilHj
k=1

t

<@t (14w /m2t) Sk (]

k=1

264‘

GZ_1H3'+

bZ_1Hj>7
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where the second equality uses assumption 2 while the inequality is due to the ¢, inequality. By part

(a) of assumption 3, ‘a}g_lHj + | b,’;_lHj < oo so that in conjunction with equation (X.4) it follows

that || A2 = O(43).

Turning to Af), observe first that Cauchy-Schwarz’s together with the triangle inequality yield

B4 < (|67 —é -

€t

 lIor —édll, < o (el + [laotll,) - (A.173)

Because ||i]|> = 7238 _, 713,1: = O(v) and |dagt||> = O(e_tb) (cf. equation (?7)), it follows from equa-

tion (A.167) that B|A® | = 0(73/2). Again, by Cauchy-Schwarz’s inequality, HAf) H2 < ||EP — étH4 lb; — él,-
Now,
- 4 ¢
Poali=ct Y A A (1= i) (1= )
ki ka=1
x (aky 1 = by—1) (@1 — by 1) H
t
= e =il 32 vk ok = bia s
k=1
t
< @'+ g /m2 ) 3 ke (laioa 1)+ 07 (A174)
k=1

aZ—lHj +

b4 Hj < oo the previous display is seen to be of size O(1;). The claim follows because ||b; — &, <

using assumption 2 together with the ¢, inequality. Because, by part (a) of assumption 3,

- - 3/4
laoe |, + lliiell, = O™

Finally, consider A\”. By Cauchy-Schwarz’s inequality, the definition of a; and b; together with lemma

F.2, one gets

EIAP| < [|E2]], (2 laell, + [[€2]],) = 0¢") (A.175)
and

1A, < &2, @ ladl, + |E7],) = O¢%"). (A.176)
This completes the proof of part (2). 0

G Proof of remark 2.2

Throughout assumption 2 and 3A are assumed to hold. Further, suppose assumption 1 holds with
n =20, ie. v =~ for all t.
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A recursive representation for the simplified recursion (A.1) similar to (A.2) is then readily derived,

i.e.
t—1 . t—1 '
bi=1—0)b+7> (1—0eri+v> (1—0)u, (A.177)
i=0 1=0

where 0 := ¢y while e; and u; have been defined in (A.3). Let

t—1

iy = (1= 60)'u (A.178)
1=0
t—1

&= (1—0) e, (A.179)
i=0
so that (A.177) can be written as
bi = (1 —0)"by + vtz + Vér. (A.180)

Lemma G.1. If n =0, then for finite and non-zero constants C1 and Cs,

E (b%) <C1y

G.1
B (1) <On. (G-t
Set v := 1tlgroloE (b;z), then
2
_T 2
= 5 +0(v%). (G.1b)

Proof of lemma G.1. (G.1a) follows from part (a) of lemma 3. Now, by lemma 1 and equation (A.177),

t—1 t—1
E(b;%) = (1= 0)%k) + 0% (/622 = 1) Y (1= 0E (b2, ;) + (y7) > _(1—0)*.  (A.181)
i=0 i=0

The three terms on the right-hand side of (A.181) will be subsequently investigated: The first term is
asymptotically negligible as tlim (1—-6)% =0 and /fg) < 00. Turning to the second term, note that
— 00

[e.9]

> (1-6)¥ = 9(21_ 5y (A.182)

1=0

By (G.1a), E (b;2) = O(v) while the definition of § implies §/(2 — §) < ~. Hence, the second term
behaves asymptotically as O(7?). Finally, consider the third term

t—1

. 2.2 N2 (y7)? _ 2
lim 7 ;0(1 0)% = v+ 22 0) = v+ 0(7?). (A.183)
This completes the proof of (G.1b). O
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Remark G.2. Note that part (G.1b) of the previous lemma implies that
lim —— > E(b?) = r (A.184)
T t 2¢’ ’

where the limit is taken as v \(0 such that ¥I' — oo.

Lemma G.3. Assume a to be known and set &y = b;_qx;. Henceforth, redefine by = b; for notational
simplicity. Let assumption 1,2 and 3A hold and set

Pt t+m = COV (j?a f?er) .

Then
Prirm =Ko mp™ !
where
= E(aj 1) ¥ — E(a7_,) [H?E (af 1) ¥ = 0®y (s /K32 = 1) | =0 (¥%),
with ) == K2 — 0 (26 /K2 — 0k /k2?) and ¢ = 1—6 (2 — O /k2?) .
Proof of lemma G.3. Recall from lemma 4 that
E (1’%, 53§+m) = [bf 1B (l’t bt+m 1| Ve- 1) } Ky (A.185)
so that
pt t+m —K { |:b% lE( ?bf+m—1|Vt—1)] - (bt 1) (bt+m 1) } (A186)
If n =0, then
E (afs) =E (afsr-1) ¥ + 9777
=E(a))y™ +~°7° Z W (A.187)
where E(a?) = E (a7_;) ¥ 4+ *72. Similarly,
m—1
E (270}, |Vi1) =E (2767 |Vio1) 9™ + 4207 Z W, (A.188)
i=0
where
E (2707 |Vi1) = ai_1d + 770"k [R57. (A.189)
Therefore,
E[a;%,lE (xfazm\vt_l)} — B (a2 ) KYE (a2,,,) = )™ (A.190)
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where
T = E[a?flE (z7a;|Vi1) } —E (a7_;) k2E (a7)

=E (a;_1) ¥ —E (a}_;) |K2E (a7_;) ¢ — 09 (s /k2? = 1) |. (A.191)

G.1 Proposition 2.2
Proposition G.1. Suppose that assumption 1, 2 and 3A hold. Then
(YT)2(Bo — B) — N (0,2¢b).

Proof of lemma G.1. Analogous to the proof for the case n > 0 (cf. appendix B), consider

1/2/72 1 d 2 B 1 d
(WT) (ﬁo—ﬁ)=<wzxt> Wt;xtet. (A.192)

t=1
The proof proceeds in two steps:

T

(1) phm — Z = hm — Z E (i}) = 0%/(2c)

~T

(2) 1)1/22@& i>,/\/(0,a4/(2c)),

(T

where the respective limits are taken as v \, 0 such that vI' — oo.

Step (1). By lemma G.1, it suffices to show that

T T-1T-
ar (Z :E?) Z var (i7) Z Z Ptt4ss (A.193)

t=1 t=1

where, as defined in lemma 4, py41m = cov (27,%7,,,) . The first term behaves like O(T?) by part
(G.1a) of lemma G.1. Turning to the second summand, suppose that v < 2/(k!c). Then ¢ < 1 and
for some suitable C7 < oo

T—1T-t T—-1 _ T—t
Pravs= > U Yy !
t=1s=1 t=1 s=1
T—-1T-
<C ZW*
t=1s=1
T )2 _ _
—op Y (1) +9(T 2):O(T72), (A.194)

(1—-v)*
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which completes step (1).
Step (2). Note that

2t (= TEr = bt_ll‘tEt (A195)
forms a martingale difference sequence with respect to V;. Furthermore, define Zyp := z;/sp, where
T
55 1= Z o7 with of :=E (¢}) = 0”E (a}_,) (A.196)

t=1

and observe that by definition of z; and Z;p,

1 ZT: 1 ,\"? i
i3 i’t(’ft = <ST) ZtT. (A197)
(VT2 T t=1
Now, taking account of equation (G.1b) of lemma G.1, it is seen that

2
sp/(0T)
— =1 1). Al
g =1+ o) (4.198)

Consequently, the claim follows if Zf: 12T 4N (0,1). According to Davidson’s (1994) theorem 24.3,
it suffices to verify that the following to conditions hold:

1S Zir 2 1

2. max |Zr|-2 0.
1<t<T

By part (1), the first condition is satisfied. Using theorem 23.10 and 23.16 in Davidson (1994) together
with lemma G.1, also the second condition is seen to hold as z? is uniformly integrable. This completes
the proof of proposition G.1. O

G.2 Proposition 2.3

Next, proposition 2.3 will be shown to hold if n = 0. The recursive representation (A.177) yields with
a little rearrangement that

it t—1
Hy+bye(1—60) 71 = (ut -0 Z ui(1 - 9)t1i> + (et -0 Z ei(1— 9)t1i>

i=1 i=1

= H™ 4+ H fort>2, (A.199)
where Ht(u) and Ht(e) denote respectively the two terms in parentheses on the right hand-side of the
equality. Let Hélz) =T~ 1/2 2522 Ht(z) for z € {e,u}, then Hy might be expressed as:
H,y
VT

= HY + HE 1 0,(1), (A.200)

Hr +0p(1) = H" + B +
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where the 0,(1) term on the left-hand side follows upon noting that s}’ < co and Y ;2 ;(1—6)""! < oo,
whereas the last equality follows directly from (A.114) taking into account that u;, e; and ag are
uncorrelated. The following two steps establish the asymptotic negligibility of the partial sums Héy )

and Hg-e), both of which are mean-zero.

Negligibility of H7(Z“L ). By the weak LLN, it suffices to show that

o (1) = 0 (0| + 230 S m () = arem a0

t=2m=1

approaches zero as T' — oco. It is not difficult to see that the summands of the first partial sum are
given by 72 (1 +023 (1 - G)Q(t_l_i)) Since

t—1

i 1= =02 1
> (1)) = A.202
_1( ) 02—0) 02— 6) (4.202)

it follows from Cesaro’s mean convergence theorem that Ay — A := 72/(1 — 6/2). Hence, it remains
to establish —Bp — A. Now, observe that

t+m—1 t—1 t+m—1
(W) 7p(u) '\ _ , t+m—1—i 2 o t—1—i t+m—1—j
E(Ht Ht+m) — 9 Z:l B(upu:) (1 — 6) +0 Zl Jz_:l E(uu;) (1 — 0)171(1 - 0) j
t—1 '
— 7’29(1 - H)m—l + 7_292 Z(l o 9)2t+m—2—21
=1
t—1 '
=7%0(1— )" [9 P 1]
i=1
=791 — )™t [9 > (-0t - 1] for m > 0, (A.203)
=1

where the last equality is due to

§(1—9)2i_1 - (1-0)*—20+1
= 03 — 302 + 20
t—1
=) Q-0 (A.204)
i=1

Note that the limit of the partial sum (A.204) is (1 — 0)/(6(2 — 0)). Taking this into account, By is
decomposed as

—_

0 T—1 T-t 9 T—

- 2;t2m1(1_0)m_1_(1_9)(2_9);22 |:(1_6)2t_(1_9)t+T , (A.205)

~+

56



where it has been used that

; _ 2t
9;(1 e ; i 5 (_10)(92)_ 5 (2.206)
T—t . .
> (1 -opemt =20 _9(1 —0™ (A.207)

As the second term on the right-hand side of (A.205) tends to zero while

T—-1T-t
_PT-1)-(1-9"-6T+1 1
72 S (-6 TEG D 5 (A.208)
t=2m=1

it follows that —Bp — A, which proves Hf(,y ) = op(1).

Negligibility of H7(—e). Analogously to the previous part, it will be shown that

o () = 338 (1) ]+ 2 X X (0 < aremp nm
t=2

tends to zero as T' — oo. Mirroring the previous arguments, it is readily established that

o?(er) + 02301 02 (e) (1 — 9)2¢1-0) iftm=0
E (H(e)ng)m) = | (A.210)
(1 — )1 [9 S 02 () (1 — 0)221 - 02(@)} if m > 0,
where (A.10) has been used. Consequently, Ar can be rewritten as:
T t-1 A
A =% (K /K¢ TZE a;_,> +02 ZZE a;_1?) (1 —0)%= H)]. (A.211)
t—21— 1
It will be shown that
2 () /(22 v
AT — A:=c (K’(z)/'l{’.(r) — 1) 1_79/2, (A212)
where v := lim; E (a;?); cf. lemma 3. In order to see this, take account of (A.202) and let
i = 0(2—0)(1 — )21, (A.213)
Since tl_i>m &= 0 and tl_i>m 7L & = 1, Toeplitz’s lemma and lemma 3 yield
2(t—1—4) _ _
tli)nolozlE i— 1 0) t%mZE i— 1 é-zt ( ) (A214)

Equation (A.212) follows upon applying Ceésaro’s mean convergence theorem. Turning to Bp, note
first that
T—t

doa-omt=1-1-0"" (A.215)

m=1
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implies

2 B A y .
+ = > o’(e)(1—06)""" = B} — Bf — B + BY. (A.216)

Begin with B% and define & := (1 —0)?*=2720(2 — ). Taking account of (A.204), it is seen that that
tlim & = 0 while tlim Zz;l &+ = 1. Hence, by Toeplitz’s lemma and Cesaro’s mean convergence
— 00 — 00

theorem
T—1 t—1
i _ (102 20, \¢. 2 (. 1-0
Bl = (2_9> T;;a (e)8ip = (6 =D 2w ( 55 |- (A.217)
Next, by lemma 3, there exists a finite constant C' such that
) g T=1 t=1 A
BE<C(1 - 9)Tf 0y (1—6)-21
t=2 i=1
g T-1
_ _ N\T 4 -t
=C(1-9) 7 o(1-67"
t=2
2
=C(1 - «9)%0 (1—0)"T) =0(1/1T). (A.218)

By lemma 3, B! — 2¢? () — 1) v while, similar to B%¥!, B¥ = O(1/T). Hence, upon collecting terms,
it is seen that —Bp — A, which proves that Hé—e) = 0p(1). This completes the proof for the constant
gain case. ]

G.3 Proposition 2.1

The following equivalent of proposition 2.1 will be established:

Proposition G.2. Suppose assumption 1 with n = 0 so that ¥*T /4 0, assumption 2 and 3A hold.
Then

(YT)2(X = \) i>/\/(o,2c[ ! —§D :
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Proof of proposition G.2. The following closely mirrors the proof of proposition 2.1 contained in
appendix D. Specifically, consider

/2y 11 a VT Qr/T d
(’}/T) ()\ - )\) = ’}/TWT W ;wt&:t = det WT r}/T 1/2 Z WeEL | - (A219)
The main idea is to show that
det W/ K
(1) plim EinQT = ok /(20)
oy
1 -«
2 li T = kY
(2) plim Qr/T = ry [_a a2]
T
Qr/T d k2204 | 1 —«
3 — 0
( ) (’y )1/2 ; Wtet N Y 26 —a 052 9
where the respective limits are taken as v \, 0 such that v>T 4 0.
Step (1). Analogous to (A.131), consider
T T 2
,-YTQ — m’T fyiT Z .'I}t ’mT fyl/TT Z .’I,'t bt—l . (A220)
t=1 t=1

Similarly to (A-D.1), it will first be shown that under the conditions of the proposition

T1/2 fobt L =0,(1). (A-G.1)
t=1

Proof of (A-G.1). From (A.180) it follows that

T T T
T}/ztz:lxtzb;l Tl/Q; +1;1Y/2§$?ﬁt—1+73/2§$t25t—1

=:Ar+ Br + Cr, (A.221)

We seek to show that the three terms Ap, By and Cr are O, (1). Begin with A7 and note that
ElBIss 5~ p gyt !

Bl Ar|= =15 ;(1 —0)t=0 <7T1/2) : (A.222)
using assumption 2 and the fact that Zthl(l -0t =6"1(1-(1-6)") = O(1/~). Furthermore,
it is seen that

t=1

@ T 2
2 _ Ky t—1 s—1
Az [l; = =7 t§_ (z22?)(1—0)' (1 - 0)" ' < K (Tm Y (- ) : (A.223)
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where Cauchy Schwarz’s inequality has been used. The term in brackets on the majorant side of
(A.223) has already been shown to be of size O (’y*IT*I/Z), thereby proving that Ar = O,(1) if
2T + 0. Before turning to By and Cr, note that the definitions of (A.178) and (A.179) imply that

( t—1
Y (1 0) if 5=t

E(dts) = ¢ 427 (A.224)
Y (10 s <t
=0

( t—1

Co Y (1—0)"E®;?, ;) ifs=t
E(é€,) = =9 (A.225)
Co Y (1—0)"*¥E®?, ;) ifs<t,

1 =0

where Cp := ¢? (k) /k2? — 1) . Consider By first and let

T T
K )
Br = Tﬁ/l -1+ (22 — 1)i—1 =: BY + BY, (A.226)
t=1 t=1
say. Now, from (A.224) one gets
) (K,(Q)T)2’)/2 T t—1 272 T t—1 s—1 )
1B, == > (1=0)* YD eyt (A.227)
t=1i=0 t=2s5=1i=0
Note that
T t-1 2T 2T
22(1—9)%— T 1-01-0"+602-0)(0-1)" —1)
— (2-0)0 (2 — 6)202
T 1
Y Y
Similarly,
i Z 51 e N L U Vi €t DPAS Gl BE Se’
— e N 63 (2 —0)263 (2-0)02 (2—0)%0

of2)-o(2)o(t)

Hence it follows that HB(TI)Hz = O(1) and thus B} = O,(1) as E(B}’) = 0. Turning to B note that
its summands are uncorrelated with mean zero so that

( 2Tt1

il YN a-0¥= (7)+O(;>, (A.230)

t=1:=0

BRI, =
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using the same arguments as before. Hence, By = O,(1).

Finally, consider Cr and let

Cr = T1/2 Z T1/2 (a7

t=1 t=1

!

—1)é1 = CY + CF, (A.231)

say. (G.la) ensures the existence of some finite constants Ky > 0 and K; > 0 so that
G312 < Koy | BR|; and [lCP|[; < Kiv || BY: (A.232)

what proves (A-G.1). O

Now, the claim follows by step (1) of appendix G.1, (A-G.1) and the almost sure convergence of
mT. [

Step (2). Taking the above into account, the proof is analogous to that of step (2) in appendix D.
Step (3). Similarly to (A.148), the entries of the 2 x 1 vector

T
% tzzl wie (A.233)
can be written as
QT/T Z I [ 1 mT i Sty
t—1 —a| voT

0 K2 o 1 .. 1
|\ 227 | or = {7 2ot | o 2 e
B s ZTjje+o Vom0, (— (A.234)
— N fyl/QTt: tEt D ’)/T D Yy D /—T s .

using again that ur = O,(1) together with step (1) and (2) of appendix G.1 together with (A-G.1).
Hence, it follows that (A.233) is asymptotically equal to
(2

1 (2)204 1 —«
!a sztst—m/< 5 [a O‘ZD' (A.235)

The limiting distribution is a direct consequence of step (2) of appendix G.1. Using step (1) of this

proof in conjunction with Slutzky’s theorem gives the stated result. O
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G.4 Corollary 2.1

Based on the proof of corollary 2.1 contained in appendix E, note that

T T
1/2 (3 _ (det Wp/(yT*))7" 1 Z a Z 2 Z
T / <)\a - a) = = T1/2 bt—lxtgt ’yiT Ty — on bt 1

1—Ag

t_l
det W- T
+ ( T/(’Y T1/2 Z ( Z(thbt 1 e — Z -'Et bt 1)
1- )‘,8 t_l t_l
_ ot (ng><detWT/<vT2>>1§:j2>
= = t
1— g VT —
T T
(det W/ (yT?)) L 1 9y % 1 -
— 1 /)\\ﬁ 71/2T tz:l o bt—l W tz:l TtE¢ | - (A236)

Taking account of step (1) and (2) of proposition G.1 together with (A-G.1) and step (1) of the
proceeding proof, it follows from the same arguments as that used in proving corollary 2.1 that

T1/? (Xa . a) 5 N0, (1/¢)?).

H Proof of remark 2.3

Assumption 2 M. The elements of the random vector vy := (x}, &) are mutually independent and
identically distributed so that E(e?) = 0% € (0,00) and E(xx}) := Q is positive definite.

Similar to the auxiliary assumption 3A, it is assumed that the recursion for the regressor second
moment matrix is centered at R; = () for all ¢. The agent’s recursion (13) for the k£ dimensional RE

equilibrium vector « is thus given by

b =bi1 4+ vQ tze(y — by_y1y), (A.237)
so that yf‘ 1 = bj_jx¢ represents the agent’s forecast of y;.
Assumption 3 M. The elements of v satisfy assumption 3-SG and E(byb,’) < oc.

Lemma H.1. Let & := b, _,'z;. Then

~2
5 t_zl Ly ko? 2cb'
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Proof. To begin with, consider
E(ig) = E(wgb;_lbz_llﬁt) =E (tr [l’tﬂ?;b:_lb:_ll]) =tr [QE(bZ—le—ll)] s (A238)

where tr[-] represents the trace of a matrix. Next, note that
L I
=Y EM) = 0?7 L (A.239)

Tb — 2¢cb

In order to see this, observe that analogous to (A.5), one gets

by =b;_1(1—cve) + mQ 'wer + eIy — Q 'aya))by_y

=bo®s1 + U + &, (A.240)
with
t
Z = Z Yer2i for z € {u, e}, (A.241)
k=1

where u; == Q lxier and e; := c¢(I; — Q laya})b;_;. As in the proof of 1, it is readily verified that u;
and ez are uncorrelated for all ¢ and s. It thus follows that

E(b;b;") = E(boby) 1 + E(ray) + E(é:8)). (A.242)

The following arguments mirror the proof of equation (b) of lemma 3: the first term is of order O(e~*"),
while the second summand obeys

t t

B(iiy) = Y s Blugul) = 0?Q1 Y " Af, =0?Q 7! % +o(m), (A.243)

k,s=1 k=1
and the third term is of order O(~#). This proves (A.239).
Lemma H.2. Let z; := Tie¢. Then
1 ) d
T3 Z 2 = N(0, kot /2ch).
t=1
Proof. Note that
var(z;) = o?E(#7) = o’tr [Q E (b;_1b;_,") ] , (A.244)

so that by lemma H.1 above

T

T
]- 1 * *
=5 D var(z) = o’tr [Q O E (bt,lbt,l’)} = /{:04%. O (A.245)
t=1 t=1
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Define the T dimensional vector y¢ := (yﬁo, . ,y%lel)’, where yj, | = b,_,z¢ and the T' x k dimen-

sional matrix X = (2f,...,2/)". Furthermore, define the k + 1 dimension vector w; := (ytelt_l, x}) so

that

T
MT = E wtw,’f.
t=1

It follows that

)

M_l _ i ]. _7TT
r ¢t |—mr Br

where
7 = (X' X)X ye
Br = (X'X)"! [qusT n X’yeye’X(X’X)_l}
or =y°'y" —y¥ X (X' X) T XyS,

see, e.g., Abadir and Magnus (2006, exercise 5.15). Note that

Ur 1 ~
T2 =0, o2 where Up := Zaztwt
t=1

X'X
T =Q +0p(1)
X'y X'X  Ur
T =1t Qetal)
¢r _ XX Up (X'XNTD Ur 5
Tb — T T(1+b)/2 T T(14b)/2 — 2¢cbh
xX'x\' X'y (X'y\ (X' X\
BT:< - ) Ik(qu/T)Jr( Ty>< Ty> ( - ) = ad’ + 0y(1),
where X := (#1,...,%7)". Taking this into account, it follows that

b 1.2 70 4 op
T MT = ko chfafa + Op(l),

(A.246)

(A.247)

(A.248)
(A.249)
(A.250)

(A.251)

(A.252)

(A.253)

(A.254)

(A.255)

(A.256)

where (4 := (1, —a’)’. Now, consider A — \ = M;'W'e, where ¢ := (e1,...,er) and W = (y°, X) is
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the T x (k + 1) sample matrix. With a little rearrangement (similar to that of (A.143)), it follows

~ 1 1| X'e
Tb/2 _ - = e
(>‘ )‘) ¢T/Tb —a| Tb/2
1 [1] v /x'x\7' X
_—QST/Tb —al| TQ+b)/2 T T1/2
Lo o] [ /x X\t gr (XX Ur Up (XX\TH] X
/TP | I T T(14b)/2 T T+0)/2 T T T1/2
1 fo ] rx'x\t up X
+¢T/Tb I T T(+b)/2 T1/2
2cb 1| X'e d . 2ch
_W o W + Op(l) —>N(Ok+1,V) with V .= Hﬁaﬁa. (A257)
Next, similar to the proof of corollary 2.1, it is seen that
V21, (0= \) =T"2(\s = 6+ a(hg — B))
C(X'X\ T X
- T T1/2
1 X'X\ ' Up X'
/T \ T T1/2 Tb
Lo XX\ Up U (X'X\ 7' X'e
ér/T0 \ T T T TY/2
1 X'e d _
=Q 1m+op(1) 5 N(0p, 0?Q7 ). (A.258)
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