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Abstract
We consider quasi-likelihood ratio (QLR) tests for testing restrictions on parameters, based on the difference of M-estimation objective functions of the two models
to be compared. We show that for an univariate restriction the QLR statistic can
be rendered asymptotically pivotal. We then propose a simple bootstrap procedure
that yields asymptotically valid critical values even if the model is misspecified. The
method modifies the bootstrap objective function to mimic what happens when the
null hypothesis is true. A Monte-Carlo study illustrates that bootstrap QLR tests
provide a viable and competitive alternative to standard bootstrap Wald tests.
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Introduction

Testing restrictions on parameters, including testing for significance, is very common in
applied economics, whether to evaluate an economic hypothesis, to check a modeling
assumption, or to build confidence intervals. In a maximum likelihood context, the wellknown trinity of tests include the Wald test, the score or Lagrange multiplier test, and
the likelihood ratio test. Each one can be generalized for more general models and estimation methods. The most popular testing approach among practitioners is the Wald
one. Standard t-tests are reported by all statistical and econometric software, and in most
cases robust versions are available. Builgin on Eicker (1963), White (1980) has shown how
the Wald statistic can be rendered robust to heteroscedasticity in a linear regression and
White (1982) has further developed a more general way to obtain Wald and score statistics
robust to potential misspecification in a maximum likelihood context. This has motivated
further work on the precise properties of these robust statistics and their small sample
behavior, which has been shown to be pretty sensitive to the implementation details and
the design of the data, see Mackinnon and White (1985), Chesher and Jewitt (1987), and
Chesher and Austin (1991) among others. Bootstrap methods have been investigated
in the aim of obtaining better approximations, see in particular Wu (1986), Hall and
Horowitz (1996), Horowitz (1997), Davidson and MacKinnon (1999), Andrews (2002),
and Goncalves and White (2004). Kline and Santos (2012) have recently pointed out that
in a regression model the popular wild bootstrap does not improve over the asymptotic
approximation for the Wald statistic when the model is misspecified. By contrast, the
naive bootstrap of Efron (1979) does improve on asymptotics in that situation, as shown
by Hall and Horowitz (1996).
Our interest in this work focuses on likelihood ratio tests and their generalizations, labeled quasi-likelihood ratio (QLR) tests, based on the objective functions of M-estimators,
among which maximum likelihood (ML). The QLR test does not appear to be as widely
used in empirical work as Wald is. A potential explanation is that it requires to estimate
both the general model and the model under the considered restrictions on parameters,
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while a Wald test requires only unrestricted estimation. However, the QLR test has its
own merits. In particular, it is by construction invariant to (nonlinear) transformations
of the restrictions under test. By contrast, one can obtain any desired value for Wald
test statistic by choosing an appropriate transformation, and the adequacy of the usual
asymptotic approximation may then substantially vary, see Gregory and Veall (1985), Lafontaine and White (1986), and Phillips and Park (1988). The QLR statistic has a limiting
chi-square distribution under the null hypothesis in an ML context when the parametric
model is correctly specified, see Wilks (1938). But in general, and in particular under
misspecification, it behaves asymptotically as a weighted sum of independent chi-squares,
as show by Foutz and Srivastava (1977) and Kent (1982) for unconditional ML, Vuong
(1989) for conditional ML, and Marcellino and Rossi (2008) for M-estimators. Hence, it
is necessary to evaluate critical values on a case-by-case basis by numerical simulation.
This work has two main contributions. First, we explain how to recover asymptotic pivotalness for the QLR statistic when testing an univariate restriction. This case is of key
interest in practice, as when testing for the significance of a specific parameter component,
or for building a confidence interval by inverting the test. We show that this is as easy
as it is to render the Wald statistic robust to misspecification. The new adjusted QLR
used in conjunction with standard critical values from a chi-square distribution yields an
asymptotically valid test. Second, we design a simple general bootstrap procedure for
obtaining critical values for QLR tests that avoid reliance on the asymptotic approximation and the computational burden of simulating the critical values. Bootstrapping is a
viable all purpose alternative that can perform well, though we cannot expect bootstrap
to provide asymptotic refinements if the test statistic is not asymptotically pivotal. For
testing univariate restrictions, bootstrapping the adjusted statistic may be expected to
provide critical values that are more accurate than asymptotic ones.
It seems at first unclear how to bootstrap a QLR statistic. In a ML context, the distribution, if correctly specified, could be used together with estimated parameters to generate
data following the null hypothesis. If however the model is potentially misspecified, it is
dubious that generating data from an incorrect conditional distribution can be helpful.
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An alternative possibility would be to use subsampling, which is valid under fairly weak
assumptions, see Politis and Romano (1994), but this would inevitably entail some power
loss. By contrast, we use the nonparametric (or naive) bootstrap, but to abide to the first
guideline of bootstrap, namely that the resampled statistic should reflects what happens
under the null hypothesis, even when it does not hold true, we rely on a simple device. We
define the bootstrap estimator as the one that equates the score vector of the bootstrap
objective function to the score vector of the constrained objective function for the initial
sample. This way we constrain the bootstrap likelihood to mimic what happens when we
impose restrictions on the original data. In essence, this is the recentering method proposed by Hall and Horowitz (1996) for t-tests based on Generalized Method of Moments
estimators. These authors point out that one needs to recenter the moment conditions in
overidentified models because there is generally no solution to the whole set of moment
conditions. Without recentering, the bootstrap would implement a moment condition
that does not hold in the population of the bootstrap samples. What is happening in our
setup is pretty similar: restrictions on parameters provide overidentifying restrictions, so
that the score vector evaluated at the restricted estimator is typically not zero. Therefore, we recenter the bootstrap score vector by the original score vector evaluated at the
restricted estimator to mimic what happens under the null hypothesis. Hence we label
our method as bootstrap under the null hypothesis.
While some recent work has investigated QLR tests and bootstrap methods, the connection of the recentering method with restrictions on parameters appears to have been
mostly overlooked. A method explored by several authors is to compute a bootstrap
statistic that does not test the original hypothesis H0 : r(θ) = 0, but rather r(θ) = r(θbn ),
where θbn is the initial estimator. Along these lines, Camponovo (2015) establishes higherorder improvements of a block bootstrap test in a dependent data context, and Spokoiny
and Zhilova (2015) study the conditions of validity of the multiplier bootstrap. In a
general semiparametric context, Chen and Pouzo (2012, 2015) apply this method to obtain asymptotically valid critical values when testing restrictions on parameters. Using a
different approach, Kim (2003) proposes to bootstrap a LR test by using the estimated
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parametric restricted model to generate bootstrap samples and establishes higher-order
improvments for a well specified model. Shi (2015) focuses instead on LR and QLR tests
for comparing nonnested or overlapping models.
Our paper is organized as follows. In Section 2, we recall the main properties of QLR tests
for restrictions on parameters. We also explain how an asymptotically pivotal statistic
can be readily obtained when testing an univariate restriction, which is pretty common in
empirical work. We label the new statistic the adjusted QLR. In Section 3, we detail our
bootstrap method and we show that it yields asymptotically valid critical values, whether
the QLR statistic is adjusted or not. Section 4 contains the results of a Monte-Carlo study
on the comparative small sample performances of bootstrap QLR tests. Our experiments
reveal that (i) the finite sample behavior of the QLR test may not be well approximated
by asymptotics under misspecification, (ii) bootstrapping is helpful in reaching a rejection
probability that is close to the desired level, and (iii) the bootstrap adjusted QLR test is
competitive with a robust to misspecification bootstrap Wald test.

2

Quasi-Likelihood Ratio Tests for Nested Models

Let z ∈ Rk be a random vector. and Q(θ) = E q(z, θ) a function from Rp to R that admits
a unique minimizer θ∗ on the parameter space Θ denoted as θ∗ , i.e.
θ∗ = arg min Q(θ)

Q(θ) = E q(z, θ) .

Θ

For a random sample {zt , t = 1, . . . n} from z, a consistent estimator of θ∗ is defined as
θbn = arg min Qn (θ)
Θ

−1

Qn (θ) = E n q(z, θ) = n

n
X

q(zt∗ , θ) .

t=1

When the objective function is the expected conditional log-likelihood, i.e. q(z, θ) =
log f (y|x, θ), Gourieroux, Monfort, and Trognon (1984) show that the parameters of
the conditional mean can be estimated consistently whenever it is well specified even
if the likelihood itself is not. If the objective function is ordinary least-squares, i.e.
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q(z, θ) = (y − x0 θ)2 , then similarly one can estimate θ consistently even in the presence of
heteroscedasticity of unknown form. If the conditional mean x0 θ is itself misspecified, so
that the linear form is only an approximation of the true conditional expectation, one can
still rely on least-squares to estimate the approximation parameters and be interested in
making inference on them, see White (1980).
Let Γ ⊂ Rq , q < p, be the restricted parameter space and ϕ(·) an injective mapping from
Γ to Θ. The null hypothesis of interest is
H0 : θ∗ = ϕ(γ∗ ),

γ∗ ∈ Γ against

HA : θ∗ 6∈ ϕ(Γ) .

We focus here on restrictions in explicit form for convenience, but as is well known it is
generally possible to rewrite restrictions in implicit form, see e.g. Gourieroux and Monfort
(1995). Because Q(·) is uniquely minimized at θ∗ , this yields the equivalent formulation
H0 : Q(θ∗ ) − Q(ϕ(γ∗ )) = 0 γ∗ ∈ Γ against

HA : min Q(θ∗ ) − Q(ϕ(γ)) > 0 .
γ

The M-estimator subject to the constraint that θ belongs to ϕ(Γ) is
θbn0 = arg min Qn (θ) = ϕ(b
γn ) with
ϕ(Γ)

γ
bn = arg min Qn (ϕ(γ)) .
Γ

The Quasi-Likelihood Ratio (QLR) statistic for testing H0 is
h
i
QLRn = 2 n Qn (θbn0 ) − Qn (θbn ) .
In a conditional ML context, the parametric likelihood ratio asymptotically follows a
chi-square under H0 for a well-specified model. Under misspecification, Vuong (1989)
establishes that it generally tends to a weighted sum of independent chi-squares. Marcellino and Rossi (2008) generalize Vuong’s result to the general case of M-estimation
with dependent data. We here state the asymptotic results for iid data, and provide a
short proof of these results.
Assumption A (a) Θ is compact, (b) q(z, θ) is twice continuously differentiable in θ,
(c) E supΘ |q(z, θ)| < ∞
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Assumption B (a) There exists a unique minimizer θ∗ of Q(θ) = E q(z, θ) on the parameter space Θ and θ∗ is interior to Θ. There exists a unique minimizer γ∗ of Q(ϕ(γ))
on the parameter space Γ and γ∗ is interior to Γ. (b) each element of ∇θ q(z, θ) is uniformly bounded on a neighborhood of θ∗ by a function with finite squared expectation. (c)
each element of ∇θθ0 q(z, θ) is uniformly bounded on a neighborhood of θ∗ by a function
with finite expectation. (d) A(θ∗ ) = ∇θθ0 Q(θ∗ ) is non singular.
Assumption C ϕ(·) is continuously differentiable with H =

∂
ϕ(γ∗ )
∂γ 0

of full rank.

We will also need the following definition.
Definition 1 Let U = (U1 , . . . Um )0 be a vector of m independent standard normal variP
2
ables and λ = (λ1 , . . . λm ) ∈ Rm . The random variable m
i=1 λm Um is distributed as a
weighted sum of chi-squares with parameters (m, λ) and its (cumulative) distribution is
denoted by Mm (·, λ).
Theorem 2.1 Under Assumption C, A, and B,
(a) under H0 ,
"

θbn − θ∗

n1/2

γ
bn − γ∗

#

"
=−

A−1 (θ∗ )
(H 0 A(θ∗ )H)−1 H 0

#
∆n + op (1) ,

d

where ∆n −→ N (0, B(θ∗ )), B(θ) = Var q(z, θ).
d

(b) Under H0 , QLRn −→ Mp (· : λ∗ ), where λ∗ is the vector of p eigenvalues of
h
i
−1
−1
0
0
W = B(θ∗ ) A (θ∗ ) − H (H A(θ∗ )H) H .
p

(c) Under HA , QLRn −→ + ∞.
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p
Proof. (a) Under Assumption A, supΘ |Qn (θ) − Q(θ)|−→ 0, so that θbn − θ∗ = op (1).
Similarly, θb0 − ϕ(γ∗ ) = op (1). By a Taylor expansion, we have under H0
n


√ 
√
b
n θn − θ∗ = − [∇θθ0 Q(θ∗ )]−1 n∇θ Qn (θ∗ ) + op (1)
√
−1 √
n (b
γn − γ∗ ) = − [H 0 ∇θθ0 Q(θ∗ )H]
nH 0 ∇θ Qn (θ∗ ) + op (1) .
Moreover,

√

d

n∇θ Qn (θ∗ )−→ N (0, B(θ∗ )).

(b) Using a Taylor expansion of Qn (θ∗ ) and (a),
0


1 b
b
b
θn − θ∗ A(θ∗ ) θn − θ∗ + op (1/n) ,
Qn (θn ) = Qn (θ∗ ) −
2
1
Qn (ϕ(b
γ )) = Qn (ϕ(γ∗ )) − (b
γn − γ∗ )0 H 0 A(θ∗ )H (b
γn − γ∗ ) + op (1/n) .
2
Hence,

0


QLRn = n θbn − θ∗ A(θ∗ ) θbn − θ∗ − n (b
γn − γ∗ )0 H 0 A(θ∗ )H (b
γn − γ∗ ) ,
which is a quadratic form in the asymptotically normal vector in (a), and thus converges
to a weighted sum of chi-squares with parameters (p, λ∗ ). From Vuong (1989), λ∗ is the
vector of eigenvalues of the matrix
#"
"
A(θ∗ )
0
0

−H 0 A(θ∗ )H

A−1 (θ∗ )

(H 0 A(θ∗ )H)−1 H 0

"

#
B(θ∗ )

A−1 (θ∗ )
H (H 0 A(θ∗ )H)−1

#
,

which are also the ones of
"
#"
#"
#
A−1 (θ∗ )
A(θ∗ )
0
A−1 (θ∗ )
B(θ∗ )
.
H (H 0 A(θ∗ )H)−1
0
−H 0 A(θ∗ )H
(H 0 A(θ∗ )H)−1 H 0
This equals the desired matrix.
p
p
(c) Under HA , we have θbn −→ θ∗ and γ
bn −→ γ∗ , so that
p

QLRn = 2 n [Qn (ϕ(γ∗ )) − Qn (θ∗ )] + op (n)−→ + ∞
under HA .
When the information matrix equality B(θ∗ ) = A(θ∗ ) holds, which happens for a correctly
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likelihood model, then there exactly r = p−q ones in λ∗ and q zeros. Hence the LR statistic
asymptotically follows a centered chi-square distribution with r degrees of freedom. Also
in a linear regression model with correctly specified mean, i.e. q(z, θ) = (y − x0 θ)2 , we
have B(θ∗ ) = σ 2 A(θ∗ ) whenever errors are homoscedastic, where σ 2 = E q 2 (z, θ), so that
we can easily render QLR asymptotically pivotal. In general however, the QLR statistic
has a more involved asymptotic distribution under H0 . We now derive an alternative
formula for λ∗ that appear to be new.
Corollary 2.2 Under the assumptions of Theorem 2.1, λ∗ has q elements equal to zero
and the remaining r = p − q non-zero eigenvalues are the eigenvalues of
d0 A−1 (θ∗ )d

−1

d0 A−1 (θ∗ )B(θ∗ )A−1 (θ∗ ) ,

where d is any p × r matrix orthogonal to H such that [d

H] is full-rank.

Proof. Since
h
i
−1
W = B(θ∗ )A−1/2 (θ∗ ) I − A1/2 (θ∗ )H (H 0 A(θ∗ )H) A1/2 (θ∗ )H 0 A−1/2 (θ∗ )
= B(θ∗ )A−1/2 (θ∗ )M A−1/2 (θ∗ ) ,
−1/2

it has the same eigenvalues as M Af
"
C=

−1/2

Bf Af

M , as M is idempotent. Also

(H 0 A(θ∗ )H)−1/2 H 0 A1/2 (θ∗ )
(d0 A−1 (θ∗ )d)

0

#

0
−1/2

d0 A−1/2 (θ∗ )
−1/2

is an orthogonal matrix. Hence W has the same eigenvalues as CM Af

−1/2

Bf Af

M C 0,

whose non-zero eigenvalues are the ones of
d0 A−1 (θ∗ )d

−1/2

−1/2
d0 A−1 (θ∗ )B(θ∗ )A−1 (θ∗ ) d0 A−1 (θ∗ )d
,

as M is the orthogonal projection onto the span of A−1/2 (θ∗ )H. Finally, the eigenvalues are
−1/2

unchanged by premultiplying by (d0 A−1 (θ∗ )d)
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1/2

and postmultiplying by (d0 A−1 (θ∗ )d)

.

The result implies that we need only to determine the r = p − q non-zero eigenvalues.
Computing the quantiles of the QLR statistic under H0 can be entertained by simulation
on a case-by-case basis: it entails the determination of the eigenvalues of a consistent
estimator of W , that can be obtained from empirical analogs of A(θ) and B(θ) evaluated
at the quasi ML estimators. The resulting test is an asymptotically valid one. However the
process may be tedious, and I failed to locate any use of such a procedure in applications.
Hence bootstrapping appears as a natural method to determine critical values.
The case of a univariate restriction is of particular empirical relevance, as when one tests
for the significance of a specific parameter component. Moreoevr, inverting a test on a
scalar parameter can be used to obtain a confidence interval. For an univariate restriction,
λ∗ is scalar, and specifically
λ∗ =

d0 A−1 (θ∗ )B(θ∗ )A−1 (θ∗ )d
.
d0 A−1
f (θ∗ )d

The QLR statistic is then asymptotically distributed under H0 as λ∗ χ21 , and it can easily
bn , the adjusted QLR
be rendered asymptotically pivotal. Given a consistent estimator λ
statistic is
AQLRn =

QLRn d 2
−→ χ1
bn
λ

under H0 ,

and a test can be easily entertained using standard critical values. Estimating λ∗ requires
consistent estimation of A−1 (θ∗ ) and A−1 (θ∗ )B(θ∗ )A−1 (θ∗ ). The latter happens to be the
asymptotic variance of the ML estimator θbn , that should be estimated to build the robust
version of the Wald statistic, see White (1982). Hence it is as easy to obtain the adjusted
QLR statistic than it is to render the Wald one robust to misspecification. Consistent estimation of A(θ∗ ) and B(θ∗ ) can be achieved by using their empirical equivalent evaluated
at the ML estimator, that is
bn = n−1
A

n
X

∇θθ0 q(zt , θbn )

bn = n−1
B

t=1

n
X

∇θ q(zt , θbn )∇θ0 q(zt , θbn ) .

t=1

For the particular case of a linear regression
y = x0 β + ε = x01 β1 + x02 β2 + ε
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ε|x ∼ N (0, σ 2 ) ,

(2.1)

Lien and Vuong (1987, Lemma 2) provide an alternative characterization of the r non-zero
eigenvalues when testing for r linear restrictions. Our corollary implies that, when using
a normal likelihood for the error term and testing H0 : β1 = β1,0 , with dim β1 = r, λ∗ can
be estimated as the vector of eigenvalues of
"


b2 (X 0 X)−1 I1
I10 σ

−1

0
b
X)−1 I1 ,
I10 (X 0 X)−1 X 0 ΩX(X

where

I1 =

Ir 0
0 0

#
,

b is an estimator of diag (σ 2 , . . . σ 2 ), σ 2 = E (ε2 |xi ), and σ
Ω
b2 is consistent for σ 2 = E ε2 .
1
n
i
i
For an univariate restriction,
0
−1
0
−1 0 b
0
bn = e1 (X X) X ΩX(X X) e1
λ
e01 σ
b2 (X 0 X)−1 e1

e1 = (1, 0, . . . 0)0 .

The denominator is exactly the heteroscedasticity-robust variance estimator used for the
robust Wald statistic. When one uses the least-squares criterion instead of the normal
bn .
log-likelihood, the estimated eigenvalue is σ
b2 λ

3

Bootstrap test

We now propose a simple bootstrap procedure for the QLR test that serves as an alternative to the case-by case determination by simulation of the quantiles of the QLR statistic.
Moreover, since we can easily adjust the statistic when testing an univariate restriction, we
could expect a good control of level of the bootstrap resulting test. We rely on a nonparametric (naive) bootstrap, that is we generate bootstrap samples drawn with replacement
from the original data. We then entertain constrained and unconstrained estimation, but
we modify the objective function to make it behave as if the restrictions were true. SpecifP
ically, let {(zt∗ ), t = 1, . . . n} be a naive bootstrap sample and Q∗n (θ) = n−1 nt=1 q(zt∗ , θ)
the criterion based on this bootstrap sample. We consider a penalized criterion, that is


e∗n (θ) = arg min Q∗n (θ) − ∂ Qn (θbn0 ) θ − θbn0 .
(3.2)
θbn∗ = arg min Q
Θ
Θ
∂θ0
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Similarly, the constrained bootstrap estimator is


e∗n (θ) = arg min Q∗n (θ) − ∂ Qn (θbn0 ) θ − θbn0 .
θbn0∗ = arg min Q
ϕ(Γ)
ϕ(Γ)
∂θ0

(3.3)

∂
If constraints are linear, and since the score ∂γ
Qn (ϕ(b
γn )) with respect to γ is indeed zero,
we can equivalently solve θb0∗ = ϕ(b
γ ∗ ), where γ
b∗ = arg minΓ Q∗ (ϕ(γ)). Our bootstrap
n

n

n

n

QLR statistic is
QLR∗n

h
i
∗ b0∗
∗ b∗
e
e
= 2 n Qn (θn ) − Qn (θn )



∂
0
0∗
∗
∗ b0∗
∗ b∗
b
b
b
= 2 n Qn (θn ) − Qn (θn ) − 0 Qn (θn ) θn − θn .
∂θ

When testing an univariate restriction, we rely on the formula of Corollary 2.2, evaluated
using the same quantities based on resampled data, to compute an adjusted statistic
AQLR∗n . The bootstrap and adjusted bootstrap test are defined as I(QLRn > c∗1−α ) and
∗
∗
∗
a∗
I(QLRn > ca∗
1−α ), where c1−α and c1−α are the 1 − α quantile of QLRn and AQLRn .

To understand the use of the penalized criterion, there are two main intuitions. First, let
us think about the criterion itself. It is clear that Q∗n (θ) converges to Qn (θ) conditionally
on the initial sample. Hence at the limit (3.2) becomes
min Qn (θ) −
θ

∂
Qn (θbn0 ) (θ − ϕ(b
γn )) .
∂θ0

Remembering that the constrained estimator θbn0 is obtained solving
max Qn (θ) − µ (θ − ϕ(γ)) ,
θ,λ,γ

and that at the optimum γ = γ
bn and µ = ∂θ∂ 0 Qn (θbn0 ), the solution of the limiting problem is
θb0 . So, conditionally on the initial sample, θb∗ estimates θb0 . Andrews (2002), who studies
n

n

n

the nonparametric block bootstrap with dependent data, uses a similar modification of the
optimization problem for building a bootstrap Wald statistic. In his setup, penalization
accounts for the fact that the average score evaluated using block-bootstrapped data can
be different from zero. Here we use it to account for the fact that the score evaluated at
the constrained estimator is not zero.
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A second way to understand the use of the penalized criterion is to consider the first-order
conditions of (3.2),
∂ ∗ b∗
∂
Qn (θn ) =
Qn (θbn0 ) .
(3.4)
∂θ
∂θ
Our device appears as a recentering method, as proposed by Hall and Horowitz (1996).
While they use it to account for the non nullity of the empirical moments in GMM
overidentified models, recentering is here used to ensure that the score of the bootstrap
estimator equals the score of the restricted estimator, and so the bootstrap estimator
mimics what happens if the restrictions were true. We hence label our method bootstrap
under the null hypothesis.
Theorem 3.1 Under Assumption C, A, and B, the tests I(QLRn > c∗1−α ) and I(QLRn >
ca∗
1−α ) have asymptotically level α and are consistent against HA .
p

p

Proof. Under Assumption A, supΘ |Q∗n (θ)−Q(θ)|−→ 0 and supΘ k∇θ Q∗n (θ)−∇θ Q(θ)k−→ 0.
p
p
e∗n (θ)−Q(θ)+∇θ Q(θ)(θ−ϕ(γ∗ ))|−→
Since θbn0 −→ ϕ(γ∗ ), we have supΘ |Q
0, so that θbn∗ −ϕ(γ∗ )
γn ) = op (1).
γ ∗ )−ϕ(b
and then θb∗ − θb0 are both op (1). By the same arguments, θb0∗ − θb0 = ϕ(b
n

n

n

n

n

By a Taylor expansion,

√  ∗
√
n θbn − θbn0 = − [∇θθ0 Q(ϕ(γ∗ ))]−1 n [∇θ Q∗n (ϕ(γ∗ )) − ∇θ Qn (ϕ(γ∗ ))] + op (1)
√
√
−1
n (b
γn∗ − γ
bn ) = − [H 0 ∇θθ0 Q(ϕ(γ∗ ))H] H 0 n [∇θ Q∗n (ϕ(γ∗ )) − ∇θ Qn (ϕ(γ∗ ))] + op (1) .
Under Assumptions A and B,
n
√
1 X
q(zt∗ , ϕ(γ∗ )) − q(zt , ϕ(γ∗ ))
n [∇θ Q∗n (ϕ(γ∗ )) − ∇θ Qn (ϕ(γ∗ ))] = √
n t=1

has an asymptotic distribution N (0, B(ϕ(γ∗ ))) conditionally on the initial sample, see e.g.
Gine and Zinn (1989). This yields that the vector
"
#
b∗ − θb0
θ
n
n
n1/2
γ
bn∗ − γ
bn
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has conditionally on the initial sample the same distribution as the vector in Theorem 2.1
(a) under H0 .
e∗n (θbn0 ) around θbn∗ and θbn0∗ ,
By a Taylor expansion of Q

0


e∗ (θb∗ ) = Q∗ (θb0 ) − 1 θb∗ − θb0 A(ϕ(γ∗ )) θb∗ − θb0 + op (n−1 )
Q
n n
n n
n
n
n
2 n
e∗ (θb0∗ ) = Q∗ (θb0 ) − 1 (b
Q
γn∗ − γ
bn )0 H 0 A(ϕ(γ∗ ))H (b
γn∗ − γ
bn ) + op (n−1 )
n n
n n
2

0


QLR∗n = n θbn∗ − θbn0 A(ϕ(γ∗ )) θbn∗ − θbn0 − (b
γn∗ − γ
bn )0 H 0 A(ϕ(γ∗ ))H (b
γn∗ − γ
bn ) + op (1) .
The asymptotic conditional behavior of the latter statistic is thus the same as the one of
QLRn under H0 .
Practically, bootstrapping involves generating B bootstrap statistics to approximate accurately enough the quantiles of the statistic’s distribution. As solving (3.2) and its
constrained counterpart a large number of times may be computationally demanding, one
can use approximations to bypass this task. First note that both θb∗ and θb0∗ are estimating
n

n

θbn0 , so that one can focus on a neighborhood of the latter quantity. Moreover, a Taylor
expansion of (3.4) yields

−1 

∂
∂ ∗ b0
∂
∗
0
∗ b0
0
b
b
b
θn − θn = −
Q (θ )
Q (θ ) − Qn (θn ) + op (n−1/2 ) .
∂θ∂θ0 n n
∂θ n n
∂θ
Hence one can use this approximation and take a number of Newton-Raphson steps from
θbn0 to obtain an accurate approximation of the bootstrap estimators values. Specifically,
one can use the rule
∗
θn,0
= θbn0 ,
∗
θn,j

=

where A∗n,j−1 =
∂
E Qn (·)
∂θ∂θ0

∗
θn,j−1

−

A∗−1
n,j−1

∂
Q∗ (θ∗
).
∂θ∂θ0 n n,j−1
∗
evaluated at θn,j−1
.



∂ ∗ ∗
∂
∗
Qn (θn,j−1 − Qn (θn,j−1
)
∂θ
∂θ


j = 1, . . . k ,

Alternatively, A∗n,j−1 can be any consistent estimator of
A similar iterative device can be used to approximate θb0∗ .
n

Results from Andrews (2002) could be adapted here to ensure that the k-step bootstrap
estimators are close enough to the exact bootstrap estimators.
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4

Monte-Carlo

We ran some experiments to assess the finite sample performance of our bootstrap QLR
test and compare it to bootstrap Wald tests. The setup is similar to the one used by Kline
and Santos (2012), where heteroscedasticity and misspecification can both be present.
Specifically, we generated the variable y according to the linear model
yi = x1i + x2i + x3i + ψx1i x2i + (1 + λx1i ) η ,
where (vi , x2i , x3i ) are distributed as a trivariate standard normal with zero correlation and
x1i = exp(vi ) − E [exp(vi )]/ (Var(exp vi ))1/2 . The log-normal specification of x1 generate
observations with high leverage, which can create serious obstacles to heteroscedasticity
robust inference as shown by Chesher and Jewitt (1987). Additionally, the log-normal
specification provides us with an asymmetric covariate, which is helpful in avoiding overly
optimistic results, see Chesher (1995). The error η follows a centered and standardized
exponential distribution and is independent of the regressors. Though all of its moments
exist, it exhibits substantial skewness. The parameter λ allows to introduce heteroscedasticity and the parameter ψ captures misspecification of the conditional mean. We focus
on inference on the coefficient β1 in the assumed linear regression model
yi = α + β1 x1i + β2 x2i + β3 x3i + εi

ε ∼ N (0, σ 2 ) .

In our simulations, α = 0 and each of the beta parameters equals 1. When ψ = 0,
the conditional mean is properly specified. Otherwise, it is misspecified, and while the
resulting ε is uncorrelated with regressors, it will have non-zero conditional mean. Due
to the regressors’ independence, β1 is unchanged under misspecification of the conditional
mean, which is convenient when studying the behavior of the tests under misspecification.
The Wald statistic uses an heteroscedasticity-robust covariance estimator computed with
the HC3 method as recommended by Mackinnon and White (1985). We consider two
bootstrap versions of the test, one using the naive bootstrap following Hall and Horowitz
(1996), and one using a wild residual bootstrap using the two-point distribution of Mammen (1993). For building QLR statistics, we consider either a likelihood criterion that
15

assumes a normal heteroscedastic distribution for ε, or the least-squares (LS) criterion.
0,2

2

σn
The QLR statistic based on LS is n σbn σb−b
, where σ
bn2 and σ
bn0,2 are the unconstrained
2
n

and constrained estimators of the error’s variance. For a linear conditional mean and
homoscedastic errors, both QLR statistics are asymptotically chi-square under the null
bn to obtain the same
hypothesis. For a misspecified model, each can be adjusted by λ
asymptotic behavior. The latter is built on the empirical equivalent of A(θ) and B(θ)
evaluated at the unconstrained estimator.
We examined the ability of tests to deliver an accurate level. Our experiments used 399
bootstrap repetitions and 10,000 Monte Carlo replications. We computed the errors in
rejection probability (ERP), that is the differences between empirical rejection rates and
the nominal level. We report our results in a set of figures that allow to compare the ERP
of the different tests.
In Figure 1, we compare the asymptotic and bootstrap robust Wald tests with the asymptotic tests based on adjusted QLR statistics. Note that the adjusted LS-based QLR
statistic is equal to the robust Wald test statistic for our linear model. All Wald tests are
oversized, and in some cases severely so if there is misspecification in mean or variance.
The wild bootstrap Wald test never improves upon the asymptotic one, while the naive
bootstrap test corrects part of the error in rejection probability for misspecified models.
The asymptotic adjusted LR (ALR) test mostly lies in between the asymptotic and naive
bootstrap test, showing that bootstrap may be useful.
In Figure 2, we compare the bootstrap robust Wald tests with the bootstrap QLR tests
based on the misspecified likelihood. We look at the LR test using our bootstrap method
under the null (LR-b0), its adjusted version (ALR-b0), as well as the LR test bootstrapped following Camponovo (2015) (LR-b). The latter is based on the difference between minΘ Q∗ (θ) and minΘ∪H Q∗ (θ), where HAn imposes that β1 = βb1n . Our bootn

An

n

strap test LR-b0 performs consistently much better than LR-b, which is due solely to
the bootstrap method. In misspecified cases, the latter always performs worse than the
wild bootstrap Wald test. The unadjusted bootstrap LR test is mostly worse than the
naive bootstrap Wald, and even worse than the wild bootstrap Wald when both mean
16

and variance are misspecified. This is not surprising given that we are bootstrapping an
asymptotically non pivotal statistic. Our bootstrap ALR test outperforms its best competitor, the naive bootstrap Wald test, in all cases, and often by a wide margin. Note also
that Wald tests always overreject the null hypothesis, which should yield confidence intervals with coverage inferior to the required confidence level. By contrast, our bootstrap
LR test is not systematically oversized in our experiment.
Figure 3 concerns the behavior of bootstrap tests based on least-squares. The LS test
bootstrapped following Camponovo (2015) (LS-b) exhibits large overrejection in all cases.
The best performing test is our bootstrap adjusted LS test, who always has a better level
than the naive bootstrap Wald test. More surprising is that the unadjusted bootstrap
test does as well or better then the naive bootstrap Wald test.
Figure 4 compares the empirical power of our three best sized tests, namely naive bootstrap Wald, adjusted bootstrap LR and LS tests, based on 2000 replications for each
considered value of β1 . Power is lowered by misspecification in mean or variance, but the
power curves of the three tests are similar in shape. Though the Wald test is always oversized under the null hypothesis, it can be outperformed under some alternatives by our
bootstrap tests. To sum up, our results suggest that adjusting and bootstrapping QLR
tests with our bootstrap under the null method provides a viable alternative to standard
bootstrap Wald tests, with a better control of level and at least comparable power.
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Figure 1: Errors in rejection probability for n = 100: Asymptotic Wald (W) and ALR tests, Wild
bootstrap (wb) and Naive bootstrap (b) Wald tests

Figure 2: Errors in rejection probability for n = 100: Wild bootstrap (wb) and Naive bootstrap
(b) Wald tests, Bootstrap LR and adjusted LR under H0 (b0), Naive Bootstrap LR

Figure 3: Errors in rejection probability for n = 100: Wild bootstrap (wb) and Naive bootstrap
(b) Wald tests, Bootstrap LS and adjusted LS under H0 (b0), Naive Bootstrap LS

Figure 4: Rejection frequency for n = 100: Naive bootstrap (b) Wald tests, adjusted LR and LS
under H0 (b0)

