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Abstract
This paper revisits the empirical performance of the Q theory – primarily using the traditional measure of Q
based on equity prices, which seems to be the main culprit for the empirical failure of the investment equation
– in the time-frequency domain. Namely, we estimate the coefficients in the investment equation over time and
across frequencies using the continuous wavelet tools. The main results, using U.S. aggregate data, are as follows.
First, there is a strong, positive and statistically significant correlation between investment and Q in about 50%
of the time-frequency locus, i.e. investment and Q are strongly correlated. Second, the coefficient on Q in the
time-frequency domain is on average 4 times larger than in the time domain, and it can be 10 times larger
in some time-frequency regions. Third, cash flow is indeed an important determinant of corporate investment
policy, but so is Q, and including cash flow does not drive out Q. Actually, the coefficient on Q (cash flow) is
larger at low (medium) frequencies, so the power in the investment-Q (-cash flow) relationship is in the long
(medium) run. Finally, the cash-flow coefficient has not declined over time, contrary to previous findings using
micro-level data.
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Introduction

The investment equation relates the investment rate I/K – usually defined as corporate fixed investment over the
replacement cost of property, plant and equipment – to Tobin’s Q (Tobin, 1969) – usually computed as the ratio
between the market value of a firm (i.e. its stock price) and the replacement cost of its assets.
The estimates of an investment equation like

(I/K)t = β0 + βQ Qt−1 + εt ,

(1)

both a) in levels and in first differences and b) using firm-level and macro data for the U.S. and other countries,
have generally yielded disappointing results (see e.g. Chirinko, 1993, Caballero, Engel, and Haltiwanger, 1995 and
Bond and Van Reenen, 2007). Common findings of studies regressing investment on Q are that i) Q has rather little
explanatory power (R2 < 0.10), ii) βQ is very low (and not always statistically significant) and iii) residuals are
highly serially correlated. Result i) implies that variations in Q are unable to explain a large part of the variation
in investment, although theoretically Q should be a sufficient statistic for investment. Result ii) implies implausibly
slow adjustment of the actual capital stock, so that the underlying structural parameters are unreasonably large
and not believable. Finally, result iii) suggests that important explanatory variables may have been omitted from
the model. In fact, other variables (e.g. cash flow, sales, profits) are frequently statistically significant and have
important additional explanatory power if they are introduced as additional regressors in (1), contrary to the
theory’s prediction.
Several theoretical and empirical explanations for this poor performance have been proposed in the literature.
Among the theoretical ones, model misspecification is the most common one. Recall that, according to Q theory,
investment should be an increasing function of marginal Q, while from the data one can measure – and only
imprecisely – average Q. Hayashi (1982) show that marginal and average Q are the same for a competitive firm
with constant returns to scale (both in the production function and in the adjustment cost function). However, if
these conditions are not met, then Q is no longer a sufficient statistic for investment and the Q theory fails.1 Among
1 The Q theory also fails if firms are financially constrained. Moreover, according to the “free cash flow hypothesis” (see e.g. Jensen,
1986 and Hubbard, Kashyap, and Whited, 1995), investment and cash flow could be linked because firms’ managers tend to overinvest
(e.g. to invest in non-value-maximizing projects) when they have access to internal funds.
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the empirical ones, the traditional explanation is that Q is poorly measured because of e.g. bubbles or fads in the
stock market, or simply because the market expectation of the value of the firm is different from its fundamental
value (i.e. the stock market measures something other than the value of the existing physical capital stock).2,3
To overcome these empirical problems, researchers have used generalized method of moments (GMM) estimators
to purge Q from measurement errors (Erickson and Whited, 2000) or have constructed different measures/proxies
for Q (e.g. Hall, 2001a, McGrattan and Prescott, 2005, Cummins, Hassett, and Oliner, 2006, Merz and Yashiv,
2007 and Philippon, 2009).4 In particular, Philippon (2009) constructs an alternative market-based measure of Q
using data from the bond market. The new variable, named bond’s Q, seems to be a better proxy for Q, as 1) the
R2 of the regression is much higher than using the standard Q measured with the equity market and 2) the cash
flow effect disappears once bond’s Q is included in the regression. So, the Q theory works better, provided a good
measure of Q is used in the regression.
The intuition behind the good performance of bond’s Q is that it captures well the effect of Q on investment at
different frequencies, i.e. both in the short run and in the long run. In principle, there is no reason to believe
that economic variables should be related in the same way at all frequencies, as time scales (or planning horizons)
matter for economic analysis. The idea of a long-run relationship between investments and Q dates (at least) back
to Keynes’ (1936) original formulation: “... how firms’ decisions to invest are mainly based upon expectations of the
prospective yield of an investment over a long term of years, with such expectations reflecting the state of long-term
expectations.” A few years later, Engle and Foley (1975) suggest that most of the power in the relationship between
investment and Q should be found at low frequencies, i.e. in the long run. More recently, other authors have also
conjectured that Q (and cash flow) may have effect on investment at different frequencies (Abel and Eberly, 2002,
Lettau and Ludvigson, 2002, Alti, 2003, Almeida, Campello, and Weisbach, 2004 and Philippon, 2009).
Likewise, in addition to the frequency dependence among investment and Q (and possibly other variables), Gallegati
and Ramsey (2013b) document the instability over time of the βQ coefficient by estimating the investment equation
2 For instance, as Brynjolfsson, Hitt, and Yang (2002) point out, if investors try to incorporate intangible assets into their valuation
of firms, then the market value of a firm could differ markedly from the value of its tangible assets alone, especially in developed
economies.
3 Investment and capital are also subject to measurement errors due to e.g incorrect accounting of depreciation rates and aggregation
across heterogeneous types of capital.
4 On the theoretical side, researchers have been developing models with better microfoundations, e.g. with lumpy or irreversible
investment. See Veracierto (2002), Cooper and Haltiwanger (2006), Khan and Thomas (2008), Verona (2014a,b) and Bustamante
(2015), among others.
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over different sub-samples (which are identified using the Bai-Perron’s test (Bai and Perron, 1998, 2003) to detect
the structural breaks in the investment-Q relationship). McLean and Zhao (2014) also show that the investment
sensitivities to Q and cash flow time-vary with the business cycle; in particular, the investment-Q (-cash flow)
sensitivity is greater during expansions (recessions).5,6
Therefore, in the light of the above evidence, it seems crucial to take into account both the variation over time of
these sensitivities and the frequency dependence among these variables when estimating the investment equation.
In this paper we do this by revisiting the empirical performance of the Q theory – primarily using the traditional
measure of Q based on equity prices, which seems to be the main culprit for the empirical failure of the investment
equation – in the time-frequency domain. More specifically, we use the continuous wavelet tools develop by AguiarConraria, Martins, and Soares (2015) to estimate the coefficients in the investment equation over time and across
frequencies. Using these tools, we can assess if, in which periods of time and at which frequencies the Q theory has
worked.
The main results – using U.S. aggregate data – can be summarized as follows. First, there is a strong, positive
and statistically significant correlation between investment and (the standard measure of) Q in about 50% of the
time-frequency locus, i.e. investment and Q are strongly correlated. Second, the coefficient on Q in the timefrequency domain is on average 4 times larger than in the time domain, and it can even be 10 times larger in some
time-frequency regions. Third, cash flow is indeed an important determinant of corporate investment policy, but
so is Q, and including cash flow does not drive out Q. Actually, the coefficient on Q (cash flow) is larger in the
long (medium) run, so the power in the relationship between investment and Q (cash flow) is at low (medium)
frequencies. Finally, the cash-flow coefficient has not declined over time (at all frequencies), contrary to previous
findings using micro-level data.
This paper is organized as follows. In section 2 we briefly review the two literatures on which our paper builds,
the work on the Q theory of investment and the work on wavelets in macroeconomics and finance. In section 3 we
describe the data, and in section 4 we analyze the Q theory in the time domain. Section 5 is the core of the paper;
there we estimate the investment equation in the time-frequency domain. In section 6 we test the Q theory (both
5 These business cycle findings are similar to the ones obtained using macroeconomic models with the “financial accelerator” mechanism à la Kiyotaki and Moore (1997) and Bernanke, Gertler, and Gilchrist (1999).
6 More generally, Sala (2015) and Caraiani (2015) estimate small-scale DSGE models in the frequency and time-frequency domain,
respectively, and find that most structural parameters exhibit a (time-)frequency-dependent behavior.
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in the time and in the time-frequency domain) using the bond’s Q series computed by Philippon (2009). Finally
section 7 summarizes and concludes the paper.

2

Motivation

This paper is motivated by 1) the empirical failure of the Q theory and 2) the recent progresses made in the wavelet
literature that allow to estimate a parametric function, such as the investment equation, in the time-frequency
domain. We believe that the second may help solving some problems in the first. We thus start our analysis with
a brief overview of these two literatures.

2.1
2.1.1

Tobin’s Q and investment-cash flow sensitivity: theory and empirics
Tobin’s Q: the quest for better proxies and estimators

As described at the beginning of the paper, the empirical problems of the investment equation are well known. A
natural theoretical explanation for these problems is that the conditions under which the Q theory is valid do not
hold all the time, as they are indeed quite restrictive. For instance, at the micro level returns to scale are likely to
be decreasing and adjustment costs are likely to be non-convex, so that the theory is expected to fail.
A common empirical explanation is that Q is poorly measured. The quest for better (observable) proxies for Q has
been a very active area of research in recent years. As Philippon (2009) puts it, if equity prices do not provide a
good measure of Q, then one should construct a better one. The literature has indeed done some important steps in
this direction. Hall (2001a,b) points out that intangible capital (like brand names, patents, copyrights, innovative
products, customer relationships, software, databases, distribution systems, corporate culture and human capital)
is an important part of the total stock of capital of modern economies, and proposes a method to measure intangible
capital accumulation by firms. He shows that changes in the value of intangible capital account for a large part of
the movements of stock-market values.7 Another factor that could affect the value of corporate equity is a country’s
7 Instead of using aggregate data (as in Hall, 2001a,b), Peters and Taylor (2015) incorporate intangible capital into measures of
investment and Tobin’s Q using COMPUSTAT data. They show that the classic Q theory works better after accounting for intangible
capital.
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tax and regulatory system. In fact, McGrattan and Prescott (2005) show that a measure of Q that takes into
account changes in tax and regulatory policy (as well as intangible capital) mimics reasonably well the evolution
of the market value U.S. and U.K. firms. Merz and Yashiv (2007) add labor adjustment costs into a standard
Q model (which usually features frictionless labor market). They show that labor market frictions are crucially
important for the model’s empirical relevance, as both optimal hiring and investment decisions determine firm’s
profits and, consequently, its market value (as well as the time path of employment and capital). Finally, as already
mentioned in the introduction, Philippon (2009) constructs a better marked-based proxy for Q using corporate (and
government) bond prices.
Another possible empirical explanation for the empirical failure is that the OLS regression produces downward biased
estimates of the coefficient on Q. A strand of literature has thus tried to provide a better estimator. Erickson and
Whited (2000) show that their measurement error-consistent GMM estimator of the coefficient on Q are much larger
than using the OLS estimator. Erickson, Jiang, and Whited (2014) estimate the investment model using cumulant
estimator and show that this method outperforms the moment estimator in Erickson and Whited (2002). Moreover,
stability of regression coefficients is an important assumption underlying the classical linear regression model that is
unlikely to be realistic when a given relationship is estimated over a long sample. Ignoring the presence of possible
structural changes – when modeling unstable relationships – can thus lead to incorrect and unreliable estimation
results. Motivated by this, Gallegati and Ramsey (2013b) first apply the Bai-Perron’s test to find the structural
breaks in the relationship between investment and Q, and then they estimate the investment equation by OLS over
different sub-samples. They find that the estimated βQ coefficients are (in modulus) more than twice as large as
the one in the full sample OLS estimate, and the R2 s are significantly higher than in the full sample case. The
poor performance of the linear Q model of investment could then also arise from the violation of the assumption of
parameters constancy.

2.1.2

The cash-flow coefficient in the investment equation

In their seminal paper, Fazzari, Hubbard, and Petersen (1988) find a positive sensitivity of investment to cash flow,
even after controlling for Q. In particular, they divided firms according to dividend policy, with high-dividend
firms assumed less likely to face financial constraints. They found that cash flow tends to affect the investment of
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low-dividend firms significantly more than that of high-dividend firms, supporting the hypothesis that cash flow
affects firms’ investment because of capital market imperfections.8
The first important challenge to these findings came from Kaplan and Zingales (1997). They focused on the lowdividend sub-sample of firms used in Fazzari, Hubbard, and Petersen (1988) and reclassified them on the basis of their
degree of financing constraints, using information contained in the firms’ annual reports as well as management’s
statements on liquidity. They found that investment of firms that appear to be less financially constrained is more
sensitive to cash flow than investment of other firms and concluded that higher sensitivities of investment to cash
flow cannot be interpreted as evidence that firms are more financially constrained.
So, the investment-cash flow sensitivity criterion as a measure of financing constraints is not always supported
by empirical evidence9 and is not well-grounded in theory as well. In fact, a number of theoretical contributions
have shown that positive cash-flow coefficients can be generated without any financing constraints. Although they
differ in many details, these models10 usually relax one or more of the assumptions that must hold for average
Q to be a sufficient statistic for investment. When Q is not a sufficient statistic, cash flow could reflect firm’s
growth opportunities, which can explain the positive cash-flow effects in investment regressions without invoking
any capital-market imperfections.
Finally, a small strand of the literature has analysed the evolution over time of the cash-flow coefficient without
taking any stand on whether firms are financially constrained or not. Using data for the top 100 capital spending
U.S. firms, Grullon, Hund, and Weston (2014) find that the investment-cash flow sensitivity has been relatively
stable over time. However, focusing on the entire population of firms in COMPUSTAT, other studies (Allayannis
and Mozumdar, 2004, Agca and Mozumdar, 2008, Brown and Petersen, 2009 and Chen and Chen, 2012) find that
the average cash-flow coefficient has declined over time.
8 Papers supporting this result are e.g. Hoshi, Kashyap, and Scharfstein (1991), Oliner and Rudebusch (1992), Whited (1992),
Gilchrist and Himmelberg (1995), Allayannis and Mozumdar (2004), Carpenter and Guariglia (2008), Hovakimian (2009) and Bond and
Soderbom (2013).
9 See also e.g. Kadapakkam, Kumar, and Riddick (1998), Cleary (1999), Erickson and Whited (2000), Kaplan and Zingales (2000),
Bond, Elston, Mairesse, and Mulkay (2003), Tsoukalas (2011), Chen and Chen (2012) and Eberly, Rebelo, and Vincent (2012).
10 See e.g. Gomes (2001), Cooper and Ejarque (2003), Alti (2003), Moyen (2004), Abel and Eberly (2011) and Gala and Gomes
(2013).
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2.2

Wavelets analysis: recent contributions in macro-finance and basic introduction

The first papers in economics using wavelets rely on the discrete wavelet transform (DWT).11 More recently, the
literature using the continuous wavelet transform (CWT) has also been growing and the CWT is becoming a popular
tool in econometric analysis. The most common argument to justify the use of CWT is the possibility of assessing
simultaneously how variables are related at different frequencies and how such relationship has evolved over time.
The two recent applications closely related with our paper are Gallegati and Ramsey (2013a) and Aguiar-Conraria,
Martins, and Soares (2015).12 Gallegati and Ramsey (2013a) first analyze the relationship between investment and
two measures of Q (equity’s Q and bond’s Q) using standard CWT tools. Then they use the maximal overlap DWT
(MODWT) to decompose the regression variables into their different frequency components in order to estimate
(by OLS) a sequence of investment regressions. The shortcoming of this approach is that the coefficients in each
frequency range are fixed over the sample, so that it is not possible to account for their time-variation. The CWT
solves this problem. In particular, the method developed in Aguiar-Conraria, Martins, and Soares (2015) allows to
estimate an equation relating more than two variables (in that case, the Taylor rule relating the nominal interest
rate with the inflation rate and the output gap) in the time-frequency domain. Using these tools one can thus assess
the intensity, significance, sign and synchronization of the co-movements between different time series, as well as
for estimating the respective regression coefficients in the time-frequency domain.
In what follows, we introduce the methods used in this paper, starting with the CWT and then the MODWT. The
description here is kept as simple as possible. Our aim is to provide the reader with the main definitions and to
give the intuition behind these concepts. See Crowley (2007) and Aguiar-Conraria and Soares (2014) for excellent
reviews of economic applications of DWT and CWT, respectively, and the book by Gencay, Selcuk, and Whitcher
(2001) for a broad introduction to wavelets for economists.
11 The pioneering works are Ramsey and Lampart (1998a,b) and Ramsey (2002). Some recent studies using the DWT include e.g. Rua
(2011), Gallegati, Gallegati, Ramsey, and Semmler (2011), Gallegati and Ramsey (2013b), Caraiani (2015), Crowley and Hughes Hallett
(2015) and Sjolandera, Shukurab, Manssonac, and Kekezia (2015).
12 Other contributions using the CWT are e.g. Aguiar-Conraria, Azevedo, and Soares (2008), Crowley and Mayes (2008), Rua and
Nunes (2009, 2012), Rua (2010, 2012, 2013), Aguiar-Conraria and Soares (2011a,b), Aguiar-Conraria, Magalhaes, and Soares (2012,
2013), Aguiar-Conraria, Martins, and Soares (2012, 2013), Alvarez-Ramirez, Rodriguez, and Espinosa-Paredes (2012), Fernandez-Macho
(2012), Caraiani (2012a,b), Fidrmuc, Korhonen, and Pomenkova (2014), Andries, Ihnatov, and Tiwari (2014), Gallegati and Ramsey
(2014), Ko and Lee (2015) and Marczak and Gomez (2015).
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2.2.1

CWT: basic concepts

A wavelet ψ (t) is a function of finite length which oscillates around the t−axis and looses power as it moves away
from the center. The name wavelet originates from the admissibility condition, which requires the (mother) wavelet
to be of finite support (small) and of oscillatory (wavy) behavior, hence wavelet (small wave).
Let x (t) be a time series. The continuous wavelet transform of x (t) with respect to a given (mother) wavelet ψ
can be written as
1
Wx (τ, s) = √
s

ˆ

+∞


x (t) ψ

−∞

t−τ
s


dt ,

where the bar denotes the complex conjugate, and τ and s are the two control parameters of the CWT. The location
parameter τ determines the position of the wavelet along the t−axis, and the scale parameter s defines how the
(mother) wavelet is stretched. Scale is inversely related with frequency: lower (higher) scale means a more (less)
compressed wavelet, which is thus able to detect higher (lower) frequencies of the time series.
The most commonly used (mother) wavelet in economic applications, which is the one used in this paper, is the
Morlet wavelet
1

t2

ψω0 (t) = π − 4 eiωo t e− 2 ,
with ω0 = 6. This specific choice yields a simple relation between scale s and frequency f , with f ≈ 1/s, and also
implies an optimal joint time-frequency resolution.
The wavelet power spectrum of x (t) is defined as

(W P S)x (τ, s) =| Wx (τ, s) |2

and measures the local variance distribution of the time series x (t) around each time and scale/frequency.
Given two time series x (t) and y (t), the cross-wavelet transform of x and y is defined as Wxy (τ, s) = Wx (τ, s) Wy (τ, s),
where Wx (τ, s) and Wy (τ, s) are the wavelet transforms of x and y, respectively. The absolute value of Wxy (τ, s)
is usually referred to as the cross-wavelet power and captures the local covariance between the two series in the

9

time-frequency space. The wavelet squared coherency is given by

2

R (τ, s) =

S (s−1


| S s−1 Wxy (τ, s) |2
,
| Wx (τ, s) |2 ) S (s−1 | Wy (τ, s) |2 )

where S denotes a smoothing operator in both time and scale (without smoothing the wavelet coherency would
be always equal to one, as in the Fourier analysis). The wavelet squared coherency measures the strength of the
relationship between two variables around each moment in time and for each frequency, i.e. it can be considered a
direct measure of the local correlation between two time series in the time-frequency space. The R2 (τ, s) is between
0 and 1, with a high (low) value indicating a strong (weak) co-movement.
To obtain information about the lead-lag relationship between the two series as a function of time and frequency,
one can compute the phase-difference which is given by

φxy (τ, s) = arctan

= [Wxy (τ, s)]
,
< [Wxy (τ, s)]

where < and = are the real and imaginary parts of Wxy (τ, s), respectively and −π < φxy (τ, s) < π. Variables
are in-phase, i.e. they move together, if −π/2 < φxy (τ, s) < π/2, with x leading if 0 < φxy (τ, s) < π/2 and y
leading if −π/2 < φxy < 0. Otherwise they are out-of-phase, i.e. they are negatively correlated, with x leading if
−π < φxy (τ, s) < −π/2 and y leading if π/2 < φxy < π.
Finally, the wavelet gain of y over x is defined as

| S s−1 Wxy (τ, s) |
Gyx (τ, s) =
.
S (s−1 | Wx (τ, s) |2 )
The gain can be interpreted as the modulus of the regression coefficient in the regression of y on x at each time
and frequency, whereas the sign of the coefficient is given by the phase-difference.
As the CWT at a given point in time uses information of neighboring data points, the values of the wavelet
transform at the beginning and at the end of the sample are always incorrectly computed as the time series are e.g.
padded with zeros. The region in which the transform suffers from these edge effects – which are larger at lower
frequencies – is known as the cone of influence. Hence, the results should be interpreted carefully in this region of
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the time–frequency space as they are subject to border distortions.

2.2.2

CWT: multivariate wavelet analysis

When investigating the relationship between two variables x and y, it is often important to account for their
interactions with other series. Aguiar-Conraria, Martins, and Soares (2015) develop a methodology to estimate the
relationship, in the time-frequency domain, between two variables (e.g. interest rate and inflation / investment and
Q) after eliminating the effect of other variables (e.g. output gap / cash flow). We now introduce the concepts of
partial coherency, partial phase-differences and partial gains.
Given p time series x1 , x2 , ..., xp , let L be the p × p matrix of all the smoothed cross-wavelet power spectrum
Sij = S (Wij ):


S11



 S21

L= .
 .
 .

Sp1

···

S12

S1p

S22
..
.

···
..
.

S2p
..
.

Sp2

···

Spp

Denote Ldij as the cofactor of the (i, j) element of L, i.e. Ldij = (−1)






 .




i+j

det Lji , where Lji represents the sub-matrix

obtained from L by deleting its i−th row and j−column and Ld = det L.13
2
The squared multiple wavelet coherency between x1 and all the other series x2 , x3 , ..., xp will be denoted by R1(23...p)

and is given by
2
R1(23...p)
=1−

Ld
.
S11 Ld11

The complex partial wavelet coherency of x1 and xj (2 ≤ j ≤ p) is the wavelet coherency between x1 and xj , given
all the other series, and is defined as
ρ1,j.qj = − q

Ldj1

,

Ld11 Ldjj

where qj = {2, ..., p} \ {j} denotes the set of all indexes from 2 to p except j.
13

More precisely, L depends on the value (τ, s) at which the spectrum are being computed, so there is one L matrix for each (τ, s).
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The squared partial wavelet coherency of x1 and xj allowing for all the other series is given by
2
R1,j.q
= | ρ1,j.qj |
j

2

.

One can also compute the partial phase-difference of x1 over xj , given all the other series, as

φ1,j.qj


= ρ1,j.qj
 .
= arctan
< ρ1,j.qj

Finally, the partial wavelet gain of x1 over xj allowing for all the other series is denoted by G1,j.qj and is defined as

G1,j.qj =

| Ldj1 |
Ld11

.

Intuitively, the values G1,j.qj can be interpreted as the absolute value of the coefficients in the multiple linear
regression of x1 in the explanatory variables x2 , x3 , ..., xp at each point of the time-frequency space.

2.2.3

Maximal Overlap DWT

So far we have considered continuously labeled decompositions. The CWT is a function of two parameters (τ
and s) and as such contains a high amount of redundant information. This could be a problem in some empirical
applications, for which it is more useful to use the discrete analogs of the CWT. The DWT is based on similar
concepts as the CWT, but is more parsimonious in its use of data. The key difference between the CWT and the
DWT lies in the fact that the DWT uses only a limited number of translated and dilated versions of the mother
wavelet to decompose the original signal, hence the information contained in the signal can be summarized in a
minimum number of wavelet coefficients.
It is possible to use the DWT to perform a time scale regression analysis by partitioning each variable into a set
of different time scale components, where each component corresponds to a particular range of frequencies. In
our empirical applications, we follow Gallegati, Gallegati, Ramsey, and Semmler (2011) and Gallegati and Ramsey
(2013a) and perform a wavelet decomposition analysis by applying the maximal overlap DWT using the Daubechies’
least asymmetric wavelet filter LA8 with reflecting boundary conditions. The application of the MODWT with
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J = 5 scales produces six individual crystals: one vector of smooth coefficients s5 , representing the smooth behavior
of the data at the coarse scale level, and five vectors of detail coefficients d5 , d4 , d3 , d2 and d1 , representing
progressively finer scale deviations from the smooth behavior. By performing the synthesis (or reconstruction
process) we generate five wavelet detail vectors D5 , D4 , D3 , D2 and D1 and one wavelet smooth vector, S5 , each
associated with a particular time period. In particular, since we use quarterly data, detail levels D2 , D3 , D4 and
D5 capture oscillations with a period of 1-2, 2-4, 4-8 and 8-16 years, respectively.14 So, after decomposing the
regression variables into their different time scale components, it is possible to test for frequency dependence in the
investment-Q relationship by simply running OLS regressions using the components of the variables at each scale
level.

3

The data

We use the dataset of Philippon (2009) consisting of quarterly aggregate U.S. data for investment rate, Tobin’s Q
and cash flow over the period 1952:Q2-2007:Q2.
Aggregate investment rate, IK, is computed as the ratio between corporate fixed private nonresidential investment
in equipment and structures and its replacement cost. Qe is the standard measure of Tobin’s Q; it is constructed
as in Hall (2001a) and it is defined as the ratio of the value of ownership claims on the firm less the book value
of inventories to the replacement cost of equipment and structure. Finally, cash flow (cf ) is the ratio of corporate
profits over GDP.
Figure 1 shows the time series (top panel) and the wavelet power spectrums (bottom panel) of these series in levels
(as well as the bond’s Q measure computed by Philippon, 2009, which will be described and used in section 6).
The spectrum provides a measure of the variance of the series at each time-frequency locus. In the power spectrum
charts (as well as in the coherency charts of the following sections of the paper), hotter colors (yellow and red)
correspond to higher volatility/coherency and colder colors (green and blue) to lower volatility/coherency, white
stripes denote local maxima, black (gray) contours mark significance at the 5 (10) percent level, and black dashed
lines denote the cone of influence (i.e. the region affected by edge effects).15
14 In this paper we do not consider the first detail level D , which captures oscillations between 2 and 4 quarters and contains most
1
of the noise of the signal, as well as the smooth component S5 , which captures oscillations with a period longer than 16 years.
15 Significance levels have been obtained by bootstrapping with 5000 replications.
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Investment is highly pro-cyclical and exhibits slow booms followed by quick busts. The temporary increase of
the investment rate between late 70s and early 80s is a well known feature in the literature on investment. The
introduction of energy-saving technologies as well as capital and knowledge obsolescence appear to be a consistent
explanation of the behavior of the long-term components of the investment rate. The first can be related to oil
price shocks in the 70s that resulted in a fundamental reorganization of the input-output structure of the economy
towards energy-saving embodied technologies, especially with the introduction of new energy-efficient technologies
in the energy-intensive industries (see Alpanda and Peralta-Alva, 2010). The latter emphasizes how the arrival of
the information technologies revolution rendered old capital obsolete (Greenwood and Jovanovic, 1999 and Laitner
and Stolyarov, 2003).
In addition to saw-tooth movements, Tobin’s Q exhibits large and low-frequency swings, moving upward until 1968,
then downward to 1982, and upward again until the burst at the beginning of 2000. No clear relationship seems
to emerge between Qe and investment, with the exception of the divergence between them in the mid-70s/early90s period, with Tobin’s Q being low both absolutely and in relation to investment (see e.g. Summers, 1981 and
Blanchard, Rhee, and Summers, 1993), and the sharp increase of both variables from the mid-90s onwards. The
period starting from the mid-70s is indeed a well-known puzzle for the Q variable; as Alpanda and Peralta-Alva
(2010) show, after the first oil crisis the market value of U.S. corporations, relative to the replacement cost of their
tangible assets, fell sharply, stagnating throughout the 70s and 80s.
Cash flow displays a slow downward trend until 1983 and then an upward trend until the end of the sample, despite
a large drop from 1997 to 2000. Cash flow seems to lead the business cycle, as its usually peaks a few quarters
before the subsequent business cycle recession.
The wavelet power spectrum of investment rate is very high (dark red) throughout the sample at frequencies around
16 years. There is also evidence of high power at frequencies between 4 and 8 years in the 70s and 80s, and at
frequencies between 8 and 16 years starting from the 90s. This last period was characterized by a prolonged
investment boom followed by a quick bust at the beginning of 2000. For Qe , there is evidence of high (red) wavelet
power spectrum values at long-period cycles (more than 16 years) throughout the whole sample and at shorter
frequencies (more than 4 years) starting from the late 80s. Finally, the volatility of cash flow occurs mainly at
frequencies between 8 and 16 years throughout the entire sample, with a cycle with a period around 10 years.
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Following Philippon (2009), the empirical analysis in this paper is done using the four-quarter differences of the
variables.16 Figure 2 reports the time series (top panel) and the wavelet power spectrums (bottom panel) of the
series in four-quarter differences (∆IK, ∆Qe and ∆cf , as well as ∆Qb which will be used later on). The wavelet
power spectrum of ∆IK is similar to the one in levels, though the regions with high volatility are now concentrated
in the short and medium run rather than in the long run. The spectrum for ∆Qe is also quite similar to that of Qe ,
with the exception of a significant region at frequencies around 4 years between 1970 and 1975, and a significant
region at all frequencies starting in the late 90s. The spectrum for ∆cf has a significant region at the beginning
of the sample at high frequencies, as well as some red areas in the middle of the sample at high and medium
frequencies.
Having described the data, we start our empirical analysis by first testing the Q theory in the time domain, and
then we move to the time-frequency analysis of the investment equation.

4

The Q theory in the time domain

Following Philippon (2009), the four-quarter difference in the investment rate is regressed on the four-quarter
differences in Tobin’s Q and cash flow, measured at the end of the previous quarters:


IKt − IKt−4 = β0 + βQe Qet−1 − Qet−5 + βcf (cft−1 − cft−5 ) + εt .

(2)

The OLS estimation results of equation (2) are reported in the first three columns of table 1. The standard errors
control for autocorrelation in the error terms up to four quarters. Results are as expected: βQe is very low; Qe
alone explains only 10% of the variations of investment; cash flow alone accounts for a larger share of investment
fluctuations; and when both variables are included in the regression, the significance and magnitude of βQe drop
(though the coefficient is still significant), while the cash-flow coefficient is large and significant.
Gallegati and Ramsey (2013b) document the temporal instability in the investment-Q relationship.17 Ignoring the
presence of possible structural changes can lead to incorrect results and could (at least partially) explain the poor
16 The four-quarter difference in the investment rate has been used by e.g. Hassett and Hubbard (1996) because of the high
autocorrelation of the series in levels. Wavelet results are however robust using the series in levels.
17 Funke (1990) and Holmes (2010) also analyze the structural stability of the investment-Q relationship.
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performance of the OLS regression over the full sample. So, following Gallegati and Ramsey (2013b), we first
apply the Bai-Perron’s test to find the structural breaks in the investment-Q relationship, and then re-estimate the
investment equation (2) (ignoring the cash-flow regressor) for each sub-sample.
The Bai-Perron’s test identifies four structural breakpoints in the investment-Qe relationship: 1963:Q3, 1975:Q3,
1983:Q3 and 1992:Q2.18 Table 2 reports the OLS sub-sample investment regression results. The findings from the
sub-sample regression analysis clearly show a substantial temporal instability in the investment-Qe relationship, as
the estimated coefficients differ widely across the periods. In the first period, the results are even worse than in the
full sample case (which are reported in the last column of the table): βQe is very low and not significant, and the
adjusted R2 is less than 1%. In the second and fifth period, the coefficients are larger and statistically significant,
and the fit of the regression is much better, with R̄2 s of 25% and 53%, respectively. On the contrary, in the third
and fourth sub-sample the results suggest that the relationship between investment and Qe has been negative (and
marginally significant). As described before, in this period Tobin’s Q was in fact low both absolutely and in relation
to investment.
So this temporal instability exhibited by the investment-Qe relationship strengthens the case in favor of using an
empirical method (like e.g. wavelets) which allows to study the relationship between two (or more) variables without
losing the information about the time evolution of the relationship.

5

The Q theory in the time-frequency domain

Our analysis proceeds in two steps. In subsection 5.1 we describe the time-frequency relationships between investment and Qe (the standard measure of Tobin’s Q) and between investment and cash flow. Then, in subsection
5.2 we use multivariate wavelet tools to assess the time-frequency relation between investment and each of the
macroeconomic variables in the investment equation.
As regards the CWT, throughout the paper we present phase-diagrams and gains for three frequency intervals,
namely for cycles of period 1.5 ∼ 4 years (the short run), cycles of period 4 ∼ 8 years (the medium run) and cycles
of period 8 ∼ 16 years (which capture the long-run relationships between the variables).
18

When including cash flow in the test, we find structural breaks at 1969:Q1, 1977:Q2, 1987:Q4 and 1996:Q2.
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As regards the MODWT, after decomposing the regression variables into their different time scale components, the
following regression is estimated by OLS:

∆IK [Dj ]t = β0 + βQe ∆Qe [Dj ]t−1 + εt ,
where ∆IK [Dj ]t and ∆Qe [Dj ]t−1 represent the components of the (four-quarter differences of the) variables at
each scale level j, with j = 2, 3, 4, 5. Recall that detail levels D2 and D3 represent the short-run dynamics (and
roughly correspond to the short-run gain in the CWT), and levels D4 and D5 exactly correspond to the mediumand long-run gain in the CWT, respectively. Figure 3 reports the MODWT decomposition of the series. In each
panel the original series is plotted in the top row, while the detail levels D2 to D5 are plotted in the remaining
rows.

5.1
5.1.1

Bivariate wavelet analysis
Investment and Qe

Figure 4 displays the time-frequency relationship between investment and Qe . The coherency (graph on the left
column) shows that the correlation is not stable – it has moved from the short and medium run (before 1985) to
the medium and long run (after 1990) – but it is high and significant in about 50% of the time-frequency locus.
This suggests that there is indeed a strong relationship between these variables, despite the presence of periods in
which the correlation is weak. For instance, between 1965 and 1985 in the long run, between 1980 and 2000 in
the medium run, and from 1985 to 1997 in the short run. In particular, the conjecture of a long-run relationship
between investment and Qe does not seem to be supported by empirical evidence in the puzzling period of the 70s
and 80s.
When the coherency is significant, the phase differences (graphs in the middle column) indicate that a) the two
variables are in-phase (the phase difference is between −π/2 and π/2), which in turn implies that the βQe coefficients
in the investment regression are positive in all frequency bands and b) Q leads investment in the short and medium
run (the phase difference is between −π/2 and 0), while investment leads Q in the long run (the phase difference
is between 0 and π/2). Looking at the wavelet gains (right columns), at all frequencies the highest values of βQe
17

are at the beginning of the sample. In the short and medium run, the coefficients decrease and stabilize around
1970, then they increase again until 1980 though they do not reach the maximum peak. They then decrease until
the end of the sample, reaching a very low level, especially the short-run coefficient. In the long run, βQe decreases
instead monotonically over the sample, though it is significant only in the second half of the sample. As one would
expect, the long-run phase difference and gain display smoother behaviors as they capture the relationship between
the long-run (i.e. the low-frequency) components of the variables.
For comparison, the top panel of figure 5 reports the wavelet gains (blue line: short-run gain; black line: mediumrun gain; red line: long-run gain) as well as the results in the time domain (yellow line: OLS regression over the
entire sample; green line: OLS sub-sample regression). Two results are worth to highlight. First, the βQe coefficient
in the time-frequency domain is usually larger than in the time domain. On average, it is more than 4 times larger
and it can even be more than 10 times larger in some time-frequencies regions (for instance, at the beginning of the
sample in the medium run). This is an improvement in the literature, since this coefficient is closely related with
the size of the adjustment cost parameter, hence with the speed of adjustment.19 Only at the end of the sample
results seem to converge, though the medium- and long-run coefficients are still twice as large as than that in the
time domain. Second, the power in the investment-Qe relationship has moved from the medium run in the first half
of the sample to the long run at the end of the sample, with the only exception being the period 1980-1986 where
the short-run gain is the highest one.
Table 3 presents the estimated regression results using the MODWT, as well as the average and maximum values
of the gains in the CWT. The regressions confirm that relationship between investment and Qe varies widely across
frequencies in terms of the degree of fit and significance of the estimated coefficient. In particular, the adjusted
R2 increases monotonically from 0.004 at the very short term scales (high frequency) D2 to 0.53 at scale D5 (low
frequency). As to the significance and size of βQe , it is low and not statistically significant at high frequencies (D2
and D3 ) but not at intermediate scales, i.e. D5 and D4 . In particular, at scale D5 the regression displays the
largest estimated value for β Qe , 0.016. However, even in this frequency band, the average gain obtained with the
CWT is more than twice as large. Also, the average coefficient using the MODWT is roughly the same as the one
in the time domain, i.e. it is about four times lower than the average coefficient using the CWT.
19 This is true only if no additional regressors are included in the regression. For instance, if β
cf 6= 0, then there is no longer a
one-to-one correspondence between βQ and the size of the adjustment cost parameter, as e.g. Cooper and Ejarque (2003) point out.
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5.1.2

Investment and cash flow

Figure 6 shows the time-frequency relationship between investment and cash flow. The coherency (graph on the
left column) shows that the correlation has gradually moved, over the years, from the short run to the long run.
The coherency is in fact high and significant in the short run at the beginning of the sample (until 1967), in the
medium run in the middle of the sample (from 1970 until 1990), and in the long run from 1985 onwards. So, there
is overall a very low correlation after 1990 in the short and medium run.
When the coherency is high and significant, the phase differences (graphs in the middle column) indicate that there
is always a positive relationship between these variables, with cash flow always leading at all frequencies (the phase
difference is usually between −π/2 and 0).
Looking at the wavelet gains (right columns), in the short run the coefficient fluctuates around 0.6 until 1980, then
it increases rapidly and peaks at around 1982. After that, it decreases though the coefficient is hardly significant
in that time period. In the medium run the coefficient has also a peak at around the same time (1980), then it
decreases (along its significance). In the long run, the gain is more stable (and usually significant) and oscillates
slowly around the value of 0.75.

5.2

Multivariate wavelet analysis

We now use the partial wavelet tools to estimate the investment equation in the time-frequency domain when both
Qe and cash flow are included as explanatory variables. We first analyze whether cash flow drives Qe out (as it is
frequently the case in the time domain), and then we provide further evidence on the evolution over time of the
investment-cash flow sensitivity at the aggregate level.

5.2.1

Does cash flow drive Qe out?

The top-left panel in figure 7 presents the multiple coherency, which depicts the proportion of the variation in
investment that is jointly explained by the corresponding variations of Qe and cash flow in the time-frequency
locus. In other words, Qe and cash flow are jointly significant explanatory variables of investment in those regions
where the multiple coherency is significant.
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The multiple coherency chart indicates that the overall fit of the investment regression in the time-frequency domain
is quite good, as shown by the prevalence of red and statistically significant regions. It also shows that the fit has
gradually shifted towards cycles of longer length: at higher frequencies the coherency is high until 1985 and hardly
after that, in the medium run it is strong between 1970 and 1990 and after 2000, and at longer cycles the multiple
coherency starts increasing and becomes statistically significant after 1985.
The left-mid panel in figure 7 reports the partial coherency, which captures the co-movement between investment
and Qe , filtering out the effect of cash flow.20 Even after controlling for cash flow, there are areas (around a
frequency band towards 3 ∼ 4 years cycle until 1990 and in the medium run after 1995) where the coherency is high
and significant. The partial coherency is somehow similar to the coherency in the bivariate case, except for the low
correlation in the long run at the end of the sample.
The partial phase-differences (graphs in the middle column) are similar to the phase-differences in the bivariate case,
as investment and Qe are usually in-phase (so βQe is positive), with Qe usually leading in the short and medium
run while investment leading in the long run.
The bottom panel in figure 5 reports the partial gains in the multivariate case (which correspond to the graphs in
the right column in figure 7), as well as the results of the OLS regressions in the time domain (blue line: short-run
gain; black line: medium-run gain; red line: long-run gain; yellow line: OLS regression over the entire sample;
green line: OLS sub-sample regression). The following results are worth highlighting. First, a visual comparison
with the top panel shows that the inclusion of cash flow reduces the magnitude of the βQe coefficient (especially
at the beginning of the sample). Despite this, on average βQe in the time-frequency domain is still more than 3
times larger than in the time domain. Second, in about 50% of the years, βQe in the long run is larger than in the
short and medium run. So, there seems to be indeed a long-run relationship between investment and Qe , as Engle
and Foley (1975) and Abel and Eberly (2002) have conjectured. Third, and similarly to the bivariate analysis, this
long-run relationship broke indeed down in the puzzling decade 1977-1987, as in this period the short-run coefficient
is larger than the long-run one. Moreover, and similarly to the OLS results in that sub-sample, the phase difference
actually indicates that the short-run gain is negative in that period.
20

If the explanatory variables are highly related, it can happen that the overall significance of the model is high even though the
significance of individual co-movements for both explanatory variables are low. The multiple coherency is therefore of assistance in
the interpretation of the results given by the partial coherencies. Namely, it is possible to interpret the evolution of the gains in
time-frequency regions where the partial coherencies are low but the multiple coherency is high and significant.
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Figure 8 reports the time-frequency relationship between investment and cash flow, after filtering the effects of Qe .
As for Qe , the main difference with respect to the bivariate case is the lack of the region with high and statistically
significant coherency at the end of the sample in the long run. The phase differences show that the variables are
in-phase, with cash flow leading most of the time. The magnitude of the wavelet gains in the short and medium
run are similar to those in the bivariate case, while the long-run coefficient declines and reaches a low value at the
end of the sample.
The top panel in figure 9 report the wavelet gains in different frequency bands (left graphs: short-run gains; middle
graphs: medium-run gains; right graphs: long-run gains) in the bivariate and multivariate analysis (blue and black
lines, respectively). These graphs suggest that the inclusion of cash flow does reduce the magnitude of βQe but does
not actually drive Qe out, as the decline of the βQe coefficient is not entirely due to the inclusion of cash flow. Even
though the gains at the beginning of the sample are quite different, it seems that there is an overall convergence
over time. For instance, in the short (medium) run, they are quantitatively the same after 1970 (1985).
So, overall, the bivariate and multivariate analysis results show that cash flow is indeed an important determinant
of corporate investment policy, but so is Qe , even after controlling for cash flow. An horse race between various
proxies for Q is not the main objective of this paper and is likely to produce results that are difficult to interpret
(though we analyze in section 6 how the results change using bond’s Q). However, from a quick comparison with
common results using the standard measure of Q (see e.g Cooper and Ejarque, 2003, Table 1 and Peters and Taylor,
2015, Table 7), it seems nevertheless that the CWT provides a better (i.e. larger) estimate of the βQe coefficient.

5.2.2

Has the cash flow sensitivity of investment declined?

In contrast to an extensive micro literature (reviewed in sub-section 2.1.2), little is known about the magnitude and
the dynamic pattern of the investment-cash flow sensitivity at the aggregate level.21
To shed light on the evolution over time of βcf , figure 10 reports the βcf coefficients in the bivariate regression (top
panel) and in the multivariate regression (bottom panel) using different empirical methods: yellow lines are the
results of the OLS regression over the entire sample, green lines show the results of the OLS regressions over different
21

de Bondt and Diron (2008) is an exception, though they do not analyze the evolution over time of βcf .
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sub-samples (which are identified using the Bai-Perron’s test), and blue, black and red lines are the (partial) wavelet
gains in the short, medium and long run, respectively.
The green lines are similar to those in Chen and Chen (2012), which estimate the investment equation using micro
level data over the period 1967-2006. At the beginning of the sample, the investment-cash flow sensitivity is about
0.5. It then drops in the late 60s and increases again in the mid 70s, reaching the peak at about 0.7. After that, it
declines over time, reaching a value of 0.15 at the end of the sample.
Looking at the wavelets gains, on the one hand the pattern is somewhat similar in the sense that, at all frequencies,
the investment-cash flow sensitivity is quite high in the 80s and is usually higher than the value at the end of
the sample. On the other hand, one cannot really argue that the cash flow sensitivity of investment has declined
(monotonically) over the sample. In fact, only the long-run sensitivity in the multivariate case exhibits such a
pattern, as the value at the end of the sample is significantly lower that its value at the beginning and the dynamics
does not show any significant oscillatory behavior. In all the other cases, the sensitivities vary quite substantially
over the sample and the values at the end are, in some cases, even larger that their values at the beginning.
Given these results, it seems difficult to argue that the cash flow sensitivity of investment has disappeared. The only
clear-cut result that emerges from figure 10 is that the power in the relationship between investment and cash flow
is definitely in the medium run (while it is in the medium/long run between investment and Qe ), as the medium-run
gain is quite often larger than the other gains, especially in the multivariate analysis.

6

The Q theory with bond’s Q

Philippon (2009) provides a proxy for Q estimated structurally using bond data. This proxy, called bond market’s
Q, is a function of four observed variables: relative prices of corporate and government bonds, average book leverage,
average idiosyncratic volatility and ex-ante real interest rate. The graphs in the lower-right corners in figure 1 and
2 show the time series (top panel) and the wavelet power spectrum (bottom panel) of bond market’s Q (Qb ) in
levels and in four-quarter differences (∆Qb ), respectively.
A visual inspection of the time series reveals that Qb is much less volatile and much more correlated with investment
than Qe , especially in the first half of the sample. Indeed, IK and Qb have very similar behaviors throughout the
22

entire sample, except in the period between 1985 and 2000.22 This is one of the reason why Qb is more successful
than Qe in explaining aggregate investment.
According to the wavelet power spectrum of Qb , there is clear evidence of high power over the whole sample at
frequencies greater than 8 years. Moreover, two regions with very high and statistically significant power are also
evident at the beginning of the sample in the short run and in the middle of the sample at business cycle frequencies.
In addition to these two regions, in the wavelet power spectrum of ∆Qb there are also 3 regions in the short run
with high power spectrum, but the region of high power in the long run shrinks and is now less evident.
The results of the OLS regression


IKt − IKt−4 = β0 + βQb Qbt−1 − Qbt−5 + βcf (cft−1 − cft−5 ) + εt

are reported in the last two columns of table 1. Looking at the results, it seems indeed that the Q theory works
better if one replaces equity’s Q with bond’s Q, as βQb is more than seven times larger than βQe and it accounts
for more than 60% of variations in the investment rate. Moreover, once Qb is included in the regression, cash flow
does not improve the fit of the investment equation and βcf is very low and not statistically significant anymore.
Bond’s market Q thus reduces significantly the implied adjustment costs and drives out cash flow.
So, the time series analysis seems to indicate that bond’s Q a better proxy for investment opportunities than Qe .
In the next sub-section we use the CWT to analyze a) the performance of Qb in the time-frequency domain (and
compare it with that of Qe ) and b) whether Qb drives cash flow out.

6.1

Bond’s Q (vs equity’s Q) in the time-frequency domain

Figure 11 displays the time-frequency relationship between investment and bond’s Q. Overall, a strong and significant coherency characterizes investment and Qb at almost any frequency throughout the sample, the only exception
being the period between 1990 and 1995. The overall high coherency between investment and Qb can be explained
by the fact that Qb is obtained by aggregating four variables which have effects on investment at different frequencies. Specifically, as Philippon (2009) points out, while the relative price of corporate bonds is mainly related to
22

The sample correlation between investment and Qb is 0.72, while the one between investment and Qe is 0.29.
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aggregate investment in the short run, leverage and idiosyncratic volatility are associated to long-term movements
of investment. This is another reason why Qb explains aggregate investment better than Qe : the coherency between
investment and Qb displays in fact much more red areas than that between investment and Qe , especially in the
medium and long run.
The phase differences are very stable (especially in the medium and long run) and consistently located close to 0
(whenever the coherency is high and significant), which indicate that the variables co-move and βQb is positive.
For comparison, the gains (graphs on the right column) are reported in figure 12 jointly with the OLS results
(both with the entire sample and for different sub-samples identified using the Bai-Perron’s test). We emphasize
two main results. First, while the short-run gain (blue line) oscillates around the OLS results (yellow and green
lines), the medium- and long-run gains (black and red line, respectively) are almost always larger than the OLS
estimates. This is a further improvement in the literature, as these values for the gains imply reasonable values for
the adjustment cost parameter.23 Second, the power in the relationship between investment and Qb is definitely in
the long run, as in about 90% of the time the highest gain is the one in the long run. Moreover, it is interesting
to note that the puzzling period in the 80s does not disappear even using bond’s Q, as in those years the short-run
gain is higher than the other gains.24
Finally, the bottom panel in figure 9 allows for a comparison between Qb and Qe . It reports the gains using Qb or
Qe (blue and black lines, respectively) in the bivariate analysis. The short-run wavelet gains display, on the one
hand, qualitatively similar behaviors as they peak at around 1980, decrease until 1995 and then finally stabilize.
However, on the other hand, they are qualitatively different as βQb is significantly higher, especially after the 1980
peak. In the medium and long run, however, results are quite different. In these frequency ranges, the values at the
beginning of the sample are similar, but the subsequent dynamics show completely different patterns. In particular,
the gains with Qb are overall stable or increase over time and reach the highest values at the end of the sample,
while the gains with Qe move exactly in the opposite direction.
Table 4 presents the estimated regression results using the MODWT, as well as the average and maximum values
of the gains in the CWT. Overall, and differently from Qe , Qb seems to have quite a uniform behavior across
23

They are in fact in line with the estimates in e.g. Smets and Wouters (2003) and Christiano, Motto, and Rostagno (2014).
Including cash flow in the analysis with bond’s Q does not significantly affect the magnitude of βQb . As compared to the bivariate
analysis, the short-run gain is very similar, and the medium- and long-run gains display similar patter though with slightly more
volatility.
24
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scales/frequencies. At the detail levels from D3 to D5 , the adjusted R2 s of the regressions are very high, ranging
from 0.68 to 0.82. As to the size of βQb , the estimated coefficients are always statistically significant; in the medium
and long run (levels D4 and D5 ), the coefficients are larger than in the time domain, but still lower than the average
gain in the respective frequency band. Moreover, the MODWT estimates using Qb represent the lower bound for
the gains using the CWT. So, and as it was using Qe , it seems nevertheless that the CWT provides a better (i.e.
larger) estimate of the βQ coefficient than other methods previously used in the literature.

6.2

Does Qb drive cash flow out?

The top panels in figure 13 report the wavelet gains of investment over cash flow in the bivariate analysis (blue lines)
and in the multivariate analysis with Qb (black lines). Recall that, in the time domain, βcf is very low and not
statistically significant if Qb is included in the regression. Looking at the wavelet gains, including Qb does usually
reduce the magnitude of βcf (especially in the short and medium run), but it does not definitely drive cash flow
out. Actually, in the long run Qb seems to enhance the cash-flow sensitivity of investment in the second half of the
sample. Overall, the average gains in the short, medium and long run are 0.35, 0.61 and 0.85, respectively.25 They
are also comparable with the gains in the multivariate analysis with Qe , as depicted in green lines in the bottom
panels in figure 13. So, it seems that cash flow remains an important determinant of aggregate investment, even
when a good measure of Q is used in the analysis.

7

Conclusions

[to be written]

25 As regards the significance of the gains, the multiple coherency (not reported here) is mostly strong and statistically significant
throughout the time-frequency plane, so the gains are statistically significant most of the time.
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Dependent variable: IKt − IKt−4
Qet−1 − Qet−5
cf t−1 − cf t−5
Qbt−1 − Qbt−5

βQ e
s.e.
βcf
s.e.
βQ b
s.e.
obs
R̄2

0,0070***
0,0019
0,3782***
0,0631

212
0,1024

212
0,2349

0,0049**
0,0022
0,3391***
0,0663

212
0,2830

0,0515***
0,0049
212
0,6156

0,0624
0,0536
0,0486***
0,0061
212
0,6231

Table 1: Investment regressions
Notes. Quarterly data from Philippon (2009). Sample period: 1952:2 to 2007:2. Newey-West standard errors with autocorrelation up to four quarters are reported in the table. Constant terms are omitted. ** and *** denote statistical significance
at the 5% and 1% levels, respectively.

Dependent variable: IKt − IKt−4
sub-sample
βQe
s.e.
R̄2

1954:Q2
1963:Q2
0,0036
0,0064
0,0082

1963:Q3
1975:Q2
0,0121***
0,0036
0,2520

1975:Q3
1983:Q2
-0,0249*
0,0138
0,1244

1983:Q3
1992:Q1
-0,0132*
0,0076
0,1443

1992:Q2
2007:Q2
0,0090***
0,0020
0,5293

full sample
0,0070***
0,0019
0,1024

Table 2: Investment regressions for different sub-samples
Notes. Newey-West standard errors with autocorrelation up to four quarters are reported in the table. Constant terms are
omitted. * and *** denote statistical significance at the 10% and 1% levels, respectively.
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long
run
medium
run
short
run

MODWT
∆IK [Dj ]t = β0 + βQe ∆Qe [Dj ]t−1 + εt
level
D5
βQe
0.016***
R̄2
0.525
D4
βQe
0.012***
0.171
R̄2
e
D3
βQ
0.004
0.023
R̄2
D2
βQe
0.001
0.004
R̄2

average wavelets
average OLS time series

βQe
βQe

CWT
frequency band
8 ∼ 16 years

| βQe |

average
0.039

max
0.088

4 ∼ 8 years

| βQe |

0.031

0.056

1.5 ∼ 4 years

| βQe |

0.021

0.057

| βQe |

0.030

0.008
0.007

Table 3: Investment regressions (MODWT) and CWT gains using Qe
Notes. Constant terms are omitted. *** denotes statistical significance at the 1% level.

long
run
medium
run
short
run

MODWT
∆IK [Dj ]t = β0 + βQb ∆Qb [Dj ]t−1 + εt
level
D5
βQ b
0.077***
R̄2
0.817
D4
βQ b
0.063***
0.772
R̄2
D3
βQ b
0.049***
R̄2
0.675
D2
βQ b
0.022***
0.297
R̄2

average wavelets
average OLS time series

βQ b
βQ b

CWT
frequency band
8 ∼ 16 years

| βQb |

average
0.086

max
0.107

4 ∼ 8 years

| βQb |

0.071

0.095

1.5 ∼ 4 years

| βQb |

0.047

0.088

| βQb |

0.068

0.053
0.052

Table 4: Investment regressions (MODWT) and CWT gains using Qb
Notes. Constant terms are omitted. *** denotes statistical significance at the 1% level.
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Figure 1: time series (top panel) and wavelet power spectrums (bottom panel) of the series in levels
38

Notes. In the time series plots, grey bars denote NBER recessions. In the power spectrum charts, the color code ranges from
blue (low volatility) to red (high volatility). The black (gray) contour marks significance at the 5(10) percent level and the
white stripes mark local maxima. Black dashed lines: cone of influence (indicates the region affected by edge effects).

Figure 2: time series (top panel) and wavelet power spectrums (bottom panel) of the series in four-quarter differences
39
Notes. In the time series plots, grey bars denote NBER recessions. In the power spectrum charts, the color code ranges from
blue (low volatility) to red (high volatility). The black (gray) contour marks significance at the 5(10) percent level and the
white stripes mark local maxima. Black dashed lines: cone of influence (indicates the region affected by edge effects).

40
Figure 3: MODWT decomposition
Notes. Maximal overlap discrete wavelet transform-based decomposition for investment rate (left), equity’s Q (middle) and bond’s Q
(right) using the Daubechies’ least asymmetric wavelet filter LA8 with reflecting boundary conditions.

41
Figure 4: time-frequency relationship between investment and Qe
Notes. On the left: wavelet coherency. The color code ranges from blue (low coherency – close to zero) to red (high coherency – close to
one). The black (gray) contour designates the 5(10) percent significance level. Black dashed lines: cone of influence (indicates the region
affected by edge effects). In the middle: phase-differences. On the right: wavelet gains.

Figure 5: wavelet gains (|βQe |) and OLS regression coefficients (βQe )
Notes. Top panel: bivariate analysis. Bottom panel: multivariate analysis. Yellow lines: OLS regressions over the entire
sample. Green lines: OLS sub-sample regressions. Blue lines: short-run gains. Black lines: medium-run gains. Red lines:
42
long-run gains.

43
Figure 6: time-frequency relationship between investment and cash flow
Notes. On the left: wavelet coherency. The color code ranges from blue (low coherency – close to zero) to red (high coherency – close to
one). The black (gray) contour designates the 5(10) percent significance level. Black dashed lines: cone of influence (indicates the region
affected by edge effects). In the middle: phase-differences. On the right: wavelet gains.

44
Figure 7: time-frequency relationship between investment and Qe , filtering out the effect of cash flow
Notes. On the left: multiple wavelet coherency (top) and partial wavelet coherency between investment and Qe (middle). The color code
ranges from blue (low coherency – close to zero) to red (high coherency – close to one). The black (gray) contour designates the 5(10)
percent significance level. Black dashed lines: cone of influence (indicates the region affected by edge effects). In the middle: partial
phase-differences. On the right: partial wavelet gains.
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Figure 8: time-frequency relationship between investment and cash flow, filtering out the effect of Qe
Notes. On the left: multiple wavelet coherency (top) and partial wavelet coherency between investment and cash flow (middle). The color
code ranges from blue (low coherency – close to zero) to red (high coherency – close to one). The black (gray) contour designates the
5(10) percent significance level. Black dashed lines: cone of influence (indicates the region affected by edge effects). In the middle: partial
phase-differences. On the right: partial wavelet gains.

Figure 9: wavelet gains using different measures of Q
Notes. Top panel: |βQe | in the bivariate analysis (blue lines) and in the multivariate analysis with cash flow (black lines).
Bottom panel: |βQe | (blue lines) and |βQb | (black lines) in the bivariate analysis. Left graphs: short-run gains. Middle
graphs: medium-run gains. Right graphs: long-run gains.
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Figure 10: wavelet gains (|βcf |) and OLS regression coefficients (βcf )
Notes. Top panel: bivariate analysis. Bottom panel: multivariate analysis. Yellow lines: OLS regressions over the entire
sample. Green lines: OLS sub-sample regressions. Blue lines: short-run gains. Black lines: medium-run gains. Red lines:
47
long-run gains.
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Figure 11: time-frequency relationship between investment and Qb
Notes. On the left: wavelet coherency. The color code ranges from blue (low coherency – close to zero) to red (high coherency – close to
one). The black (gray) contour designates the 5(10) percent significance level. Black dashed lines: cone of influence (indicates the region
affected by edge effects). In the middle: phase-differences. On the right: wavelet gains.

Figure 12: wavelet gains (|βQb |) and OLS regression coefficients (βQb )
Notes. Yellow line: OLS regression over the entire sample. Green line: OLS sub-sample regression. Blue line: short-run
gain. Black line: medium-run gain. Red line: long-run gain.
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Figure 13: gains’ comparison
Notes. Top panel: |βcf | in the bivariate analysis (blue lines) and in the multivariate analysis with Qb (black lines). Bottom
panel: |βcf | in the multivariate analysis with Qb (black lines) and with Qe (green lines). Left graphs: short-run gains. Middle
graphs: medium-run gains. Right graphs: long-run gains.
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