Learning and coordinating in a multilayer network:
The initial conditions matter
Juan Carlos González-Avella
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Abstract
We consider a two layer network model for social coordination. Two different populations of agents
are distributed into two layers. A learning process takes place inside the layers and a coordination
game is playing between the layers. The previous work (Lugo and San Miguel) shows that the
skepticism about the wisdom of crowd and the local connectivity are the driving forces to accomplish
full coordination of such multilayer network. In that study, the agents were initially uniformly
randomly distributed with one half proportion of each strategy for the coordination game in each
layer of the network. In this paper, we present the insights of the mean-field study about the time
evolution of the system from the infinite size limit of a completely connected multilayer network.
Our analysis reveals a highly nontrivial behavior of the learning and coordinating process depending
on the initial proportions of the strategies, we provide both analytical solutions and numerical
simulations that describe the complexity of the results.
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Model description

The progress in the study of human, social or biological societies has been significant by the
discovery that spatial structure can promote the evolution of cooperation in social dilemma
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Fig. 1: Sketch of a multilayer network. The nodes are connected to each other in a pairwise
manner both inside of the layers and between the layers for two populations A and
B. Dotted lines describe the playing network (i.e. interlayer edges) and the solid
lines describe the learning network (intralayer edges). The black nodes describe
the agents playing strategy L and white nodes the agents playing strategy R in a
coordination game.
models and consensus in models of coordination. We consider the two-layer network model
proposed in [1] in which each individual is connected to two different social networks, the
interlayer network or playing network, and the intralayer network or learning network, see
Figure 1.

1.1

Coordination games

In the playing network, each player interacts according to a coordination game with each
of her neighbors using the same action for all those games. A normal form representation
of this two-person, two-strategy coordination game is shown in Table 1. We focus our
analysis in two parametric settings, a pure or symmetric coordination game in which s = 0
and b = 0 and a general or asymmetric coordination game in which s = 1 and b > 0. The
profiles (L, L) and (R, R) are the two Nash equilibria in pure strategies in both settings.
Now, in the general coordination game the agents get a higher payoff by playing (R, R),
the Pareto (payoff) dominant equilibrium while for b > 1 they risk less by coordinating
on (L, L), called the risk dominant equilibrium. Games of this type added a confidence
problem whether the socially efficient solution is also the riskier one.

1.2

Doubts and the parameter T

A quantity T is defined to calibrate the agent level of doubts about the collective wisdom of
crowd, T ∈ [0, 1]. In the updating process, each player i observes the proportion of agents,
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Tab. 1: Pay-off matrix for a pure two-person, two-strategy coordination game
di , who are playing the opposite strategy to hers in her learning neighborhood. Then, she
measures how popular her strategy is, comparing di with T . For instance, when di > T ,
player i has doubts about the popularity of the strategy she is currently playing.

1.3

The degree of dissatisfaction

The evolution on time of the strategies derives from the levels of dissatisfaction felt by the
agents. The criterion that defines the level of satisfaction of an agent is based on two key
points: how well she is doing in terms of the payoff obtained in her playing network and how
popular her current strategy is in her learning network. Then, the level of satisfaction of an
agent i is: S (satisfied) when she is both socially (di < T ) and strategically (πi = (1 + s)ni )
satisfied, is P1 or P2 (partially satisfied) when she is either socially (di > T ) or strategically
(πi < (1 + s)ni ) unsatisfied and is U (unsatisfied) when she is both socially (di > T ) and
strategically (πi < (1 + s)ni ) unsatisfied.

1.4

The strategic update rule

in a synchronous update rule each player can change her current strategy according to her
level of satisfaction. If her level of satisfaction is S, she remains with the same strategy.
If her level of satisfaction is P1 or P2, she imitates the strategy of her best performing
neighbor in her learning network when such neighbor has received a larger payoff than
the player herself, otherwise she remains with the same strategy. Finally, if her level of
satisfaction is U, she changes her current strategy.
At each elementary time step, each player plays the coordination game with each one
of her interlayer neighbors. Once the game is over and a payoff is assigned to each player,
each agent, observing her intralayer neighbors might change her strategy according to her
level of dissatisfaction. The process is repeated setting payoffs to zero.
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2.1

Mean-field approach: the case of symmetric coordination games

We present the insights of the mean-field study about the time evolution of the system from
the infinite size limit of a completely connected two-layer network. Our analysis reveals a
highly nontrivial behavior of the learning and coordinating process depending on the initial
conditions of the system.
At each time step, let xaa be the fraction of individuals playing R in network A. and
xbb be the fraction of individuals playing R in network B. In the limit of infinite population
size (NA = NB → ∞) the dynamics according to the levels of satisfaction in the symmetric
coordination case is given by:
ẋaa = −xaa Θ(1 − xaa − T )Θ∗ (1/2 − xbb )H(xbb = 1) social U, strat S
−xaa [1 − Θ(1 − xaa − T )]Θ∗ (1/2 − xbb )H(xbb < 1)Θ∗ (1 − xaa ) social S, strat U
−xaa Θ(1 − xaa − T )H(xbb < 1) social U, strat U
+(1 − xaa )Θ(xaa − T )Θ∗ (xbb − 1/2)H(xbb = 0) social U, strat S
+(1 − xaa )[1 − Θ(xaa − T )Θ∗ (xbb − 1/2)]H(xbb > 0)Θ∗ (xaa ) social S, strat U
+(1 − xaa )Θ(xaa − T )H(xbb > 0) social U, strat U
where Θ(z) = 1 if z ≥ 0 and Θ∗ (z) = 1 if z > 0 otherwise Θ(z) = 0, and H(z) = 1 if
z is true, otherwise is 0. Since the inequalities 1/2 > xbb and xbb = 1 cannot be hold
simultaneously in the first line, and xbb > 1/2 and xbb = 0 in fourth line, the expression
can be reduced to:
ẋaa = −xaa [1 − Θ(1 − xaa − T )]H(xbb < 1)Θ∗ (1/2 − xbb )Θ∗ (1 − xaa )
−xaa Θ(1 − xaa − T )H(xbb < 1)
+(1 − xaa )[1 − Θ(xaa − T )]H(xbb > 0)Θ∗ (xbb − 1/2)Θ∗ (xaa )
+(1 − xaa )Θ(xaa − T )H(xbb > 0)
The same analysis is equivalent for ẋbb . As mentioned before, the equation is derived
by considering the different levels of dissatisfaction of agents playing R or L in A.
Figure 2 shows how depending of the initial condition of xaa , xbb , and the value of T ,
the system displays different collective behavior measure through of order parameter nAB .
The inter-layer active links nAB is defined as the number of links connecting agents with
different choices in the inter layer (playing) network. The different collective states that
emerge in the system are indicated by regions I, II, III, IV and V in the diagrams.
It is important to highlight that Regions I, II, IV and V correspond to the absorbing
states, while the region III corresponds to the dynamical coexistence configuration of the
analytical solutions.
• Regions I and II describe a coordinated state. These configurations is given by the
order parameter nAB = 0.
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Region I corresponds to the case in which the agents in both layers are playing the
strategy L, i.e. xaa = 0, xbb = 0 and nAB = 0.
Region II indicates that in both layers, the totality of agents have chosen the strategy
R, i.e xaa = 1, xbb = 1 and nAB = 0.
• Region III defined by 0 < nAB < 1 corresponds to a coexistence state, i.e. 0 < xaa < 1
and 0 < xbb < 1.
• Regions IV, V given by nAB = 1 indicate an uncoordinated state.
Region IV corresponds to the situation in which the agents in layer A choose the
strategy L, while the agents in layer B play the strategy R, i.e. xaa = 0, xbb = 1 and
nAB = 1.
In Region V, the agents in layer A choose the strategy R, and in layer B the agents
choose the strategy L, i.e. xaa = 1, xbb = 0 and nAB = 1.

3

Mean-field approach: the case of asymmetric coordination games

In this section, we analyze the global behavior of system as function of T and the initial
conditions for the case of non-symmetric coordination game in which s = 1 and b > 0.
It is important to remark that according to the levels of dissatisfaction agents who
are playing R and are strategically satisfied will not change their strategy and agents
playing L will never feel strategically satisfied. Then, in the limit of infinite population
size (NA = NB → ∞) the dynamics is given by (the same analysis equivalent for ẋbb ):
1+b
ẋaa = −xaa [1 − Θ(1 − xaa − T )]Θ∗ ( 3+b
− xbb )H(xbb < 1)Θ∗ (1 − xaa ) social S, strat U
−xaa Θ(1 − xaa − T )H(xbb < 1) social U, strat U
1+b
)Θ∗ (xaa ) social S, strat U
+(1 − xaa )[1 − Θ(xaa − T )Θ∗ (xbb − 3+b
+(1 − xaa )Θ(xaa − T ) social U, strat U

where Θ(z) = 1 if z ≥ 0 and Θ∗ (z) = 1 if z > 0 otherwise Θ(z) = 0, and H(z) = 1 if z is
true, otherwise is 0.
The simulations (see figure3) displays the same configuration states observed in the
symmetric case namely: I, II, III, IV and IV, however, for non-symmetric games, for
T < 1/2, in the system emerge two new configuration states identified by Regions IIIa and III-b. These new regions describe a particular situation in which in one of the
layers, the sub-system goes to an absorbing states of coordination, while the other one,
the sub -system goes to a dynamical state of coexistence of the two strategies. These news
configurations also have been observed for other values of parameter b. As was observed
in the symmetric case,the Regions I, II, IV and V correspond to the absorbing states and
the regions III, III-a and III-b correspond to the dynamical coexistence configuration of
the analytical solutions.
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Fig. 2: Fraction of active link between layer A and B as function of initial density of xaa
and xbb , for different values of threshold T . The colors code define of values of
fraction of actives links, nAB = 1 black color and nAB = 0 white color. System size,
N = NA + NB = 1000 + 1000 = 2000. (a) T = 0, (b) T = 0.25, (c) T = 0.5, (d)
T = 0.75, (e) T = 0.75 and (f) T = 1
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Conclusions

As it was shown in [1], in fully connected networks the populations eventually may coordinate each other in the opposite strategy leading to a polarized multilayer network for a
particular initial condition. Here, we have extended the study of this multilayer network to
find a wide diversity of possible results depending upon the initial conditions. The results
obtained on the fully connected network (i.e., the network in which every pair of nodes is
linked inside and between the two layers) replicated the results of the analytical solutions
of symmetric and asymmetric coordination game.
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Fig. 3: Fraction of active link nAB as function of initial density of xaa and xbb , for different
values of threshold (the colors code define of values of fraction of actives links), and
b = 1.5. System size, N = NA +NB = 1000+1000 = 2000. (a) T = 0, (b) T = 0.25,
(c) T = 0.5, (d) T = 0.75, (e) T = 0.75 and (f) T = 1.

