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Introduction

Advocates of Catastrophe bonds often claim that these securities constitute ”zero-beta”
investments and are valuable for portfolio diversification [Litzenberger, Beaglehole &
Reynolds (1996)]. The zero-beta characteristic refers to bonds’ low investment betas
relative to alternative investments traded in capital markets, e.g., equity or corporate
bonds. Defined as fully-collaterized financial instruments, Catastrophe bonds allow a
sponsor, usually an insurance or a reinsurance company, to shift catastrophe risk to the
financial markets and access funds, at a premium, necessary for reinsurance protection
against natural disasters.1 A well-defined non-diversifiable risk underlying a Catastrophe
bond could be further managed by investing in a portfolio with a large number of Catastrophe bonds covering different types of perils and regions. Catastrophe bond mutual
funds were created to offer such risk management and became highly regarded among investors for their additional diversification benefits. The zero-beta hypothesis is pertinent
to these mutual funds since the latter pull together various Catastrophe bonds believed
to be zero-beta assets. In this paper, we investigate whether Catastrophe bond mutual
funds constitute zero-beta investments with respect to financial markets.
The market for Catastrophe bonds has grown rapidly over the last two decades, reaching USD $16 billion in outstanding capital in 2013 [Carpenter (2013)]. Created to manage catastrophe risk, Catastrophe bond mutual funds became particularly attractive to
investors and have expanded rapidly in recent years. In fact, Catastrophe bond mutual funds emerged as the largest buyer of such bonds issued between January, 2008 and
June, 2011 [Swiss Re (2011)]. Given that Catastrophe bond mutual funds have established themselves as an attractive investment and an important player in the market for
Catastrophe bonds, and considering the increasing relevance of the latter sector in global
capital markets, it becomes essential to examine formally their dynamics vis-a-vis financial
markets.
Despite their relevance, the literature examining whether Catastrophe bond mutual
1

More details about the structure and characteristics of Catastrophe bonds are provided in the Appendix A
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funds constitute a zero-beta investment is still scarce. To our knowledge, only one study,
by Cummins & Weiss (2009), has explored the latter question in the panel data framework
with mutual funds pooled into one regression. Using monthly fund data from fund inception to May 2008, the authors find a statistically significant positive relationship between
returns on Catastrophe bond mutual funds and an equity index and a corporate bond
yeild when both types of benchmarks are considered in the regression. Their preliminary
analysis suggests that Catastrophe bond mutual funds did not perform as a zero-beta
asset relative to the stock and corporate bond markets during the study period.
Previous studies have largely focused on Catastrophe bonds and indices (rather than
funds) when assessing the zero-beta investment hypothesis, defined with respect to alternative capital investments [see, e.g., Gürtler, Hibbeln & Winkelvos (2014), Carayannopoulos & Perez (2015)]. Most scholarly research devoted to Catastrophe bonds has been concerned with their valuation. Theory-based approaches for this purpose rely on: (i) equilibrium models [see, e.g., Cox & Pedersen (2000), Egami & Young (2008)], or (ii) contingent
claims frameworks [e.g., Lee & Yu (2007), Jarrow (2010)]. Empirical works on Catastrophe bond pricing include Gomez & Carcamo (2014), Gürtler, Hibbeln & Winkelvos
(2014), Braun (2015) and Bodoff & Gan (2009).
Relative to the existing literature, our study contributes in the following ways. First,
while previous studies have predominantly been concerned with Catastrophe bonds and
other Insurance-Linked Securities (ILS), we focus on Catastrophe bond mutual funds and
explore whether these investments constitute zero-beta assets with respect to the capital
markets.
Second, the analysis is performed in a multivariate setting using two market-based
models, namely Black’s CAPM without the riskless asset [Black (1972)] and its extension, the Quadratic Market CAPM. The second model explicitly accounts for the market
coskewness effect via the square of the market returns as an additional factor [Kraus
& Litzenberger (1976), Barone-Adesi (1985), Barone-Adesi, Gagliardini & Urga (2004)].
To the best of our knowledge, studies of Catastrophe bond mutual funds that formally
account for the market coskewness risk are unavailable. The latter risk, however, could
be non-negligible given that, by their very nature, Catastrophe bonds are likely to respond asymmetrically to developments in financial markets. Imposing symmetry on the
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response of Catastrophe bond mutual funds to capital markets’ movements is therefore
too restrictive. Moreover, positive market coskewness of an asset moderates sensitivity
of the overall investment portfolio to high absolute swings in market returns and as such
is an appealing asset characteristic for investors [Barone, Adesi, Gagliardini and Urga
(2004)]. Given these considerations, we study the dependence between Catastrophe bond
mutual funds and capital markets in an asymmetric setting which explicitly accounts for
the market coskewness effects.
Third, we provide a formal and unified analysis of whether Catastrophe bond mutual
funds perform as a zero-beta asset from a dual perspective. An asset is regarded as a
zero-beta investment with respect to financial markets if it is not sensitive to fluctuations
in the market benchmarks and/or if the market factors are not priced in cross-section. As
an illustration, consider a linear asset pricing model of the form:
E[rit ] = γ0 + λ1 bi1 + λ2 bi2 ,

i = 1, . . . , n,

t = 1, . . . , T,

(1)

where rit is a return on security i at time t, scalar γ0 is a zero-beta rate and scalars λ1
and λ2 are risk prices for two factors F1 and F2 respectively, while scalars bi1 and bi2 are
their associated factor sensitivities. In this model, the contribution from the risk factor
F1 to the expected return on security i, E[rit ], could be zero if: i) factor sensitivity, bi1 ,
is zero (hereafter, sensitivity analysis), and/or ii) the factor risk price, λ1 , is zero. In
the asset pricing literature, the latter aspect is also referred to as beta pricing. When
a market factor is priced investors perceive it to be a source of non-diversifiable risk for
the asset, or view the asset as a hedge against the systematic risk underlying the market
factor which commands a non-zero risk premium. A comprehensive zero-beta investment
analysis requires a unified assessment of both aspects.
However, when standard inference methods are used, a complete analysis may not
be feasible when factor sensitivities are jointly close to zero. More precisely, potentially
insignificant sensitivities pose a problem for recovering the risk prices required for the
beta pricing analysis. Formally, in the linear asset pricing model (1), the risk price λ1 is
not recoverable when factor sensitivity, bi1 , is zero because the product λ1 bi1 disappears
from the expected return on security i, E[rit ], and thus from the statistical ”objective
function”. In econometrics, this is known as an identification problem. Econometric
3

procedures addressing redundant factors have been the subject of a growing literature;
see, e.g., Beaulieu, Dufour & Khalaf (2015a), Khalaf & Schaller (2013), Kleibergen (2009),
Kleibergen & Zhan (2015), Kan & Zhang (1999), Gospodinov, Kan & Robotti (2014), Kan,
Robotti & Shanken (2008). Given that Catastrophe bond mutual funds are structured in
a way that largely eliminates exposure to systematic market risk, small investment betas
are imposed by the very nature of these mutual funds and as such are an empirical reality
rather than merely a hypothetical possibility. Using such methods is thus particularly
relevant in the context of Catastrophe bond mutual funds.
To date, a unified treatment of whether Catastrophe bond mutual funds have a zerobeta status covering sensitivities and pricing appears to be lacking. We address the latter
gap in the literature. This is achieved using multivariate inference methods that are
robust to small or overly similar factor sensitivities which have been recently proposed by
Beaulieu, Dufour & Khalaf (2015a,b). More precisely, these procedures are robust in the
sense that they offer a warning when the risk prices are not recoverable and can produce
reliable inference on beta pricing even if sensitivities are jointly close to zero (or another
value). Furthermore, estimation uncertainty is precisely measured in small samples (i.e.,
when the numbers of observations, n, and time periods, T , are fixed). Given the limited
data available on Catastrophe bond mutual funds, applying procedures that are reliable
in finite samples is particularly important. Using these robust econometric procedures for
inference on Catastrophe bond mutual funds constitutes the fourth contribution of this
paper.
Namely, for the sensitivity analysis of Catastrophe bond mutual funds we consider
the classical multivariate Hotelling test statistic T2 [Hotelling (1947)] (which is the traditional generalization of the univarate Student-t criterion) to assess joint significance of
the market and coskewness factors across mutual funds. That is, given the model (1) we
test whether:
bij = 0,

i = 1, . . . , n,

2

j ∈ {1, 2}.2

(2)

Given the above notation, bij , j = 1, 2, are the factor coefficients in the regression of returns on
a constant and factors. Gibbons, Ross & Shanken (1989) [hereafter, GRS] provide a joint test on the
intercepts for the latter regression. Our test is the GRS counterpart applied to factor coefficients rather
than intercepts.

4

There have been a number of recent applications of the multivariate Hotelling test in the
context of joint inference on a given risk factor across asset portfolios; see for example,
Beaulieu, Dufour & Khalaf (2010, 2007) and Beaulieu, Gagnon & Khalaf (2014). An
F-distribution based approximation allows for the size of the test to be controlled in small
samples and realistic contexts, e.g. GARCH or Student(t).
In line with a prescription of Lewellen, Nagel & Shanken (2010, prescription 2) for
improving asset pricing tests, beta pricing analysis is carried out via robust confidence
sets for the zero-beta rate and the risk prices following the inference approach proposed by
Beaulieu, Dufour & Khalaf (2015a,b). The latter confidence sets are derived by inverting a
pivotal Hotelling test defined on the zero-beta rate and the risk prices. Formally, given the
above notation, we test a joint linear restriction which sets θ, where θ = (γ0 , γ1 , γ2 ) with
γj = F̄j − λj , j = 1, 2, such that λj is the above defined risk price and F̄j is the respective
factor average return.3 Inverting a test involves collecting in a set all the θ values not
rejected by the test at a chosen level of significance α. This test can be seen as a GRS
type test on intercepts of the regression of returns on a constant and factors expressed in
deviation from θ. The resulting confidence sets are robust regardless of the sample size and
the presence of the small beta problem. Specifically, the joint coverage probability that all
individual confidence sets contain the true values of respective parameters simultaneously
is controlled exactly in finite samples and is not less than (1 − α).
Our empirical analysis is carried out in the context of the 2008 Financial Crisis by
splitting the sample into three sub-periods covering months before, during and after the
2007-2009 recession. The 2008 Financial Crisis was characterised by a severe instability
of financial markets globally and an extreme contagion effect on different markets around
the world. In particular, the Catastrophe bond market has been affected via at least
two channels: the collapse of Lehman Brothers, since the company served as a Total
Return Swap (TRS) counterparty for a number of Catastrophe bonds, and a deteriorated
quality of the assets in the collateral account for some of the bonds that was discovered
as the crisis unravelled. The considered factor model for the Catastrophe bond mutual
funds may have followed a different pattern in the course of the crisis than during normal
economic conditions. Thus, it becomes relevant to examine whether Catastrophe bond
3

Notation for tradable factors is further developed in Section 2 of the paper
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mutual funds constitute a zero-beta asset in the context of the 2008 Financial Crisis.
Empirically, we document four important results. First, our unified assessment in the
context of the Quadratic Market CAPM provides evidence suggesting that Catastrophe
bond mutual funds do not perform as a zero-beta investment relative to the market
coskewness factor in any of the sub-periods. Specifically, coskewness sensitivities are
jointly significant at the usual levels in the sub-period before the 2008 recession, while
the coskewness risk is priced during and after the crisis sub-period. Taken together, these
results suggest that the market coskewness factor is a significant source of systematic risk
for Catastrophe bond mutual funds over the entire study period with investors requiring
a commensurate non-zero risk premium as compensation at the time and following the
2008 recession. This result has not been previously documented in the literature on
Catastrophe bond mutual funds and bonds.
Second, our unified approach based on the Quadratic Market CAPM also reveals that
Catastrophe bond mutual funds were not behaving as a zero-beta investment with respect
to the market factor during the course of the 2008 recession. Namely, factor sensitivities on the market benchmark are jointly significant only in the second sub-period. In
addition, the beta risk on the market benchmark is priced during the 2008 recession.
Viewed collectively, these findings indicate that sensitivity of Catastrophe bond mutual
funds relative to the market factor became relevant during the course of the 2008 Financial Crisis, with investors pricing this benchmark to compensate for the exposure to
significant market risk. This result mirrors previous findings on Catastrophe bonds [see,
e.g., Carayannopoulos & Perez (2015)] and is new to the literature on Catastrophe bond
mutual funds.
Third, our analysis reveals that including market co-skewness as a non-tradable factor
is relevant for the beta pricing and the sensitivity analyses on both factors. In the latter
case, we find that inference on factor loadings for the market benchmark is dependent
upon exclusion of the market coskewness factor from the model. Specifically, the result of
the Hotelling test is reversed with the test statistic becoming significant in the second subperiod once the market coskewness effect is accounted for. Under the beta pricing analysis,
Black’s CAPM is rejected by the data in all the sub-periods. In contrast, using the
Quadratic Market CAPM with the market coskewness factor included as a non-tradable
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factor we find that the market benchmark is priced in the second sub-period while market
coskewness is priced in the last two sub-periods even though the Hotelling statistic for the
latter is not significant in the third sub-period. From a methodological perspective, our
analysis reveals that when market coskewness is taken into account as a tradable factor,
the Quadratic Market CAPM is rejected in the sub-periods before and during the 2008
recession and is not identified in the sub-period after. These findings demonstrate that
erroneously treating market coskewness as a tradable factor compromises the recovery of
the zero-beta rate in a profound way and underscore the importance of treating this factor
as non-tradable.
Fourth, we find that conventional confidence intervals differ strikingly from robust
confidence sets for both models in every sub-period. In particular, traditional confidence
sets are always bounded and in most cases exclude the respective factor mean returns even
when robust confidence sets are void or take the form of an unbounded set that covers
the entire real line. Empty robust confidence sets estimated in a number of cases call into
question the value of the compact traditional confidence intervals obtained for the same
sub-periods, as the former imply that all admissible values of the parameter of interest
as defined by the model are rejected by the data. Also, inference based on traditional
confidence intervals is misleading when robust inference procedures reveal that the model
is not identified. These results highlight the relevance of using robust confidence sets for
inference on beta pricing in the context of Catastrophe bond mutual funds.
The remainder of this paper is arranged as follows. In the next section, we introduce
notation and framework and establish relevant hypotheses. Section 3 defines respective
tests and describes the inversion procedure and projection methods. Data for the empirical
study are presented in Section 4, while descriptive statistics are provided in Section 5.
The empirical results for Catastrophe bond mutual funds are summarized in Section 6.
In Section 7 we provide a discussion and draw conclusions. Lastly, Appendix follows.

2

Notation and Framework

Consider the following general multifactor model [Shanken (1992), Beaulieu, Gagnon &
Khalaf (2015)]:
ri = ai ιT + R1 bi1 + R2 bi2 + ui ,
7

i = 1, . . . , n,

(3)

where the (T × 1) vector ri , i = 1, . . . , n, contains returns on security or portfolio i at
time t = 1, . . . , T, R1 and R2 correspond to (T × k1 ) and (T × k2 ) matrices of returns on
k1 non-tradable factors and k2 tradable factors respectively with q = k1 +k2 and k = q +1.
ui is a (T × 1) dimensional vector with random disturbances from T time periods, while
bi1 and bi2 are (k1 × 1) and (k2 × 1) vectors of factor sensitivities. A tradable factor
corresponds to a portfolio of traded securities. Factors are not necessarily all portfolios of
traded assets. Non-tradable factors may include macroeconomic and financial variables,
for instance unexpected inflation, innovations in GNP and changes in interest rates, that
are believed to capture economy-wide systematic risks.
In this context, to perform the sensitivity analysis for Catastrophe bond mutual funds
we rely on the multivariate Hotelling test and assess whether n unrestricted slope coefficients on a given risk factor in model (3) are jointly different from zero across n observations. Mathematically, the joint null hypothesis of interest can be stated as follows:
H0 : bis = 0,

i = 1, . . . , n,

s ∈ {1, . . . , k}.

(4)

Joint hypothesis testing of zero slope coefficients for each factor allows to assess whether
the latter constitute a significant source of systematic risk for Catastrophe bond mutual
funds.
Drawing on multivariate regressions in (3) and the Arbitrage Pricing Theory (APT),
the beta pricing analysis builds on the following presentation.
Let a scalar γ0 denote a zero-beta rate, while vectors γ1 and γ2 with dimensions
(k1 × 1) and (k2 × 1) define risk prices on non-tradable and tradable factors respectively.
In a multifactor setting, the zero-beta rate denotes the expected rate of return on a zerobeta portfolio which in turn is defined as a portfolio that is not sensitive to any tradable
factor [Campbell, Lo & MacKinlay (1997), Chapter 6]. More precisely, the zero-beta
portfolio has the smallest variance among all portfolios not correlated with any of the
tradable factors. Throughout the paper, we refer to ιz as a (z × 1) dimensional vector of
ones. In this setting, the APT restricts the intercept to zero in the regression of returns
in deviation from the zero-beta rate, γ0 , on: (i) R1 in deviation from γ1 and (ii) R2 in
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deviation from γ0 :
ri − ιT γ0 = (R2 − ιT γ0 ι0k2 )bi2 + (R1 − ιT γ10 )bi1 + ui ,

i = 1, . . . , n.

(5)

The above setting builds on the framework considered by Beaulieu, Dufour & Khalaf
(2015a) and accomodates more than one tradable factor. The relation (5) can be restated
in the form of model (3):
ri = ιT [γ0 (1 − ι0k2 bi2 ) − γ10 bi1 ] + R1 bi1 + R2 bi2 + ui ,

i = 1, . . . , n

(6)

generating the following non-linear restriction on its intercept:
ai = γ0 (1 − ι0k2 bi2 ) − γ10 bi1 ,

i = 1, . . . , n.

(7)

More generally, the restriction (7) can be written as follows:
H0 (θ) : ai = θ0 di ,

i = 1, . . . , n,

for some unknown θ

(8)

such that
θ = (γ0 , γ10 )0

(9)

di = ((1 − ι0k2 bi2 ), b0i1 )0 .

(10)

Beta pricing analysis is based on the confidence set estimators for the (k1 +1)-dimensional
vector θ which is interpreted following a traditional cross-sectional factor pricing approach
[see, e.g., Campbell, Lo & MacKinlay (1997, Chapter 6), Shanken & Zhou (2007)]. More
precisely, averaging (5) across time series produces the cross-sectional specification of the
form:
r̄i = γ0 (1 − ι0k2 bi2 ) − γ10 bi1 + R̄1 bi1 + R̄2 bi2 + ūi
= γ0 + (R̄2 − γ0 ι0k2 )bi2 + (R̄1 − γ10 )bi1 + ūi

i = 1, . . . , n

(11)

i = 1, . . . , n.

The latter implies that each of k2 tradable factors is not priced if the following relation
holds true for all tradable factors:
R̄j2 − γ0 = 0,

j = 1, . . . , k2 .
9

(12)

In turn, each non-tradable factor is not priced when we have:
R̄l1 − γl1 = 0,

l = 1, . . . , k1 ,

(13)

where γ1 = (γ11 , ..., γl1 , ..., γk1 1 )0 is a k1 -dimensional vector, R̄1 = (R̄11 , ..., R̄l1 , ..., R̄k1 1 )0
and R̄2 = (R̄12 , ..., R̄l2 , ..., R̄k2 2 ) are (k1 × 1)0 and (k2 × 1) vectors respectively.
It follows from (12) that tradable factor j is priced if the confidence set for γ0 does
not cover j’s mean return. Also, relation (13) implies that non-tradable factor l is priced
if the confidence set for scalar γl1 excludes l’s average return. Given that the confidence
sets for γ0 and the elements of γ10 are simultaneous, whether all factors are priced or not
is determined simultaneously.
If a given risk factor is priced, investors consider this factor to be a significant source of
non-diversifiable market risk or view Catastrophe bond mutual funds as a hedge against
systematic risk embedded in the risk factor and command a corresponding non-zero risk
premium as a compensation.
In this paper, the beta pricing analysis for Catastrophe bond mutual funds is conducted under three alternative settings adjusting the general framework presented above
accordingly.
First, we consider the case with the market benchmark as a single tradable factor while
excluding any non-tradable factors. In this setting, the framework in (6) takes the form
of the traditional single factor CAPM without riskless rate of return as first formulated
by Black (1972) and there is only one unknown parameter, the zero-beta rate γ0 , to be
estimated.
Second, we consider the framework with a single non-tradable and a single tradable factors. In this case, the analysis of Catastrophe bond mutual funds builds on the
Quadratic Market CAPM [Kraus & Litzenberger (1976), Barone-Adesi (1985), BaroneAdesi, Gagliardini & Urga (2004)] with the market benchmark treated as tradable and its
square as non-tradable factors, which is consistent with the factor treatment of BaroneAdesi, Gagliardini & Urga (2004). Consequently, confidence sets for the zero-beta rate
and the coskewness risk price are to be estimated. The squared market factor is included
to completely account for coskewness with the market benchmark, i.e., asymmetric response of Catastrophe bond mutual funds to capital market developments. Given the
10

extreme event nature of Catastrophe bond mutual funds, deviations from the linear relation between the former and the financial markets could be non-negligible. Imposing a
symmetrical response to financial movements may thus be too restrictive. In addition, assets with positive (negative) market coskewness tend to have higher (lower) returns when
market returns are high in absolute terms. Positive market coskewness is thus a desirable
asset property for investors since it mitigates the responsiveness of an overall investment
portfolio to high absolute swings in market returns [Barone-Adesi, Gagliardini & Urga
(2004)]. Against this background, market coskewness emerges as an important risk factor
in addition to the traditional market benchmark. Despite its relevance, the former has
been neglected in the literature on Catastrophe bonds thus far.
Third, we perform the analysis in a setting with two tradable factors and without
non-tradable factors. In this case, the assessment is based on the Quadratic Market
CAPM with the market return and its square used as tradable factors. A confidence
set for only one unknown parameter, the zero-beta rate, is to be estimated since both
factors are tradable. While the market coskewness is a non-tradable factor [Barone-Adesi,
Gagliardini & Urga (2004)], it is important to take this aspect seriously. Intuitively, the
squared market benchmark is a non-tradable factor as investment funds tracking a squared
investment index, e.g. square of S&P500 Index, are unavailable in the capital markets.
Thus, the square of the market factor is not itself a portfolio of securities and as such
is not a tradable factor. We study the implications of erroneously treating the market
coskewness as a tradable factor for inference on the zero-beta hypothesis in the context
of Catastrophe bond mutual funds.
It is straightforward to see that the unrestricted model (3) can be stated in a general
matrix form:
Y = XB + U
where Y =



Y1 ... Yn



(14)

corresponds to a (T × n) matrix of dependent variables, X is

a (T × k) full-column rank matrix collecting observations on k explanatory variables and
a vector of ones, matrix B with dimensions (k × n) assembles regression coefficients and


U = U1 ... Un is a (T × n) matrix of random errors. More precisely, model (3) is
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obtained when we set:
Y =



r1 ... rn





,

ri =



ιT , R1 , R2 , Rj is (T × kj ),
 0
 0
β1
 
a
b


1
B = b1  , b =
=  ...  , a =
b2
b2
βq0

X=

bj is (kj × n) matrix,
k1 + k2 = q,

0

r1i ... rT i

j = 1, 2,

,

i = 1, . . . , n

(15)

j = 1, 2
a1 ... an

βs =

0

βs1 ... βsn

0

,

s = 1, . . . , q

q+1=k

Using matrix notation, the joint Hotelling test of zero unrestricted slope coefficients on a
given risk factor in (4) can be restated as follows:
H0 (θ) : ek [s]0 B = 0,

s ∈ {1, . . . , q},

(16)

where ek [s] is a (k × 1) selection vector with zeros everywhere except for the element in
row s which is equal to 1.
In the context of the matrix formulation, the general hypothesis of interest stated in
(8) takes the form:
H0 (θ) : (1, θ0 )D = 0,
such that

for some unknown θ


a0
D = (ι0k2 b2 − ιn ) .
b1

(17)



θ = (γ0 , γ10 )0 ,

(18)

The latter general formulation is adjusted accordingly for each of the three alternative
settings considered for the analysis of Catastrophe bond mutual funds.
We make use of the following notation to represent the OLS estimator of B, the sum
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of squared errors S, and D:
B̂ = (X 0 X)−1 )X 0 Y,
Û = Y − X B̂,

3

Ŝ = Û 0 Û, Σ̂ = (Û 0 Û )/T,


â0


D̂ = (ι0k2 b̂2 − ιn )
b̂1

(19)

Methodology

3.1

Robust Inference Methods

In this section, we discuss the robust econometric procedures for inference on the zerobeta hypothesis. Two distinct Hotelling statistics are used in the analysis of Catastrophe
bond mutual funds.
First, to perform the sensitivity analysis of Catastrophe bond mutual funds we consider
the traditional Hotelling statistic, Λs , [Hotelling (1947)] for testing joint significance of a
risk factor s ∈ {1, . . . , k} across mutual funds, as defined under the null hypothesis in
(16), which takes the form:
ek [s]0 B̂ Ŝ −1 B̂ 0 ek [s]
,
ek [s]0 (X 0 X)−1 ek [s]

Λs =

s ∈ {1, . . . , q}.

(20)

Under the null hypothesis (16), statistic Λs follows an F -distribution when the errors are
Gaussian and i.i.d. over time:
Λs

d
∼ F (n, d) ,
n

d = T − k − n + 1.

(21)

The Hotelling test of a joint factor significance proceeds by comparing the value of the
statistic, Υs = Λs nd , to the α-level critical point Fn,d,α from the F -distribution with
statistical significance of the test declared when the value of the statistic exceeds the
cut-off point at level α:
Υs > Fn,d,α ,

d = T − k − n + 1.

(22)

Given that the distribution of the Hotelling statistic is pivotal under the null hypothesis,
the joint Hotelling test is reliable for simultaneous inference even in small samples with
13

the factor significance assessed jointly across observations ensuring that the size is fully
controlled.
Second, to proceed with the beta pricing analysis we focus on a different Hotelling
statistic, Λθ . Under the null hypothesis (17) − (18), Λ(θ) is F -distributed when θ is set
to a known value, θ, and the disturbances are jointly multivariate normal and i.i.d. over
¯
time:
(1, θ0 )D̂Ŝ −1 D̂0 (1, θ0 )0
(23)
Λ (θ) =
(1, θ0 )(X 0 X)−1 (1, θ0 )0
d
Λ (θ) ∼ F (n, d) ,
¯ n

d = T − k − n + 1.

(24)

Confidence sets for the individual parameters are derived by inverting the Hotelling test
at a desired level of significance α. Test inversion proceeds by collecting in a set all the
values of θ, where θ denotes a specific choice of θ, not rejected by the test at level α to
¯
¯
build a joint confidence region with (1 − α) level of confidence for all the components
of vector θ. More precisely, the joint region is constructed by comparing value of the
test statistic in (23), calculated for a given choice of θ, to the α-level critical point Fn,d,α
¯
from the F (n, d) distribution and assembling a set of values θ for which the test is not
¯
significant at the desired level. Since the test statistic in (24) is pivotal and follows an
F -distribution under the null hypothesis when θ is known and disturbances are i.i.d and
¯
jointly normal, different values of the test statistic are compared to the same cut-off point,
Fn,d,α . The inversion procedure calls for solving the following inequality in θ:
¯
d
Λ (θ) < Fn,d,α ,
¯ n

d = T − k − n + 1.

(25)

Solving this inequality yields a joint confidence region which contains the true values of
all the parameters in θ with (1 − α) confidence level. In the next step, simultaneous
confidence sets for individual elements of θ are derived by projecting the joint region onto
the axis for each parameter. To construct the confidence sets, CSα (v 0 θ), for any linear
transformation of θ taking the form v 0 θ where v denotes a non-zero vector, the projection
method requires minimizing and maximizing v 0 θ over all the values of θ contained in
the joint region. Beaulieu, Dufour & Khalaf (2015a,b) propose an analytical solution to
recover the projection-based confidence sets for individual parameters in θ and their linear
transformation of the form v 0 θ using the method of quadrics as in Dufour & Taamouti
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(2005). Closed form analytical formulas for the projected simultaneous confidence sets
are reproduced in the Appendix B.
Projection-based confidence sets are exact, identification-robust and simultaneous in
the sense that accuracy of the joint probability coverage is achieved at a confidence level
no less than (1 − α) regardless of the parameter identification status. In other words,
precise joint probability of all confidence sets simultaneously covering the true value of
the respective parameters is ensured at the confidence level (1 − α) or greater and is
invariant to the parameter identification constraints.
The projection-based solution to inequality (25) leads to four possible forms of confidence sets, each admitting different consequences: (i) a closed interval implying that
the model is not burdened by identification problems and the parameters of interest are
well identified; (ii) a union of two unbounded sets that recover (−/+) infinity, suggesting
that the model is affected by the identification constraints although unbounded sets are
still informative about the relevant parameters; (iii) the entire real line, corresponding
to the case when the identification of the model is completely compromised and the data
carry no information on the parameters of interest; (iv) an empty set, implying that the
restriction of the underlying model fails to hold for any value of the relevant parameters,
indicating that the model is rejected by the data.

3.2

Asymptotic parameter estimators and Wald-type confidence
sets

The asset pricing literature provides an alternative Wald-type method for constructing
conventional confidence intervals for the parameters of interest. In particular, asymptotically normally distributed maximum likelihood (ML) estimators of the zero-beta rate
and the risk prices and Wald-type formulas for their asymptotic variances based on the
Fisher information matrix have been brought forward [see, e.g., Campbell, Lo & MacKinlay (1997)]. Given ML parameter estimates and their asymptotic variances, bounded
confidence sets could be constructed in the usual way: estimate ± (asymptotic standard
error) × (asymptotic critical point). However, when factor loadings are jointly close to
zero, the recovery of the risk prices and the zero-beta rate is severely undermined under
the standard inference methods due to insufficient information in the data for parameter
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identification. Specifically, recovering θ requires adequate cross-sectional variation in coefficients on each factor. As noted in the introduction, if any of the factor loadings are
strictly zero across observations, the associated factor risk price disappears from the model
rendering any value of the risk price consistent with the data and thus compromizing the
parameter recovery.
By construction, traditional confidence sets for the zero-beta rate and the risk prices
are bounded intervals. In the presence of the small beta problem, the probability that such
a conventional confidence interval covers the true parameter value may be arbitrarily very
low. As a result, the reliability of inference based on such confidence statements could be
severely limited. In contrast, the method we consider ensures that the joint probability
coverage is controlled precisely at a chosen level of significance in finite samples even if
betas for any of the factors are jointly close to zero across equations.
For comparison purposes, we also estimate asymptotic Wald-type confidence sets for
the zero-beta rate and the risk price using asymptotically normal Maximum Likelihood
ML estimators and their asymptotic variances as presented by Campbell, Lo & MacKinlay (1997) and Beaulieu, Dufour & Khalaf (2015a). The procedure for deriving these
conventional confidence sets is reproduced in Appendix C.

4

Data

Data on monthly prices for 7 Catastrophe bond mutual funds are obtained from Bloomberg
for the period from October 2004 to August 2014. Table 1 lists the Catastrophe bond
mutual funds used in the analysis. Returns for each mutual fund were calculated as the

monthly logarithmic growth rate in fund prices given by ln p(t+1) /pt , where pt denotes
the price of a particular mutual fund at time period t. Figures 1 - 7 graph time series
of returns for the 7 Catastrophe bond mutual funds being considered. Monthly data on
the return for the value-weighted market portfolio consisting of NYSE, AMEX, NASDAQ stocks [variable name VWRETD], a proxy for the market benchmark return, were
obtained from the Center for Research in Security Prices (CRSP) over the period from
November 2004 to August 2014.
Empirical analysis is performed in the context of the 2008 Financial Crisis by dividing
the overall study period from November 2004 to August 2014 into three sub-periods.
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As a reference for sample division, we use data from the National Bureau of Economic
Research on the timeline of the recession related to the 2008 Sub-Prime Financial Crisis,
and split the full sample into sub-periods covering months before, during and after the
recession as follows: 11/2004 - 11/2007, 12/2007 - 05/2009, 06/2009 - 08/2014. We carry
out estimation and report our findings for each of the three sub-periods.

5

Descriptive Statistics

In this section, we present descriptive statistics computed using the data. Table 2 reports
mean, standard deviation, skewness and kurtosis values for the returns on all Catastrophe
bond mutual funds, the market benchmark and its square estimated over the entire study
period between November, 2004 and August, 2014. For all Catastrophe bond mutual
funds the average return over the full sample is positive and does not vary much across
the mutual funds with the values ranging between 0.0016 - 0.0029. The mean return on
the market benchmark is estimated to be 0.0080 and exceeds the largest average return
across the mutual funds. The average squared return is 0.0021 and is close to those on the
mutual funds. All mutual funds are similar in terms of variability with standard deviations
between 0.0065 - 0.0094 and are noticeably less volatile than the market benchmark with
a standard deviation of 0.0448, but have a higher standard deviation as compared to the
one for the squared market return estimated at 0.0039. We observe that returns on all
mutual funds are highly negatively skewed with the skewness values varying from -3.3573
to -4.7647 and exhibit a significant degree of kurtosis with the observed values ranging
between 19.8835 and 36.1080. The market benchmark return is slightly negatively skewed
with a skewness value of -0.8950 and displays a relatively low level of kurtosis at 5.3243,
while the squared market return has a non-negligible degree of skewness and kurtosis
reported at 5.1955 and 39.3401 respectively.
Table 3 displays descriptive statistics computed over sub-periods covering months before, during and after the 2008 Financial Crisis. Interestingly, in the sub-periods preceding
and following the recession associated with the 2008 Crisis, the mean returns on all mutual
funds are positive and do not exceed 0.0045. However, during the extreme financial conditions that occurred between 12/2007 - 05/2009, the average returns on 6 mutual funds
became negative with the mean return on the remaining mutual fund falling to nearly zero
17

at 0.0002. The average return on the market benchmark also fell from being positive to
negative during the recession sub-period as compared to the preceding sub-period, while
the mean return on its square actually went up between the fist two sub-periods. Volatility
of the mutual funds, the market benchmark and its square also increased in the course of
the 2008 recession. The market benchmark remained more volatile than the mutual funds
during the recession sub-period. In the post-crisis period, the mean return on all mutual
funds returned to a positive range. However, for most of the funds the mean values were
below those observed before the crisis. After the recession, volatility also remained higher
for most of the funds relative to its pre-crisis values. These descriptive statistics indicate
that the 2008 Financial Crisis had a strong impact on Catastrophe bond mutual funds
and motivate the analysis based on splitting the full sample in the context of the crisis.
Furthermore, we observe that the high absolute values of negative skewness estimated for
all mutual funds over the entire sample are driven by the high skewness and kurtosis in
the post-crisis sub-period. During the first two sub-periods, the latter were substantially
lower as compared to the last sub-period.
Correlation coefficients among returns on Catastrophe bond mutual funds, the market
benchmark and its square for the entire sample period between November 2004 and August
2014 are displayed in Table 4. We observe that the returns on the mutual funds are
highly positively correlated with each other, although there is a notable variation in the
correlations between the mutual funds. The estimated correlation coefficients between
returns on the market benchmark and each mutual fund are all positive ranging between
0.1328 - 0.2925. Returns on the squared market factor are always negatively correlated
with those on the mutual funds, with the lowest coefficient estimated at -0.2762.
Table 5 displays the correlation coefficients computed for the returns on Catastrophe
bond mutual funds and the risk factors over the sub-periods before, during and after
the 2008 Financial Crisis. We observe strong correlations between all mutual funds in
sub-periods before and after the 2008 recession that decline noticeably between some
of the funds during the sub-period of extreme financial conditions. The returns on the
market benchmark are always positively correlated with those on the mutual funds with
the relationship becoming more pronounced during the sub-period of financial instability.
Squared market returns are correlated positively with returns on four mutual funds and
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negatively with the remaining three funds in the first sub-period, but become highly negatively correlated with all mutual funds during the sub-period covering the 2008 recession.
During the post-crisis sub-period, the correlations between returns on all Catastrophe
bond mutual funds and the squared market returns become positive. These preliminary
findings reveal that Catastrophe bond mutual funds and their relation with the financial markets were strongly affected in the course of the 2008 Financial Crisis and further
motivates us to perform our empirical study in the context of the latter event.
We also perform three exact Goodness-of-Fit tests proposed by Dufour, Khalaf &
Beaulieu (2003) to check whether the error terms in the model (3) are jointly multivariate
normal. In particular, we carry out individual skewness and kurtosis tests which are based
on the null hypothesis of no excess skewness and no excess kurtosis accordingly, and a
unified test which combines the two individual tests to jointly check whether skewness and
kurtosis are present in the residuals. Appendix E describes the tests in more detail and
reproduces execution algorithms. Table 6 reports p-values for individual and combined
tests over the full sample and for the three sub-periods covering months before, during
and after the 2008-2009 recession. In the table, columns ESK and EKU display p-values
for the individual skewness and kurtosis tests respectively, while column CSK reports
p-values associated with the combined test of skewness and kurtosis. The normality
assumption is tested for two model specifications. Columns (1) - (3) contain results for
the model with only a constant and the market benchmark return, while the values in the
last three columns are estimated for the extended model with the squared market return
included as an additional factor. All estimated p-values are equal to 0.0010. Therefore,
both individual tests statistics related to the null hypothesis of no excess skewness and
kurtosis are rejected at the 5% level of significance for both models and over the entire
study period as well as the three sub-periods. The combined null hypothesis is also
rejected in each case considered.
Despite the rejection of multivariate normal errors, the F -distribution for the Hotelling
test which obtains in a Gaussian setting can still provide a good approximation to the cutoff point, with the size of the test being close to the desired level α even if the errors are
not truly multivariate normal. This has been demonstrated by recent simulation studies,
see e.g. Beaulieu, Dufour & Khalaf (2015a). The latter study has shown that when the
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true error distribution is multivariate GARCH or Student(t) and the cut-off point from
the F -distribution is applied for the Hotelling test, the size of the test is not distorted
even though GARCH effects or fat tails are ignored under the F -based Hotelling test for
any sample size. Furthermore, Beaulieu, Dufour & Khalaf (2015a) report that the size is
controlled not at the cost of the power. Thus, the method performs well both in terms of
size and power when Gaussian errors are assumed, irrespective of whether errors follow a
multivariate GARCH, t-distribution or are multivariate normal in the population. Given
these simulation results, we rely on the F-distributed Hotelling statistic for our empirical
analysis of Catastrophe bond mutual funds.

6

Empirical Results

This section provides a summary of our empirical findings. In all reported tables, statistical significance is assessed at the 5% level. All confidence sets are also reported at the
5% level.
First, we disscuss the results of the sensitivity analysis. Table 7 reports estimates of the
Hotelling statistic and its p-value for testing joint significance of factor slope coefficients in
the unrestricted model with a constant and the market benchmark return. We find that
the Hotelling statistic is not statistically significant in all the sub-periods. This finding
suggests that Catastrophe bond mutual funds were not prone to market risk not only
during the periods of normal economic conditions but also during the course of the 2008
financial turmoil. This is in stark contrast with the results reported by Cummins & Weiss
(2009) indicating that Catastrophe bond mutual funds did not perform as a zero-beta
asset relative to the equity and corporate bond markets using data from fund inception
till May 2008.
These results may be driven by the restriction imposing symmetric response on the
Catastrophe bond mutual funds to developments in the financial markets. However,
excluding asymmetric effects may be too restrictive given the extreme event nature of the
Catastrophe bond mutual funds. We therefore expand the model to include the market
coskewness as an additional risk factor. Table 8 presents results of the Hotelling tests
assessing joint significance of the market return and its square across equations. We find
that the slope coefficients for the market benchmark became jointly statistically significant
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in the second sub-period once asymmetric effects were incorporated. At the same time,
the joint hypothesis of zero slope coefficients for the market return is not rejected at the
5% level for the pre- and post-crisis sub-periods. These findings indicate that Catastrophe
bond mutual funds were not susceptible to the movements in the market benchmark prior
and after the recession, but they displayed a considerable sensitivity to the systematic
market risk in the course of the 2008 Financial Crisis. Furthermore, we find that loadings
on the market coskewness factor are jointly statistically different from zero in the first two
sub-periods suggesting that the market co-skewness is an important factor representing a
significant source of non-diversifiable market risk.
We next report results of the beta pricing analysis. For each model considered, we
present the robust confidence sets for the parameters of interest and draw comparison
with the conventional Wald-type confidence intervals.
As a general rule for interpreting the robust confidence sets, note that identification
issues are manifested through the disperse confidence sets that extend to infinity. In the
presence of identification constraints such as small betas, confidence sets could assume
the form of a union of two wide, disjoint confidence sets that cover plus and minus
infinity and could even include the entire real line if identification is severely compromised.
Wide, disjoint confidence sets can still carry useful information, but they indicate that
the parameters of interest are only weakly identified. Empty confidence sets signal that
constraints imposed under the null hypothesis are refuted by the data, and are not a sign
of weak identification. On the other hand, compact confidence sets imply that the model
is free from identification restrictions and the parameters of interest are well-identified.
Table 9 displays confidence sets for the zero-beta rate estimated in the context of the
Black’s CAPM with only the market benchmark considered as an explanatory variable.
Our analysis uncovers that the robust confidence sets are empty in all the sub-periods,
which indicates that the traditional version of Black’s CAPM, albeit well identified in
each case, is rejected by the data.
The difference between the robust confidence sets and the Wald-type confidence intervals is striking as the former are always void while the conventional sets are compact
and statistically significant in the sense that they all exclude the factor mean return in
every sub-period. One may question the usefulness of the conventional confidence sets in
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this setting given that the robust results provide no value for the zero-beta rate defined
by the model which is compatible with the data. Inference based on the traditional confidence intervals suggests that the market benchmark is always priced and is misleading
in light of the empty identification-robust confidence sets. These findings underscore the
importance of using the robust econometric procedures for the beta pricing inference.
The reported robust confidence sets suggest that symmetric response of Catastrophe
bond mutual funds imposed in the context of conventional Black’s CAPM is too limiting.
Given the extreme event nature of Catastrophe bond mutual funds, a model allowing for
the asymmetric effects may be more appropriate. We therefore extend the beta pricing
analysis to the framework of the Quadratic Market CAPM which incorporates the squared
market return as an additional risk factor to account for the asymmetric effects.
Table 10 reports confidence sets for the zero-beta rate and the risk price estimated in
the setting when the market benchmark is treated as a tradable factor while the squared
market return is considered to be a non-tradable factor. In this setup, the pricing decision
for the market factor is based on the robust confidence set for the zero-beta rate, while
inference on the market coskewness factor relies on the robust confidence set for the
risk price. Both robust confidence sets are constructed simultaneously rendering pricing
decisions for the two factors also to be simultaneous.
We find that for the sub-period preceding the 2008 recession, robust confidence sets
for the zero-beta rate and the risk price are empty. During the sub-period covering the
recession, robust confidence sets for both relevant parameters take the form of a union
of two wide, disjoint confidence sets covering plus and minus infinity and are statistically
significant in the sense that they both exclude respective average factor returns. Thus,
despite evidence of weak identification both risk factors were priced at the time of extreme
financial conditions. For the post-recession sub-period between 06/2009 − 08/2014, statistically insignificant joint Hotelling tests for both the market benchmark and its square
compounds identification of the zero-beta rate and the risk price. More precisely, the entire real line is covered by the robust confidence set for the zero-beta rate, while a union of
two unbounded, disjoint confidence sets constitutes the robust confidence set for the risk
price. In spite of identification issues, the latter set is still informative for the beta pricing
analysis as it excludes the average return on the market coskewness factor indicating that
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the latter is priced. This result is remarkable given that the slope coefficients on the
market coskewness factor are jointly indistinguishable from zero in statistical terms for
the same sub-period.
The difference between the robust and conventional confidence sets is dramatic. Using
Wald-type confidence sets for the zero-beta rate and the risk price one would infer that the
market benchmark and its square are both not priced in the first sub-period. However,
void robust confidence sets estimated for the same sub-period imply that any value of
either parameter consistent with the model is refuted by the data. In effect, inferring that
both factors are priced is misleading. These findings call into question the usefulness of
the compact Wald-type confidence sets in this case. Moreover, inference on the market
benchmark based on the Wald-type confidence set for the zero-beta rate in the post-crisis
sub-period indicates that this factor is priced which is spurious given that the associated
robust confidence set for the same sub-period extends to the entire real line and as such
is completely uninformative. This comparison demonstrates once again the relevance of
robust confidence statements for inference on beta pricing.
We also investigate the implications of erroneously treating the market coskewness as
a tradable factor. Table 11 reports confidence sets for the zero-beta rate estimated in the
context of the Quadratic Market CAPM with both the market benchmark and its square
treated as tradable factors. Under this setup, the same confidence set estimated for the
zero-beta rate is used for both factors to determine if either of them is priced. Thus, a
given tradable factor is priced when the confidence set for the zero-beta rate excludes the
average return for the respective factor. We find that the robust confidence set for the
zero-beta rate is empty in each of the first two sub-periods and extends to the entire real
line in the last sub-period. Thus, the Quadratic Market CAPM is rejected by the data
in the two sub-periods before and during the 2008 financial instability, while a diffuse
confidence set that covers the real line signifies that the model is not identified in the
sub-period following the 2008 recession. These results clearly show that the inference on
beta pricing is undermined when the market coskewness factor is erroneously included
as a tradable factor and highlight the seriousness of treating the latter as a non-tradable
factor.
The analysis also reveals that the Wald-type confidence intervals differ strikingly from

23

the robust confidence sets. The former are always closed and exclude the average return
on each factor indicating that both factors were priced during the entire study period.
These conventional confidence sets are however misleading given that confidence statements obtained under the robust econometric procedures reveal that reliable inference is
undermined due to either rejection of the model or severe identification problems. These
results further emphasize the advantages of using the robust confidence sets for inference
on beta pricing decisions.

7

Discussion and Conclusion

In this paper, we perform a formal and unified analysis of whether Catastrophe bond
mutual funds constitute a zero-beta investment relative to the financial markets using
identification-robust inference procedures. The latter issue is examined from the dual
perspective. On the one hand, we assess the joint factor significance across mutual funds
via the Hotelling test. In addition, we investigate whether market factors are priced using
robust confidence sets for the zero-beta rate and the risk price. The analysis builds on the
multivariate framework of two market-based models, concretely Black’s CAPM [Black
(1972)] and its extension, the Quadratic Market CAPM. The extended model includes
the squared market return as an additional factor to explicitly account for the market
coskewness. Robust confidence sets for relevant parameters are derived analytically by
inverting the pivotal Hotelling statistic.
Our empirical findings taken together illustrate the relevance of the market coskewness
factor for the analysis of Catastrophe bond mutual funds. In particular, inference on the
joint significance of the market benchmark across equations is sensitive to exclusion of
the market coskewness factor from the model. We observe inference reversal for the
market factor in the second sub-period, with the Hotelling statistic becoming statistically
significant when the market coskewness is taken into account. In the context of the
beta pricing analysis, we find that Black’s CAPM is refuted by the data in all the subperiods. In contrast, an analysis based on the Quadratic Market CAPM with the market
coskewness treated as a non-tradable factor reveals that the market benchmark is priced in
the second sub-period while the coskewness risk is priced in the last two sub-periods. The
latter result is striking given that the Hotelling test for the squared market return is not
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rejected in the last sub-period, indicating that factor betas are jointly not statistically
different from zero. On a methodological note, we discover that including the market
coskewness as a tradable factor leads to a rejection of the Quadratic Market CAPM in the
sub-periods preceeding and covering the 2008 recession and results in the identification
failure of the model in the post-crisis sub-period. These empirical findings reveal that
recovery of the zero-beta rate is severely compromised when the market coskewness is
erroneously treated as a tradable factor and highlight the importance of including this
factor as non-tradable for the pricing assessment of Catastrophe bond mutual funds.
Our unified analysis based on the Quadratic Market CAPM further reveals that Catastrophe bond mutual funds did not behave as a zero-beta investment with respect to the
market coskewness factor in all sub-periods. Concretely, we find that the Hotelling statistic for testing joint significance of the market coskewness factor across mutual funds is
statistically significant at 5% level in the pre-crisis period. Furthermore, inference on beta
pricing in the last two sub-periods indicates that the market coskewness factor is priced
once the latter is included as a non-tradable factor. Viewed collectively, these results
imply that the market coskewness was associated with a non-negligible degree of systematic risk during the entire study period which commanded a corresponding non-zero risk
premium for investors in the last two sub-periods. The market coskewness factor thus
emerges as a relevant risk factor for Catastrophe bond mutual funds and should not be
overlooked in the analysis of this asset class.
From a unified perspective, our analysis in the setting of the Quadratic Market CAPM
with the market coskewness treated as a non-tradable factor shows that Catastrophe bond
mutual funds did not perform as a zero-beta investment relative to the market benchmark
during the extreme economic conditions. This becomes evident as the Hotelling statistic
for testing joint significance of the market benchmark across equations turns statistically
significant during the sub-period covering the 2008 recession. In addition, we find that
the market benchmark was priced in the second sub-period. Taken together, the reported
results indicate that Catastrophe bond mutual funds became highly sensitive to the movements in the market factor during the recession sub-period, with investors pricing this
benchmark as they recognized elevated exposure to the systematic risk.
Our analysis also demonstrates a striking difference between the conventional and the
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robust confidence sets. The former intervals are always closed and in most cases omit
the respective average factor returns even when robust confidence sets become empty or
take the form of a diffuse set that extends to the entire real line. As such, the Wald-type
confidence intervals often provide misleading information while robust confidence sets
clearly show that reliable inference regarding factor pricing decisions is compromized due
to either severe identification problems or because the model is completely rejected by
the data. These findings highlight the usefulness of using the robust inference procedures
for beta pricing analysis of Catastrophe bond mutual funds.
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Figures
Figure 1: Returns on ACATCHA Catastrophe Bond mutual fund between 11/2004 − 08/2014

Figure 2: Returns on ACATEUA Catastrophe Bond mutual fund between 11/2004 − 08/2014
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Figure 3: Returns on ACATUSA Catastrophe Bond mutual fund between 11/2004 − 08/2014

Figure 4: Returns on LEUPCBC Catastrophe Bond mutual fund between 11/2004 − 08/2014
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Figure 5: Returns on LEUPCBE Catastrophe Bond mutual fund between 11/2004 − 08/2014

Figure 6: Returns on LEUPCBU Catastrophe Bond mutual fund between 11/2004 − 08/2014

29

Figure 7: Returns on ACATCHI Catastrophe Bond mutual fund between 11/2004 − 08/2014
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Tables
Table 1: Catastrophe Bond mutual funds included in the analysis
#
1
2
3
4
5
6
7

Bloomberg Ticker

ACATCHA
ACATEUA
ACATUSA
ACATCHI
LEUPCBC
LEUPCBE
LEUPCBU

Fund Name
Falcon Cat Bond Fund Class A CHF
Falcon Cat Bond Fund Class A EUR
Falcon Cat Bond Fund Class A USD
Falcon Cat Bond Fund Class I CHF
LGT CH Cat Bond Fund (CHF) A
LGT CH Cat Bond Fund (EUR) A
LGT CH Cat Bond Fund (USD) A
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Table 2: Descriptive Statistics
full sample period between 11/2004 − 08/2014
Return

Mean

Std Deviation

Skewness

Kurtosis

Returns on Catastrophe Bond mutual funds

RACAT CHA
RACAT EU A
RACAT U SA
RLEU P CBC
RLEU P CBE
RLEU P CBU
RACAT CHI

0.0016
0.0026
0.0029
0.0021
0.0023
0.0027
0.0019

0.0089
0.0084
0.0094
0.0065
0.0073
0.0076
0.0089

-4.2510
-4.7647
-3.8488
-4.2259
-3.3784
-3.3573
-4.1941

29.8890
36.1080
25.3989
31.6987
20.7784
19.8835
29.5776

0.0080
0.0021

0.0448
0.0039

-0.8950
5.1955

5.3243
39.3401

Returns on Risk Factors

Market Benchmark, Rm
Squared Market Benchmark, R2m

Note: This table reports descriptive statistics computed for the full sample which is comprised
of monthly observations from November, 2004 to August, 2014 (total of 118 months). Monthly
returns for 7 Catastrophe Bond mutual funds are constructed using time series data on their
corresponding prices from Bloomberg. Monthly data on returns for the value-weighted market
portfolio covering NYSE, AMEX, NASDAQ stocks, a proxy for the market benchmark return,
are from CRSP.
Reported statistics are computed using the following formulas:
P
Mean: x̄ = Tt=1 xt q
P
Std Deviation: s = T1 Tt=1 (xt − x̄)2
Fisher-Pearson coefficient of skewness: g1 =
Coefficient of kurtosis: g2 =

PT

t=1

PT

t=1

(xt −x̄)3 /T
s3

(xt −x̄)4 /T
s4

Note: formulas for Skewness and Kurtosis coefficients can be found in Doane & Seward (2011)
and Joanes & Gill (1998)
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Table 3: Descriptive Statistics for Sub-Periods
Return

Mean

Std Deviation

Skewness

Kurtosis

0.0018
0.0032
0.0045
0.0031
0.0033
0.0038
0.0020
0.0106
0.0007

0.0054
0.0047
0.0054
0.0037
0.0057
0.0083
0.0055
0.0251
0.0007

-1.3566
-1.0161
-1.6897
-1.1326
-1.5738
-2.4655
-1.1873
-0.4565
0.8203

6.2379
6.1869
8.1306
6.6958
5.3102
8.9785
5.5155
2.2670
2.5142

-0.0028
-0.0007
-0.0016
-0.0006
-0.0002
0.0002
-0.0023
-0.0202
0.0059

0.0104
0.0095
0.0123
0.0069
0.0087
0.0064
0.0103
0.0738
0.0078

-1.1750
-1.2351
-0.7443
-1.3943
-1.7509
-1.2454
-1.1930
-0.2089
2.4928

2.6017
2.8088
2.4946
3.4279
5.1349
3.7278
2.6910
2.5353
9.4903

0.0027
0.0032
0.0033
0.0022
0.0024
0.0028
0.0031
0.0145
0.0018

0.0096
0.0095
0.0099
0.0074
0.0075
0.0074
0.0096
0.0394
0.0024

-5.5549
-5.7035
-5.1545
-4.8152
-4.4176
-4.7512
-5.4903
-0.2872
2.4628

40.3878
41.5621
35.8869
34.2348
30.2896
33.7919
39.8233
3.2202
10.1251

Sub-period 1: 11/2004 - 11/2007

RACAT CHA
RACAT EU A
RACAT U SA
RLEU P CBC
RLEU P CBE
RLEU P CBU
RACAT CHI
Market Benchmark, Rm
Squared Market Benchmark, R2m
Sub-period 2: 12/2007 - 05/2009

RACAT CHA
RACAT EU A
RACAT U SA
RLEU P CBC
RLEU P CBE
RLEU P CBU
RACAT CHI
Market Benchmark, Rm
Squared Market Benchmark, R2m
Sub-period 3: 06/2009 - 08/2014

RACAT CHA
RACAT EU A
RACAT U SA
RLEU P CBC
RLEU P CBE
RLEU P CBU
RACAT CHI
Market Benchmark, Rm
Squared Market Benchmark, R2m

Note: This table reports descriptive statistics for 3 sub-periods covering months before, during and after
the recession associated with the 2008 Sub-Prime Financial Crisis. The full sample is comprised of
monthly observations from November, 2004 to August, 2014 (total of 118 months). Monthly returns for 7
Catastrophe bond mutual funds are constructed using time series data on their corresponding prices from
Bloomberg. Monthly data on returns for the value-weighted market portfolio covering NYSE, AMEX,
NASDAQ stocks, a proxy for the market benchmark return, are from CRSP.
Reported statistics are computed for each sub-period
q P using the following formulas:
PT
T
Mean: x̄ = t=1 xt , Std Deviation: s = T1 t=1 (xt − x̄)2
Coefficient of skewness:

g1 =

PT

t=1

(xt −x̄)3 /T
s3

,

Coefficient of kurtosis: g2 =
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PT

t=1

(xt −x̄)4 /T
s4

Table 4: Descriptive Statistics
Correlation Matrix across returns on Catastrophe Bond mutual funds and risk factors
full sample period between 11/2004 − 08/2014
Return

RACAT CHA

RACAT EU A

RACAT U SA

RLEU P CBC

RLEU P CBE

RLEU P CBU

RACAT CHI

Rm

R2m

RACAT CHA

1
0.9876
0.9570
0.7939
0.7259
0.7332
0.9935
0.1711
-0.1903

1
0.9586
0.7952
0.7272
0.7337
0.9809
0.1328
-0.1925

1
0.7656
0.6912
0.7259
0.9510
0.1658
-0.1569

1
0.9267
0.8553
0.7944
0.2925
-0.2330

1
0.9301
0.7249
0.2847
-0.2074

1
0.7305
0.2588
-0.1572

1
0.1587
-0.1921

1
-0.2762

1

RACAT EU A
RACAT U SA
RLEU P CBC
RLEU P CBE
RLEU P CBU
RACAT CHI

Rm
R2m

Note: This table reports correlation coefficients between returns on 7 Catastrophe bond mutual funds, market benchmark and
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its square for the full sample period. The full sample is comprised of monthly observations from November, 2004 to August, 2014
(total of 118 months). Monthly returns for 7 Catastrophe bond mutual funds are constructed using time series data on their
corresponding prices from Bloomberg. Monthly data on returns for the value-weighted market portfolio covering NYSE, AMEX,
NASDAQ stocks, a proxy for the market benchmark return, are from CRSP. In the table, Rm denotes return on the market
benchmark and R2m corresponds to the squared return on the market benchmark (i.e. the market co-skewness factor); all other
returns are for 7 Catastrophe Bond mutual funds.
Reported P
correlation coefficients are computed using the following formula:
corrxy =

where x̄ =

T
t=1

(xt −x̄)(xt −ȳ)/T
sx sy

PT

t=1 xt , ȳ =

PT

t=1 yt sx =

q P
T
1
T

2
t=1 (xt − x̄) , sy =

q P
T
1
T

t=1 (yt

− ȳ)2

Table 5: Descriptive Statistics
Correlation Matrices across returns on Catastrophe Bond mutual funds and risk factors
for 3 sub-periods
Sub-period 1: 11/2004
Return
RACAT CHA
RACAT CHA
1
RACAT EU A
0.9752
RACAT U SA
0.9796
RLEU P CBC
0.6308
RLEU P CBE
0.6458
RLEU P CBU
0.5719
RACAT CHI
0.9711
Rm
0.0973
2
Rm
0.2189
Sub-period 2: 12/2007
Return
RACAT CHA
RACAT CHA
1
RACAT EU A
0.9934
RACAT U SA
0.9510
RLEU P CBC
0.4387
RLEU P CBE
0.2871
RLEU P CBU
0.4636
RACAT CHI
0.9971
Rm
0.2234
2
Rm
-0.4413
Sub-period 3: 06/2009
Return
RACAT CHA
RACAT CHA
1
RACAT EU A
0.9914
RACAT U SA
0.9632
RLEU P CBC
0.9238
RLEU P CBE
0.9067
RLEU P CBU
0.9237
RACAT CHI
0.9963
Rm
0.0722
2
Rm
0.1183

-11/2007
RACAT U SA

RLEU P CBC

RLEU P CBE

RLEU P CBU

RACAT CHI

Rm

R2m

1
0.6028
0.6603
0.6190
0.9514
0.0739
0.1534

1
0.7435
0.6051
0.6280
0.2331
-0.0721

1
0.9456
0.6275
0.2921
-0.0168

1
0.5508
0.3075
-0.1076

1
0.0904
0.2433

1
0.3492

1

RACAT U SA

RLEU P CBC

RLEU P CBE

RLEU P CBU

RACAT CHI

Rm

R2m

1
0.3972
0.2173
0.4667
0.9487
0.2762
-0.2758

1
0.9340
0.8840
0.4537
0.6507
-0.6647

1
0.8649
0.2997
0.5713
-0.5483

1
0.4783
0.5814
-0.5630

1
0.2170
-0.4591

1
-0.5262

1

RACAT EU A

RACAT U SA

RLEU P CBC

RLEU P CBE

RLEU P CBU

RACAT CHI

Rm

R2m

1
0.9735
0.9176
0.9011
0.9174
0.9873
0.0325
0.1020

1
0.9077
0.8885
0.9085
0.9610
0.0316
0.1113

1
0.9803
0.9993
0.9212
0.0973
0.1697

1
0.9806
0.9040
0.0729
0.1813

1
0.9209
0.0960
0.1789

1
0.0581
0.1115

1
0.2931

1

RACAT EU A

1
0.9786
0.5931
0.6380
0.5730
0.9496
0.0503
0.1605
-05/2009
RACAT EU A

1
0.9268
0.4284
0.2774
0.4504
0.9878
0.2299
-0.4791
-08/2014

Note: This table reports correlation coefficients between returns on 7 Catastrophe bond mutual
funds, market benchmark and its square for three sub-periods covering months before, during
and after the recession associated with the 2008 Financial Crisis. The full sample is comprised
of monthly observations from November, 2004 to August, 2014 (total of 118 months). Monthly
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returns for 7 Catastrophe bond mutual funds are constructed using time series data on their
corresponding prices from Bloomberg. Monthly data on returns for the value-weighted market
portfolio covering NYSE, AMEX, NASDAQ stocks, a proxy for the market benchmark return,
are from CRSP. In the table, Rm denotes return on the market benchmark and R2m corresponds
to the squared return on the market benchmark; all other returns are for 7 Catastrophe Bond
mutual funds.
Reported P
correlation coefficients are computed using the following formula:
corrxy =

where x̄ =

T
t=1

(xt −x̄)(xt −ȳ)/T
sx sy

PT

t=1 xt , ȳ

=

PT

t=1 yt

sx =

q P
T
1
T

t=1 (xt
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−

x̄)2 , sy

=

q P
T
1
T

t=1 (yt

− ȳ)2

Table 6: Normality Tests
Study period

Full Sample Period
11/2004
Sub-periods
sub-period 1: 11/2004
sub-period 2: 12/2007
sub-period 3: 06/2009

# months

Model with Rm
ESK
EKU
CSK
(1)
(2)
(3)

Model with Rm and R2m
ESK
EKU
CSK
(4)
(5)
(6)

- 08/2014

118

0.0010*

0.0010*

0.0010*

0.0010*

0.0010*

0.0010*

- 11/2007
- 05/2009
- 08/2014

37
18
63

0.0010*
0.0010*
0.0010*

0.0010*
0.0010*
0.0010*

0.0010*
0.0010*
0.0010*

0.0010*
0.0010*
0.0010*

0.0010*
0.0010*
0.0010*

0.0010*
0.0010*
0.0010*

Note: This table reports p-values for three Goodness-of-Fit tests pertaining to whether errors
in model (3) are i.i.d. multivariate normal. Columns ESK and EKU report p-values related
to the null hypothesis of no excess skewness and no excess kurtosis in the residuals respectively.
Column CSK presents p-values for the combined test which jointly checks whether skewness
and kurtosis are present. All p-values are obtained by using (D4) and (D6) and the algorithms
reproduced in the Appendix E in the setting of the model (3) assuming multivariate normal
errors. Columns (1)-(3) pertain to the model with only constant and the market benchmark
return, while columns (4)-(6) are related to the model which includes constant and returns on
the market benchmark and its square. Statistical significance is reported at 5% level.
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Table 7: Hotelling Test
Unrestricted Market Model with Market Benchmark Return as a Single Factor
sub-period

# months

sub-period 1: 11/2004 - 11/2007
sub-period 2: 12/2007 - 05/2009
sub-period 3: 06/2009 - 08/2014

37
18
63

MRKT
Hotelling p-value

0.9068
2.1359
1.3293

0.5149
0.1335
0.2543

Note: This table reports results of the Hotelling test (Hotelling statistic and its p-value) associated with the following unrestricted market model:
ri = ai ιT + R2 bi2 + ui ,

i = 1, . . . , n,

where ri is a (T × 1) vector of returns on a Catastrophe bond mutual fund i, i = 1, . . . , n and
R2 is a (T × 1) vector of returns on the market benchmark; a scalar bi2 is a slope coefficient
on the market benchmark return for mutual fund i, i = 1, . . . , n, while scalars ai and ui are
respectively an intercept and an error term for mutual fund i. Hotelling test is performed for
the following joint null hypothesis:
H0 : bi2 = 0,

i = 1, . . . , n.

That is, Hotelling test examines whether slope coefficients on the market benchmark, bi2 , i =
1, . . . , n, are jointly statistically different from zero across all mutual funds.
* denotes significance of the Hotelling test statistic at 5% significance level indicating rejection
of H0 .
The results are reported for 3 sub-periods covering months before, during and after the recession
associated with the 2008 Financial Crisis. Full sample is comprised of monthly observations from
November, 2004 to August, 2014 (118 months). Monthly returns for 7 Catastrophe bond mutual funds are constructed using time series data on their corresponding prices from Bloomberg.
Monthly data on returns for the value-weighted market portfolio covering NYSE, AMEX, NASDAQ stocks, a proxy for the market benchmark return, are from CRSP.
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Table 8: Hotelling Test
Unrestricted Market Model with Market Benchmark Return and its Square
sub-period

# months

sub-period 1: 11/2004 - 11/2007
sub-period 2: 12/2007 - 05/2009
sub-period 3: 06/2009 - 08/2014

37
18
63

MRKT
Hotelling p-value

1.9323
4.7701
1.2138

0.1004
0.0135*
0.3110

MRKT2
Hotelling p-value

3.4862
13.5109
1.0099

0.0078*
0.0002*
0.4345

Note: This table reports results of the Hotelling test (Hotelling statistic and its p-value) associated with the following unrestricted market model:
ri = ai ιT + R1 bi1 + R2 bi2 + ui ,

i = 1, . . . , n,

where ri is a (T × 1) vector of returns on a Catastrophe bond mutual fund i, i = 1, . . . , n, R1 is
a (T × 1) vector of returns on the market benchmark and R2 is a (T × 1) vector of returns on the
squared market benchmark. Hotelling test is performed for the following joint null hypothesis:
H0 : bis = 0,

i = 1, . . . , n,

s ∈ {1, 2}

That is, Hotelling test examines whether slope coefficients on a given factor s, bis , are jointly
statistically different from zero across all mutual funds.
* denotes significance of the Hotelling test statistic at 5% significance level indicating rejection
of H0 .
The results are reported for 3 sub-periods covering months before, during and after the recession
associated with the 2008 Financial Crisis. Full sample is comprised of monthly observations from
November, 2004 to August, 2014 (118 months). Monthly returns for 7 Catastrophe bond mutual funds are constructed using time series data on their corresponding prices from Bloomberg.
Monthly data on returns for the value-weighted market portfolio covering NYSE, AMEX, NASDAQ stocks, a proxy for the market benchmark return, are from CRSP.
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Table 9: Beta Pricing Analysis for Catastrophe Bond mutual funds
using Black’s CAPM (with market benchmark return as a single tradable
and no non-tradable factors)
sub-period
sub-period 1: 11/2004 - 11/2007

# months

37

CS(γ0 )

∅

µM RKT
0.0106

(0.0030, 0.0050)*
sub-period 2: 12/2007 - 05/2009

18

sub-period 3: 06/2009 - 08/2014

63

∅

-0.0202

(0.0029, 0.0068)*

∅

0.0145

(-0.0041, -0.0006)*
Note: This table reports mean factor return for market benchmark, µM RKT , and identificationrobust and Wald-type confidence sets (CS) for the zero-beta rate, CS(γ0 ). Identification-robust
CS are displayed in squared brackets, and Wald-type CS are in round brackets. The reported CS
are obtained on the basis of Black’s CAPM with only one tradable factor, market benchmark:
ri − ιT γ0 = (R2 − ιT γ0 ) bi2 + ui ,

i = 1, . . . , n,

where ri is a (T × 1) vector of returns on a Catastrophe bond mutual fund i, i = 1, . . . , n, R2 is
a (T × 1) vector of returns on the market benchmark; scalar γ0 denotes the zero-beta rate. This
framework allows for only one factor, market benchmark, which is treated as a tradable factor.
Reported CS correspond to 5% significance level. * denotes that reported CS is significant at a
5% level with respect to the market benchmark factor in the sense that factor’s mean return is
excluded from the CS for γ0 . Inference on beta pricing proceeds as follows: tradable factor is
priced if a CS for the zero-beta rate, CS(γ0 ), does not cover mean return on that factor.
The results are reported for 3 sub-periods covering months before, during and after the recession
associated with the 2008 Financial Crisis. Full sample is comprised of monthly observations from
November, 2004 to August, 2014 (118 months). Monthly returns for 7 Catastrophe bond mutual funds are constructed using time series data on their corresponding prices from Bloomberg.
Monthly data on returns for the value-weighted market portfolio covering NYSE, AMEX, NASDAQ stocks, a proxy for the market benchmark return, are from CRSP.
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Table 10: Beta Pricing Analysis for Catastrophe Bond mutual funds
using Quadratic Market CAPM (with market benchmark return as a tradable factor
and squared market benchmark return as a non-tradable factor)
sub-period
sub-period 1: 11/2004 - 11/2007

MRKT
CS(γ0 )

F
0.0106

sub-period 2: 12/2007 - 05/2009

-0.0202

sub-period 3: 06/2009 - 08/2014

0.0145

∅
(-0.026, 0.016)
]−∞, −0.0375] ∪ [0.0067, +∞[*
(0.008, 0.040)*
R
(-0.023, 0.009)*

F
0.0007
0.0059
0.0018

MRKT2
CS(γ1 )

∅
(-0.004, 0.024)
]−∞, −0.0050] ∪ [0.0520, +∞[*
(-0.043, -0.006)*
]−∞, −0.0052] ∪ [0.0248, +∞[*
(-0.037, 0.000)*

Note: This table reports the mean factor return, F , for the market benchmark, M RKT , and for the squared market benchmark,
M RKT 2 , as well as identification-robust and Wald-type confidence sets (CS) for the zero-beta rate, CS(γ0 ), and the risk price,
CS(γ1 ). Identification-robust CS are displayed in squared brackets, and Wald-type CS are in round brackets. The reported CS
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are obtained on the basis of the Squared Market CAPM stated below:
ri − ιT γ0 = (R2 − ιT γ0 ) bi2 + (R1 − ιT γ1 ) bi1 + ui ,

i = 1, . . . , n,

where ri is a (T × 1) vector of returns on a Catastrophe bond mutual fund i, i = 1, . . . , n, R2 is a (T × 1) vector of returns on
the market benchmark and R1 is a (T × 1) vector of squared returns on the market benchmark; scalars γ0 and γ1 correspond
to zero-beta rate and the factor risk price, respectively. In this framework, the market benchmark return is considered to be a
tradable factor, while its square is treated as a non-tradable factor.
Statistical significance of CS is reported at 5% level. * denotes that reported CS is significant at a 5% level in the sense that mean
return on a given factor is excluded from the corresponding set. Inference on beta pricing proceeds as follows: a tradable factor
[M RKT ] is priced if a CS for the zero-beta rate [CS(γ0 )] does not cover factor’s mean return; a non-tradable factor [M RKT 2 ]
is priced when its mean return is left out from the CS on the corresponding risk price [CS(γ1 )].
The results are for 3 sub-periods covering months before, during and after the recession associated with the 2008 Financial Crisis.
Full sample is comprised of monthly observations from November, 2004 to August, 2014. Monthly returns for 7 Catastrophe
bond mutual funds are constructed using time series data on their prices from Bloomberg. Monthly data on returns for the
value-weighted market portfolio with NYSE, AMEX, NASDAQ stocks, a proxy for the market benchmark, are from CRSP.

Table 11: Beta Pricing Analysis for Catastrophe Bond mutual funds
using Quadratic Market CAPM (with market benchmark return and squared
market benchmark as tradable factors and no non-tradable factors)
sub-period
sub-period 1: 11/2004 - 11/2007

# months

CS(γ0 )

37

∅

µM RKT
0.0106

µM RKT 2
0.0007

(0.0056, 0.0060)*†
sub-period 2: 12/2007 - 05/2009

18

∅

-0.0202

0.0059

sub-period 3: 06/2009 - 08/2014

63

(0.0008, 0.0018)*†
R
(-0.0191,-0.0155)*†

0.0145

0.0018

Note: This table reports the mean factor return for the market benchmark, µM RKT , and for the
squared market benchmark, µM RKT 2 , as well as identification-robust and Wald-type confidence
sets (CS) for the zero-beta rate. Identification-robust CS are displayed in squared brackets, and
Wald-type CS are in round brackets. The reported CS are obtained on the basis of the Squared
Market CAPM stated below:

ri − ιT γ0 = R2 − ιT γ0 ι0k2 bi2 + ui ,

i = 1, . . . , n,

where ri is a (T × 1) vector of returns on a Catastrophe bond mutual fund i, i = 1, . . . , n,
R2 is a (T × 2) matrix of returns on the market benchmark and squared returns on the market
portfolio; scalar γ0 denotes the zero-beta rate. In this framework, both factors are treated as
tradable factors; the model setup precludes any non-tradable factors.
Statistical significance of CS is reported at 5% level. * denotes that reported CS is significant at
a 5% with respect to the market benchmark factor in the sense that its mean return is excluded
from the CS for γ0 . † denotes that reported CS is significant at a 5% level with respect to the
squared market benchmark factor in the sense that CS for γ0 does not cover factor’s average
return. Inference on beta pricing (for both factors) proceeds as follows: a given tradable factor
is priced if a CS for the zero-beta rate, CS(γ0 ), does not recover mean return on that factor.
The results are reported for 3 sub-periods covering months before, during and after the recession
associated with the 2008 Financial Crisis. Full sample is comprised of monthly observations from
November, 2004 to August, 2014 (118 months). Monthly returns for 7 Catastrophe bond mutual funds are constructed using time series data on their corresponding prices from Bloomberg.
Monthly data on returns for the value-weighted market portfolio covering NYSE, AMEX, NASDAQ stocks, a proxy for the market benchmark return, are from CRSP.
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Appendix
A. Structure and Characteristics of the Catastrophe Bonds
Insurance sector designed Catastrophe bonds to pass the risk of natural catastrophes
to the financial markets. Estimates indicate that capital outstanding in Catastrophe
Bonds has reached USD $16 billion in 2013 accounting for more than a third of the
property catastrophe reinsurance capacity provided by the ILS [Carpenter (2013)]. The
success of Catastrophe Bonds is driven by their appeal to sponsors as an alternative to
traditional reinsurance contracts and their acclaim among investors as an investment with
high returns and low correlations to other financial securities.
In a typical arrangement shown in Figure 8, Special Purpose Vehicle (SPV) signs a
reinsurance contract with the sponsor, usually an insurance or a reinsurance company,
to provide coverage against catastrophe losses. Concurrently, SPV launches Catastrophe
bonds to investors to hedge the incurred catastrophe risk placing proceeds in highly-rated
investments which are kept in the Collateral Trust Account.
Figure 8: Structure of a Catastrophe Bond with Swap Counterparty (see, e.g., Swiss Re
(2009))

If insured event does not take place, investors are remunerated for the risk exposure and
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the use of funds with a regular coupon payments (premium plus floating interest rate, e.g.
Libor respectively) for the duration of the bond and receive back their principal upon bond
maturity. Should the contingent peril happen during the term of the bond and activate
the built-in reinsurance clause, collateral funds undergo liquidation with proceeds released
to the sponsor while investors forfeit their interest, (part of) principal or both.
Prior to 2009, most Catastrophe bonds also included a Total Return Swap (TRS)
facility to protect against risk due to fluctuations in the interest rate and collateral asset
value. For a premium, the latter counterparty exchanged collateral returns into a Liborbased rate and absorbed losses in collateral value. However, the use of the TRS facility was
mostly abandoned following the collapse of the Lehman Brothers which served as a TRS
for a number of Catastrophe bonds, and the discovery of inadequate quality of collateral
assets in the course of the 2008 Financial Crisis. Instead, strict collateral regulations were
introduced in the aftermath of the 2008 Financial Crisis imposing limits on the types of
assets that could be used as a collateral and requiring rigorous monitoring of the collateral
account and regular investor reports. Collateral assets permitted by the new regulatory
provisions mostly consist of extremely safe, short-term securities, e.g. US Treasury bills
[Braun (2015)]. The typical recent structure of Catastrophe bond without TRS facility is
depicted in Figure 9.
Figure 9: Typical Post-crisis Structure of a Catastrophe Bond (see, e.g., Swiss Re (2009),
Braun (2015))

Different trigger types can be used to determine when a sponsor receives a contin44

gent payment. Indemnity triggers are linked to the catastrophe losses incurred by the
sponsoring party. Non-indemnity triggers include index triggers which relate to the index
not directly connected with the losses of the cedent, parametric triggers corresponding
to the physical characteristics of the insured peril, modeled loss triggers depending on
the calculations of a simulation model and hybrid triggers which combine a number of
triggers [Cummins (2012)]. The payout is released to the sponsor when a trigger variable
reaches a predetermined threshold level.
Catastrophe bonds cover a variety of perils and regions. As Figure 10 indicates, 79%
of all outstanding Catastrophe Bonds as of June 30, 2011 cover perils in different parts of
US. In particular, 45% of the outstanding bonds were issued to provide protection against
US earthquake, 25% against US wind storm, 5% against US tornado and 4% against US
winter storm. European wind storm accounted for 7% of the market, while Japanese
earthquake and typhoon were covered by a smaller portions of outstanding capital of 4%
and 3% respectively.
Figure 10: Catastrophe Bonds Outstanding by Peril (as of June 30, 2011)

Source: Swiss Re (2011)− ILS Market Update, Vol. XVI, July

Catastrophe bonds enjoy a diverse investor base profile. Figure 11 breaks down purchases of Catastrophe Bonds that were issued between 2010 − 2011 by investor type.
Over this period, only 8% of the supplied bonds were purchased by insurers and reinsur-
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ers indicating that substantial portion of reinsurance coverage was financed with external
investment. Market share of Dedicated Catastrophe Funds constituted 71%, while money
managers and hedge funds invested respectively in 20% and 2% of the supply during this
period. Investor diversity suggests wide market interest in this asset and its growing importance as an alternative source of risk financing relative to the traditional reinsurance
contracts.
Figure 11: Percentage of Catastrophe Bonds Purchased by Investor Type (2010 − 2011)

Source: Swiss Re (2012)− ILS Market Update, Vol. XVII, January
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B. Inversion of Hotelling test
In this Appendix, we summarize the identification-robust method for building exact,
simultaneous confidence sets from Beaulieu, Dufour & Khalaf (2015a,b) as it relates to
the test statistic presented in (23) - (25).
Consider the following general multivariate linear regression framework:
Y = XB + U

(B1)



where (T × n) matrix Y = Y1 , ... , Yn contains observations on dependent variables,
(T × k) matrix X has full column rank and assembles observations on q explanatory
variables and a vector of ones. Also, B is a (k × n) matrix of regression coefficients and

 
0
U = U1 , ... , Un = V1 , ... , VT is a (T × n) matrix of disturbances such that:
Vt = JWt ,

t = 1, . . . , T

(B2)

where J corresponds to an unknown, non-singular matrix and the joint distribution of
Wt ,

t = 1, . . . , T , is either known or is specified up to a nuisance parameter π. In

Gaussian setting then:
Wt ∼i.i.d. N (0, In )

(B3)

the results hold exactly. In simulation studies, F -distribution have been shown to serve as
a good approximation when normality is relaxed [see Beaulieu, Dufour & Khalaf (2015a)].
Let unrestricted OLS estimators of B and the sum of squared errors, S, be defined as
follows:
B̂ = (X 0 X)−1 )X 0 Y,

Ŝ = Û 0 Û,

Σ̂ = (Û 0 Û )/T,

Û = Y − X B̂

(B4)

For further results, we divide matrix B in the following way:
 0
a
B=
b
where a =

a1 , ... , an

0

(B5)

denotes (n × 1) vector of intercepts and b is (q × n) matrix

of slope coefficients with q + 1 = k.
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Correspondingly, OLS estimator of B is partitioned as follows:
" #
â0
B̂ =
b̂

(B6)

Projection-based procedure also requires that we partition matrix (X 0 X)−1 :
0

−1

(X X)



x
x
= 11 12
x21 x22


(B7)

where component x11 is a scalar, x21 = x012 corresponds to a (q × 1) vector, and x22 is a
(q × q) matrix.
Test inversion at the desired level α can be carried out numerically as follows. Test
statistic, Γ(θ), and its p-value are computed for each choice of relevant parameter vector
¯
θ, where lower bar denotes a specific choice of θ. Collecting in a set all values θ for
¯
¯
which p-value is above level α leads to a (1 − α) joint confidence region for all parameters
of interest, θ. Next step is to obtain projection-based confidence sets for any function
h(θ) through minimization and maximization of this function over subspace of θ values
covered by the joint region. Numerical procedure is however costly in terms of timeintensive computations. Instead, the solution can be obtained analytically. The latter
procedure requires restating inequality (25) in the following form:
θ0 A22 θ + 2A12 θ + A11 ≤ 0
¯
¯
¯

(B8)

Under this formulation, analytical solution for any linear transformation of θ taking the
form v 0 θ where v stands for a non-zero vector, has been derived by Beaulieu, Dufour
& Khalaf (2015a,b) using the method of quadrics as introduced by Dufour & Taamouti
(2005).
In what follows, we denote (1 − α) level confidence set for a parameter by CSα (.).
0
Also, set: Ã = −A−1
22 A12 ,

D̃ = A12 A−1
22 A12 − A11

where A22 = b̂Ŝ −1 b̂0 − nd Fn,d,α x22 , A12 = A021 = â0 Ŝ −1 b̂0 − nd Fn,d,α x12 ,
A11 = â0 Ŝ −1 â − nd Fn,d,α x11 .
If eigenvalues of A22 are all positive, in which case A22 is positive definite, we have
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that:
0



0

CSα (v θ) = v Ã −
CSα (v 0 θ) = ∅,

if

q

D̃

v 0 A−1
22 v


,


q

−1
0
v Ã + D̃ v A22 v ,
0

if D̃ ≥ 0

D̃ < 0

(B9)
(B10)

If A22 is non-singular with one negative eigenvalue, it follows:
(a) if v 0 A−1
22 v < 0 and D̃ < 0 :

 

q
q


−1
−1
0
0
0
CSα (v θ) = −∞, v Ã − D̃ v 0 A22 v ∪ v Ã + D̃ v 0 A22 v , +∞

(B11)

0 −1
(b) if v 0 A−1
22 v > 0 or if v A22 v ≤ 0 and D̃ ≥ 0 :

CSα (v 0 θ) = R

(B12)

CSα (v 0 θ) = R\{v 0 Ã}

(B13)

(c) if v 0 A−1
22 v = 0 and D̃ ≥ 0 :

The projection-based solution takes the form of (B11) if A22 is non-singular and has
two or more negative eigenvalues.
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C. Conventional estimators of the zero-beta rate and the risk prices and
their variances
In each of the three alternative cases considered for the analysis of the Catastrophe Bond
mutual funds, we compute conventional point estimates for the zero-beta rate and, when
applicable, the risk prices using the analytical solution for the Maximum Likelihood Estimator of θ provided by Beaulieu, Dufour & Khalaf (2015a). The latter is obtained by
minimizing test statistic Λ (θ) over the values of θ. The minimum value of the statistic
corresponds to the minimum non-zero root, denoted η̂, of:
C(X, Y ) = (X 0 X)−1 X 0 Y (Y 0 Y )−1 Y 0 X

(C1)

and is also the minimum root of the following determinantal equation:
|D̂Ŝ −1 D̂0 − η(X 0 X)−1 | = 0

(C2)

where D̂ is the OLS estimator of D defined in (18). Under the model (14), the MLE of θ
as defined by the joint null hypothesis (17) is given by:
θ̂ = (dˆŜ −1 dˆ0 − η̂x22 )−1 (dˆŜ −1 â − η̂x21 )

(C3)

where â are the unrestricted OLS estimates of intercepts a defined in (15), Ŝ is the sum
of squared errors defined in (19) and dˆ is a (q × n) matrix of the form:
"

(ι0k2 b̂2 − ιn )
dˆ =
b̂1

#

Also, (q × q) matrix x22 and (q × 1) vector x21 = x012 are components of (k × k) matrix
(X 0 X)−1 partitioned as follows:
0

−1

(X X)



x
x
= 11 12
x21 x22



For Black’s CAPM with single tradable factor, we estimate the conventional Waldtype asymptotic variance for the zero-beta rate estimator using the formula based on the
Fisher information matrix provided by Campbell, Lo & MacKinlay (1997, Chapter 5,

50

equation 5.3.81):
1
T

V ar(γˆ0 ) =asy
where µ̂ =

1
T

PT

t=1

Rt , σ̂ 2 =

1
T



µ̂ − γˆ0
1+
[(ι − β̂)0 ]Σ̂−1 (ι − β̂)]−1
2
σ̂

PT

the market factor returns; Σ̂ =

t=1

(C4)

(Rt − µ̂)2 with Rt , t = 1, . . . , T corresponding to

1
Ŝ
T

and β̂ is the unrestricted OLS estimate of the slope
0
coefficients on the market factor, β = β1 ... βn .
To obtain ML estimator and asymptotic variance for the zero-beta rate in the multifactor model including several tradable factors and without non-tradable factors, the model
is first transformed via matrix pre-multiplication. We follow the model transformation
approach proposed by Beaulieu, Gagnon & Khalaf (2015). Using the transformed model,
asymptotic ML estimator for the zero-beta rate and its asymptotic variance can then be
obtained as in the single factor Black’s CAPM by applying the formulas in (C3) and (C4)
respectively. The transformation procedure proceeds as follows. In the initial model with
several tradable factors given by:
ri = ai ιT + R2 bi2 + ui ,

i = 1, . . . , n,

(C5)

where (T × 1) vector ri , i = 1, . . . , n, contains returns on security or portfolio i at
time t = 1, . . . , T, R2 is a (T × k2 ) matrix of returns on k2 tradable factors, bi2 is a
corresponding (k2 × 1) vector of factor sensitivities and ui is a (T × 1) dimensional vector
with random disturbances. In this setting, the general APT restriction specified in (8)
simplifies as follows:
H0 (γ0 ) : ai = γ0 (1 − ι0k2 bi2 ),

i = 1, . . . , n,

for some unknown γ0 .

(C6)

In model (C5), define the first column vector of R2 , for instance the market benchmark, as
Rm with dimensions (T × 1) and assemble the remaining tradable factors into a separate
(T × (k2 − 1)) matrix F2 . Then we can rewrite model (C5) as follows:
ri = ai ιT + Rm ι0k2 bi2 + (F2 ιk2 −1 − Rm )ι0k2 bi2 + ui ,
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i = 1, . . . , n

(C7)

Next step is to subtract Rm on both sides of the equation and rearrange the terms:
ri − Rm = ai ιT + Rm (ι0k2 bi2 − 1) + (F2 ιk2 −1 − Rm )ι0k2 bi2 + ui ,

i = 1, . . . , n

(C8)

Under this formulation of the model, it is evident that restrictions imposed under the
null hypothesis (C6) relate to coefficients of all regressors except for (F2 ιk2 −1 − Rm ). To
proceed further, OLS orthogonal projection is applied to project (F2 ιk2 −1 − Rm ) out in
the following way. Let X1 denote a (T × 2) matrix that contains a column of ones and
Rm , X2 correspond to a (T × (k2 − 1)) matrix with observations on (F2 ιk2 −1 − Rm ), and
Y represent a (T × 1) vector with T elements from (ri − Rm ). With this notation in place,
define projection matrix, P2 , as follows:
P2 = I − X2 (X20 X2 )−1 X20

(C9)

Denoting P2 Y = Ỹ and P2 X1 = X̃1 , the transformed model takes the form:
Ỹ = X̃1 B̃ + Ũ

(C10)

where (2 × n) matrix B̃ contains estimates of n intercepts ai and n slope coefficients, now
in the form (ι0k2 bi2 − 1), i = 1, . . . , n.
With the model transformed to take the form (C10), asymptotic ML estimator of the
zero-beta rate and its asymptotic variance can be obtained using the formulas (C3) and
(C4) respectively.
To estimate asymptotic variances for the zero-beta rate and the risk prices for the
multifactor model with a single non-tradable and a single tradable factors we rely on
the procedures provided by Beaulieu, Dufour & Khalaf (2015a). Their method is based
on the Gaussian Likelihood function and allows to compute asymptotic variances for the
elements of a (q × 1) vector θ = (γ0 , γ10 )0 and (n × 1) vectors β1 ... βq defined in (15).
Derivation proceeds by first computing partial derivatives of the Gaussian Likelihood,
denoted L(θ, β1 ... βq , J), with respect to θ and β1 ... βq and taking their negative
expectation to derive the information sub-matrix Υ−1 (θ, β1 ... βq , J) associated with
θ and β1 ... βq . With Υ11 defined as a (q × q) matrix, Υ22 a (nq × nq) matrix and
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Υ21 = Υ012 a (nq × q) matrix, we have that:


Υ(θ, β1


Υ11 Υ12
,
... βq ) =
Υ21 Υ22

−1

Υ(θ, β1 ... βq )

Υ11 Υ12
=
Υ21 Υ22




where
Υ11 = E

Υ22 = E

Υ21 = E

−∂ 2 L(θ, β1 ... βq , J)
∂θ∂θ0

!
= T bΨ−1 b0

−∂ 2 L(θ, β1 ... βq , J)
∂βs ∂βl0
2

−∂ L(θ, β1 ... βq , J)
∂βs ∂θ0



!

 = (X − ιT θ0 )0 (X − ιT θ0 ) ⊗ Ψ−1
s,l=1,...,q



!


 = T X̄ − θ ⊗ Ψ−1 b0
s=1,...,q

such that Ψ = JJ 0 and X̄ is (q × 1) vector of factor averages across time series from X.
Denote ΦX (θ) = (X − ιT θ0 )0 (X − ιT θ0 ) /T , then rules for partitioned matrix inversion
imply:
11

Υ

Υ21
Υ22


−1 0 −1



0

Φ−1
X (θ)

−1

= T bΨ b
1 − T X̄ − θ
X̄ − θ
 −1


= −ΦX (θ) X̄ − θ ⊗ b0 Υ11



 −1

 11 h
0 −1 i
0
= Φ−1
(θ)/T
⊗
Ψ
+
Φ
(θ)
X̄
−
θ
⊗
b
Υ
X̄
−
θ
Φ
(θ)
⊗
b
.
X
X
X

The above expressions could then be applied to calculate analytically variance/covariance
matrices for the estimators of θ and β1 ... βq .
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D. Goodness-of-fit tests
D.1. Goodness-of-fit test statistics
In this section, we reproduce exact, multivariate Goodness-of-Fit (GF) tests in Gaussian
setting proposed by Dufour, Khalaf & Beaulieu (2003).
Let the general multivariate linear regression model take the form:
Y = XB + U

(D1)



where (T × n) matrix Y = Y1 , ... , Yn collects observations on dependent variables,
(T × k) matrix X with a full column rank contains observations on q explanatory variables and a column of ones; B is a (k × n) matrix of regression coefficients and U =

 
0
U1 , ... , Un = V1 , ... , VT matrix of error terms such that:
Vt = JWt ,

t = 1, . . . , T

(D2)

where J corresponds to an unknown, non-singular matrix and the joint distribution of
Wt ,

t = 1, . . . , T , is either known or is specified up to a nuisance parameter π. In

Gaussian setting:
Wt ∼i.i.d. N (0, In )

(D3)

In current context, the null hypothesis of interest is whether errors are i.i.d, jointly multivariate normal as defined in (D3). The latter is assessed using the GF test statistic based
on the excess skewness and kurtosis criteria of the form:
EKU = |KU − KU |

ESK = |SK − SK|,

(D4)

with KU and KU corresponding to simulation-based estimates for the expected values of
SK and KU , and KU and SK representing multivariate kurtosis and skewness measures
[Mardia (1970)] given by:
T
T
1 X X ˆ3
d ,
SK = 2
T s=1 t=1 st

T
1 X ˆ2
KU =
d
T t=1 tt

(D5)

where dˆst is a component of matrix D̂ = T Û (Û 0 Û )−1 Û 0 . SK and KU have the same
P P
P
distributions as T12 Ts=1 Tt=1 d3st and T1 Tt=1 d2tt respectively with dst defined as (s, t)54

component from the following matrix [Dufour, Khalaf & Beaulieu (2003)]:
D = T M W (W 0 M W )−1 W 0 M,


0
W = W1 , ... , WT

(D6)

Exact p-values for skewness and kurtosis statistics, denoted as p̂N (ESK0 ) and p̂N (EKU0 )
respectively, can be obtained using the Monte Carlo (MC) method following procedure
specified in Appendices E.1. and E.2.
Joint exact test which combines individual skewness and kurtosis tests is based on the
following statistic proposed by Dufour, Khalaf & Beaulieu (2003):
CSK = 1 − min{p̂N (ESK), p̂N (EKU )}

(D7)

Exact MC p-value for CSK statistic can be estimated using the algorithm reproduced in
the Appendix E.3.
D.2. Monte Carlo Method
Consider test statistic S(y, X) which under the null hypothesis could be restated as follows:
S(y, X) = S̄(W, X)
with W defined in (D3). S(y, X) is pivotal since its conditional distribution, given X, is
completely determined by the matrix X and the conditional distribution of W given X.
Then exact critical region can be obtained as follows.
1. Let S 0 denote the observed test statistic (i.e. computed using data).
2. Using Monte Carlo technique, obtain N i.i.d. realizations of W : W(z) =

h

(z)
W1 ,

...

(z)
, Wn

z = 1, . . . , N .
3. Based on each matrix W(z) , calculate the simulated statistic S (z) = S̄(W(z) , X), z =
1, . . . , N .
4. Estimate the MC p-value p̄N [S] ≡ p̄N (S (0) ; S) given by:
pN (x, S) ≡

N QN (x; S) + 1
N +1

N
1 X
QN (x; S) ≡
I[0,∞) (S (z) − x)
N z=1
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(D8)

(D9)

i

,


I[0,∞) =

1, if x ∈ [0, ∞),
0, if x 6∈ [0, ∞).

(D10)

That is, p̄N (S (0) ; S) = [N QN (S (0) ; S)+1/(N +1)] and N QN (S (0) ; S) represents the number
of simulated estimates which are equal or exceed S (0) .
5. The MC exact critical region is given by: p̂N [S] ≤ α, 0 < α < 1. Provided α(N + 1)
takes on an integer value and S has a continuous distribution under the null hypothesis
of interest, then:
P [p̄N [S] ≤ α] = α

(D11)

under the null hypothesis.
E. Algorithm for MC skewness and kurtosis tests
MC skewness and kurtosis tests are performed in three steps [see Dufour, Khalaf &
Beaulieu (2003) for a more detailed discussion]
E.1. Estimates of expected skewness and kurtosis
h
i
A1. Generate i.i.d replications N0 times, W̄(j) = W̄1(j) , ... , W̄n(j) , j = 1, . . . , N0
from the multivariate normal distribution specified in (D3).
A2. Calculate
0
0
D(j) = T M W̄(j) [W̄(j)
M W̄(j) ]−1 W̄(j)
M,

j = 1, . . . , N0 ,

(E1)

using each simulated disturbance matrix W̄(j) , and apply (D6) to estimate the respective
statistics SK and KU . In this manner, N0 replications of the latter statistics, denoted
SK (j) and KU (j) , j = 1, . . . , N0 , are produced.
A3. Estimate the reference simulated moments defined as follows:
SK =

N0
X

SK (j) /N0 ,

KU =

j=1

N0
X

KU (j) /N0 .

(E2)

j=1

Appendix E.2. reproduces the algorithm for obtaining exact cut-off points for ESK and
EKU defined in (D4). Appendix E.3. outlines the procedure for deriving a size-correct
simultaneous test which combines skewness and kurtosis tests.
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E.2. Procedure for separate skewness and kurtosis tests
(0)

(0)

B1. Apply formulas in (D4) to calculate the test statistics, denoted E(0) = [ESKM , EKUM ]0 ,
using the average estimates SK and KU derived in steps A1 - A3 and the observed data.
B2. Separately from the realizations generated in step A1 and the observed data, obtain
N i.i.d. replications of W from the standard multivariate normal distribution.
B3. For each draw of W generated in the previous step, calculate the values of statistics
(j)

(j)

ESKM and EKUM , denoted E(j) = [ESKM , EKUM ]0 , j = 1, . . . , N , using the average
values SK and KU from A1 - A3.
B4. For each test statistic in E (0) , estimate a simulated p-value, p̂N (ESKM ) and p̂N (EKUM ),
with p̂N (·) defined by (D8). If p̂N (ESKM ) ≤ α then the test ESKM rejects the null hypothesis at level α. Simular rule holds for EKUM . Under the exchangeability of E(j) ,
j = 1, . . . , N and if E is continuously distributed, the following size constraint is ensured
under the null hypothesis:
P [p̂N (ESKM ) ≤ α] = P [p̂N (EKUM ) ≤ α] = α

(E3)

E.3. Procedure for joint kurtosis and skewness test
C1. Compute the reference simulated moments using A1-A3, the test statistics E(0) based
on the observed data using B1 and N associated simulation-based statistics.
C2. Based on E(0) and N simulation-based statistics generated in C1, compute p-value
function for every statistic, denoted pN (S (0) ; S) with S = ESKM , EKUM [see (D8) for
definition of pN (S (0) ); S)].
C3. Obtain N1 new i.i.d. replications of W from the standard multivariate normal
distribution with N1 selected to set α(N + 1) equal to an integer.
C4. Based on the reference simulated moments from C1 and N1 realizations of W
drawn in a previous step, estimate the following simulation-based statistics: E(z) =
(z)

(z)

[ESKM , EKUM ]0 , z = 1, . . . , N1 .
C5. Based on the p-value functions from C2, assess the p-values for the observed and
(z)

N1 simulation-based statistics, denoted p̂N (S) = pN (S (z) ; S), z = 1, . . . , N1 with
S = ESKM , EKUM .
C6. Using the p-values from the last step, estimate the associated estimates of the joint
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test statistics:
(z)

(z)

(z)

CSKM = 1 − min{p̂N (ESKM ), p̂N (EKUM )},

z = 1, . . . , N1 .

(E4)

C7. The null hypothesis is rejected at level α by the test CSKM , z = 1, . . . , N1 ,
(0)

if N̂1 (CSKM ) ≡ pN1 (CSKM ; CSKM ) ≤ α with pN1 (·|·) determined by the simulation(z)

based values CSKM , z = 1, . . . , N1 . The level of the combined test is α because under
(z)

the null hypothesis the vectors CSKM , z = 1, . . . , N1 , are exchangeable.
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