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m Overview of subjective well being (SWB) as alternative to GDP

m Review of emerging research on behavioural welfare economics ar
asymmetric e ects of loss aversion to decline in SWB

m Microfoundations for econometric theory (and recovery) of loss
aversion to decline in SWB

m Econometric estimation and testing for impact of loss avensan
SWB cross sectional regressions

m Conclusion and summary: A loss aversion index can be recovered
tested from published papers using simple recovered ratio praesdu
Extant cross-sectional models are misspecifed due to simaltg
bias, and they overestimate the impact of economic growth onEBW
Loss aversion identi es clientele e ects in SWB that explain
optimism in poor countries. We propose an econometric theory to
solve the simultaneity bias problem.



A typology of subjective well being

m Preference satisfaction. The freedom and resources to meet ones
own wants and desires;

m Objective lists or basic needs. The ful Iment of a xed set of
material, psychological and social needs, which are identi e
exogenously;

m Flourishing or eudaimonic. The realization of ones potential, along
dimensions such as autonomy, personal growth, or positive
relatedness;

m Hedonic or a ective . Synonymous with positive a ect balance, a
relative predominance of positive moods and feelings;

m Evaluative or cognitive . The individuals own assessment of his or
her life according to some positive criterion.

Source:[MacKerron, 2012, p. 706]



Motivation for study

*  Subjective well being (SWB)

Many applied papers report empirical associations between
happiness and other variableBew papers treat happiness economics
in relation to its origins, de nitionstheory, and methods

[Clark et al., 2008, MacKerron, 2012]

Happiness{A self reported measure of SWB from surveys.

SWB measures features of individuals perceptions of their expees,
not their utility as economists typically conceive of it

[Kahneman and Krueger, 2005]

Life satisfaction depends on relative income compared toiao
reference group and weathefFeddersen et al., 2015]

Those perceptions are a more accurate gauge of actual fgelihthey
are reported closer to the time of, and in direct reference ttte actual
experience.

* Happiness-income paradox [Easterlin, 1974, p. 113]

An increase in national income per capita does not incredmedverall
level of happiness in the economy.

People compare themselves to their neighbours or some atsmir or
reference level other than per capita income alone.



Explosive growth in research on economics of happine
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Source:[MacKerron, 2012, Fig. 1, p. 706]

Number of EconLit Journal Articles with Titles Including theeims
'Happiness', 'Wellbeing', 'Well-being' or 'Life Satisféion', by Year

The series plotted with lled circles excludes articles from thaurnal of
Happiness Studies



Life satisfaction concave in relative income

Subjective Well Being
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Life satisfaction
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Some policy implications of misspeci ed SWB models

m Longitudinal studies that fail to account for loss aversiorayn
overestimate the positive e ects of income on SWB.

m Such failure could carry important policy implications regarding
raising individual and national income and well-beirjBoyce, 2010]

m Income inequality implies that as reference income incredsss,
aversion within relatively low income groups may cause themeteks
greater access to credit and subprime loans in order to maintain
well-being{thereby reducing public welfar§Treeck, 2014]

m Loss aversion implies that instead of overall economic growth
national agenda should focus on closing income inequakiysgin
order to increase SWB.



SWB as predictor of social unrest I{Arab Spring
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Source: OECD (2013),0OECD Guidelines on Measuring Subjective
Well-being SWB data for Egypt are from Gallup. GDP per capita (PPP)
estimates are from the International Monetary Fund's World Ecorio
Outlook Database. The \Arab Spring" occurred in February 2011 over
perceptions of worsening living conditions despite rising Gi#P capita.



SWB as predictor of social unrest 1l{Greece
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Source: Jan-Emmanuel DeNeve (2015) LSE EUROPP Blog

Real GDP in Greece grew by more than 50% between 1981 and 2008,
while SWB grew 510% overall (most of it between 1998-2008). Grea
Recession of 2008 erased all prior gains. The pain of recessiodeeper
than the negative growth numbers would indicate.



What is loss aversion?

m The loss aversion concept was introduced in
[Kahneman and Tversky, 197®9Figinal prospect theory (OPT)
behavioural challenge tfvon Neumann and Morgenstern, 1953]
neoclassical expected utility theory (EUT). It characterizbe \losses
loom larger than gains" phenomenon observed in experiments.

m Skewed S-shaped value function v(x): concave over gains and convex
and steeper over losses relative toederence point. A generic
parametrization isv(x) = Vg(X)lfx>0g V'( X)ltx<og With reference
point 0 and sub-value functiongy, v+ over gain and loss domain.
[Charles-Cadogan, 20158hows that this was anticipated in
[Bernoulli, 1738]

m Gain seekingis re ected by 0< | < 1. This can occur if the concave
portion of the function is steeper than the convex portion ortlurve is
concave over loss and convex and steeper over gains.

m There is no settled formula foloss aversion index However, most are
N 1)

\ratio scaled”. Two popular formulae aret = VV @) and
9
40
= VV—((:((O+)). See[Wakker, 2010]for a review.[Charles-Cadogan, 2015b]
g

proves that the loss aversion index is unmeasureable under
[Tversky and Kahneman, 199Z}PT but measurable under EUT.



Myopic loss aversion (MLA) to decline in SWB

m Loss aversion redux: Anticipated losses have a greater in uence
on choice andredicted feelings about an outcome than anticipated
gains of the same magnitud@oyce et al., 2013] It is the tendency
for individuals to be more sensitive to reductions in theirdksvof
well-being than to increase¢Benartzi and Thaler, 1995]

= Myopia is characterized bghort term evaluation . For example,
deviation from optimal consumption plari$troz, 1956}
consumption tracking incomgShea, 1995]

= Myopic loss aversion (MLA) is characterized by loss aversion over
short evaluation periodfBenartzi and Thaler, 1995]

m Myopic loss aversion to decline in SWias identi ed in
[Vendrik and Woltje, 2007put the MLA index not estimated.



Literature on loss aversion and subjective well being

There are several emergent papers on the subject of loss aversion to
decline in SWB. None of them estimate a MLA index directly.
m The most comprehensive study so far is [@e Neve et al., 2015]
who used millions of observations for data at the internatibrevel.
0 Implied MLA index in rang€g[1.5, 6.31 wherein measures of life
satisfaction are more sensitive to negative economic ghoaampared
to positive economic growth.
0 MLA implicates growth policy and our understanding of thengprun
relationship between GDP and subjective well-being.

m [Boyce et al., 2013]mplied MLA index of2.2 and 2.6

m [Di Tella et al., 2010]implied MLA index4.0, 5.0

= [Vendrik and Woltje, 2007]mplied MLA index1.31

m [Charles-Cadogan, 2015d]rectly estimated a time series of MLA
indexes for the relative income hypothesis concentrated i riéinge
[1.27, 7.79.

m [Boyce et al., 2016Ftonscientiousness as predictor of loss aversion
around 2.5



Research questions posed

*

Assuming that self reported (as opposed to elicited) ratingsame's
life satisfaction in a single item in a survey are admissiblesnees of
utility, we try to answer the following questions under rubri€ o
relative income and subjective well being:

Is loss aversion to decline in happiness estimable?

If so, are extant cross sectional models of SWB misspeci edibye
of analysts failure to explicitly include a loss aversioder parameter
in their speci cations?

What would theeconometric theory for embedding and recovering
the MLA index in SWB regressions look like?

Are wealthier people more loss averse to a decline in thegdpheess
compared to poorer people?

Is the myopic loss aversion index for decline in happinesgiidble in
extant cross-sectional regressions on SWB?



The robust ratio of slopes formula for MLA index

m [Tversky and Kahneman, 1992ftroduced a robust ratio of slopes
formula for MLA viastochastic choice.

m Subjects were presented with two simple lotteries= a, %; b,%
andL, = c,3; x,3 . Vizly, for Ly, probability of loss of amouné is
% and probability of gain of amounb is 3 and similarly forL,.

m Value ofx which subjects chose to establish equivalence between
lotteries, i.e.,L; Lo, was noted fora, b, c combination.

m The ratio| ;= X2 was used as abust estimator of MLA

m [Tversky and Kahneman, 1992, p. 310bted that \when the
possible lossis increased by k theompensating gain must be

increased by about 2k. So, is aratio of the slope of gains over
the slope of losses



[Duesenberry, 1949] implicit consumption function

AssumeY; = G+ &
S _
2 g+ ai- My = maxfYsg, ao>0,a1> 0
G Yi
— =1 arn—
) Y, ag 1Mt
. . Y
Y: > M{) income gain I\/I_t =1+ g°
t

Yt

. Y
M; ) reference mcomeM—t =1
t

. Y
Y < M{) incomeloss —-=1 g
t

whereC;, S, Y; is consumption, savings, income, res;# > 0 and

g® > 0 arepseudo-growth rates of income, and a; is a savings rate
factor. In discrete time we uskl; 1 instead ofM;. For application we
use asliding window of lengthw, i.e., M{¥ = max y<s<ifYsgto
representstandard of living .



Reference Dependent Consumption With Loss Aversic

8
> Cl + DPCP if gain in income
CP = 4 if reference income
>
"¢/ 1D°CP, 1 >0 ifloss of income
o

D°CP = aglYi, = e GEadY ad=1 a a
t

m C is reference consumption, ara(d) is consumption factor

m |dentifying restriction for MLA tégtj =1

m If consumption response to mco?ne changes is symmetric, then
l¢=1

m If it is asymmetric such thajglj = k andg® = 2k, thenl = 2 as
in the Tversky-Kahnemarmrompensating gain hypothesis.

m | { is a myopic loss aversion index motivated by Tversky-Kahnema

robust ratio method which we embed in our model.
Source:[Charles-Cadogan, 2015a]



Relative PCE growth for South Africa 1960:Q1{20
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Source: [Charles-Cadogan, 2015a]
Relative PCE growth over 20Q (5-years) standard of livingiging window.
Psychological pain associated with asymmetric response to negative growth nmgd
by loss aversion.



MLA to decline in South Africa PCE growth

Source: [Charles-Cadogan, 2015a]

MLA to decline in South Africa PCE growth below reference growth zer
is re ected by left tail skew comprised of negative growth. MLAstbrts
the otherwise symmetric probability distribution for PCE growthad
embeds asymmetric growth in cross-sectional SWB regression Inode
The distributions with very high excess kurtosis are cut o at thap.



Local regression estimator for MLA index

Losses

T
Reference x, :07< :
i U Gains

i

i

B.(x,)

Microfoundations of cross-sectional regression model withrasgtric
growth in ane-neighbourhoode(x;) of the reference poink, = 0. The
[Tversky and Kahneman, 1992prmulal tx and[?] formulal k for loss
aversion index coincide for linear utility.



Canonical model of subjective well being (SWB)

- C
n U =f ?a”_q
whereC; is the consumption expenditure of the-th consumer, and
U; is her utility index[Duesenberry, 1949, p. 32]; [Easterlin, 1974,

p. 113]

m a; is the weight assigned biyto j's consumption. According to
Easterlin, ifi chooses the weights;; = % then she is comparing
herself to the average consumption expenditure of her neightou

- Ui = aln(xx) + bin g +2z7g+ e
is i-th cross sectional regression (usually ordered probit) over
observationk = 1,...,K; Uj is ordinal scaled item response from
surveysyz is a vector of demographic variables; is anassigned
reference pointp is impact of growth on SWHClark et al., 2008]

m Model typically pays homage to
[Mundlak, 1978, Hausman and Taylor, 1981]



Clientele E ects Of Economic Growth On SWB

The relative impact of a unit change in average economic griw(g) on average SWB
(V) under neoclassical (Neo) and behavioural economics (BE)try:

L - —
gheo (1Ui/1g°) _ blg® _ o
(1Ui/1g-)  b/g-  g°
u |
_ -2
_ (Ui/1g%) _ be/G° _ be G- _ 1 g-
] CO(TUi/9gh)  bugt o bLg® 1y gt

If g© = gh, then $M'° = 1 and $°F = 1/ 1.

m Under $i’\‘e° the impact of a unit increase in economic growth is o set by anit
decrease in economic growth.

= Under$iBE the impact of a unit change in economic growth is asymmetricThe
gain in SWB for a unit increase in economic growth is a fractioof the loss in
SWB for a unit decrease in economic growth.

m Gain seeking in low income countries, i.e., & | ; < 1 magnies SWB by a
factor much greater than that for higher income countries @racterized byloss
aversion, i.e., | > 1. Thus, risk attitudes provide a theoretical explanation for
why low income countries are more optimistic than high incom e countries.
Cf. [Humphrey and Verschoor, 2004, Graham, 2008]



Recovery of MLA index in 2SLS procedurelfor

m Rewrite canonical regression as
Uik = aln(xix) + beGfl 1y >% g bLOklfx<x gt Z' 9+ €k, €
(0,82), Ho:bg = b = b vs H,: Hp not true
m Incorporate theidentifying restriction for MLA
gik: Igi(k3+ hic, hik (O,Sﬁ), k=1,...,K

m Theoretical rst stage regressioryields@f; = bgif

m Estimation ofsecond stage regressigields

By = BIn(xik) + BogS 1y, > e g 80K £, <m gt 2’
where b= g

Bs

m Runauxiliary regressiorg = biby Ty, <q gt N, Ny (0,s2)
from stages 1 and 2
_ aib b Iink<lﬂg
L~ A b2 |
i M Tfxk<m g

[ BL is asymptotically consistent and e cienfwWhite, 2001, p. 144}so
is a conservative [under] estimate bf



Recovery Theorem for MLA index for SWB

THEOREM . Under regularity conditions for least squares write the caonical SWB regression
under Hp = bg = by =bandHz:bg=b and by =g, b6 q

1
y=®d+e sothat B= %7 2Ty,
where % =[x zT g% g.']= X :Z is the design matrix with transposed (T ) row
vectors in bold, y is a vector of utility scores (ordinal or otherwise),
d=[a g b q
is the vector of parameters to be estimated;e  (0,s2l,) wherel, is the n  n identity matrix;
P nd d! o (0, Sy) where Sy is the variance-covariance matrix ofd given by

1 xT™x xTz '_ 2 ?
T zZTx 27z - ? S(qb)

where ? denotes sub-matrices for parameters that are not of interes And sg, sg, sgb are the

Sd = Sg }QT-X

2
Sq Sqb

% and
Sab  Sp

variance and covariance components of the sub-matrix of inérest S(q, b) =

h i
N g , S(g,b) . We claim that lim, an = limp P% = | and the asymptotic
n |
distribution o s2  2ls qp+ | 282’
p n(l n I )I d N O, %

[opYoR}

exist provided jbj > 0. By de nition sgp = 0. O



Variance stabilizing transform fér,

2 2.2
s 2ls gpt | 7S

=« PR, )N OB =0

Confound Asymptotic variancaen depends or

m A variance stabilizing transformatiois needed to eliminate the
variance confoundBar-Lev and Enis, 1990]

m The computed variance stabilizing transformation (VST) is

S P.Y

= = L

g(l) s, In tan 77 3
R B 0)

aPh g Bn g(l)! ) N(0,s2) where s2 = t2(1)g%(l),
t2(1) = sq2 + 2s,oz, ands, = s¢/ b, s, = sp/ b
= g(l) is related to the distribution functiorF(u) = 3 + I arctan(u)

for a Cauchy density function of type(u) = [p(1+ u?)] 1. So the
VST isa-stable i.e.f(l;s,°,s,) = 2 1+ 125 s, 2



Sample distribution of MLA in

Figure: Empirical distribution of Figure: Theoretical Levy
US MLA index distribution

The empirical US MLA index was tted by interpolation from a m ethod of moments estimator
applied to US real income and nondurable consumption data in[Charles-Cadogan, 2015c] The
theoretical Levy distribution is

r

foame)= oot m YPew  c@x m Y

with measure of location mand scale parameterc for tail e fects.



Levy scale parameter and asymmetric growth exposur

m Assign the standard deviations of growth exposure to the abstract
norms, i.e.,kg-k = Sy kg®k = s,

mletc= s/ Sq be ascale parameter induced by the norms for
growth exposure.

m Levy density now has the form(x) = ( cp 2p) w3 exp( 2x)
when measure of locatiom= 0.

m Iftan(y (1)) = 1 kg®k ?kgk = 1, thenl = ¥/ candl = 2
whenc = 1/ 2.

m The scale parameter c¢ for the Levy density is informative about
the MLA index asymmetric growth exposure undey.

1
f(P;sy 54 )= 2 1+ P2c?



Exact test for identifying MLA index restriction

Theorem

The exact test for the myopic loss aversion (MLA) index idéyitig
restriction is given by

4 Bomne 1
7 = Ho pE N (0,1)

where Z is a standard normal random variablejs the observed or

estimated MLA index) n, = kg-k/ kg®k is the given MLA index under
the null, andkg®k and kg-k are suitable normed vectors of gains and
losses in growth, respectively. O

Remarks. The test statistic is derived from th&R statistic
2InJ = -2In(E{(bL)/ V(b)) c?wherec? (1,2, and
Z= c¢2 1/ 2 ltisbasedomHy:bg = b. = ban%)
Ha:be = b and b, = g, b6 g A correction factor 3 2 was used for
consistency under the null, ang}, < s¢ by de nition.



Cauchy test for median US MLA index

Ho: |l = 225vs. Hy: | 6 2.25

US MLA index]| Z-scoré | P-value | Z-scor@ | P-value| Z-scoré | P-value Z-scoré | P-value
2.07 -0.42 0.67 -0.13 0.90 -0.12 0.90 -0.43 0.67
3.04 1.88 0.06 0.58 0.56 0.54 0.59 2.34 | 0.02%**
0.14 -5.03 | 0.00*** -1.54 0.12 -1.43 0.15 -2.82 0.00***
1.76 -1.17 0.24 -0.36 0.72 -0.33 0.74 -1.10 0.27
0.20 -4.87 | 0.00*** -1.49 0.14 -1.39 0.16 -2.81 0.01***
7.17 11.72 | 0.00%* 3.59 | 0.00%** 3.34 | 0.00%** 25.90 | 0.00%**
16.70 34.41 | 0.00%** 10.54 | 0.00%** 9.82 | 0.00***  152.92 | 0.00***
0.16 -4.99 | 0.00%** -1.53 0.13 -1.42 0.15 -2.81 | 0.00%*
9.07 16.25 | 0.00%** 4.98 | 0.00%** 4.64 | 0.00***  43.16 | 0.00***
1.65 -1.42 0.16 -0.44 0.66 -0.41 0.69 -1.30 0.19
1.76 -1.16 0.24 -0.36 0.72 -0.33 0.74 -1.10 0.27
34.00 75.63 | 0.00** | 23.17 | 0.00%* | 21.58 | 0.00**  643.07 | 0.00***
8.00 13.70 | 0.00*** 4.20 | 0.00%** 3.91 | 0.00*** 32.94 | 0.00%**
1.14 -2.65 | 0.01%** -0.81 0.42 -0.76 0.45 -2.11 | 0.04%*

*** signi cant at p=0.05 n=14

Q1= 1.27 Q2= 1.92 Q3= 7.79 Q4= 34.00

azs= B{%ZS for standard Cauchy Pz = rzplé for robust Cauchy ©¢Z = \2;25 for generalized
[ p? 3(Qs Qi) o 2
4n 4n p-s

4n

4 (br2292 1
=1 eYy -

4
Cauchy with MLEs for scale measure 9 Z for recovered ratio test



Cauchy test for median South Africa MLA index

Ho: |l = 225vs. Hy: | 6 2.25

ZA MLA index | Z-scoré P-value| Z-scor® P-value| Z-scoré | P-value[ Z-scor€ | P-value
0.38 -4.77 0.00 -10.79 0.00 -5.09 0.00 -2.75 0.01
0.24 -5.11 0.00 -11.56 0.00 -5.46 0.00 -2.80 0.01
0.64 -4.11 0.00 -9.29 0.00 -4.38 0.00 -2.60 0.01
0.65 -4.07 0.00 =9 1l%) 0.00 -4.34 0.00 -2.59 0.01
0.78 -3.74 0.00 -8.45 0.00 -3.99 0.00 -2.49 0.01
0.10 -5.46 0.00 -12.36 0.00 -5.83 0.00 -2.82 0.00
8.18 15.09 0.00 34.13 0.00 16.11 0.00 34.53 0.00
1.08 -2.98 0.00 -6.74 0.00 -3.18 0.00 -2.18 0.03
1.67 -1.48 0.14** -3.35 0.00 -1.58 0.11** -1.27 0.20**
20.39 46.20 0.00 104.47  0.00 49.30 0.00 229.52 | 0.00
0.23 -6.15 0.00 -11.64 0.00 -5.49 0.00 -2.80 0.01
2.69 1.11 0.27** 2,51 0.01 1.18 0.24** 1.20 0.23**
0.08 -5.53 0.00 -12.51 0.00 -5.90 0.00 -2.83 0.00
0.68 3109 0.00 =901 0.00 -4.25 0.00 -2.57 0.01
0.51 -4.42 0.00 -10.00 0.00 -4.72 0.00 -2.68 0.01
1.07 -2.99 0.00 -6.77 0.00 -3.20 0.00 -2.18 0.03

** not signi cant at p=0.05 n=16

Q1= 0.34 Q2= 0.67 Q3=1.23 Q4= 20.39

azs= 471) 225 (s standard Cauchy "z = riip 225 for robust Cauchy °Z = \/7'3 225 o generalized

p? p? 2(Qs Qu) ? 442
4n an p°s
4n

4 (br2252 1
=

4
Cauchy with MLEs for scale measure ¢ Z for recovered ratio test



Power of tests for MLA index

Figure: Trend in test statistics Figure: Trend in test statistics
for US MLA indexes for South Africa MLA indexes

|
; s
h2 2 1
pc 5(Q3 Qi)
za .= b 225 :I—n zb .= P 225 ZT
u 2
g2t B
Zowe= P 225 PS zg, =422 1 2

All tests perform about the same for jl j 2.5 but di er for extreme values. The RRM method
Z4 e is the most sensitive to extreme values.



Comparison of recovered MLA index for SWB

Authors Speci cation Data source MLA index 1
Experiment
hypothetical
[Abdellaoui et al., 2015] “U((XX)) choices 2.213,[1.06, 5.52]°
Supermarket
[Hardie et al., 1993] Multinomial logit scanner panel data 2.695°, 1.660¢
Experiment
Robust Ratio method hypothetical )
[Rieger et al., 2011] I q choices 2.08,1.65'
Method of moments and Time series of n b
robust ratio consumption and 0.67" [0.34,1.23,

[Charles-Cadogan, 2015c] i =gtig® income 1.92'[1.27,7.79]°
Experiment
hypothetical
[Tversky and Kahneman, 1992] Nonlinear least squares choices 2.252
[Ferrer-i-Carbonell, 2005] RRM®I[ = ¢/ b Survey panel data 2.392,5.720 | 1.059
Time series of
A consumption and
[Shea, 1995] RRM'I[ = ¢/ b income 3.07,3.16%,11.11K, 3.55¢
[Vendrik and Woltje, 2007] RRM'[ = ¢/ b Survey panel data 1.31¢
[Boyce et al., 2013] RRM"[ = ¢/ b Survey panel data 2.2¢,2.6°
[De Neve et al., 2015] RRMU[ = ¢/ b Survey panel data 151,5.81™ ,6.34"
[Di Tella et al., 2010] RRM"[ = g/ b Survey panel data 4.01,5.0f
[Barazzetta et al., 2015] RRM'[ = ¢/ b Survey panel data 2.9° ,2.6°
Robust Ratio method v
[Fishburn and Kochenberger, 1979] | 4 Metastudy 4.85 [2.82,7.72°
** Exact test signi cant at p=0.05 for Hp :l = 2.25, assuming In(sp/ se) = 0, RRM=Recovered Ratio Method
a=median value, b=interquartile range, c=loss of qualig/, d=loss of price
e=Germany, f=West Germany, ast Germany, ~h=South Africa, i=Unites States

j=Authors own estimates obtained f%m recovered ratio method .
=Estimates obtained from model with four di erent lists of instrumental variables
|I=Robust loss aversion index estimator, m=Global, n=Europe, 0=UK



2.25

(o) S
(&) 2 3
— ] =
u we =
O e £ 2
8

©

©

>

o)

X

()

©

£

< = —

- ] 1

=

(¥ - Sl el ol el et

o 1 ——

c T & & & |

(@) O — ¥

..u ,-

o}

o)

—

S

%)

(@)




Conclusion

*  Theory shows that the canonical SWB regression model overesisne
the impact of growth on SWB by failing to control for MLA.

*  The recovery theorem for MLA index for decline in SWB introducec
here is new to the literature.

*  Application of the theorem to published results produced adsilile
MLA index estimates.

* The a-stable feature of the recovered MLA index estimator
complicates statistical inference but establishes a relati@tween
tail thickness and asymmetric exposure of SWB to income growth.
*  Further research on econometric theory of myopic loss aversion to
decline in SWB is needed to:

m derive sharp bounds for recovered MLA index estimator
m characterize the geometry of MLA index in gain loss space
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