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Abstract
Understanding changes in the frequency, severity, and seasonality of daily temperature
extremes is important for public policy decisions regarding heat and cold waves. We model
the daily minimum and maximum temperature using a bivariate VARMA-MGARCH
model, with conditional dependency modelled using a dynamic copula. A useful byproduct is the implicit modelling of the daily average and the diurnal temperature range,
which has been used as an index of climate change. We model Spanish data recorded
over a 65-year-period. To evaluate bivariate density estimates, we propose a new weighted
energy score in order to focus on the extremes of the density.
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Introduction
Extreme weather events can have negative impacts on our society and economy. For

example, heat waves and cold snaps can lead to serious health problems and increased
morbidity (Wang et al. 2013; Dupuis 2012, 2014). With climate change, the frequency
and severity of extreme weather is increasing (Meehl and Tebaldi 2004). In this paper,
we focus on the probabilistic forecasting of heat waves. Heat waves are loosely defined
as periods of unusually hot weather. More precise definitions are typically based on the
daily maximum temperature exceeding some threshold for one or possibly several
successive days. However, heat waves are also sometimes defined as the simultaneous
exceedances of the daily minimum and maximum temperature over some chosen
thresholds (see, for example, Keellings and Waylen 2014). This has been the definition
adopted by the UK Met Office in relation to some of their work for the UK Department
of Public Health. Therefore, to support different definitions, in this paper, we aim to
improve the estimation of both the marginal and joint distributions of the daily
minimum and maximum temperature.
Probabilistic temperature forecasts can be obtained from a statistical time series
model or a physical model, such as a Numerical Weather Prediction (NWP) system. By
running an NWP model with multiple different initial conditions, an ensemble of
predictions can be produced, and these can be used as the basis of probabilistic
prediction. However, a procedure is required to convert the information in the ensemble
into a probabilistic forecast (see, for example, Taylor and Buizza 2004). A further
obstacle to their use is that their derivation is computationally intensive, which has
implications for their cost, and geographical coverage. Ensemble predictions for the
daily minimum and maximum are currently not available.

By contrast, historical

observations of daily minimum and maximum temperature are readily available for
many locations, which allows statistical time series models to be produced.

These

models must be able to capture the relatively complex dynamics in daily temperature
data. Indeed, a careful modelling of a long time series of temperature data provides an
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opportunity to confirm, or perhaps correct, our understanding of how temperature
extremes have been changing.
Common statistical approaches to estimating the conditional probability distributions
of daily temperature involve univariate times series models. Typical examples are the
use of autoregressive (AR) and generalised autoregressive conditional heteroskedasticity
(GARCH) models, through either a single step or a multi-step approach (see, for example,
Taylor and Buizza 2004; Campbell and Diebold 2005; Dupuis 2012, 2014; Erhardt et al.
2015). When such models are used for daily minimum or maximum data, a further
modelling stage must be employed to produce the joint distribution, which is needed if
the definition of a heat wave is based on the simultaneous exceedance of the minimum and
maximum temperature above chosen thresholds. However, the obvious alternative is to
model jointly the two temperature variables. This has the appeal of simplicity, efficiency,
and allowing a richer model structure for each variable. Indeed, a strong argument for
modelling the two variables jointly is that, even if an estimate of only the marginal
distribution of one variable is required, a joint model can enable improved estimation
because it makes better use of the information available. Another advantage of a joint
model is that it can be used to produce density forecasts of the mean of the daily minimum
and maximum, which is often studied under the nomenclature of average daily temperature
(see, for example, Campbell and Diebold 2005), and also the density forecast of the diurnal
temperature range (DTR), which has been used as an index of climate (see, for example,
Qu et al. 2014). Indeed, the fuller information set used in the joint model may lead to more
accurate forecasts of the mean and the DTR than two separate univariate models. Since
multivariate models, such as the vector autoregressive moving average (VARMA) and
the multivariate generalised autoregressive conditional heteroskedasticity (MGARCH)
models, have been applied successfully in various applications (see, for example, Bauwens
et al. 2006; Jeon and Taylor 2012), we consider their use for the new application of the
simultaneous modelling of the joint distribution of the daily minimum and maximum
temperature.
In this paper, we also propose a novel method for evaluating multivariate distributions.
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In practice, a density forecast, which is accurate for the centre of the distribution, might
have an unsatisfactory fit for the tails of the distribution. Indeed, in our study, the
tails are of particular interest, and this should really be reflected in our evaluation of
the forecasts. In this paper, we use several different evaluation measures. To evaluate
the overall density forecast accuracy, we use the Continuously Ranked Probability Score
(CRPS) and the energy score to evaluate to evaluate forecasts of marginal and joint
densities, respectively (Gneiting and Raftery 2007). The use of the CRPS has become
widespread, and interest in the energy score is increasing. To evaluate the accuracy of
the tails of the density forecast, we use the weighted CRPS of Gneiting and Ranjan
(2011), which allows us to put greater weight on the tails of the density. We contribute
to this literature by introducing a new weighted form of the energy score, which enables
us to focus more on the extremes of forecasts of joint densities. We also use the popular
Brier score to evaluate probability forecasts of heat waves, defined as the simultaneous
exceedance of the daily minimum and maximum temperature over some thresholds. In
our empirical work, we use Spanish temperature data, which is particularly suitable for
this study because Southern Europe has experienced an increased number of heat waves
in recent years. The dataset consists of 65 years of observations of the daily minimum and
maximum temperature. Our results show that a bivariate VARMA-MGARCH model is
able to outperform univariate models in terms of both the marginal and joint distribution
forecast accuracy.
The rest of the paper is structured as follows. Section 2 describes the data and its
characteristics. Section 3 provides a literature review and a description of our proposed
models. Section 4 briefly reviews the literature on the evaluation of density forecasts,
and introduces the new weighted energy score. Section 5 presents empirical results, and
Section 6 provides a brief summary and conclusion.
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2

Data

We consider the historical data for the following four cities in Spain: Albacete, Seville,
Cáceres and Madrid.

Our dataset consists of daily minimum and maximum

observations, measured in degrees Celsius, for the 65-year period from 1951 to 2015,
inclusive. We obtained the data from the website of the European Climate Assessment
and Dataset project (http://www.ecad.eu/). As has become standard in the literature,
the observations for 29 February, occurring in each leap year, are removed from the
series in order to have a constant 365 days in each year (see, for example, Campbell and
Diebold 2005; Dupuis 2012). In our empirical work, we used the first 60 years of data to
specify models, and then used rolling windows of the same length to estimate model
parameters. We used the final 5 years of data to evaluate post-sample one day-ahead
forecasts. Figure 1 is a plot of the daily minimum temperature at Seville for the first
estimation period 1951 to 2010, and Figure 2 is the corresponding plot of the daily
maximum. The plots provide some indication of an overall rising trend over the latter
half of the 60-year series, which is consistent with the widely discussed rise in global
temperatures since the 1970s. Naturally, the series possesses annual seasonal cyclicality,
which accounts for the repeating periodic spikes in the time series plot. The seasonality
is clear from Figure 3, which plots the daily minimum and maximum temperature
observations for Seville against the day of the year for the 60-year period 1951 to 2010.
Note that, at least in the minimum temperature observations, there is an annual cycle
in both the mean and the variance, with the mean obviously at its highest in the
summer months, while the variance is at its highest in the winter.

3

Time Series Models for Daily Temperature

In this section, we first provide a review of the literature that has considered the modelling
of daily temperature time series. We then describe univariate and bivariate models that
we implement for daily minimum and maximum temperature.
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3.1

Literature Review

As we stated in Section 1, there is no existing literature considering the joint modelling
of daily minimum and maximum temperature. There are, however, several studies that
have modelled either the daily minimum, maximum or average using univariate models.
It has been shown that daily series of the minimum, maximum and average, exhibit the
following features: a trend in the mean and variance; a seasonal pattern in the mean and
variance, where the pattern can be yearly or of different length; and both large and small
absolute deviations from the mean tend to cluster (Taylor and Buizza 2004; Dupuis 2012,
2014). These characteristics are particularly suitable to be modeled by autoregressive
models, where a plethora of literature can be found in financial econometrics. Tol (1996)
and Taylor and Buizza (2004) use AR-GARCH models to estimate the distribution of
daily average temperature. In their approaches, the modelling of the mean and variance
involves the inclusion of seasonal terms based on quadratic functions of a counter for the
day of the year. Campbell and Diebold (2005) also implement an AR-GARCH model for
the average daily temperature, but their seasonal terms are based on Fourier terms. In
fitting an ARMA model to daily maximum data, Wong (2015) uses a relatively complex
model for the mean, but does not consider a model for the variance. Dupuis (2012;
2014) uses a multi-step approach in her univariate modelling of the daily minimum and
maximum temperature; the series are preprocessed by an AR-GARCH model before
an extreme value theory (EVT) approach is used to estimate the tails of the resultant
residuals. Erhardt et al. (2015) uses a copula approach to estimate the joint distribution
of the daily average temperature in different locations, where the marginal distributions
are estimated by a multi-step AR model. Empirical results have provided support for
the AR-GARCH models in comparison with a variety of simpler alternatives. In this
paper, we extend the literature by considering ARMA structures for the mean, rather
than just AR, and we implement a bivariate model for the minimum and maximum daily
temperature.
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3.2

ARMA-GARCH Models

The univariate model that we consider is the ARMA-GARCH model of expressions
(1)-(5). In our empirical work, we applied the model to the daily minimum and maximum
temperature, as well as the daily average temperature and the DTR.

Tt = S1 (µ1 , t) + ψ1 T rendt + S2 (µ2 , t)T rendt + yt
m
n
X
X
yt =
φi yt−i +
θi t−i + t
t =

i=1
1/2
ht ηt

(2)

i=1

(3)

ht = S3 (ω1 , t) + ψ2 T rendt + S4 (ω2 , t)T rendt
q
p
o
X
X
X
2
2
+
αi t−i +
γi t−i I(t−i < 0) +
βi ht−i
i=1

(1)

i=1

Ji
X

(4)

i=1





d(t)
d(t)
+ λ2,j cos 2jπ
Si (λ, t) = λ0 +
λ1,j sin 2jπ
365
365
j=1

(5)

where Tt is the temperature variable; µi and ωi are vectors of parameters; φi , θi , ψi , αi
, γi , βi , λ0 and λi,j are scalar parameters; λ is a vector with entries λ0 and λi,j ; Si (λ, t)
are the seasonal terms involving the sum of pairs of Fourier terms; d(t) is a repeating step
function that numbers the days of the year from 1 to 365 within each year; Ji denotes
the number of pairs of Fourier terms; yt is the stochastic part of Tt ; t is the error term
in the ARMA process for yt ; ht is the variance of t ; ηt is an i.i.d. distribution with
mean 0 and variance 1; and m, n, q, o, and p are non-negative integers representing the
orders of the ARMA and GARCH components. In Section 2, we discussed how our daily
minimum and maximum temperature time series exhibited an apparent trend, which
is obviously consistent with the literature on climate change. Unit root tests rejected
the hypothesis of the trend being stochastic. We considered a variety of approaches to
modelling a deterministic trend in the mean and variance of the series, including linear
and quadratic functions of time, but these delivered relatively poor fit. Inspection of the
time series reveals that they appear to rise steadily only from around the 1970s. This led
us to consider a trend defined as being zero up until the start of a chosen year, and linear
8

thereafter. We chose the year by experimenting with different years, ranging from 1960 to
1990, in order to find the model with the best Schwarz Bayesian Criterion (SBC). We did
this for the daily minimum and maximum series for all four locations, and found that the
optimal starting point for the linear trend was close to 1974. In view of this, we defined the
variable T rendt in expressions (1)-(5) as being a linear trend starting on 1 January 1974.
In Figure 4, we show a trend of this type fitted to the daily minimum temperature time
series for Seville. Although we feel this simplistic modelling of the trend is reasonable for
our study, which has its emphasis on short-term probabilistic prediction, we acknowledge
that there is potential for the incorporation of a more sophisticated approach, such as
the semiparametric panel model used by Atak et al. (2011) for monthly data.
By contrast with most applications of autoregressive models to daily temperature, we
include an ARMA process for the mean. However, a more novel feature of our model is
that we have included, in the expressions for the mean and variance, an interaction term,
which is the product of the trend and seasonality. This allows the model to accommodate
a different trend for each day of the year, which would imply that climate change does
not have a uniform affect on the different seasons of the year. Figure 5 shows how
the resulting estimated trend differs across different days of the year. For clarity of
presentation, the figure focuses on just the first day of each month of the year. The idea
of allowing the trend to differ across the days of the year was motivated by the work of
Proietti and Hillebrand (2016) in their analysis of monthly temperature data. In fitting a
GARCH model to a series of weekly average temperature, Franses et al. (2001) include an
asymmetric term to accommodate the effect that the impact of temperatures lower than
expected on conditional volatility tends to be different from the impact of temperatures
higher than expected. Taylor and Buizza (2004) and Dupuis (2014) also include this
asymmetry in their GARCH modelling. We incorporate this by using a GJR-GARCH
model for the variance in expression (4) (see Glosten et al. 1993).
In the proposed ARMA-GARCH method, et in expression (3) can be any i.i.d.
distribution with zero mean and unit variance. We consider two different specifications
in this study:

the Gaussian distribution and the generalised asymmetric skew-t
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distribution proposed by Zhu and Galbraith (2010). The latter can be viewed as a
generalisation of the skew-t distribution proposed by Fernández and Steel (1998). In
addition to a skewness parameter, the distribution allows the degrees of freedom to be
different for each side of the mean. The Gaussian distribution, Student’s t distribution,
and the skew-t are special cases of this distribution. In addition to these distributional
assumptions, we consider the EVT approach of McNeil and Frey (2000). This involves
the peaks over threshold EVT approach being applied to the standardised residuals
obtained from the ARMA-GARCH model fitted using a Gaussian assumption. In this
approach, we set the threshold as the 90% quantile of the Gaussian distribution, and
fitted a generalised Pareto distribution to the standardized residuals that exceed this
threshold.
In addition to the annual cyclicality, we also experimented with the inclusion of Fourier
terms to model a possible intraweek cycle, which has been observed in the DTR for a
variety of locations (see, for example, Forster and Solomon 2003). However, these terms
were not statistically significant in our models, and so we do not consider them further
in this study.
The lag orders, the numbers of Fourier terms, and the specification of the trend term
considered in the univariate ARMA-GARCH model were chosen using the SBC. For the
mean, this led to the use of three pairs of Fourier terms, a trend variable that is zero prior
to 1974 and linear thereafter, interaction terms involving this trend and three pairs of
Fourier terms, and an ARMA(3,1) model. For the variance, we used two pairs of Fourier
terms, the same trend variable as in the model for the mean, interaction terms involving
this trend and two pairs of Fourier terms, and a GJR-GARCH(1,1) model. We then used
the analogous specifications in the bivariate VARMA-MGARCH models.
Tables 1 and 2 present the parameters for the univariate ARMA-GARCH model
with Gaussian assumption, estimated using the first 60-year rolling window of the daily
minimum and maximum temperature data recorded at Seville. Most of the parameters
are statistically significant at the 5% significance level. The insight provided by the model
is consistent with previous studies. The coefficients for the trend terms in the ARMA
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parts of both models are positive, which indicates that the levels of the maximal and
minimal temperature are rising. The coefficient of the trend term in the ARMA part
for the minimum temperature is larger than that for the maximum temperature, which
suggests a decrease in the DTR. These findings are consistent with those in previous
work (see, for example, Dupuis 2014; Qu et al. 2014). One term of each interaction pair
is significant in both the ARMA and GARCH parts of the model with the GARCH part
for the maximum temperature being the only exception, implying that the impact of the
trend is not the same across the seasonal cycle. This was the finding of Proietti and
Hillebrand (2016) for monthly data, while our work has confirmed the existence of the
effect in the mean and variance of daily data. We revert from presenting the parameters
for other models, because the insight was similar, and because, for the bivariate models,
the number of parameters is relatively large.

3.3

VARMA-MGARCH Models

In this section, we present a bivariate model for the daily minimum and maximum
temperature. We propose to use a vector autoregressive moving average (VARMA) to
model the mean of a vector containing the two variables, and a multivariate autoregressive
conditional heteroskedasticity (MGARCH) model for the covariance matrix. There exist
many different choices of MGARCH specifications, such as the VEC model (Bollerslev
et al. 1988), the dynamic conditional correlation model (Engle 2002), and the BEKK
model (Engle and Kroner 1995). In this paper, we choose to use the VEC model, which
has a very flexible and general specification. The implementation of VEC is usually
difficult and computationally demanding in high-dimensional cases, but in this study, we
are facing only a bivariate situation, which does not lead to overcomplicated numerical
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implementation. The proposed VARMA-MGARCH model is described as follows:

Tt = S1 (µ1 , t) + ψ1 T rendt + S2 (µ2 , t)T rendt + yt
m
n
X
X
yt =
φi yt−i +
θi t−i + t
t =

i=1
1/2
Ht ηt

(6)
(7)

i=1

(8)

vech(Ht ) = S3 (ω1 , t) + ψ2 T rendt + S4 (ω2 , t)T rendt
q
X
0
+
αi vech(t−i t−i )
i=1

+

o
X



0
0
γt−i vech(t−i t−i )I vech(t−i t−i ) < 0

i=1

+

p
X

βi vech(Ht−i )

(9)

i=1
Ji
X



d(t)
Si (λ, t) = λ0 +
λ1,j sin 2jπ
365
j=1





d(t)
+ λ2,j cos 2jπ
365

(10)

where Tt = (T1 , T2 ) is a vector of the two temperature variables; vech denotes the
operator that stacks the lower triangular portion of a matrix as a column vector; µi , ωi ,
ψi , γi , λ0 , λi,j are vectors of parameters; λ is a vector consisting of the concatenation
of λ0 and λi,j ; φi , θi , αi , γi and βi are parameter matrices; Si (λ, t) is a deterministic
seasonal vector; yt contains the stochastic parts of Tt ; Ji denotes the number of pairs
of Fourier terms; t is the error term of yt ; Ht is the covariance matrix of t ; ηt is a
vector with entries that follow an i.i.d. distribution with zero mean vector and identity
covariance matrix; m, n, q, o, and p are non-negative integers representing the order of
lagged variables. We assume ηt is a standard multivariate Gaussian distribution, which
is a common assumption in the MGARCH literature (Bauwens et al. 2006). d(t) and
T rendt are defined as in the univariate ARMA-GARCH model. In comparison with the
ARMA-GARCH model of Section (3.2), the VARMA-MGARCH model has the same
essential features, such as the trend, seasonal and interaction terms, as well as a model
for the conditional covariance between the daily minimum and maximum temperatures.
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3.4

VARMA-MGARCH with a Dynamic Copula

In a nutshell, the VARMA-MGARCH model is a multivariate generalisation of the
univariate ARMA-GARCH model in Section 3.2. The choice of the distribution for ηt
in expression (8) is, however, much more complicated than in the univariate case. Apart
from the multivariate Gaussian distribution, other candidates that have been
considered, in other applications, are the multivariate Student’s t distribution and
different versions of multivariate skew-t distribution (Azzalini and Capitanio 2003;
Bauwens and Laurent 2005; Lee and Long 2009).

However, a limitation of these

Student’s t and skew-t distributions is that the two marginal distributions are forced to
have the same degrees of freedom. This is a limitation because we found that the
marginal distributions of minimum and maximum temperature have very different
degrees of freedom when we used the univariate forms of these distributions in the
univariate ARMA-GARCH models of Section 3.2. To overcome this problem, and to
enable a flexible modelling of the dependence structure between marginal distributions,
we propose the use of a copula. By Sklar’s theorem, a copula enables the decomposition
of a joint distribution into the product of its marginal distributions and its dependence
function, which is the copula. The joint distribution of a bivariate random variable
(X, Y ) can be decomposed as follows:

FX,Y (x, y) = C(FX (x), FY (y))

(11)

fX,Y (x, y) = fX (x)fY (y)c(FX (x), FY (y))

(12)

where C is the copula function; c is the copula density function; and expression (11) and
expression (12) are the cumulative distribution function (CDF) and probability density
function decompositions of (X, Y ), respectively. Detailed reviews of copulae can be found
in (Kolev et al. 2006; Patton 2012). We consider the Gaussian copula and the Student’s
t copula, which are standard in the literature (Patton 2006, 2012). The Gaussian copula
has one parameter, which is a correlation parameter, and the Student’s t copula has
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two parameters, which are a correlation parameter and a parameter for the degrees of
freedom. Note that the degrees of freedom of the copula relate only to the dependency
structure between X and Y , and not to the marginal distributions of X or Y . The
proposed copula-based VARMA-MGARCH model can be written as follows:

Tt = S1 (µ1 , t) + ψ1 T rendt + S2 (µ2 , t)T rendt + yt
m
n
X
X
yt =
φi yt−i +
θi t−i + t
i=1

(14)

i=1
0

t = (1,t , 2,t )

(15)

Ft (z1 , z2 ) = CRt ,ν (F1,t (z1 ), F2,t (z2 ))
var(j,t ) = hj,t


Ht = 

(13)

(16)
(17)


h1,t

Rt

p
Rt (h1,t h2,t )

p
(h1,t h2,t ) 

h2,t

(18)

vech(Ht ) = S3 (ω1 , t) + ψ2 T rendt + S4 (ω2 , t)T rendt
q
X
0
+
αi vech(t−i t−i )
+

i=1
o
X



0
0
γt−i vech(t−i t−i )I vech(t−i t−i ) < 0

i=1

+

p
X

βi vech(Ht−i )

(19)

i=1
Ji
X





d(t)
d(t)
Si (λ, t) = λ0 +
λ1,j sin 2jπ
+ λ2,j cos 2jπ
365
365
j=1

(20)

where hj,t is the variance of the error term j,t ; C is the Gaussian or Student’s t copula;
Rt is the correlation parameter in the Gaussian or Student’s t copula; ν is the degrees
of freedom for the Student’s t copula and is not needed for the Gaussian copula; Ft (·, ·)
is the distribution function of t ; Fi,t (·) is the distribution function of i,t ; and the other
notation is the same as in the expressions in the previous section. In other words, we
replace the covariance matrix decomposition in expression (8) of Section 3.3 by the copula
decomposition in expressions (15)-(16). Consequently, we do not use the VEC approach
in the standard way to model the dynamics of the covariance matrix of t , but instead
we use the VEC approach to model the variances of j,t and the copula’s correlation
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parameter simultaneously in expressions (17)-(18). Note that, as the copula’s correlation
parameter is modelled within the MGARCH VEC structure, the dependency between
the error terms is being modelled using a dynamic copula. Other dynamic copulae are
considered by Patton (2006; 2012). A feature of our work is that the variances of the
marginal distributions and the copula correlation parameter are modelled simultaneously,
while other studies have tended to estimate the copula parameter(s) after first modelling
the individual marginal distributions.

4

Evaluating Density Forecasts
In this section, we first describe the CRPS and weighted CRPS, which are often

used to evaluate univariate density forecasts. We then present the energy score, which
is receiving increasing attention as a measure of the accuracy of multivariate density
forecasts. We then introduce a new weighted form of the energy score.

4.1

Evaluating Univariate Density Forecasts Using the CRPS

A popular approach to evaluating density forecasts for univariate time series is to
use the probability integral transform (PIT) (Diebold et al. 1998; Berkowitz 2001). If
the forecasting method is correctly specified, then the PITs in the post-sample period
should be independently and uniformly distributed between 0 and 1. A test for this is
straightforward to implement, and is widely used (Diebold et al. 1998; Patton 2006;
Dupuis 2012).

However, it is not clear how to use it to compare the performance

between different methods, and how to extend it for multivariate density forecast
evaluation. These challenges can be addressed using scoring rules (Gneiting and Raftery
2007; Ziegel et al. 2014; Scheuerer and Hamill 2015). To evaluate the quality of an
estimated distribution, a scoring rule assigns a numerical score based on the estimated
distribution and on the event or value that materializes. A scoring rule is said to be
proper if the expected score is always maximized for an observation drawn from the
true data generating process (Gneiting and Raftery 2007). Therefore, if the scoring rule
15

is proper, a forecaster is encouraged to make careful and honest assessments
(Garthwaite et al. 2005). Commonly used examples of proper scoring rules are the Brier
score for evaluating the probability of a variable with binary or categorical outcomes,
the quantile score for evaluating quantile estimates, and the CRPS for evaluating
continuous probability distribution estimates (Gneiting and Raftery 2007). For each of
these proper scoring rules, after it has been calculated for each post-sample period, the
resulting scores are averaged to produce an overall measure of accuracy. Note that
throughout Section 4, in order to simplify the notation, we do not include a time
subscript on any terms in any of the expressions. Before discussing the CRPS, let us
start with the definition of the Brier score:

BS(p) = (p − o)2

where p is the predicted probability, o is the actual outcome of the event, which is 0 if
the event occurs, and 1 otherwise.
The CRPS can be written, as shown in the following expressions:
ˆ∞
CRP S(F, y) =

(F (x) − I(y ≥ x))2 dx

(21)

QSα (F −1 (α), y)dα

(22)

−∞

ˆ1
=
0

1
= − EP |X − X 0 | + EP |X − y|
2

(23)

where F (·) is the CDF of the predictive distribution; X and X 0 are random variables with
distribution F ; y is the actual observation; I(·) is the indicator function; and QSα (q, y) =
2(I(y < q) − α)(q − y) is the quantile score (Gneiting and Raftery 2007). Expression (21)
is referred to as the threshold version of the CRPS. This expression shows that CRPS
is equal to the integral of the Brier score for the binary event I(y ≥ x) at each possible
threshold value x. Expression (22) is the quantile version of the CRPS, and it shows the
CRPS can be written as the integral of the quantile score for all possible values of the
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probability level α. Expression (23) is a potentially useful way to calculate the CRPS
in practice (Gneiting and Raftery 2007). There is another equivalent expression for the
CRPS in terms of characteristics functions (Gneiting and Raftery 2007; Székely and Rizzo
2013):
1
CRP S(F, y) =
2π

ˆ∞

|φX (r) − eihr,yi |
dr
r2

(24)

−∞

where φF (·) is the characteristic function of F . The above expression is of theoretical
importance. We will use this expression to help us define a new weighted energy score in
Section 4.4. We will term this expression the characteristic function based CRPS.

4.2

Evaluating Univariate Density Forecasts Using the Weighted
CRPS

In this paper, we are interested in probabilistic prediction of heat waves, thus it is
crucial that our methods deliver reliable estimates of the upper tail of the temperature
distributions. It has been proposed that weighting schemes can be used in the context
of proper scoring rules to emphasise regions of interest (Diks et al. 2011; Gneiting and
Ranjan 2011). The weighted CRPS is an example of this (Gneiting and Ranjan 2011).
The weighted CRPS can take either of the following two forms:
ˆ∞
W CRP Su (F, y) =

(F (x) − I(y ≤ x))2 u(x)dx

(25)

QSα (F −1 (α), x)v(α)dα

(26)

−∞

ˆ1
W CRP Sv (F, y) =
0

where u(·) is a non-negative weight function on the real line, and v(·) is a non-negative
weight function on the unit interval. Gneiting and Ranjan (2011) refer to expression (25)
as the threshold-weighted CRPS, and expression (26) as the quantile-weighted CRPS. The
threshold-weighted CRPS allows higher weights to be assigned to particularly important
regions of the real line. The quantile-weighted CRPS enables higher weights to be assigned
to regions of the probability level of particular interest. In this paper, we wish to put
17

a greater emphasis on the upper tail of the density, and so we implement the quantileweighted CRPS with v(α) = α2 , which is the weight suggested by Gneiting and Ranjan
(2011) for emphasising the upper tail of a density. For the threshold-weighted CRPS,
Gneiting and Ranjan (2011) suggest that the weight function u(x) is set as a Gaussian
CDF with mean and variance subjectively chosen. In Section 5, we report the results for
an extreme form of this, where we define the weight as u(x) = I(x > 35) for the daily
maximum temperature, and u(x) = I(x > 17.5) for the daily minimum.
The weighted CRPS can also be expressed as a weighted integral based on
expression (24):
1
W CRP Sw (F, y) =
2π

ˆ∞

|φX (r) − eihr,yi |
w(r)dr
r2

−∞

where w(r) is a non-negative weight function. The above expression has not be proposed
and studied so far. We will refer to this expression as the characteristic function weighted
CRPS .

4.3

Evaluating Multivariate Density Forecasts Using the Energy
Score

Gneiting and Raftery (2007) introduce the energy score, as a generalisation of the
CRPS, to evaluate multivariate distributions. The definition of the energy score is as
follows:
1
ESβ (P , y) = − EP kX − X 0 kβ +EP kX − ykβ
2

(27)

where P is the estimated multivariate distribution, y is the actual observation; k·k is
the Euclidean norm; X and X 0 are two independent copies of a random vector drawn
from the distribution P ; and β is a parameter to be decided by the user from the interval
(0, 2). When the observation vector is one-dimensional, and we set β = 1, expression (27)
reduces to the form of the CRPS in expression (23). The energy score is based on the work
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of Székely and Rizzo (2013) on generalised energy distance. We refer to expression (27)
as the generalised energy score, and refer to expression (27) when β = 1 simply as the
energy score.
In our empirical work, we used the energy score to evaluate forecasts of bivariate
distributions. However, just as Gneiting and Ranjan (2011) were motivated to develop
a weighted CRPS, we see strong appeal in using a weighted form of the energy score,
in order to put greater emphasis on the regions of particular interest in the multivariate
distribution. In the remainder of this subsection, we discuss the generalised energy score
in greater depth as preparation for presenting a weighted energy score in Section 4.4.
Gneiting and Raftery (2007) present an equivalent expression for the generalised
energy score in terms of characteristics functions:

ESβ (P , y) =

β2β−2 Γ( d2 + β2 )

ˆ

d
2

π Γ(1 − β2 )

|φP (x) − eihx,yi |
dx
kxkd+β

(28)

Rd

where φP (·) is the characteristic function of P , h·, ·i is the inner product, and i2 = −1.
The integral in expression (28) can also be written in spherical coordinates:

ESβ (P , y) =

=

=

=

=

β2β−2 Γ( d2 + β2 )

ˆ

d

π 2 Γ(1 − β2 )

|φP (x) − eihx,yi |
dx
kxkd+β

Rd

β2β−2 Γ( d2 + β2 )

ˆ ˆ∞

d

π 2 Γ(1 − β2 )

ˆ

ˆ∞

d

(30)

|φP (ra) − eihra,yi | d−1
r drdµ(a)
rd+β

(31)

|φP (ra) − eihra,yi |
drdµ(a)
rd+β

(32)

Sd−1 −∞

β2β−2 Γ( d2 + β2 )

ˆ

ˆ∞

d

2π 2 Γ(1 − β2 )

|φP (ra) − eihra,yi | d−1
r drdµ(a)
rd+β

Sd−1 0

β2β−2 Γ( d2 + β2 )
2π 2 Γ(1 − β2 )

(29)

Sd−1 −∞

Γ( d2 + β2 )
d−1

2π 2 Γ( 21 + β2 )
ˆ ˆ∞ β−2 1 β
β2 Γ( 2 + 2 ) |φP (ra) − eirha,yi |
drdµ(a)
1
rd+β
π 2 Γ(1 − β )

Sd−1 −∞

2
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(33)

=

Γ( d2 + β2 )
d−1

2π 2 Γ( 21 + β2 )
ˆ ˆ∞ β−2 1 β
β2 Γ( 2 + 2 ) |φha,Xi (r) − eirha,yi |
drdµ(a)
1
rd+β
π 2 Γ(1 − β )

(34)

2

Sd−1 −∞

where Γ(·) denotes the Gamma function; d is the dimension of y; φha,Xi (r) denotes
the characteristic function of the random variable ha, Xi, where X has distribution P ;
Sd−1 is the unit (d − 1) dimensional sphere; a is any vector on Sd−1 ; and µ(a) is the
uniform distribution on Sd−1 . Expression (30) comes from the fact that any x ∈ Rd
can be expressed in the form of ra, where a ∈ Sd−1 and r is a non-negative scalar.
Expression (31) comes from the fact that ra = −r(−a), and as a runs through Sd−1 , so
does −a, therefore, expression (30) is equal to the same expression with the integration
with respect to r having lower limit of −∞ and upper limit of 0. Expression (34) uses
the fact that φha,Xi (r) = E(exp(iha, Xi)) = E(exp(ia0 X)) = φP (ra). Notice that the
inner integral in expression (34) is just the one-dimensional generalised energy score.
Expression (34) provides intuition for the generalised energy score: given realization y, a
probabilistic distribution is optimal in terms of the generalised energy score if and only if
it is optimal in terms of the generalised energy score for every one dimensional realization
ha, Xi.
In our work with multivariate densities in this paper, we consider the bivariate case
of d = 2, and we set β = 1, as this has become standard in the literature that has used
the energy score. With these values of d and β, by expression (24), expression (34) can
be written as:
1
ES1 (P , y) =
4

ˆ
CRP S(Pha,Xi , ha, yi)dµ(a)

(35)

S1

where Pha,Xi is the distribution function of ha, Xi. This expression shows that, for d = 2,
the energy score is essentially equal to the CRPS integrated over the unit circle.
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4.4

Evaluating Multivariate Density Forecasts Using the Energy
Score

Let us now propose a definition for a weighted energy score, building on the form of
the generalised energy score in expression (34):

Definition 1. We define the weighted generalised energy score for the predictive
distribution P and the realization y as:

W ESβ (P , y) =

Γ( d2 + β2 )
d−1

2π 2 Γ( 21 + β2 )
ˆ ˆ∞ β−2 1 β
β2 Γ( 2 + 2 ) |φha,Xi (r) − eirha,yi |
w(a, r)drdµ(a)
1
rβ+1
π 2 Γ(1 − β )

(36)

2

Sd−1 −∞

where w(a, r) is a non-negative weight function. The weight function w(a, r) can be
different for different values of a. The fact that the generalised energy score is a proper
scoring rule, and the weight function is non-negative, immediately implies that the
proposed weighted generalised energy score is a proper scoring rule.
For our empirical work with bivariate distributions, we set d = 2 and β = 1 in
expression (36), which leads to the following weighted energy score:
1
W ES1 (P , y) =
4

ˆ ˆ∞

|φha,Xi (r) − eirha,yi |
w(a, r)drdµ(a)
2πr2

(37)

S1 −∞

The inner integral is nothing but the characteristic function form of weighted CRPS,
thus, we will refer to expression as the characteristic function weighted energy score.
Recall that we have two different weighting methods for the CRPS, the
quantile-weighted CRPS and the threshold-weighted CRPS. Replacing the inner
integral in expression (37) by the quantile-weighted CRPS or the threshold-weighted
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CRPS, we obtain the following alternative expressions for the weighted energy score:
1
W ES1 (P , y) =
4

ˆ ˆ∞
(Fha,Xi (r) − I(ha, yi ≤ r))2 u(a, r)drdµ(a)

(38)

−1
QSα (Fha,Xi
(α), ha, yi)v(a, α)dαdµ(a)

(39)

S1 −∞

1
W ES1 (P , y) =
4

ˆ ˆ1

S1 0

Expression (38) and expression (39) are the threshold-weighted energy score and the
quantile-weighted energy score, respectively. Expression (37)-(39) show that, for d = 2,
the weighted energy score is essentially equal to the weighted CRPS integrated over the
unit circle. Therefore, the weight function discussed in Section 4.2 can be extended here
to produce weighted energy scores.
In our empirical work, for the threshold-weight function, we consider the use of a
binary

variable,

which

is

defined

as

u(a, r)

=

I(ar

∈

A),

where

A = {x, y|x > 17.5 and y > 35}. This weight function has a physical meaning: the
bivariate random variable X = (X1 , X2 ) only receives weight 1 if X1 > 17.5 and and
X2 > 35 and is ignored for other regions.

As X1 and X2 are the minimum and

maximum temperature in our study, the region A is exactly the region where heat
waves occur.

For the quantile-weight function, we consider the universal weight

v(a, α) = α2 for every a on the unit circle.

This weight function emphasises the

extreme quantiles for each univariate random variable ha, Xi.

5

Empirical Study

5.1

Models

We implemented univariate ARMA-GARCH models for the daily minimum,
maximum and average temperature, and the DTR. We used four different distributional
assumptions:

Gaussian distribution, generalised asymmetric skew-t distribution,
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Gaussian distribution with EVT for the tails, and generalised asymmetric skew-t
distribution with EVT for the tails. We implemented bivariate VARMA-MGARCH
models for the daily minimum and maximum temperature.

For these models, we

considered five different distributional assumptions: Gaussian marginal distributions
with no dependence structure; generalised asymmetric skew-t marginal distributions
with no dependence structure;

a bivariate Gaussian distribution;

generalised

asymmetric skew-t marginal distributions with a Gaussian copula; and generalised
asymmetric skew-t marginal distributions with a Student’s t copula. Having produced
forecasts for the joint distribution of the daily minimum and maximum temperature, we
were able to produce corresponding forecasts of the marginal distributions of the daily
average temperature and the DTR through simulation. Our density forecast evaluation
in Sections 5.2 and 5.3 focuses on 1 day-ahead prediction, and in Section 5.4, we
consider exceedance probability forecasts for a horizon of up to three days.

5.2

Evaluating Density Forecasts Using the CRPS and Energy
Score

We calculated the unweighted and weighted forms of the CRPS and energy score, which
we described in Section 4.

As the values of these scores do not have an intuitive

interpretation, we calculated Theil’s U statistics using the univariate ARMA-GARCH
model with Gaussian distribution as the benchmark. We averaged the resulting ratios
over the four Spanish locations, and then subtracted this from one to deliver a measure
that reflects the percentage by which each method is better than the benchmark
method. This measure is known in the probabilistic forecast evaluation literature as a
skill score. Higher values indicate superior accuracy, and positive values imply greater
accuracy than the benchmark method. In our tables of results, and in the remainder of
this section, we use Tmin, Tmax and Tavg as abbreviations for the daily minimum,
maximum and average temperature, respectively.
Table 3 presents the skill scores for the unweighted CRPS and energy score of Sections
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4.1 and 4.3. Each of the first four columns of values presents the skill scores for one of
the four temperature variables. For example, the first column of values shows the skill
scores resulting from density forecasts of Tmin. Each row in the table can be viewed as
representing the forecasts produced by a pair of the temperature variables. For example,
the first four rows were produced by the univariate models of Tmin and Tmax. For
these rows, the Tmin forecasts were produced using just the model for Tmin; the Tmax
forecasts were produced using just the model for Tmax; and the Tavg and DTR forecasts
were produced using both the model for Tmin and Tmax.
The first four rows of Table 3 show that using EVT did not lead to a noticeable
improvement in forecast accuracy for the univariate models applied to the daily minimum
and maximum. For this reason, and to save space, we omit from the tables the results
of using EVT with the models applied to the daily mean and DTR. The results for the
univariate models show that models that used the generalised asymmetric skew-t were
generally more accurate than models employing a Gaussian assumption. It is interesting
to note from Table 3 that generating forecasts for Tmin from the univariate models for
Tavg and DTR led to greater accuracy than simply using the univariate model for Tmin.
The table does not show a similar finding for Tmax. This reflects the view of Dupuis
(2014) that Tmin is more challenging to model than Tmax.
Turning to the bivariate VARMA-MGARCH models, we see from Table 3 that each
of these produced better CRPS results than the univariate models for almost all four
temperature variables. Overall the best performing bivariate models are the two that
used the generalised asymmetric skew-t distribution with dynamic Gaussian or Student’s
t copula. It is noteworthy that these bivariate models for Tmin and Tmax delivered
clearly better accuracy for DTR than a univariate model for DTR, and that, in terms of
forecasting Tavg, these bivariate models even slightly outperformed a univariate model
for Tavg.
The final column of Table 3 presents the energy score for forecasts of the joint
distribution of Tmin and Tmax. Note that this distribution can be used to generate a
forecast of the joint distribution of Tavg and DTR, and so the energy score obtained for
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these two joint distributions will be identical. The energy scores in Table 3 show that
the bivariate modelling led to improved forecast accuracy, and that the best results were
produced using the generalised asymmetric skew-t distribution with dynamic Gaussian
or Student’s t copula.

5.3

Evaluating Density Forecasts Using the Weighted CRPS and
Weighted Energy Score

Tables 4 and 5 present the skill scores corresponding to the quantile-weighted and
threshold-weighted CRPS and energy score described in Sections 4.2 and 4.4.

The

quantile-weighted results of Table 4 are similar in magnitude to the unweighted skill
score results of Table 3, suggesting that perhaps the quantile-weighting scheme
proposed by Gneiting and Ranjan (2011) does not, at least for our case, put sufficient
emphasis on the tail of the distribution. The threshold-weighted results of Table 5 are
more noticeably different from the corresponding unweighted scores in Table 3.
However, the ranking of methods remains broadly the same, with the bivariate models
performing well in terms of forecasting the marginal distributions of Tmin and Tmax,
as well as the joint distribution of these two variables.

5.4

Evaluating Exceedance Probability Forecasts Using the Brier
Score

Finally, to simulate the probabilistic forecasting of heat waves, we evaluated the
performance of the models in terms of forecasting the probability of the event that the
Tmin and Tmax exceed specified thresholds for 3 consecutive days.

We chose the

thresholds as 17.5 and 35 for Tmin and Tmax, respectively. Table 6 reports the Brier
skill scores for three different events. The first column corresponds to the event that
Tmin exceeds 17.5 on each of the next three days; the second column reports the results
for the event that Tmax exceeds 35 on each of the next three days; and the third
column corresponds to the event that Tmin exceeds 17.5 and Tmax exceeds 35 on the
25

next three days.

Note that this was the only part of our analysis that evaluated

prediction beyond 1 step-ahead. It is reassuring to see from Table 6 that the ranking of
methods is very similar to the ranking that we saw in Tables 3 to 5.

6

Summary and Conclusion
In this paper, we have considered univariate and bivariate methods for density

forecasting of the daily minimum and maximum temperature.

We implemented

univariate ARMA-GARCH models with different distributional assumptions, and with
the use of EVT. We considered bivariate VARMA-MGARCH models with a variety of
different distributional and dependency specifications.

These included a bivariate

normal distribution, with and without an assumption of independence, and a bivariate
distribution composed of skew-t marginal distributions and a dynamic copula to
capture the conditional dependency. We evaluated the goodness-of-fit of the models by
evaluating short-term density forecast accuracy for each day in the years 2011 to 2015.
We evaluated predictions of the marginal and joint distribution for the minimum and
maximum temperature, as well as for average temperature and DTR.
We introduced a weighted energy score, which is a proper scoring rule that enables
the user to put greater weight on parts of the multivariate distribution of interest. In our
study, we used a weighting scheme that emphasised the tails of the bivariate temperature
distributions. We also evaluated the accuracy of probabilistic forecasts of heat waves,
defined as the minimum and maximum simultaneously exceeding chosen threshold. Our
empirical analysis shows that the bivariate VARMA-MGARCH methods with dynamic
dependence structure noticeably outperform the other methods. From a methodology
perspective, it was interesting to find that the models with more complex structure did
produce better empirical results. We note that the most successful model was a VARMAMGARCH model with 94 parameters. Although this is a reasonably large number of
parameters for a model of this type, estimation benefited from the relatively long time
series consisting of 21,900 daily observations.
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The models revealed some interesting results: the daily minimum and maximum
temperature have predictive power for each other, a dynamic dependence structure is
essential for modelling the joint distribution of the minimum and maximum
temperatures, and this joint distribution produces competitive density forecasts for the
marginal distributions for the daily average temperature and the DTR. Our models also
showed increasing trends in the minimum and maximum temperatures, a decreasing
trend in the DTR, and different parts of the seasonal cycle changing at different rates,
which are findings that are consistent with those of other researchers.
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Figure 1: Seville daily minimum temperature time series (in degrees Celsius) for the first
60-year estimation sample.

Figure 2: Seville daily maximum temperature time series (in degrees Celsius) for the first
60-year estimation sample.
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Figure 3: Seville daily minimum and maximum temperature (in degrees Celsius) plotted
against the day of the year for the first 60-year estimation sample.

Figure 4: Seville daily minimum temperature (in degrees Celsius) for the first 60-year
estimation sample, with a linear deterministic trend starting from the beginning of 1974.
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Figure 5: For the first day of each month, Seville daily minimum temperature (in degrees
Celsius) plotted for the first 60-year estimation sample, along with the trend estimated
by the univariate ARMA-GARCH model with Gaussian assumption.
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Table 1: Parameter estimates and p-values for the mean component of the univariate
ARMA-GARCH model with Gaussian assumption, derived using the first 60 years of
daily minimum (Tmin) and maximum (Tmax) temperature observations for Seville.
Tmin

Tmax

(µ1 )0

114.963(0.00**)

245.444(0.00**)

(µ1 )1,1

-31.358(0.00**)

-40.320(0.00**)

(µ1 )2,1

8.108(0.00**)

17.312(0.00**)

(µ1 )1,2

0.578(0.41)

-2.189(0.01**)

(µ1 )2,2

-58.162(0.00**)

-87.862(0.00**)

(µ1 )1,3

-2.767(0.00**)

-2.020(0.03*)

(µ1 )2,3

-2.295(0.00**)

-2.362(0.00**)

ψ1

0.002(0.00**)

0.001(0.00**)

(µ2 )1,1

0.000(0.92)

0.001(0.00**)

(µ2 )1,2

-0.001(0.00**)

0.000(0.20)

φ1

1.485(0.00**)

1.711(0.00**)

φ2

-0.513(0.00**)

-0.797(0.00**)

φ3

-0.003(0.70)

0.073(0.00**)

θ1

-0.863(0.00**)

-0.932(0.00**)

Note: Significance of the p-values at 5% and 1% levels is indicated by * and **, respectively.
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Table 2: Parameter estimates and p-values for the variance component of the univariate
ARMA-GARCH model with Gaussian assumption, derived using the first 60 years of
daily minimum (Tmin) and maximum (Tmax) temperature observations for Seville.
Tmin

Tmax

(ω1 )0

100.744(0.00**)

233.680(0.00**)

(ω1 )1,1

4.896(0.04*)

22.044(0.00**)

(ω1 )2,1

0.651(0.62)

-7.919(0.02*)

(ω1 )1,2

51.948(0.00**)

-65.497(0.00**)

(ω1 )2,2

8.636(0.00**)

-8.237(0.01*)

ψ2

-0.003(0.00**)

0.001(0.04*)

(ω2 )1,1

0.000(0.32)

0.000(0.69)

(ω2 )2,1

-0.002(0.00**)

0.001(0.10)

α1

0.028(0.00**)

0.124(0.00**))

γ1

0.038(0.00**)

-0.068(0.00**)

β1

0.753(0.00**)

0.447(0.00**)

Note: Significance of the p-values at 5% and 1% levels is indicated by * and **, respectively.
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Table 3: CRPS skill scores for forecasts of the marginal distribution of daily minimum
(Tmin), maximum (Tmax) and average (Tavg) temperature, and DTR. Energy skill
scores for forecasts of the joint distribution of Tmin and Tmax. Skill scores averaged
across the four locations.
Energy
Score

CRPS
Tmin

Tmax Tavg

DTR

Univariate ARMA-GARCH for Tmin and Tmax
Gaussian

0.0

0.0

0.0

0.0

0.0

Gen asym skew-t

-0.1

0.7

-0.1

0.5

0.3

Gaussian with EVT

0.0

0.0

0.1

0.0

0.0

Gen asym skew-t with EVT

-0.1

0.7

-0.1

0.5

0.3

Gaussian

5.0

-2.4

2.6

1.0

1.4

Gen asym skew-t

5.3

-2.3

2.7

1.3

1.6

Univariate ARMA-GARCH for Tavg and DTR

Bivariate VARMA-MGARCH for Tmin and Tmax
Gaussian with no dependency

7.1

0.0

1.6

3.6

2.9

Gen asym skew-t with no dependency

7.2

0.7

2.2

3.9

3.4

Bivariate Gaussian

6.9

0.1

2.5

3.6

3.2

Gen asym skew-t with Gaussian copula

7.2

0.8

2.9

4.0

3.6

Gen asym skew-t with Student’s t copula

7.2

0.8

2.9

4.0

3.6
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Table 4: Quantile-weighted CRPS skill scores for forecasts of the marginal distribution of
daily minimum (Tmin), maximum (Tmax) and average (Tavg) temperature, and DTR.
Quantile-weighted energy skill scores for forecasts of the joint distribution of Tmin and
Tmax. Skill scores averaged across the four locations.
Weighted CRPS

Weighted
Energy
Score

Tmin

Tmax

Gaussian

0.0

0.0

0.0

Gen asym skew-t

0.0

0.7

0.3

Gaussian with EVT

0.0

0.1

0.0

Gen asym skew-t with EVT

0.0

0.7

0.3

Gaussian

4.3

-2.4

1.3

Gen asym skew-t

4.5

-2.2

1.6

Gaussian with no dependency

6.6

0.0

2.9

Gen asym skew-t with no dependency

6.8

0.8

3.4

Bivariate Gaussian

6.6

0.1

3.2

Gen asym skew-t with Gaussian copula

6.7

0.8

3.5

Gen asym skew-t with Student’s t copula

6.8

0.9

3.7

Univariate ARMA-GARCH for Tmin and Tmax

Univariate ARMA-GARCH for Tavg and DTR

Bivariate VARMA-MGARCH for Tmin and Tmax
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Table 5: Thershold-weighted CRPS skill scores for forecasts of the marginal distribution
of daily minimum (Tmin), maximum (Tmax) and average (Tavg) temperature, and DTR.
Threshold-weighted energy skill scores for forecasts of the joint distribution of Tmin and
Tmax. Skill scores averaged across the four locations.
Weighted CRPS

Weighted
Energy
Score

Tmin

Tmax

Gaussian

0.0

0.0

0.0

Gen asym skew-t

-0.2

1.9

0.8

Gaussian with EVT

0.0

0.3

0.0

Gen asym skew-t with EVT

-0.2

1.9

0.8

Gaussian

6.6

-0.8

2.5

Gen asym skew-t

6.9

-0.3

3.1

Gaussian with no dependency

13.4

0.0

8.2

Gen asym skew-t with no dependency

13.6

1.9

8.8

Bivariate Gaussian

13.2

0.2

8.1

Gen asym skew-t with Gaussian copula

14.0

1.7

9.0

Gen asym skew-t with Student’s t copula

13.7

1.7

8.9

Univariate ARMA-GARCH for Tmin and Tmax

Univariate ARMA-GARCH for Tavg and DTR

Bivariate VARMA-MGARCH for Tmin and Tmax
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Table 6: Brier skill scores for probability forecasts of exceedance over all of the next 3
days. Skill scores averaged across the four locations.
Tmin >
17.5

Tmax >
35

Tmin>17.5
and
Tmax>35

Gaussian

0.0

0.0

0.0

Gen asym skew-t

-0.1

2.6

2.0

Gaussian with EVT

0.0

0.1

0.0

Gen asym skew-t with EVT

0.0

2.5

2.0

Gaussian

6.6

-1.4

0.9

Gen asym skew-t

8.1

-0.9

1.9

Gaussian with no dependency

8.7

0.2

2.9

Gen asym skew-t with no dependency

8.5

2.8

5.0

Bivariate Gaussian

8.2

0.9

4.4

Gen asym skew-t with Gaussian copula

9.1

2.9

5.8

Gen asym skew-t with Student’s t copula

9.1

2.9

5.7

Univariate ARMA-GARCH for Tmin and Tmax

Univariate ARMA-GARCH for Tavg and DTR

Bivariate VARMA-MGARCH for Tmin and Tmax
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